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Abstract
We present a simple proof of the Riemann’s Hypothesis (RH) where

only undergraduate mathematics is needed.
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1 The Riemann Hypothesis
1.1 The importance of the Riemann Hypothesis

The prime number theorem gives us the average distribution of the primes.
The Riemann hypothesis tells us about the deviation from the average.
Formulated in Riemann’s 1859 paper[1], it asserts that all the 'non-trivial’
zeros of the zeta function are complex numbers with real part 1/2.

1.2 Riemann Zeta Function

For a complex number s where (s) > 1, the Zeta function is defined as
the sum of the following series:

()= = (1)

In his 1859 paper[1], Riemann went further and extended the zeta function
¢(s), by analytical continuation, to an absolutely convergent function in
the half plane 3(s) > 0, minus a simple pole at s = 1:

s too lx
¢(s) = - s/1 :;{er}l dz (2)

*One Raffles Quay, North Tower. 048583 Singapore. Email: charaf@melix.net. The opin-
ions of this article are those of the author and do not reflect in any way the views or business
of his employer.




Where {z} = = — [z] is the fractional part and [z] is the integer part of
z. There is another way [2] to analytically continue {(s) to the region
R(s) > 0. The idea is to observe that for R(s) > 1:

-3)X6 = Y=Y G 3)

Thus,

(4)

28 —= n
= (- 2)n(s) (%)

The Dirichlet eta function 7(s) converges conditionally when R(s) > 0
and s # 1+ ZlikTg) n(s) is used as analytical continuation of the Zeta
function on the domain where (s) > 0. Riemann also obtained the
analytic continuation of the zeta function to the whole complex plane.

Riemann[1] has shown that Zeta has a functional equatio
C(s) = 2°7° sin (g)m —5)C(1—s) (7)

Where I'(s) is the Gamma function. Using the above functional equa-
tion, Riemann has shown that the non-trivial zeros of { are located sym-
metrically with respect to the line R(s) = 1/2, inside the critical strip
0 < R(s) < 1. Riemann has conjectured that all the non trivial-zeros are
located on the critical line $(s) = 1/2. In 1921, Hardy & Littlewood[2,3,
6] showed that there are infinitely many zeros on the critical line. In 1896,
Hadamard and De la Vallée Poussin[2,3] independently proved that {(s)
has no zeros of the form s = 1+ 4t for ¢ € R. Some of the known results[2,
3] of ¢(s) are as follows:

e ((s) has no zero for (s) > 1.

(s)
e ((s) has no zero of the form s =1+ ir. i.e. {(1+1iT)#0, V.
(s)
(s)

* ¢

e ((s) has all the trivial zeros at the negative even integers s = —2k,
ke N*.

e The non-trivial zeros are inside the critical strip: i.e. 0 < R(s) < 1.

If ((s) =0, then 1 — s, § and 1 — § are also zeros of (: ie. {(s) =

(A —s)=¢(5) =¢1 -5 =0.

Therefore, to prove the “Riemann Hypothesis” (RH), it is sufficient to

prove that ¢ has no zero on the right hand side 1/2 < R(s) < 1 of the
critical strip.

s) has a simple pole at s = 1 with residue 1.

1This is slightly different from the functional equation presented in Riemann’s paper[1].
This is a variation that is found everywhere in the litterature[2,3,4]. Another variant using
the cos:

C(1—s) =275 cos (?)F(S)C(s) (6)



1.3 Proof of the Riemann Hypothesis

Let’s take a complex number s such that s = o 4 ¢7. Unless we explicitly
mention otherwise, let’s suppose that 0 < o < 1, 7 > 0 and ((s) = 0.

We have from the Riemann’s integral above:

S teo fg
C(s)zs_l—s/1 :;{H}ldm (8)

We have s # 1, s # 0 and ((s) = 0, therefore:

L )
s—1 7/1 pstl dz ©)

Therefore:

! = /m S 2 S (10)

ctir—1 gotiT+1

And

o—1—ir _ /+m (cos(rln (z)) — isin(7In (x))){x}d

- = 11
(c—1)2+72 zot+l = (1)

The integral is absolutely convergent. We take the real part and the
imaginary part of both sides of the above equation and define the functions
F and G as following:

Flo,7) ﬁ (12)
_ /:oo <COS(T::S))){m}dm (13)

And
Glo,7) = m (14)

oo (sin(Tln (x))){x}
- /1 — dx (15)

We also have 1 — 5§ =1 — 0 447 = 01 + 971 a zero for ¢ with a real
part o1 such that 0 < 01 =1 —0 < 1 and an imaginary part 7, such that
71 = 7. Therefore

o1 —1
F(l — 0, 7') = m (16)
S o
B /+oo (cos(rln (:c))){m}d (18)



And

Gl—-o,1) = m (19)
= ai (20)
B /+oo (sin(T In (:c))){m}d o)

From now on, o and 7 are not necessarily connected to a ¢ zero. Before
we move forward, we need to define the following function I(a,o,7) for
a>0:

I(a,0,7) = /1a Mdm (22)

In(a)
= / sin(rz)et "% dg (23)
0
~ K(o,7) (1 _ cosizljll(a)) _ (o ; 1) Sm(;,li(a))) (24)
Where
1”((0’7 7') m (25)

Let’s define the function J(a, o, 7) for a > 0:

Ja,07) = / cos(T ln(:c))dx
1 z7
In(a) L
= / cos(tz)e " dx
0
- Ko 7_)<(U —1) (0—1)cos(r ljl(a)) n sin(7 lil(a)))
T T a1t ac!
Where K (o, 7) is defined above in the equation (25).
Now, let’s write U(c, 7) as the limit of a sequence as follows:
N .
_ . {z}sin(7 In(z))
U(o,7) = NLHEOO : ite dx (29)
71In(N) 2y~ Zz
= lim dz sin(z) cler)e (30)
N—+oco 0 T
71n(N)
= NHTOO ; dz g(x) sin(x) (31)
= NHTOO U(N,o) (32)
Where
71n(N)
U(N,o) = / dz g(x) sin(x) (33)
0
e(e¥) _a,
o) = et (34

(x) = {a} (35)



And the same for V (o, 7):

N {z} cos(7In(z))

V(e,7) = NLHEOO ) pE dx (36)
71In(N) o~ Zx
= lim dz cos(x)w (37)
N—+oco 0 T
71In(N)
= NLHEOO ; dz g(z) cos(x) (38)
= lim V(N,0) (39)
Where
7In(N)
V(N,o) = / dz g(z) cos(x) (40)
0

Lemma 1.1. The sequence (ZN cosrln(n)) _ J(N, o, 7')) converges
N>1

n=1 no

and its limit is as follows:

N
lim cos(7 In(n))
N—+o00 = ne

—J(N,o,7) = 1—7U(o,7)—0cV(o,7) (41)

Therefore we can write the following:

al cos(71n(n))
Z T = J(N7 g, 7—) +1- TU(U7 T) - UV(U7 T) tan (07 T) (42)

Where (an) is a bounded sequence with limit zero:
ay = O(~) (43)

The sequence (27]:7:1 Sm(z% —I(N, o, 7')) converges and its limit
N>1

is as follows:

N
. sin(7 In(n)) .
im 3 ) = Ve —eUen)

Therefore we can write the following:

Z Sm(lﬂ = I(N,o,7)+71V(0o,7)—0oU(o,7) + Bn(o,7) (45)

Where (Bn) is a bounded sequence with limit zero:

1

By = O(F)

In case where s = o + 4T is a zeta zero, we have:



M=

T Nofl Nofl

ne

3
Il
-

M=
I

No—1 T No'fl

ne

3
Il
-

Proof. Let’s study the function g over R. We have the function g piecewise
continuous and and its derivatives are also peicewise continuous and:

g(@) = e(e:)e*%w (49)
gla) = o)~ L) (50)

The interval (0, 71In(N)) is the union of the intervals (7 In(n), 7 In(n +
1)) where 1 < n < N. We have e/(z) = 1 for each = € (7log(n), T log(n +
1)) for each 1 < n < N. Therefore, thanks to the integration by parts we

cos( In(n)) K(o,7) <(1 — o) cos(rIn(N)) sin(Tln(N))> + an(o ) (47

sin(7In(n)) K(o,7) < _ cos(71n(N)) n (1 —o)sin(r 1n(N))> + B (o,7) (48)

can write:
71n(N)
U(N,o) = /o dz g(x) sin(x) (51)
N-1 Tln(n+1)—e¢
= lim dz g(x)sin(z 52
tim > / o deg@)sn) (52)
= g(0")cos(0) + 211% g(T1In(n) + €) cos(rIn(n) + €) — g(7In(n) — €) cos(rIn(n) — e)] (53)
- 7In(N)
—g(tIn(N)7) cos(TIn(N)) + / dz g/(x) cos(x) (54)
0
= lgn Z [9(TIn(n) +€) — g(rIn(n) — e)} cos(t1In(n)) (55)
cos(7In 7 In(N)
w —|—/O dz g!(z) cos(x) (56)
= cos(rIn(n cos(T1n 7 In(I)
= _% 2 (nla( ) _ (TJIVU(N)) +/() dz g/(x) cos(x) (57)
N cos(rIn(n o [T 7 In(N) el:a’”
= _% Z % — ;/0 dz g(x) cos(x) +/() dx < = (58)
N cos(rIn(n o TIN) - iF%s
= _% Z % — ;V(N,O') —|—/0 dz = cos(z) (59)

3
Il
¥

Therefore



N
o 1 cos(tIn(n 1
U(N,0)+ -V(N,o) = —= ;2 +=J(N,o,7)  (60)
Therefore
a cos(7In(n))
> — % —JW,01) = -TU(N,0)=~0V(N,0) (61)

Therefore, the sequence ( 22;1 COS(:}# —J(N,o, T)) converges
N>1
and its limit is as follows:

lim ZW—J(NJ&T) = 1—7U(o,7)—0oV(o,7) (62)

Therefore we can write the following:

Z 008(7;11;1(”)) = J(N,o,7)+1—7U(0,7) —oV(o,7)+an (63)

Where (an) is a bounded sequence with limit zero.
And the same for V(N, o) as follows:

71n(N)
V(N,o) = /o dz g(x) cos(x) (64)
N—
= —g(0")sin(0) + 213(1) g(t1In(n) + €) sin(7In(n) + €) + g(7In(n) — €) sin(r In(n) — 6)] (65)
- 71n(N)
+g(rIn(N)7 ) sin(7In(N)) — / dz g/(x) sin(x) (66)
0
N-1
= 211% [—9(rIn(n) + €) + g(rIn(n) — e)} sin(7In(n)) (67)
sin(7In In(N)
—l—w — ; dz g/(x) sin(z) (68)
= sin(rIn(n sin(7 In 7 In(N)
= % 2 (nla( ) + (TJIVLEN)) —/(; dz g/(x) sin(x) (69)
N sin(7 In(n o [Ti@V) 7 In(N) el:g”” z
= % Z % + ;/o dz g(x) sin(x) —/(; dx < = e/((ﬁ)) sin(x) (70)
N sin(rIn(n o Tin(N) 12w
= %Z % +ZU(N, o) —/0 dz —— sin(z) (71)

Il
¥

m

Therefore



sin(7 In(n))

o 1< 1
V(N,0) = ~U(N,0) = ;Z - —I(N,0,7) (72)

n=2 n
Therefore
al sin(7 In(n))
> — < —I(N,o,7) = 7V(N,0) = 0oU(N,0) (73)
n=2

Therefore, the sequence (ZN S'"(an —I(N,o, T)) converges
N>1

n=1

and its limit is as follows:

NE)TC)O Z Sm(lﬂ —I(N,o,7) = 71V(o,7)—0cU(o,T) (74)

Therefore we can write the following:
al sin(7 In(n))
27 = I(N,o,7)+7V(o,7) —cU(o,7) + BN (75)

nO’
n=1

Where (8n) is a bounded sequence with limit zero.
The proof of the result in the equations (43) and (46) can be found in
[I0]. Another proof of this lemma can be found in [I1]. [ ] |
2 Dirichlet eta function

From equation (5), the {(s) function is also defined through the Dirichlet
eta function 7(s) as follows:

((s) = (1=52) (s (76)

- - (77)
Let’s define the sequence Xn as follows:
Y1
Xn(s)= 2 v (78)

For N > 1:

Xy = Z cos(Tnl(Irl (n)) ; Z sin(71n (n)) (79)

Let’s define the sequences U,, V,, as follows: For n > 1
U, — cos(7 In (n))7 v, — sin(71n (n))
n ne

(80)



Let’s define the series Ay, B, and X, as follows:

s cos(71n (k) _ <=~ sin(rln (k) . .

k=1 k=1

When we are dealing with complex numbers, it is always insightful to
work with the norm. So let’s develop further the squared norm of the
series Zn as follows:

|XN||2—A?V+B%—(§]EC“(T;%> +(§Njw> (52)

n=1

So

2 <§N:cos7'ln > (83)

n=1

EN:cos (rIn(n Efj: cos(tIn (n (An_cos(:llil(n)))&l)

n=1

Z Tln 22 cos(t1ln (n))An (85)

And the same calculation for Bx

EN: Tln EN: sin(71n (n)) By (86)

Hence we have the new expression of square norm of Zy:

) 4 cos?(71n (n))

al cos(t1n (n al sin(71In (n N sin? (tIn(n
v =2y b 55 -y

n=1 n=1
which simplies even further to:
N N N
cos(71ln (n))A, sin(7In (n 1
It =23 ST 4o 57 ST 37
n=1 n=1 n=1
Let’s now define F,, and G, as follows:
P - cos(7In (n))An7 G — sin(7In (n))Bxy (89)
ne ne
Therefore
cos?(71n (n)) ol a (r ln
2
AN_zan_zl T m=23 g_;

Let’s define the sequence Yx as follows:

n20’

(90)



. 1
= AN 5o 1AN _Z(BN_FB%) (92)
= ANN-—1BnnN (93)
Where
2. cos(rIn (k) — 2'~cos(r u
cos(71n (k)) — 2"~ 7cos(7(1In (2k)) cos( Tln cos(7 In (k))
AN,N = o —|— Z (94)
k=1 k=% +1
And
2 sin(rn (k) 2 sin(r(In (26)) &
sin(71n (k)) — 2' " 7sin(7(In (2k sin(7 In (k))
Byn = = Y e (99)
k=1 k=541
We also have:
N ( 1)n+1
A}gﬂoo Yy = hm AN,N — 1 Bn,n = hm Z o =n(s) (96)
n 1
Remark. s is a zeta zero, ((s) =0, if and only if
lim An,ny =0and hm Bynny =0 97)
N —oo N—
Let’s define the following sequences: For N > 1:
cos(In (n))—2'"%cos(r(In (2n))) . < N
Un,N = {cos(-rln (n)) " ’ i "= 137 (98)
—— ifn> 5
And L
sin(71n (n))—2""%sin(7(ln (2n))) . < N
Van = {sin(rln (n)) "7 ’ lf- "= 1%] (99)
T irn > b3
And
22:1 cos(tIn (k))72;70<:os(‘r In (Zk)) ifn < %
ﬂ o 3 "
Ann = 213:1 cos(tIn (k))— 2; cos(7 In (2k)) +Zk—— ) cos(rkl:(k)) ifn > %
AN,N ifn>N
(100)
And
ZZ:1 sin(7 In (k))72;7°sin(7—1n (Qk)) ifn < %
Bon = Zk%zl sin(r In (k))— 2; Tsin(rIn (2k)) S . sm(rklél(k:)) itn >
Bn,~ ifn>N
(101)

Let’s develop further the squared norm of the series Yy as follows:

10



2 2

N N
IYnl® = A% n + By = (Z Un,N> + (Z VH,N> (102)
n=1

n=1
So
N N n—1
A?\’,N = Z Un,N +2 Z Z UnUk,N (103)
n=1 n=1 k=1
N N
= - Z Uiy +2 Z Un,N An,N (104)
n=1 n=1
And the same calculation for By, n
N N
BYny = =D Van+2) VanBun (105)
n=1 n=1

Let’s now define the sequences (Fy,n) and (Gn,n) as follows:
Fn,N = Un,NAn,Ny Gn,N = Vn,NBn,N (106)

Hence we have the new expression of square norm of Z%:

N N N
VNI =237 P +2) G = > (UZn +V2n)  (107)
n=1

n=1 n=1

which simplies even further to:
N ¥ N
S (Ui + Vi) =D (Vin+Vin)+ Y (UZn+Vin) (108)
n=1 n=1 n=4+1
92720 _ 92-0 (COS(T In (2)))

N
N 1 p]
=> =+ s (109)

We have 20 > 1, hence the partial sums Zg>1 U2 n and Zg>1 V2N
converge absolutely. We have - -

N N N N
AN =2 Fan—Y Usn, Bin=2Y Gun—)Y Vin (110)
n=1

n=1 n=1 n=1

Remark. The idea is to prove that in the case of a complex s that is
in the right hand side of the critical strip % < o <1 and that is a ¢
zero, that the limit limy— oo A%,n = +/ — oo or the limit limp— oo Bzyn =
+/—o00. This will create a contradiction. Because if s is a { zero then the
limy 00 A%m should be 0 and the lim,_s oo B,ZML should be 0. And therefore
the sequences (ij:l F, n)n>1 and (22;1 Gn,n)N>1 should converge and
their limits should be: limp oo S0 Fan = Llimyeo S0 U2y <
400 and lim, o0 22;1 GnN = % Impy oo ij:l V,iN < +o00.

11



Lemma 2.1. If% <o <1ands=oc+1ir is a zeta zero, we have the
following asymptotic expansion for the sequence (S.N_| Fn nN)n>1:

n=1""
2N 2177 gin(71n (2)) (1 — 277 cos(71n (2))) s 1
F, = Uy— sin(2rln (N))N“™°7 + O(————) (111
nz::l 2N 0 2((1 —U)2+T2) ( ( )) (Ngo-,l)( )
Where Uy is a real number.
Proof. So, let’s define the sum Z; anon for N > 1:
2N
Zi2N2N = ZFn,2N (112)
n=1
N 2N
= > Fuavt Y, Fuon (113)
n=1 n=N+1
———
Z1,N,2N ZN41,2N,2N
And Znyi1,2n2N:
2N
ZN+12N2N = Z Frnon (114)
n=N+1
2N
= Z Un,2n Anan (115)
n=N+1
2N n
= Z Unan (AN,zN + Z Uk,QN) (116)
n=N-+1 k=N+1
2N n
= Anpan <A2N,2N — AN,QN) + Z Un,2n Z Ugon (117)
n=N+1 k=N+1
And
2N n 2N 2N
Z Un2n Z Ukon = Z Uk,an Z Unan (118)
n=N+1 k=N+1 k=N+1 n=k
2N
= Z Uk,2n (AQN,ZN - Akﬂ,zN) (119)
k=N+1
2N 2N
= Z Uk,2N<A2N,2N_Ak,2N) + Z U72L,2N (120)
k=N+1 n=N-+1

2N 2N
= Asvan (Aevay — Avan) = Y UkewAray + Y Unan (121)

k=N+1 n=N+1
2N
= Asnoan (AzN,zzv - AN,2N) — ZN+12N2N + Z U? o (122)
n=N+1
Therefore
2N
2ZNt12N2N = (AQN,2N + AN,QN) (AQN,2N — AN,QN) + Z Uron (123)
n=N+1

12



Therefore
2N

1
Z12N2N = 5 (AzN,zN + AN,zN) (AzN,zN — AN,zN) + Zi1,Np2N + _E:NH Uz,zN (124)
We also have:
Aanan = Anpan + Aoy — AN (125)
Therefore
1 ) 2N
Zian2N = Anpen (A2N — AN) + 5 (AQN — AN) + Zi1,N2N + ;H U72L,2N (126)
We also have:
N N
ZiN2N = Z Fron = Z Un2n An2n (127)
n=1 n=1
For n < N, we have:
Apan = Z Uk2n (128)
k=1
n __9ol—0o
_ Z cos(71In (k)) ia cos(7 In (2k)) (129)
k=1
= (1- 2'77 cos(rIn (2)))An + 2' "7 sin(7In (2)) B, (130)
= cAn+dBn (131)
Where
c=1-2"7cos(rIn(2)),d = 2" sin(rIn (2)) (132)
From lemma 1.1 we have:
A, = K(oo7) <(1 —0) COS(Talill(n)) n sm(TUlnl(n))) n e_z (133)
T n n n
B = K(o7) < _ COS(Tgli(n)) n (1-o0) sm(Tglnl(n))) n lz (134)
n T n n
Anon = cK(o,7) <(1 —0) COS(TJIE(")) + Sm(T;“f””) + (135)
T n n n
FdK (o)1) ( _ COS(Talill(n)) n (1-o0) sm(TUlnl(n))) n fy_z (136)
n T n n
_sin(r lill(n)) b cos(T lill(n)) Tn (137)
n ne n
Where
a=K(o T)(c—i—Md) b=K(o T)(Mc—d) (138)
bl T ) ) T



Therefore

N

Zi,NaoN = Z Anaon ((1 — 277 cos(t1n (2))) COS(:LM + 2" sin(7 In (2))@) (139)
n=1
N . .
_ Z (a sin (7 lill(n)) b cos(T lill(n)) n fy_n> <CCOS(T In(n)) n dSIH(T ln(n))> (140)
= n’ ne n n ne
N
_ Z Xnon (141)
n=1
Where
Xooy = <a sin(TUlill(n)) b COS(Tali(n)) n fy_z> (CCOS(T lan(n)) I sin(7 lf(n))) (142)
n n n n n
ad+bc 1 bc — ad cos(27In(n)) = ac+bd sin(2T1In(n))  yn
= 9 p2o—1 2 n2o—1 T n2o—1 + 2o (143)
Therefore:
N
ad+bc 1 bc — ad cos(27In(n)) = ac+bd sin(27In(n)) = .
ZiNeN = Z:l 9 p2o-1 9 n2o—1 + 9 n2o—1 + n2o (144)
N
1 cos(27In(n)) sin(2rIn(n)) = Yn
= ;::1 |:a n2o—1 +8 n2o—1 + n2o—1 + 2o (145)

Also, from lemma 3.1 in [10], we can write:

Z
LA2N T—o) " 272 + 2(1 — 0)2

1

+U() + O(W)

Where U is a real number and:

a_ad—i—bc B_bc—ad _ac+bd
P
We also have:
2N 1
Y Unev = O(3z1)
n=N+1
And
sin(7 In(V)) cos(tIn(N)) 7w
Anany = a No 1 +b No—1 + NG

14

(148)

(149)

(150)

< o (67' + (1 — O’)) sin(27In (N)) + (6(1 —0)— ’YT) cos(27In (N))
2(

)N%% (146)

(147)



And

(160)

_ (1 —0)cos(tIn(2N)) = sin(rIn(2N)) 1
Aoy — AN = K(U,T)( - Ny 2Ny ) +O(F) (151)
K(o, r><(1 — o) el sinlrul ”) +O(5) (152
= K(o,71) <21” sin(71n(2)) + I_TU (217‘7 cos(T1n(2)) — 1)) w (153)
K (0,7) ((2” cos(rIn(2) ~ 1) — 1 Iy sin(Tln(2))> Smﬁﬂ LO(=) (154)
_ sin(7 In(V)) cos(71n(N)) 1
= e e+ O5) (155)
Where
6:—K(U7T)(C+@d):—a7f:K(O'7T)<—(1;TU)C+d):—b (156)
Therefore
(Aen — Ay)* = [e (I el O(ﬁ)] (157)
LD S g
And
Aan (Asy — Ay) = <a 51n(17\}l11(ljv)) _’_bCOS(J;(Ii(lN)) —I—O(%)) . sm(;\ﬁ{(fﬁ) ny COS(X[iIigN)) —&—(’)(%) (159)
ae+bf 1 bf —aecos(2rIn(N))  af + be sin(27 In(N)) 1
- 2 N20-2 + 2 N20-2 + 2 N20-2 + O(N2071 )
Therefore
Anan(Aay — AN) + %(AZN - AN)2 (161)

(ae+bf 62+f2) 1 +(bf—ae+fz—ez)cos(QTln(N)) (162)

2 1 )N 2 1 N2
+(af ; be + %) Sm(]%;fim) + O(N;H) (163)
Therefore
a (ﬂT + (1 — O’)) sin(271In (N)) + (ﬁ(l —0)— 77') cos(271n (N))
Zignen = Uo+ (2 + 2 2
(1-0) 2724+ 2(1 —0)
2, g2 2 _ 2
(ae—|2—bf 4 ¢ Zf ) + (bf;ae + / ;e )COS(QTln(N))
(L0 4 Y sinor ln(N))} N2 4 O( )
= Up+ (U + Vsin(27In (N)) + W cos(27 In (N)))N272‘7 + O(#)
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)NH" (164)

(165)

(166)

(167)



Where

« e+ f2  ae+bf
U= sio 1 +t 2 (168)
Br+~v(1—o0) af +be ef
= - 1
v 2124 2(1 — 0)? 2 + 2 (169)
Bl —o)—~T bf —ae = f?—é?
W= gn +2(1—0)? oot (170)
After simplification, we have:
dc
UZO,WZO,V:—K(U,T)E (171)
And
Z = —K(0, )% sin(2rm (W) N> !
1,2N,2N = — ((T7 T)E Sln(2T n( )) + O(W) (172)
| O

Lemma 2.2. If% <o <1ands=oc+1iT is a zeta zero, we have the

following asymptotic expansion for the sequence (Zf:;l Gn,N)N>1:

2N 217 sin(71n (2)) (1 — 277 cos(7In (2))) . 1
noN = in(27 In (N))N272° —
nE::lG 2N VO+ 2((1—0’)2+T2) Sln( T Il( )) +O(N2071)( 73)
Where Vi is a real number.
Proof. So, let’s define the sum Z; anon for N > 1:
2N
Zi2N2N = ZGn,QN (174)
n=1
N 2N
= ZGn,zN + Z Gn2N (175)
n=1 n=N+1
———
Z1,N,2N ZN+1,2N,2N
And Zny12n2N:
2N n
ZN+1,2N2N = DBnpoan (BzN,zN - BN,zN) + Z Va,oN Z Vi,on  (176)
n=N+1 k=N+1
And
2N n 2N
Z V2N Z Veaon = DBanpan (BQN,2N — BN,2N) — ZN+1,2N2N + Z Vian (177)
n=N+1 k=N+1 n=N+1
Therefore
2N
2ZN+12N2N = (BQN,2N + BN,QN) (B2N,2N - BN,2N) + Z Viian (178)
n=N+1

16



Therefore

2N

1
Z1,2N2N = 5 (BzN,zN + BN,zN) (BzN,zN - BN,zN) + ZZi,NnoN + Z V7$,2N (179)
n=N+1
We also have:
Basnany = Bnpan + Ban — By (180)
Therefore
2N
1 2 2
Zi2N2N = Bnan (BQN — BN) + 3 (BQN — BN) + ZZin2N + Z Vaon (181)
n=N+1
We also have:
N N
Z1,N2N = Z Gnon = Z Va,oN Bnan (182)
n=1 n=1
For n < N, we have:
Bhaon = Z Vi,an (183)
k=1
_ zn: sin(71n (k)) — 2'~7sin(7 In (2k)) (184)
ko’
k=1
= (1-2'"""cos(tIn(2)))B, — 2" 7 sin(rIn (2)) A, (185)
= cAn+dBn (186)
Where
c=—2""sin(rIn(2)),d =1 — 2" cos(rIn (2)) (187)

Remark. We note here that ¢ and d are slightly different from the terms
¢ and d in the proof of the lemma 2.1.

From lemma 1.1 we have:

4 = Ko T)<(1 ;a) cos(nTill(n)) N sin(;glnfn))) N ;_n (188)

B, = K(o,7) < - Cosg;lill(n)) e = 9) Sm(;,lnl(n))> + 1 (189)
Buony = cK(o,7) <(1 = %) Cos(nzli(")) + Sm(;glnl(n))> + (190)
+d K (o, 7) ( - Cosg;li(")) e — o) Sm(;“f"”) Ir o (191)
_ singglill(n)) b COS(T;lill(n)) n % (192)



Where

a:K@Jmo+giﬂh>b:Kwﬁmu_0%—d) (193)
T T

Remark. We note here that a and b have the same expressions like in
the case of the lemma 2.1 but they are also different because the definition
of ¢ and d are different.

Therefore
N .
Zi,N2N = Z B 2N ((1 — 2" sin(rIn (2))) cos(;ﬂ — 27 cos(7In (2))8111(2%) (194)
n=1
N . .
_ Z (a sin (7 lill(n)) b cos(T lill(n)) n fy_n> <CCOS(T In(n)) n dSIH(T ln(n))> (195)
—~ ne ne ne ne ne
N
= 3 Yaon (196)
n=1
Where
Yoon = < Sin(Tglill(n)) b COS(Tgli(n)) n fy_z> <CCOS(T ljl(n)) +dSin(Tlf(n))> (197)
n n n n n
ad+bc 1 bc — ad cos(271n(n))  ac+bd sin(271In(n))  vn
9 p20-1 D) n2o—1 + 2 n2o—1 + n2o (198)
Therefore
N
_ ad+bc 1 bc — ad cos(2T1n(n))  ac+bd sin(27ln(n)) = Yn
ZiN2N = Z 9 peo-1 2 e ) n2o—1 n2o (199)
n=1
N
1 cos(27In(n)) sin(2rIn(n)) = Yn
= nz::l |:O‘ n2o—1 +8 n2o—1 + n2o—1 + 2o (200)

« BT +~v(1—0))sin(2rIln(N)) + (B(1 — o) — 7 ) cos(27 In (N)) oo
B <2(1 —0o) + ( ) 272 + 2(1<_ 0)? ) )N (201)

+Vo + O( (202)

1
N2<771 )
Where Vj is a real number and:

ad + be bc — ad __ac+bd

= = = 2
a 5 5 5 (203)
2N
) 1
Z Vaon = O(W) (204)
n=N+1
Byox = a sin(7 In(NV)) b cos(7In(N)) LN (205)

Nafl Nafl No

18



And

Boy — By = K(o, )<— Coi;\l,l)lc(ijy)) a = ?) Si“é}jf,”f”) + O(%) (206)
cos(TIn(N)) | (1 — o) sin(7In(N)) 1
—K(o,7) ( - N + . N ) + O(W) (207)
= K(o,71) <1_T"21" sin(r1n(2)) + (1 — ol cos(Tln(2)))> w (208)
YK (o, 7) (1 —7 (277 cos(rIn(2)) ~1) +2'° sin(Tln(2))> Sm(};}fﬂ n 0(%) (209)
— e Sin(]f]fi(fv D 4y COS(]\T]%N ) 4 0(%) (210)
Where
e:—K(UJ)(c—&—@d):—a7f:K(J7T)<—(1;TU)c+d):—b (211)
Therefore
-t~ [ e o1 o
= et I R e o) ey
And
Buan (Baw — By) = <a Sln(]z—fili(fv)) b Cog(]\T]iIi(lN)) I O(%)) . sm(;f}i(fﬁ) n Cos(;\;ili(lN)) I O(ﬁ)
ae+bf 1 bf —aecos(2rIn(N)) = af + be sin(27In(N)) 1
2 N20-2 2 N20-2 + 2 N20-2 + O(NQO'fl)
Therefore
Bnan (Ban — By) + %(321\7 - BN)2 (216)

b 2 2 bf — 2 _ g2 7In(N
(Y LY L (e L))
(el Sy oLy (18)

Therefore, like in the proof of the lemma 2.1, we have:

Z1,2N,2N

o Br+~v(1—0))sin(2rIn (N)) + (B(1 — o) — 7 ) cos(27In (N))
Vo+ (2(1 — " ( ) 272 + 2(1(— )2 )

(ae—|2—bf+62—if2)+<bf;ae+f2262

) cos(27In(N))

1
N2o—-1 )

(“f ; be | %) sin(2r ln(N))} N2 4 0

1

Vo + (U + Vsin(2r In (N)) + W cos(27 In (N)))N2’2" +O(557)

19
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(215)

)NH" (219)

(220)

(221)

(222)



Where

« e+ f%  ae+bf
U= sia 1 +t 2 (223)
Br+~v(1—o0) af +be ef

= —_ 224
v 272+2(1—a')2+ 2 + 2 (224)

B —0o)—nT bf —ae = f?—é?
W= an +2(1—0)2 2 T4 (225)

After simplification, we have:
dc
UZO,WZO,V:—K(U,T)Z (226)
And

_ de . 2—2¢0 1
Zianen = —K(o, 7'); sin(27In (N))N + O(W) (227)
| O

Lemma 2.3. Let’s o be such that 0 < 0 < 1 and s = o + iT is a zeta
zero. Therefore:

o ifoc# L, thent = h% with k € N*.

. ifT;éhf—g) with k € N* | then 0 = 3.

Proof. Let’s suppose o > % From the lemma 2.1, we have:

2N 2177 gin(71n (2)) (1 — 277 cos(71n (2))) s 1
> Fionv = Up-— =077 sin (27 In (N))N**7 + O(55,—7) (228)
n=1
We have s = o0 + 47 is a zeta zero. Therefore, from equation (110), we
have:
N N
. 2 2
Ghm AN =2 wa - 2_:1 Uin=0 (229)
Therefore as o > %
N 1 X
. T 1 2
Nhgrloo 7; Fn,N - NETOO 2 7; Un’N < foo (230)
Therefore, in the asymptotic expansion in the equation(230), we must
have:
sin(r In (2))(1 — 2" cos(rIn (2))) = 0 (231)
Otherwise the sequences (A% y)nv>1 and (BX y)n>1 will diverge. There-
fore, from lemma 2.2, similarly we have:
2N 2177 sin(71n (2)) (1 — 277 cos(11n (2)) . 1
> Guon = Vot (=17 sin(27In (N))N* 77 + O(57,—1) (232)
n=1

20



Case: 7 # %, k € N* In this case we have:

cos(tIn(2)) = 21170 (233)

We also have 1 —5=1—0+ i7 = & + i7T also a zeta zero. Therefore, as
o> %, by the same method, we have:

sm(ﬂn(2))(1—21*5cos(71n(2))) = 0 (234)
Therefore
cos(rIn (2)) = 2% (235)

Therefore by combining (233) and (235), we get:
2! = 27 (236)

Hence a contradiction with o > % Therefore we conclude the following:

o if o # %7 then we must have 7 = % with k € N*.

o if 7 #£ % with £ € N* |, then we must haveaz%.

Om

3 Widder lambda function

We will prove similar results for Widder lambda function like in the case
of Dirichlet eta function above.

The {(s) function is also defined through the Widder lambda function|8],
9] A(s) as follows:

3

(s) = (1=5)7"A0) -
3.1 ~ 1 ! =
= (-3 ; ((3n+ 0 " Grnror  Get 3)S> .

We use the same notation from previous section. Typically, we will
use the same notation for the sequences: A,, B, and X,. Let’s define
the sequence Yn as follows:

1
Yn(s) = Xn(s)— P X% (s) (239)
1 ) 1
= ANnN—iBnnN (241)

Where
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N
% cos(71In (k)) — 3" “cos(7(In (3k))) ol cos(71n (k))
AN N = = + X
k=1 k=1
And
¥ N
® sin(71n (k)) — 3" “sin(7 (In (3k))) sin(7 In (k))
By.n = = + >
k=1 k=841
We also have:
) ) N (_1)n+1
Jim Yy = lim Ayn —iByy= lim Z:l =) (244)
Remark. s is a zeta zero, ((s) =0, if and only if
lim AN,N =0 and lim BN,N =0 (245)
N —oo N —oo
Let’s define the following sequences: For N > 1:
cos(71n (n))—3' "% cos(r(In (3n))) ifn < N
Un n ’ -3 246
N { COS(Tnlcrrl (n)) ifn> % ( )
And L
sin(7In (n))—3" " 7sin(r(In (3n))) ifn < N
Van =1 .. ne ’ -3 247
N { Sln(Tnlél (n)) itn> % ( )
And
Z%Lv:l cos(t In (k))73;;acos(rln (Sk))7 ifn <
3 cos(7 In —_ 176(:05 T in n cos(7 In :
Apn =303 coslrln(k) i (rIn(3k) | Zﬁ:%ﬂ % ifn >
AN,N if n>
(248)
And
ZZ:1 sin(r In (k))73;;°'sin(7—1n (:ak))7 ifn <
N o .
Bn,N — Zkg,:l sin(7 In (k))fiia sin(7 In (3k)) + ZZ:%JFI sm(rklél(k:)) ifn>
BN,N ifn 2
(249)
Let’s develop further the squared norm of the series Yy as follows:
N 2 N 2
|Yn|? = Ax n + Bin = (Z Un,N> + ( Vn,N> (250)
n=1 n=1
So
N N n—1
Ay = D Unn+2D > UnlUpn (251)
n=1 n=1k=1
N N
= =Y Uin+2) UnnAnw (252)
n=1 n=1
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And the same calculation for By, N

N N
Bin = =Y Vin+2> VanBan (253)
n=1

n=1

Let’s now define the sequences (Fy,n) and (Gn,n) as follows:
Fn,N - Un,NAn,Ny Gn,N - Vn,NBn,N (254)

Hence we have the new expression of square norm of Z%:

N N N
VNI =23 Fa +23 G = > (U2 + Vi) (255)
n=1 n=1 n=1

which simplies even further to:

.
S (1t vin) = 3 (VR 4 En) + X (R ) (2

n=1 n=44+1

32-20 _ g2-0 (cos(T In (3)))

N 5
=Dt = (257)

We have 20 > 1, hence the partial sums 22;1 U; n and 22;1 ViZn
converge absolutely. We have a a

N N N N
AN =2 Fan—Y Unyn, Bin=2) Gan-—)Y Vin (258)
n=1 n=1 n=1 n=1

Lemma 3.1. If% <o <1ands =0+ i1 is a zeta zero, we have the

following asymptotic expansion for the sequence (Zf:;l FoN)N>1:

3177 sin(r1n (3)) (1 — 37 cos(r1n (3)))
2((1—0)2+712)

1

sin(27In (N))N?*727 4+ O3z (259)

3N
E Fosy = Us—
n=1

Where Uy is a real number.

Proof. So, let’s define the sum Z; sy 3y for N > 1:

3N
Z13N3N = ZFn,SN (260)
n=1
N 3N
= Y Fusn+ >, Fasn (261)
n=1 n=N-+1
—— —,—
Z1,N,3N ZN41,3N,3N
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And Zny1,3n3N:

3N
ZN+13N3N = Z Fnsn (262)
n=N+1
3N
= ) UnsvAnsy (263)
n=N+1
3N n
= Z Un,sn (AN,SN + Z Uk,BN) (264)
n=N-+1 k=N-+1
3N n
= Angsn (ASN,SN - AN,SN) + Z Unsn Z Ukan (265)
n=N-+1 k=N+1
And
3N n 3N 3N
Z Un,an Z Uksn = Z Uk,3n Z Un,sn (266)
n=N-+1 k=N+1 k=N-+1 n—k
3N
= Z Uk,sn <A3N,3N - Ak71,3N) (267)
k=N-+1
3N 3N
= Z Uk,BN(ASN,SN _Ak,BN) + Z U721,3N (268)
k=N-+1 n=N+1
3N 3N
= AsngsN (ASN,SN - AN,3N) - Z Uk,3sNAk,sn + Z Ursn (269)
k=N+1 n=N+1
3N
= AsnaNn (ASN,SN — AN,SN) — ZN+1,3N,3N + Z U2 sn (270)
n=N+1
Therefore
3N
2ZN113N3N = (A3N,3N + AN,BN) (A3N,3N - AN,BN) + Z U72L,3N (271)
n=N+1
Therefore
3N
1 2
Z13N3N = 3 (A3N,3N + AN,3N) (A3N,3N - AN,3N) + Z1, N3N + Z U,sn (272)
n=N+1

We also have:

Asnasn = Angan + Asy — AN (273)
Therefore
1 9 3N
Zisnsn = Ansn (A3N — AN) + 5 (A3N — AN) + Zi,N3N + Z Uﬁ,SN (274)
n=N+1
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We also have:
N N
Z1,N3N = Z Fnsn = Z Un,sn Ansn (275)
n=1 n=1

For n < N, we have:

Ansn = Z Uksn (276)

k=1

n __ql—0c

_ Z cos(7In (k)) ZZJ cos(71n (3k)) (277)

k=1
= (1-3"7cos(tIn(3)))An + 3" sin(rIn (3)) B (278)
= ¢An+dBn (279)

Where

c=1-3"7cos(rIn(3)),d = 3" 7 sin(7 In (3)) (280)

From lemma 1.1 we have:

Ay = K(o,7) <(1 ; o) cos(;ylill(n)) n singalnl(n))> n :L_Z (281)
Bn = K(o,7) < _ cos(r lil(n)) n (1—o)sin(r ln(n))) L (282)
Ansy = cK(o,7) <(1 - ?) COS(T;li(n)) + Sin(;lnl(n))> + (283)
LK (o) ( _cos(rIn(n) , (1-0) sin(Tln(n))> L (s
_ singglill(n)) b COS(T;li(n)) n % (285)
Where
a=K(a,7) (c—|— @d),b: K(o, T)(@c—d) (286)
Therefore
N .
Z1,N3N = Z Ansn ((1 — 37 cos(t1n (3))) COS(;M + 3" 7sin(7In (3))@) (287)
_ EN: (a Sin(;’alill(n)) b COS(T;Ii(n)) 4 %) <Ccos(7;£1(n)) n dSin(Tnlf(n))> (288)

Xn N (289)

I
M=

3
Il
-
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Where

Xosy = <a Sin(Tglill(n)) I COS(Tgli(n)) n fy_z> <CCOS(T ljl(n)) I dSin(Tlf(n))> (290)
n n n n n
ad+bc 1 bc — ad cos(271n(n))  ac+bd sin(271In(n))  vn
= 3 p2o-1 b} o1 T T o1 T (291)
Therefore:
N
ad+be 1 bc — ad cos(2T1n(n))  ac+bd sin(2rln(n)) = Yn
ZiNsN = 2_:1 5 p2o—1 2 o1 T T o R e P (292)
N
_ 1 cos(27In(n)) sin(2rIn(n)) = Yn
- 2_:1 [a n2o—1 +8 n2o—1 7 n2o—1 + n2o (293)

Also, from lemma 3.1 in [10], we can write:

Z
LIAN T—o) " 272 +2(1 — 0)2

1

+UO+O(W)

Where Up is a real number and:

ad + be bc — ad ac + bd
o= ¥l g tecad | _acd (296)
We also have:
3N 1
> Uisn = Ol (297)
n=N+1 N2 !
And
sin(7In(V)) cos(TIn(N)) . I~
Ansn = a No—T T b No—t T ne (298)
And
_ _ (1 —0)cos(7In(3N)) = sin(7In(3N)) 1
Asy — An = K(U,T)( - GBN)e + BN)7 1 +O(N")
1 — o) cos(TIn(N sin(7 In(N 1
_K(077)<< o) cos(rIn()) . sinGr In >>> Lok

= K(o,71) <31” sin(7In(3)) + ! ; 7 (317‘7 cos(T1n(3)) — 1)) w

+K(o,T) <(31‘7 cos(71n(3)) — 1) - 1—70317‘7 sin (7 ln(3))> Sm(]z—;ﬂ
_ . 5111(17\'[(1:17(1N)) ny cos(;\'[iri(lN)) —&—(’)(%)

26

( N (57 Fy(1— 0)) sin(2rIn (N)) + (5(1 o) - w) cos(27 In (V)
2(

)NH” (294)

(295)

(299)
(300)

(301)

+O0(57) (302)

(303)



Where

_ (1—0) \ _ _ (1-0) _
6——K(0’7T)(C+Td)——a7f—K(O'7T)<—TC+d)——b (304)
Therefore
2
(Asy — An)? = [e Sm(]:[fi(lN D4y COS(AT[&(IN)) + O(%)] (305)
e+ 12 1 f? — €% cos(2r In(N)) sin(27 In(N)) 1
= 2 N2o-2 + 2 N2o—2 +ef N2o—2 + O(NQUfl ) (306)
And
sin(7 In(N)) cos(7In(N)) 1 sin(7 In(NV)) cos(7In(N))
AN,3N (ASN - AN) = <a No-1 +b No—1 + O(F) €T No-1 +f No—1
ae+bf 1 bf —aecos(2rIn(N))  af + be sin(27In(N)) 1
= 5 N2zl 3 Nzo 2z T3 Nzo 2z T O(NQUfl )
Therefore
1
Ansn(Asy — An) + 3 (Asn — AN)2 (309)
_ fae+bf e+ f? 1 bf —ae  f% — €%\ cos(2rIn(N))
o ( 2 + 4 )]\72"*2 + ( 2 + 4 ) N2o—2 (310)
af +be ef\sin(27 In(N 1
NEALLS (sz(z D O(572=) (311)
Therefore
N (m (1 0)) sin(2r In (N)) + (5(1 o) w) cos(27 In (N))
Zignsn = Uo+ (2(1 — ) + 272+ 2(1 — 0)2
ae+bf X+ f? bf —ae  f?—é€?
+ (B ) + (B ) coszrm())
af +be e . 1
+ ( / : f) sm(27'ln(N))} N*727 4 O((5r=)
= Uo+ (U +Vsin(2rin (V) + W cos(2r In (N)) ) N>~ 4 0(#)
Where
«@ 62 +f2  ae+bf
U= sig*t 1 T3 (316)
Bt +(1—0) af + be g
Vo= 272 +2(1 — )2+ 2 2 (317)
Bl —0)—n~T bf —ae = f?—e?
W= 2724+ 2(1 —0)? 2 + 4 (318)
After simplification, we have:
de
U=0,W=0,V=-K(o,7) (319)

2r

27

1

+0(55)| (307)

(308)

)NH" (312)
(313)

(314)

(315)



And

1

dc . —20
Z13N3N = —K(UJ)éSln(QTln(N))NQ ? +O(N2071)

(320)

| O

Lemma 3.2. If% <o <1ands=oc+1ir is a zeta zero, we have the

following asymptotic expansion for the sequence (Zg:l Gn,N)N>1:

3177 sin(71n (3)) (1 — 37 cos(rIn (3)))

3N
_ 1
Gn = Vo+ sin(27 In (N))N*727 + O(———) (321
nz::l 3N 0 2((1—0)2+T2) ( ( )) (Ngo-,l)( )
Where Vo is a real number.
Proof. So, let’s define the sum Z; sy 3y for N > 1:
3N
Z13N3N = Z Gn3N (322)
n=1
N 3N
= Z GnanN + Z GrnsN (323)
n=1 n=N+1
———
Z1,N,3N ZN41,3N,3N
And Zny1,3N,3N:
3N n
ZN+13N3N = DBngsw (B3N,3N — BN,3N) + Z Va,sN Z Vie,an  (324)
n=N+1 k=N+1
And
3N n 3N
Z VN3N Z Vkan = Bsnan (BSN,SN - BN,SN) — ZN+1,3N,3N + Z V]%T,BN (325)
n=N+1 k=N+1 n=N+1
Therefore
3N
2ZN4+13N3N = (B3N,3N + BN,3N) (BBN,BN - BN,BN) + Z VI%,SN (326)
n=N-+1
Therefore
1 3N
Z13N3N = 3 (BSN,SN + BN,SN) (BSN,SN - BN,3N) +ZZ1,N3N + Z V]%,BN (327)
n=N+1

We also have:

Bsnisny = Bwsn+ Bsny — By (328)
Therefore
3N
1 2 5
Zianay = Buay(Bov = By)+5(Bov = Bn) +Z2Zinan + Y Vian (329)
n=N+1
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We also have:

N N
Z1,N3N = Z GN3N = Z VN3N BN,3N (330)
n=1 n=1
For n < N, we have:
Bysy = Z Vi,3n (331)
k=1
n o . _ql—o:
_ Z sin(7 In (k)) ZZJ sin(7 In (3k)) (332)
k=1
= (1- 3'77 cos(7 In (3)))Bn — 377 sin(7 In (3)) A, (333)
— ¢Ap+dBn (334)
Where
c=—3""sin(rIn(3)),d =1 —3""7 cos(rIn (3)) (335)

Remark. We note here that ¢ and d are slightly different from the terms
c and d in the proof of the lemma 3.1.

From lemma 1.1 we have:

Ay = K(o,7) <(1 ; o) cos(;ylill(n)) n singalnl(n))> n :L_Z (336)
B = K(o7) < _ cos(7In(n)) n (1—o0)sin(r ln(n))) L (337)
Buaw = cKla, 7_)<(1;0) Coss;lill(n)) sin(;glnfn))) b (338)
+dK(o,7) ( B cos(7 In(n)) n (1—o0) sin(r ln(n))) Yn (339)
_ singglill(n)) b COS(T;lill(n)) n % (340)
Where
a=K(a,7) (c+ @d),b: K(o, T)(@C—d) (341)

Remark. We note here that a and b have the same expressions like in
the case of the lemma 3.1 but they are also different because the definition
of ¢ and d are different.
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Therefore

N
Zi,N3N = Z By 3N ((1 — 3" sin(rIn (3)))

n=1

_ i\r: (a sin(7 In(n)) b cos(71In(n)) n ’y_n> <Ccos(7'ln(n)) n dsin(Tln(n))) (343)

ne no

cos(t1In(n))

sin(7 In(n))

— 37 cos(r In (3)) ) (342)

N
_ Z YN 3N (344)

Where
Yasn = <a sin(7In(n)) b cos(7In(n)) n ﬁ) (Ccos(rln(n)) +dsin(7’ln(n))> (345)

no—1 no—1 ne ne ne

_ad+bc 1 bc — ad cos(27In(n)) = ac+bd sin(2T1In(n))  yn
- 2 n2o—1 + 2 n20—1 + 2 n2o—1 + n2o

Therefore

N

Z1,N3N = E

n=1
_ EN: |:a n2i71 48 cos(27In(n)) oy sin(27In(n)) 4 On :|
n=1

n20'71 n20'71 n20’

(346)

ad+bc 1 bc — ad cos(27In(n)) = ac+bd sin(27In(n)) = .
2 n2o—1 2 n2o—1 + D) n2o—1 n2o

o B+ (1 —0))sin(2rIn(N)) + (B(1 — o) — 7 ) cos(27 In (N)) o2s
- (2(1 — " ( ) 272 1 2(1(— 0)2 ) )N

1

+%+O(W)

Where Vj is a real number and:

ad + be bc —ad ac + bd
= = = 1
a 5 5 5 (351)

3N
2 1
Z VNan = O(W) (352)
n=N-+1

Bysy = a sin(7 In(V)) b cos(7In(N)) .~ (353)

No—1 No—1 m
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And

Bsy — By = K(o, )<— C"jgjvh;fi‘”” a = ?) Sin((:;\l;;((,gjy)v + O(%) (354)
cos(TIn(N)) | (1 — o) sin(7In(N)) 1
—K(U,T)(— No T + - No 1 > +O(F) (355)
= K(o,7) <1_T"31" sin(71n(3)) + (1 — gl Cos(Tln(3)))> w (356)
YK (o, 7) (1 —7 (377 cos(rin(3)) ~1) +3'° sin(Tln(3))> Sm(};}fﬂ n 0(%) (357)
— e Sin(](]fi(fv Dy COS(]\T]EEN)) + O(%) (358)
Where
e:—K(UJ)(c—&—@d):—a7f:K(J7T)<—(1;TU)c+d):—b (359)
Therefore
(Bav — Bn)* = [e M InN)) | peooTIni) O(%)] (360)
= et I e e Ot o)
And
Buan (Bow — By) = <a Sln(]z—fili(fv)) b Cog(]\T]iIi(lN)) I O(%)) . sm(;f}i(fﬁ) n Cos(;\;ili(lN)) I O(ﬁ)
ae+bf 1 bf —aecos(2rIn(N)) = af + be sin(27In(N)) 1
2 N20-2 2 N20-2 + 2 N20-2 + O(NQO'fl)
Therefore
Bnan (Bsny — By) + %(331\7 - BN)2 (364)

ae+bf &+ f? 1 bf —ae = f% —e?\ cos(2rIn(N))
( 2 4 )N2”*2+( 2 + 4 ) N2o—2
+(af ; be + %) Sm(]%;fi(zN)) +0( N;H) (366)

(365)

Therefore, like in the proof of the lemma 1.2, we have:

Z1,3N,3N

o Br+~v(1—0))sin(2rIn (N)) + (B(1 — o) — 7 ) cos(27In (N))
Vo+ (2(1 — " ( ) 272 + 2(1(— )2 )

(ae—|2—bf+62—if2)+<bf;ae+f2262

) cos(27In(N))

1
N2o—-1 )

(“f ; be | %) sin(2r ln(N))} N2 4 0

1

Vo + (U + Vsin(2r In (N)) + W cos(27 In (N)))N2’2" +O(557)
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)NH" (367)

(368)

(369)
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Where

« e+ f%  ae+bf
U = 2(1_0)+ 1 + 5 (371)
_ Br+~(1-o0) af + be g
Vo= 272 +2(1 — )2 Tty (372)
B —0o)—nT bf —ae = f?—é?
W= 272 +2(1 — 0)2 Tyt (373)

After simplification, we have:

dc

UZO,WZO,V:—K(U,T)Z (374)
And
z = Ko, n) E Gin2r i (V)N £ O(—— ) (375)
1,3N,3N - g, T o SIN( 27 In N20_71
n O

Lemma 3.3. Let’s o be such that 0 < 0 < 1 and s = o + iT is a zeta
zero. Therefore:

o ifoc# L, thent = h% with k € N*.

. ifT;éh% with k € N* | then 0 = 3.

Proof. Let’s suppose o > % From the lemma 3.1, we have:

3l-e sin(7 1n (3)) (1 -3 cos(7In (3)))

3N
1
F = U— in(27In (N))N*7%7 + O(——) (376
3 Fran = U = sin(2r In (N))N**7 + O(577=) (376)
We have s = o0 + 47 is a zeta zero. Therefore, from equation (110), we
have:
N N
. 2 2
Glim ARy =2 Zan,N - 2_:1 Uin=0 (377)
Therefore as o > %
N 1 X
. T 1 2
Nhgrloo 7; Fn,N - NETOO 2 7; Un’N < foo (378)
Therefore, in the asymptotic expansion in the equation(230), we must
have:
sin(71n (3)) (1 — 37 cos(rIn (3))) =0 (379)
Otherwise the sequences (A% y)nv>1 and (BX y)n>1 will diverge. There-
fore, from lemma 3.2, similarly we have:
3N 3177 sin(71n (3)) (1 — 377 cos(71n (3))
S Grav = Vot sin(2r In (N))N?~27 4+ O(~———) (380)
= 2((1 - 0)2 +72) Neet

32



Case: 7 # %, k € N* In this case we have:

cos(tIn(3)) = 31170 (381)

We also have 1 —5=1—0+ i7 = & + i7T also a zeta zero. Therefore, as
o> %, by the same method, we have:

sin(rIn (3)) (1 —3'% cos(rIn (3))) = 0 (382)
Therefore
cos(1n (3)) 3% (383)

Therefore by combining (381) and (383), we get:
377 = 37 (384)
Hence a contradiction with o > % Therefore we conclude the following:

o if o # %7 then we must have 7 = % with k € N*.

o if 7 #£ % with £ € N* |, then we must haveaz%.

|
O

Lemma 3.4. Let’s o be such that 0 < 0 < 1 and s = o + iT is a zeta
zero. Therefore:

1
o = 3 (385)

And the Riemann’s Hypothesis is true.

Proof. Let’s suppose o # % From the lemma 2.3, there exists a k € N*
such that:

T=— (386)

From the lemma 3.3, there exists a k/ € N* such that:

ki
T= B) (387)
Therefore, by combining the equations (386) and (387), we get:
In(3) ks
= — 388
In(2) &k (388)
We have }Egg is irrational. Because otherwise we will have:
ok = 3k (389)
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Which means that 2 divides 3*. And this is not possible as 2 and 3 are
two different prime numbers.

Therefore 7 cannot be of the form % with k& € N* or of the form

kit with k/ € N*. Therefore from the lemmas 2.3 and 3.3, we have:

In(3)
1
= = 390
o = 3 (390)
Hence, the Riemann’s Hypothesis is true. ]

a

Remark. We can use similar functions \p like Dirichlet eta function or
Widder lambda function. For a prime p we define A\p:

A= p—1
Mols) = Z<Z(pn+i)s_(pn+p)s> (391)

n=0 i=1

We have the following relationship between the zeta ¢ function and the Ap
function:

L a_ Py s
s) = (1 ps) Ap(s) (392)

3.1 Conclusion

We saw that if s is a zeta zero, then real part R(s) can only be % Therefore
the Riemann’s Hypothesis is true: The non-trivial zeros of ((s) have real
part equal to % In the next article, we will try to apply the same method

to prove the Generalized Riemann Hypothesis (GRH).
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