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Abstract
We present a simple proof of the Riemann’s Hypothesis (RH) where

only undergraduate mathematics is needed.
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1 The Riemann Hypothesis
1.1 The importance of the Riemann Hypothesis

The prime number theorem gives us the average distribution of the primes.
The Riemann hypothesis tells us about the deviation from the average.
Formulated in Riemann’s 1859 paper[1], it asserts that all the 'non-trivial’
zeros of the zeta function are complex numbers with real part 1/2.

1.2 Riemann Zeta Function

For a complex number s where (s) > 1, the Zeta function is defined as
the sum of the following series:

()= = (1)

In his 1859 paper[1], Riemann went further and extended the zeta function
¢(s), by analytical continuation, to an absolutely convergent function in
the half plane 3(s) > 0, minus a simple pole at s = 1:

s too lx
¢(s) = - s/1 :;{er}l dz (2)
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Where {z} = = — [z] is the fractional part and [z] is the integer part of
z. There is another way [2] to analytically continue {(s) to the region
R(s) > 0. The idea is to observe that for R(s) > 1:

-3)X6 = Y=Y G 3)

Thus,

(4)

28 —= n
= (- 2)n(s) (%)

The Dirichlet eta function 7(s) converges conditionally when R(s) > 0
and s # 1+ ZlikTg) n(s) is used as analytical continuation of the Zeta
function on the domain where (s) > 0. Riemann also obtained the
analytic continuation of the zeta function to the whole complex plane.

Riemann[1] has shown that Zeta has a functional equatio
C(s) = 2°7° sin (g)m —5)C(1—s) (7)

Where I'(s) is the Gamma function. Using the above functional equa-
tion, Riemann has shown that the non-trivial zeros of { are located sym-
metrically with respect to the line R(s) = 1/2, inside the critical strip
0 < R(s) < 1. Riemann has conjectured that all the non trivial-zeros are
located on the critical line $(s) = 1/2. In 1921, Hardy & Littlewood[2,3,
6] showed that there are infinitely many zeros on the critical line. In 1896,
Hadamard and De la Vallée Poussin[2,3] independently proved that {(s)
has no zeros of the form s = 1+ 4t for ¢ € R. Some of the known results[2,
3] of ¢(s) are as follows:

e ((s) has no zero for (s) > 1.

(s)
e ((s) has no zero of the form s =1+ ir. i.e. {(1+1iT)#0, V.
(s)
(s)

* ¢

e ((s) has all the trivial zeros at the negative even integers s = —2k,
ke N*.

e The non-trivial zeros are inside the critical strip: i.e. 0 < R(s) < 1.

If ((s) =0, then 1 — s, § and 1 — § are also zeros of (: ie. {(s) =

(A —s)=¢(5) =¢1 -5 =0.

Therefore, to prove the “Riemann Hypothesis” (RH), it is sufficient to

prove that ¢ has no zero on the right hand side 1/2 < R(s) < 1 of the
critical strip.

s) has a simple pole at s = 1 with residue 1.

1This is slightly different from the functional equation presented in Riemann’s paper[1].
This is a variation that is found everywhere in the litterature[2,3,4]. Another variant using
the cos:

C(1—s) =275 cos (?)F(S)C(s) (6)



1.3 Proof of the Riemann Hypothesis

Let’s take a complex number s such that s = o 4 ¢7. Unless we explicitly
mention otherwise, let’s suppose that 0 < o < 1, 7 > 0 and ((s) = 0.

We have from the Riemann’s integral above:

S teo fg
C(s)zs_l—s/1 :;{H}ldm (8)

We have s # 1, s # 0 and ((s) = 0, therefore:

L )
s—1 7/1 pstl dz ©)

Therefore:

! = /m S 2 S (10)

ctir—1 gotiT+1

And

o—1—ir _ /+m (cos(rln (z)) — isin(7In (x))){x}d

- = 11
(c—1)2+72 zot+l = (1)

The integral is absolutely convergent. We take the real part and the
imaginary part of both sides of the above equation and define the functions
F and G as following:

Flo,7) ﬁ (12)
_ /:oo <COS(T::S))){m}dm (13)

And
Glo,7) = m (14)

oo (sin(Tln (x))){x}
- /1 — dx (15)

We also have 1 — 5§ =1 — 0 447 = 01 + 971 a zero for ¢ with a real
part o1 such that 0 < 01 =1 —0 < 1 and an imaginary part 7, such that
71 = 7. Therefore

o1 —1
F(l — 0, 7') = m (16)
S o
B /+oo (cos(rln (:c))){m}d (18)



And

Gl—-o,1) = m (19)
= ai (20)
B /+oo (sin(T In (:c))){m}d o)

From now on, o and 7 are not necessarily connected to a ¢ zero. Before
we move forward, we need to define the following function I(a,o,7) for
a>0:

I(a,0,7) = /1a Mdm (22)

In(a)
= / sin(rz)et "% dg (23)
0
~ K(o,7) (1 _ cosizljll(a)) _ (o ; 1) Sm(;,li(a))) (24)
Where
1”((0’7 7') m (25)

Let’s define the function J(a, o, 7) for a > 0:

Ja,07) = / cos(T ln(:c))dx
1 z7
In(a) L
= / cos(tz)e " dx
0
- Ko 7_)<(U —1) (0—1)cos(r ljl(a)) n sin(7 lil(a)))
T T a1t ac!
Where K (o, 7) is defined above in the equation (25).
Now, let’s write U(c, 7) as the limit of a sequence as follows:
N .
_ . {z}sin(7 In(z))
U(o,7) = NLHEOO : ite dx (29)
71In(N) 2y~ Zz
= lim dz sin(z) cler)e (30)
N—+oco 0 T
71n(N)
= NHTOO ; dz g(x) sin(x) (31)
= NHTOO U(N,o) (32)
Where
71n(N)
U(N,o) = / dz g(x) sin(x) (33)
0
e(e¥) _a,
o) = et (34

(x) = {a} (35)



And the same for V (o, 7):

N {z} cos(7In(z))

V(e,7) = NLHEOO ) pE dx (36)
71In(N) o~ Zx
= lim dz cos(x)w (37)
N—+oco 0 T
71In(N)
= NLHEOO ; dz g(z) cos(x) (38)
= lim V(N,0) (39)
Where
7In(N)
V(N,o) = / dz g(z) cos(x) (40)
0

Lemma 1.1. The sequence (ZN cosrln(n)) _ J(N, o, 7')) converges
N>1

n=1 no

and its limit is as follows:

N
lim cos(7 In(n))
N—+o00 = ne

—J(N,o,7) = 1—7U(o,7)—0cV(o,7) (41)

Therefore we can write the following:

al cos(71n(n))
Z T = J(N7 g, 7—) +1- TU(U7 T) - UV(U7 T) tan (07 T) (42)

Where (an) is a bounded sequence with limit zero:
ay = O(~) (43)

The sequence (27]:7:1 Sm(z% —I(N, o, 7')) converges and its limit
N>1

is as follows:

N
. sin(7 In(n)) .
im 3 ) = Ve —eUen)

Therefore we can write the following:

Z Sm(lﬂ = I(N,o,7)+71V(0o,7)—0oU(o,7) + Bn(o,7) (45)

Where (Bn) is a bounded sequence with limit zero:

1

By = O(F)

In case where s = o + 4T is a zeta zero, we have:



M=

T Nofl Nofl

ne

3
Il
-

M=
I

No—1 T No'fl

ne

3
Il
-

Proof. Let’s study the function g over R. We have the function g piecewise
continuous and and its derivatives are also peicewise continuous and:

g(@) = e(e:)e*%w (49)
gla) = o)~ L) (50)

The interval (0, 71In(N)) is the union of the intervals (7 In(n), 7 In(n +
1)) where 1 < n < N. We have e/(z) = 1 for each = € (7log(n), T log(n +
1)) for each 1 < n < N. Therefore, thanks to the integration by parts we

cos( In(n)) K(o,7) <(1 — o) cos(rIn(N)) sin(Tln(N))> + an(o ) (47

sin(7In(n)) K(o,7) < _ cos(71n(N)) n (1 —o)sin(r 1n(N))> + B (o,7) (48)

can write:
71n(N)
U(N,o) = /o dz g(x) sin(x) (51)
N-1 Tln(n+1)—e¢
= lim dz g(x)sin(z 52
tim > / o deg@)sn) (52)
= g(0")cos(0) + 211% g(T1In(n) + €) cos(rIn(n) + €) — g(7In(n) — €) cos(rIn(n) — e)] (53)
- 7In(N)
—g(tIn(N)7) cos(TIn(N)) + / dz g/(x) cos(x) (54)
0
= lgn Z [9(TIn(n) +€) — g(rIn(n) — e)} cos(t1In(n)) (55)
cos(7In 7 In(N)
w —|—/O dz g!(z) cos(x) (56)
= cos(rIn(n cos(T1n 7 In(I)
= _% 2 (nla( ) _ (TJIVU(N)) +/() dz g/(x) cos(x) (57)
N cos(rIn(n o [T 7 In(N) el:a’”
= _% Z % — ;/0 dz g(x) cos(x) +/() dx < = (58)
N cos(rIn(n o TIN) - iF%s
= _% Z % — ;V(N,O') —|—/0 dz = cos(z) (59)

3
Il
¥

Therefore



N
o 1 cos(tIn(n 1
U(N,0)+ -V(N,o) = —= ;2 +=J(N,o,7)  (60)
Therefore
a cos(7In(n))
> — % —JW,01) = -TU(N,0)=~0V(N,0) (61)

Therefore, the sequence ( 22;1 COS(:}# —J(N,o, T)) converges
N>1
and its limit is as follows:

lim ZW—J(NJ&T) = 1—7U(o,7)—0oV(o,7) (62)

Therefore we can write the following:

Z 008(7;11;1(”)) = J(N,o,7)+1—7U(0,7) —oV(o,7)+an (63)

Where (an) is a bounded sequence with limit zero.
And the same for V(N, o) as follows:

71n(N)
V(N,o) = /o dz g(x) cos(x) (64)
N—
= —g(0")sin(0) + 213(1) g(t1In(n) + €) sin(7In(n) + €) + g(7In(n) — €) sin(r In(n) — 6)] (65)
- 71n(N)
+g(rIn(N)7 ) sin(7In(N)) — / dz g/(x) sin(x) (66)
0
N-1
= 211% [—9(rIn(n) + €) + g(rIn(n) — e)} sin(7In(n)) (67)
sin(7In In(N)
—l—w — ; dz g/(x) sin(z) (68)
= sin(rIn(n sin(7 In 7 In(N)
= % 2 (nla( ) + (TJIVLEN)) —/(; dz g/(x) sin(x) (69)
N sin(7 In(n o [Ti@V) 7 In(N) el:g”” z
= % Z % + ;/o dz g(x) sin(x) —/(; dx < = e/((ﬁ)) sin(x) (70)
N sin(rIn(n o Tin(N) 12w
= %Z % +ZU(N, o) —/0 dz —— sin(z) (71)

Il
¥

m

Therefore



V(N, o) — gU(M o) = %Z W - %I(Nm 7) (72)

n=2

Therefore

sin(7 In(n))

M=

e —I(N,o,7) = 7V(N,0)—0cU(N,o0) (73)

n=2

Therefore, the sequence (25:1 S'"(Tn% —I(N,o, 7')) converges
N>1

and its limit is as follows:

o sin(7In(n))
Nhm — I(N,o,7) = 7V(o,7)—0cU(o,7) (74)
Therefore we can write the following:

ST (N, r) + V(o) — U ) + B (75)

M=

ne

n=1

Where (8n) is a bounded sequence with limit zero.
The proof of the result in the equations (43) and (46) can be found in
[I0]. Another proof of this lemma can be found in [I1]. [ ] |

Lemma 1.2. Let’s a > —1, 8, a, b and c real numbers. Let’s define the
function as follows:

f) = ) (76)
S s = ot [sOa- 35O @
Where co € R.

Proof. The function f is infinitely differentiable. The starting point of
the proof is that the first order Taylor theorem. Namely, for a twice
continuously differentiable function f(z), for =, z¢ such that z > z¢ > 0,
we have:

fl@) = f(fv0)+f’($0)(x—fv0)+/xf”(U)(fv—U)du (78)

o

For each n > 1. Let’s apply Taylor theorem on the interval (n,n+1). We
have for each = € (n,n + 1):

fe) = f(n)+ fr(n)(z —n) + /mf”(U)(w - u)du (79)



We integrate the equation above to get:

/nn+1f(1:)dx /n”“f( d:c+/ fr(n)(z —n) d:c+/ dm/f// (z — )

= f(n)—|—§f/(n)+/7; d:c/7;f//(u)(x—u)du

We have the functions f/ and f/ defined as follows:

£t = —aa — (ab+ ¢f) sin(B hltgi)z + (Bb — ac) cos(B1n ()

a1 + by sin(B1n (t)) + c1 cos(B1n (1))
t1+a

—(1+a)ar — (L + a)br + c18) sin(B1In (t)) + (Bb1 — (1 + a)cr) cos(B1n (t))

fut) = o

Therefore there exists a constant C' > 0 such that for each n > 1:

C
Il = (85)
Therefore
+1 x C n+1 x
d:c/ frw)(z —wdu| < —5 / dx/(x —u)du (86)
n n « n n
C
S Gzre (87)
Therefore, combining with the equation (81), we have:
1 C
; z)dr — f(n) + §f’(n) S Gare (88)
Therefore
1
[ e = s+ 1) + 0 () (89)
We have a > —1. Therefore:
N al L1 al 1
/1 fOdt = co+> f(n) +3 Z Olsrra)  (90)

n=1

We apply this result to the function f/, to get:

N N 1 N 1
/1f/(t)dt = Y ) g D )+ Ors) (O

n=1

Thanks to (85), we can write:

S fnn) = a0+0(#) (92)



Where ag € R. Therefore

N N 1
/1f/(t)dt = et Y i) + Ol

Therefore

N
S = SN - 1) -t (575

We combining with the equation (90), we get:

/1f(t)dt = Zf(n)Jr%f(N)—CSJFO(ﬁ)

Therefore

N N
S5 = et [5Od- 3500+ Olr)

2 Dirichlet eta function

(94)

(95)

(96)

om

From equation (5), the {(s) function is also defined through the Dirichlet

eta function 7(s) as follows:

s) = (=50 "nls)
T R e i
(1- ;) e

For N > 1:

Let’s define the sequences U,, V,, as follows: For n > 1

cos(71n(n))

sin(71n (n))

U, = , Vo=

Let’s define the series A,, B, and X, as follows:

10

(99)

(100)

(101)



A, — " cos(7In (k))7 B, — zn: sin(7 In (k))

ke ke ’
k=1 k=1

Xn = Ay — iB, (102)

When we are dealing with complex numbers, it is always insightful to
work with the norm. So let’s develop further the squared norm of the
series Zn as follows:

IXn|* = A% + By = <§N: W; + <§N: W)Q (103)
. = "
2 - (iv:cosrln )2 (100

_ ﬁ:c Tln ﬁ:OSTln <An_cos(71f(n))>(105)

n
1=1

N 1
Z TIl )+2

And the same calculation for Bx

3

cos(71ln (n))Ay

ne

Mz

(106)

n=1

al 1 al 1
Z (71n( Z sin(r1n (n))Bn (107)

Hence we have the new expression of square norm of Zy:

N

N N
cos(71In (n n sin(7In (n Tln ) + cos?*(T1n(n
vl =230 SR 40 57 -y i) gy

n20‘

= n=1 n=1

which simplies even further to:

N
||XN|| _22 cos(71ln (n +2Z sin(71n (n ZL 109)

n2o
n=1
Let’s now define F,, and G, as follows:
P - cos(7In (n))An7 G — sin(7In (n)) By (110)
ne ne

Therefore

N N 2 N N . 9

cos“(t1In(n sin“(71In (n

M=) h - O, a2 e, -5 O )

n=1 n=1 n=1 n=1

Let’s define the sequence Yx as follows:

11



Yn(s) = Xn(s)— 23—*1X% (s) (112)
. 1
= An -5 Ay i (By - 5=By) (113)
= ANnN-—1BnnN (114)
Where
2. cos(rIn (k) — 2'~cos(r u
cos(71n (k)) — 2"~ 7cos(7(1In (2k)) cos( Tln )
Ann = - + > (1)
k=1 k=% +1
And
2 sin(rn (k) 2! sin(r(In (26)) o
sin(71n (k)) — 2' " 7sin(7(In (2k sin(7 In (k))
By = T Y e (116)
k=1 k=541
We also have:
N ( 1)n+1
A}gnooYN = hm AN N —1iBn,N = hm Z e =n(s) (117)
n 1
Remark. s is a zeta zero, ((s) =0, if and only if
lim An,ny =0and hm Bynny =0 (118)
N —oo N—
Let’s define the following sequences: For N > 1:
cos(In (n))—2'"%cos(r(In (2n))) . < N
Un,N = {cos(-rln (n)) " 7 1; "= 137 (119)
—— ifn> 5
And L
sin(71n (n))—2""%sin(7(ln (2n))) ifn < N
Van = { . n? ’ -2 (120)
sin(7 In (n)) : N
T ifn> 3
And
n cos(7 In (k))—2' 7 cos(7 In (2k .
ZI?V:I (71n (k) - (r1n( )) 1fn§%
Ann = 2111 cos(tIn (k))— 2; 7 cos(7 In (2k)) +Zk—— ) cos(rkl:(k)) ifn > %
AN,N ifn>N
(121)
And
Z%LV:1 sin(7 In (k))72;7°sin(7—1n (Qk)) ifn < %
EAR . 1—0o
Bn,N — 213:1 sin(7 1n (k))— 2k sin(7 In (2k)) + Z N Sm(Tkl:(k)) ifn> %
Bn,~ ifn>N
(122)

Let’s develop further the squared norm of the series Yy as follows:

12



2 N 2

N
IYnl® = A% n + By = (Z Un,N> + (Z VH,N> (123)
n=1

n=1
So
N n—1
Avn = ZUnN+QZ Un.nUs,v (124)
n=1 k=1
N
= _ZU2N+2ZUnNAnN (125)
n=1
And the same calculation for By, n

n=1

Let’s now define the sequences (Fy,n) and (Gn,n) as follows:
Fn,N - Un,NAn,Ny Gn,N = Vn,NBn,N (127)

Hence we have the new expression of square norm of Z%:

N
Y |? —2ZFnN +2ZGnN S (Uin+Vin)  (129)
n=1

n=1

which simplies even further to:

N
Z( nN+VnN):

n=1

(U2 +Vi2n) + > (U2 + Vilw) (120)

n=4+1

N ¥ 9220 _ 920 cos(T1n (2))
e Tl
n=1

n=1

M

We have 20 > 1, hence the partial sums Zn>1 >~ and Zn>1 V2N
converge absolutely. We have

N
A v IQZFn,N ZU’IQLN7 Bi.n —2ZG7LN - ZVT’?N (131)
n=1 n=1 n=1

Remark. The idea is to prove that in the case of a complex s that is
in the right hand side of the critical strip % < o <1 and that is a ¢
zero, that the limit limy— oo A%,n = +/ — oo or the limit limp— oo Bzyn =
+/—o00. This will create a contradiction. Because if s is a { zero then the
limy 00 A%m should be 0 and the lim,_s oo B,ZML should be 0. And therefore
the sequences (ij:l F, n)n>1 and (22;1 Gn,n)N>1 should converge and
their limits should be: limp oo S0 Fan = Llimyeo S0 U2y <
400 and lim, o0 22;1 GnN = % Impy oo ij:l V,iN < +o00.

13



Lemma 2.1. If0 < o0 <1 and s = o + iT is a zeta zero, we have the

following asymptotic expansion for the sequence (ij:l FoN)N>1:

2N
_ 1

> Fuan = Uo+ |Ur+ Visin(2rIn(N))+ Wi cos(27 In (N))} N'"% 4 O(5z) (132)
n=1

Where

2
[(1 — 277 cos(T ln(2))) + 272"]
U, = - <0 (133)

2(1 — 20)
and Uy, V1 and W1 are real constants.

Proof. So, let’s define the sum Z; anon for N > 1:

2N
Z1,2N2N = ZFn,2N (134)

n=1

N 2N
= Z Fraon + Z Fron (135)
n=1

n=N-+1
—_—— — / ————
Z1,N2N ZN41,2N,2N

And Znyi1,2n2N:

2N
ZN+12N2N = Z Frnon (136)
n=N+1
2N

= Z Unon Anan (137)

n=N+1

2N n
= Z Un,zN(AN,2N+ Z Uk,QN) (138)

n=N+1 k=N-+1

2N n
= AN,2N<A2N,2N_AN,2N)+ Z Un 2N Z Ukon (139)
n=N+1 k=N+1

And

2N n 2N 2N
Z Un,2n Z Ukan = Z Uk,2n Z Un,2n (140)
n==k

n=N+1 k=N+1 kE=N+1
2N

= Z Uk,2n (AzN,zN - Ak71,2N) (141)

kE=N+1

2N 2N
= Z Uk,2N<A2N,2N—Ak,2N)+ Z U2 on (142)

k=N+1 n=N+1

2N 2N
= Aonon(Aonan — Avan) = D UrevAron + Y Uion (143)

k=N+1 n=N+1
2N
2
= Aonpen (AQN,2N — AN,QN) — ZN+1,2N2N + E Us 2N (144)
n=N+1

14



Therefore

2N
2ZNt12N2N = (AQN,2N + AN,QN) (AQN,2N — AN,QN) + Z Uron (145)
n=N+1
Therefore
1 L
Z1,2N2N = 5 (AzN,zN + AN,zN) (AzN,zN - AN,zN) + Zi,N2N + 3 Z U?’ZL,QN (146)
n=N-+1
We also have:
Aanan = Anpan + Aoy — AN (147)
Therefore
1 ) LA
Zian2Nn = Anpean (AzN — AN) + 5 (AzN - AN) + Zi,N2N + 3 :EN:H Unpon (148)
We also have:
N N
ZiN2N = Z Fron = Z Un2n An2n (149)
n=1 n=1
For n < N, we have:
An2y = Z Uk2n (150)
k=1
n __o9l—0o
_ Z cos(71In (k)) — 2"~ “cos(71n (2k)) (151)
ko‘
k=1
= (1-2""7cos(tIn(2)))An + 2" sin(r1n (2)) B (152)
= cAn+dBn (153)
Where
c=1-2"7cos(rIn(2)),d = 2" sin(rIn (2)) (154)
From lemma 1.1 and lemma 1.2 we can write:
_ (1 —0)cos(rln(n)) = sin(rIn(n)) 1 cos(71In(n)) 1
An = K(O’ T) < T no—1 + no—1 2 ne + O(n1+o) (155)
_ cos(tln(n)) = (1 —o)sin(7In(n)) 1 sin(7In(n)) 1
B. = K(o,7) < L S 4 017 (156)
Therefore, by combining equations (152), (154) and (155) we get:
Ansy = cK(o,7) <(1 ; o) cos(r;lill(n)) n sin(nTalnl(n))> B gcos(;l;l(n)) (157)
cos(tIn(n)) = (1 — o) sin(7In(n)) d sin(7 In(n)) 1
+d K (o, T)<— e + - e —3 e +O(n1+") (158)
_ sin(7 In(n)) cos(tln(n)) ccos(rln(n)) dsin(rIn(n)) 1
= a— -5+ b e 3 e 3 — + O(n1+a) (159)
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Where
a=K(a,7) (c + @d),b = K(o,7) (@c - d) (160)

Therefore by combining equation (149) and the definition (119), we
get:

((1—21 7 cos(rIn (2 )))‘m(;ﬂ +21*”s1n(71n(2))M) (161)

ne

A
( sin(rin(n) |, cos(rin(n)) o )> <Ccos<ﬂn(n>>+ dsin(ﬂn(n))) (162)

ne ne

N : 2
Z (cCOS(Tnlf(n)) +dSIH(T1H(”))> (163)

ne

Z1,N2N =

i Mz i Mz

N =

N
= Z Xn2n — Yo on (164)

n=1

Xn 2N

)

no—1 no'fl ne

Il
/N
IS
@,
=
—~
—
=
~
3
=
Nt

o cos(7In(n)) N O(%)) <CCOS(Tln(n)) . dsin(Tnl(I;l(n))> (165)

ad+bc 1 bc — ad cos(27In(n)) = ac+ bd sin(27In(n)) 1
2 n2071 2 n2071 + 2 n2071 + O(n1+20) (

166)

And

Yo on = e

% (d sin(7 In(n)) Lo cos(T ln(n))> (167)

E+d? 1 & — d? cos(27In(n)) n cd sin(271n(n))
4 n2c 4 n2o 2 n2c

(168)
Therefore:

[ad+bc 1 bc — ad cos(271n(n))  ac+ bd sin(27 In(n)) 1
2 n20'71 + 2 n20'71 + 2 n20'71 + O(n1+20 ) (169)

Z1,N2N =

M=

3
Il
-

(a2 1 ¢ — d? cos(271n(n)) i cd sin(27 ln(n))]

M=

— 1
4 n20 4 nQU 2 n20 ( 70)

3
Il
-

|
[]=
3
[\
ks
+
sy

+ O3, (171)

n20—1 n20—1

3
Il
-

cos(27In(n)) oy sin(27In(n)) 1 }

cos(27' ln( ) . sin(27 In(n))

n2o

041—+ﬂ

M=

(172)

3
Il
-
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Also, from lemma 1.2, we can write:

(57 Fy(1— 0)) sin(2rIn (N)) + (5(1 o) - w) cos(27 In (V)
A = @ 4 N2 (173)
e T ) 272 +2(1 — 0)2
- % a + B cos(2rIn(N)) + v sin(27 ln(N))} N'72 (174)
( o (2517 (1 — 20)) sin(2rIn (N)) + (51(1 —20) — 2717) cos(27 In (N))>N12U -
(1-20) 472 + (1 — 20)2
+ Uo+ 0(%) (176)
Where Up is a real number and:
ad + be bc — ad ac+ bd
a=——f=—F— 1= (177)
And
2 2 2 52
a1zczd751=c4d771:c2_d (178)
We also have from lemma 1.2:
2N 2N
U2 _ 1 1+ cos(271n (n)) (179)
n:zl\;kl N n:zN:Jrl nz'-"'
1 X 1 271 in(2r1
- 155 [t et o
_ 1 1 /o272 Qa2 1-20
- O(N2“)+§<(1—20) B (1—20))N (181)
) (2527 Foya(l— 20)) sin(27 In (2N)) + (52(1 —20) — 2%7) cos(2r In (2N))
+3( Jem s
2 472 + (1 — 20)2
) (2527 Foya(l— 20)) sin(27 In (N)) + (52(1 —20) — 2%7) cos(2rIn (N))y
-3( PR (e v asy
_ 1 1 27sin(271In (2N)) 4+ (1 — 20) cos(27In (2N)) 120
2 <(1 “20) 412 4 (1 - 20)? >(2N) (184)
1 1 27sin(271In (N)) + (1 — 20) cos(27In (V) 1-20 1
2\ -20) " 472 4 (1 — 20)2 )N +O(5=) (185)
1721727 -1 ) 12 1
= s\T=5 T cos(271In (N)) + dy sin(271In (N)) | N + O(N2") (186)
Where
Qa2 = 17 52 = 17 Y2 = 0 (187)
And

a 27272 sin(2r In (2)) + (1 — 20) (21*2" cos(2r1n (2)) — 1) (188)

di

2T<21*2” cos(271n (2)) — 1) —(1-20)2"" % sin(2rIn (2)) (189)
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And from equation (159) we can write:

_ sin(7 In(N)) cos(TIn(N))  ccos(rIn(lN))  dsin(rIn(N)) 1
AN'2N = a No—1 + b No—1 2 Neo 2 Neo + O(

And from equation (155):

(191)

_ (1 —0)cos(rIn(2N)) = sin(rIn(2N)) 1 cos(7In(2N)) 1
Aoy — AN = K(U,T)( - 2Ny 2Ny ) -5 2N +O(N1+<’)

K, T)<(1 ;0) cos(J;clrri(lN)) N sin(JCclrn(lN))> . %cos(z\lfr;(N)) Lo (192)

(TIn(N))

- K(o,7) <21“ sin(r In(2)) + 1‘7" (2” cos(In(2)) — 1)) cos e (193)

1_7021*" Sin(Tln(2))> Sm(&lﬂ (194)

1(  sin(7In(N)) cos(7In(N)) 1
+5 <d +c >+O(—N1+J) (195)

N° G
<d/ sin(rin(N)) |, cos(Tln(N))> Lo 106)

YK (o,7) (2” cos(rIn(2)) — 1) -

No' No' N1+o') (
;c—kd) =—b (197)

o=1—-2"%cos(rIn(2)) = ! ;— C7 dI=2"7sin(rIn (2)) = g (198)

Therefore

Aoy — An = —a Sln(;](l:i(ljv)) _b COS(]GiIi(IN)) + % <d/ Sin(T]\l]I},(N)) T COS(;\IZI;(N))> + O(ﬁ) (199)

Therefore

sin(]:]ili(ljv)) cos(Tln(N))+%<d/sin(T]\1;(N))+C,cos(T]\1;;(N))>+O( 1 )} (200)

(Aon — An)? = |:e

E+fr 1 1?2 — €% cos(27In(N)) sin(27 In(N))
= 2 Nzl 3 N2o—2 N2o—2
in(7In(N 7In(N in(7In(N TIn(N
N esm(NUH}1 ) " cos(Nali(1 ))] (d/ SID(NIZ( ) o cos( NI;( ))

+ef

e+l 2 — €% cos(27In(NV)) sin(27 In(N))
- 2 N20o—-2 + 2 N20-2 + €f N20-2
fer+ed 1 fet — edr cos(27 In(N)) n ec! + fdr sin(27 In(N)) 1

2 NZo'fl 2 NZo'fl 2 N2o'71 +O(N20')
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Z1,2N,2N

Therefore

Anan(Aay — AN) + %(AZN - AN)2 (205)
e+ 11 (f> = €?) cos(2rIn(N))  ef sin(27 In(N))
= T Nm= 3 Noo—s T 5 Nzo—r (206)
(fle+e)+e(d+d)) 1 (f(c+c) —e(d+dr)) cos(27 In(N)) 907
B 4 N2o—1 4 N2o—1 (207)
d+d in(27
et o) Zf( t ) s n(;zili(lN)) +O( nga ) (208)
fer+edr 1 fet —edrcos(27In(N)) | ec/ + fdr sin(27 In(N)) 1
4 N2o-1 + 4 N2o-1 + 4 N2o-1 + O(W) (209)
e+ 12 1 (f> —€?) cos(2rIn(N))  ef sin(27 In(N))
= T N m= T3 N2 T 5 Nmo—z (210)
feted) 1 fe —ed) cos(27 In(N + fd) sin(27 In(N 1
_( e )N%il _ o )COS(NT%Ii(1 ) _ (e : )Sm(]\;ari(1 ) vo)
Therefore
a (ﬂr +v(1 - 0')) sin(2rIn (N)) + (ﬁ(l —0)— ’77’) cos(27 In (N)) o
= Ut gz * 272 +2(1 — 0)? NTE(212)
2 g2 2 _ 2
G Zf ) + ( ;6 ) cos(27 In(N)) + %sin(%’ln(N))] N2 (213)
— L4 £ 8 cos@rin(V)) + 4 sin(2r ln(N))} N1 (214)
) [ o (2517 Fy(l— 20)) sin(2r In (N)) + (51(1 —20) — 2717) cos(2r In (N))] N o1
(1-20) 472 + (1 — 20)?
Y Cied) EL . D) cos@rm(v)) + D Gnar ln(N))} N1-20 (216)
+ 1 [2120 —— 4 ¢ cos(27In (N)) + dy sin(27 In (N))} N'727 4 O ! ) (217)
41 1—-20 N?2e
= U+ |U+Vsin(2rIn(N)) + W cos(27 In (N)):| N?7% (218)
+ |0+ Visin(@rIn (V) + W1 cos(2r In (N))} N7 4 0(%) (219)
Where
. «@ e+ f2  ae+bf
U= sieatT 1t (220)
Br+~v(1—o0) af +be ef
v 272 4 2(1 — 0)? + 2 + 2 (221)
Bl —o)—~T bf —ae f2—62
W= erensort T2 1 (222)
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After simplification, we have:

U=0,W=0,V=0 (223)
And Where
17272 1\ «a 1 (fc+ed)
o= Z( 1-20 ) 2 1-20 4 (224)
o ) i
YT 2 472+ (1—20)2 4
w, o= & B (61(1 —20) - 2717') (fe—ed) 996
VT4 2 Tty (1-2002 0 4 (226)
After simplification, we have:
2
[(1 — 277 cos(T ln(2))) + 272"]
- 22
Ux 31— 20) <0 (227)
dy (2617' + 71— 20))
Vi o= — - (228)
4 472 + (1 — 20)2
o (61(1 —20) — 2717')
w, = - (229)
4 472 + (1 — 20)2
Therefore
Zionan = Uo+ | U + Visin(2rIn(N)) + Wi cos(2r In (N))} N1 O(ﬁ) (230)

| O

Lemma 2.2. If0 < o <1 and s = o + iT is a zeta zero, we have the
following asymptotic expansion for the sequence (An,N)N>1:

% Anon = Uo+ |Us+ Vasin(2rln (N)) + Wa cos(2r In (N))] N2 4 o N120 ) (231)
Where
- __2m
= a2 (232)
2(2/317 Tl 20))
Ve o= - (233)

472 + (1 — 20)2

2([31(1 —20) — 2%7)
Wa = = 472 + (1 — 20)2 (234)

and Uo is a real constant. And

A+ d? 2 —d? cd
a=—pr—h=—F—m=5 (235)
c=1-2""7cos(rIn(2)),d = 2" 7 sin(7In (2)) (236)
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Proof. From the equation (131), we have:

1 2N 1 2N
2 o 2
3 Asnon = ; Fron — 3 ; Uy 2N (237)
————
Z1 2N ,2N ZU1 2N

Zi,2n,2N is dealt with in the previous lemma. Let’s now concentrate on

ZUiaN:
1 & LA
ZUiaN = 3 ; Upon + B} nzzN:H Unan (238)
From equation (186), we have:
1 X, 1/27% - . 120
5 > Unon = Z<ﬁ+q cos(27In (N)) + dy s1n(271n(N))>N +0(35) (239)

n=N+1

Now, let’s focus on the remaining term. From the definition in the equa-
tion (119), we can write the following:

% Z - Z 1 <d sin(7In(n)) Yo cos(T ln(n))) (240)

ne ne

n=1

N
Z Yn,QN (241)
n=1

Where ¢, d and Y, 2~ are defined above in the previous lemma. From the
equation (168), we have:

A+d® 1 c? — d? cos(27In(n)) n cd sin(27In(n))

Yoow = 4 n2o 4 n2e 2 n2e (242)
And from the equation ():
al al 1 cos(27In(n)) sin(27 In(n))
; Ynon = ; [al — + b e +m 5 } (243)

Also, from lemma 1.2, we can write:

EN: y [ o (2;317 (1 — 20)) sin(2r In (N)) + (51(1 —20) — 2%7) cos(27 In (V)
=R

} N'7%7 (244)

1—20) 472 + (1 — 20)2
1
+ Un+ O(W) (245)
Where U/ is a real number. Therefore from the equations (237), (242)
and (243):
TUian = (=L cos(2rin (V) + di sin(2r In (V) ) NV=27 4 (=) (246)
v T g\t =2e T ! N7
(2517 F(l— 20)) sin(27 In (N)) + (51(1 —20) — 2%7) cos(27 In (N))
+ (0%} + N1720' (247)
(1-20) 472 + (1 — 20)2
1
+ Un+ O(Nz") (248)
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From the equations (212-217) and the equations (244-246), we conclude:

1 -
5Aznen = Uo+ | Uz + Vasin(27In (N)) + W cos(2r In (N))] N'™27 4 O( Nz ) (249)
Where
20(1
Uy = —— <0 250
? 1—20) © (250)
2(2/317 (1 — 20’))
Vo = — 251
2 472 1 (1 - 20)? (251)
2(/31(1 —20) — 2717)
= - 252
W 42+ (1 - 20)2 (252)
and Uy = Uy — Ulp is a real constant. And
2 2 2 2
c+d ¢ —d cd
= = = = 253
a1 4 ) Bl 4 ;Y1 2 ( )
c=1-2"7cos(rIn(2)),d = 2" sin(rIn (2)) (254)
Remark. If s was not a zeta zero, we will have an asymptotic expansion
with the dominant term N~ instead as follows:
1 ~ _ _ 1
5 Adnon = Uo+4 () N7 + |Us + Vasin(27In (N)) + Wacos(27In (N)) | N' 727 + O(57z) (255)
I am mentioning this because one may wonder why a positive sequence
AgN’zN is having a negative dominant term N'72° that can go to —oco
since Uz < 0. This will not be problematic in the case of o > % and
also in the case where s is not a zeta zero thanks to the presence of the
dominant term N~
O
Lemma 2.3. Let’s o be such that 0 < 0 < 1 and s = o + iT is a zeta
zero. Therefore:
1
= = 256
o = 3 (256)
And the Riemann’s Hypothesis is true.
Proof. Let’s suppose 0 < o < % From the lemma 2.2, we have the
following symptotic expansion:
1 ~ _ 1
5 Azvan = Uo+ |Uz + Vasin(2rIn (N)) + W cos(27 In (N) N'"% ¢ O(57z5) (257)

Where Uz, Vo and W are defined lemma 2.2. s = o + i7T is a zeta zero.
Therefore, the limit of the sequence (Aan,2nv)n>1 is zero. Therefore in the
equation (257), we must have Uy = Vo = Wa = 0. Otherwise, the sequence
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(An,n)n>1 will diverge as we can always construct a sequence of inte-
gers strictly increasing (Nn)n,>1 such that: lim, e Visin(271In (Ny,)) +

Wicos(2rIn (N,)) = 0 And therefore: limn— o0 A2n, 2N, = —00 since
U, = —(12;‘1—210) < 0. And this is in contradiction with the fact that the

sequence (An,n) converges with limit zero. Therefore Uz = Vo = Wa = 0.
Therefore ¢ = d = 0. Therefore o must be 1. And this is a contradiction
with our initial assumption of 0 < o < % Therefore o cannot be smaller
than % If o > %7 we work with 6 =1 -0 < % and we will reach to the
same conclusion as well. Therefore o can only be %:

1
= = 258
o= 3 (259)
Hence, the Riemann’s Hypothesis is true. ]

Remark. We can use similar functions A\p like Dirichlet eta function or
Widder lambda function[8, [9]. For a prime p we define Ap:

Y=y p—1
MOBEEDY <Z el e (259)

n=0 i=1

We have the following relationship between the zeta ¢ function and the Ap
function:

a2y s
s) = (1 ps) Ap(s) (260)

O

2.1 Conclusion

We saw that if s is a zeta zero, then real part R(s) can only be 1. Therefore
the Riemann’s Hypothesis is true: The non-trivial zeros of ((s) have real
part equal to % In the next article, we will try to apply the same method
to prove the Generalized Riemann Hypothesis (GRH) making use of the
lambda functions A,.
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