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Abstract

We present a simple proof of the Riemann’s Hypothesis (RH) where
only undergraduate mathematics is needed.
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Millennium Problems.
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1 The Riemann Hypothesis
1.1 The importance of the Riemann Hypothesis

The prime number theorem gives us the average distribution of the primes.
The Riemann hypothesis tells us about the deviation from the average.
Formulated in Riemann’s 1859 paper[1], it asserts that all the 'non-trivial’
zeros of the zeta function are complex numbers with real part 1/2.

1.2 Riemann Zeta Function

For a complex number s where $(s) > 1, the Zeta function is defined as
the sum of the following series:
=3 M
s) = —
nS
n=1
In his 1859 paper[1], Riemann went further and extended the zeta function
¢(s), by analytical continuation, to an absolutely convergent function in
the half plane R(s) > 0, minus a simple pole at s = 1:

s too {x
¢(s) = - s/1 :;{er}l dz (2)

s—1

Where {z} = z — [z] is the fractional part and [z] is the integer part of z.
Riemann also obtained the analytic continuation of the zeta function to
the whole complex plane.

*One Raffles Quay, North Tower. 048583 Singapore. Email: charaf.chatbi@gmail.com.
The opinions of this article are those of the author and do not reflect in any way the views or
business of his employer.



Riemann[1] has shown that Zeta has a functional equatiorEl

C(s) = 2°7° 'sin (%5)r(1 —8)C(1—s) (4)
Where I'(s) is the Gamma function. Using the above functional equa-
tion, Riemann has shown that the non-trivial zeros of { are located sym-
metrically with respect to the line R(s) = 1/2, inside the critical strip
0 < R(s) < 1. Riemann has conjectured that all the non trivial-zeros are
located on the critical line $(s) = 1/2. In 1921, Hardy & Littlewood[2,3,
6] showed that there are infinitely many zeros on the critical line. In 1896,
Hadamard and De la Vallée Poussin[2,3] independently proved that {(s)
has no zeros of the form s = 1+ 4t for ¢ € R. Some of the known results[2,

3] of ¢(s) are as follows:
¢(s) has no zero for R(s) > 1.

e ((s) has no zero of the form s =1+ ir. i.e. {(1+1i1)#0, V.
¢(
q

s) has a simple pole at s = 1 with residue 1.

N

s) has all the trivial zeros at the negative even integers s = —2k,
ke N*.

e The non-trivial zeros are inside the critical strip: i.e. 0 < R(s) < 1.

If ((s) =0, then 1 — s, § and 1 — § are also zeros of ¢: i.e. ((s) =

(1 —s5)=((5) =¢(1-35)=0.

Therefore, to prove the “Riemann Hypothesis” (RH), it is sufficient to

prove that ¢ has no zero on the right hand side 1/2 < R(s) < 1 of the
critical strip.

1.3 Proof of the Riemann Hypothesis

Let’s take a complex number s such that s = o 4 ¢7. Unless we explicitly
mention otherwise, let’s suppose that 0 < o < 1, 7 > 0 and ((s) = 0.

We have from the Riemann’s integral above:

s too fg
el = 5)

s—1
We have s # 1, s # 0 and ((s) = 0, therefore:

1 /:Oo A=} 4y ©6)

s—1 rstl

Or in other terms:

1 tee {x}
_ = ———d
o+it— 1 /1 gotiT+1 v (7)

IThis is slightly different from the functional equation presented in Riemann’s paper[1].
This is a variation that is found everywhere in the litterature[2,3,4]. Another variant using
the cos:

C(1—s)=2""%7r"%cos (%S)F(S)C(s) (3)



Let’s denote the following functions:

e(@) = A=} (8)
K(o,7) = A=or s 9)

To continue, we will prove the following lemmas.

Lemma 1.1. Let’s consider two variables o and T such that o > 0 and
7> 0. Let’s define two integrals I(a,o,7) and J(a,o0,7) as follows:

I(a,0,7) = /la de (10)

J(a,0,7) = /lawczx (11)
Therefore
la07) = Kon(1- i) - Dabh)y g,
o) = Kon({TH - T Deula) | sl oy

Proof. Let’s consider two variables ¢ and 7 such that ¢ > 0 and 7 > 0.
Let’s take a > 1.

/“ sin (7 ln(x))d:c (14)

x°

I(a,0,7)

In(a) L
/ sin(rz)e' "% dz (15)
0

ao'fl T ao'fl

K(o,7) (1 _cos(rln(a)) (o —1)sin(r ln(a))) (16)

And the same for J(a,o, ) for a > 0:

J(a,o,7) = /1‘& Mdm 17

xo’
In(a) L
= / cos(tz)e " dx (18)
0

- K(o, 7_)<(U -1) (¢6-1) cosizljll(a)) n Sin(;,li(a))) (19)

T T




Lemma 1.2. Let’s consider two variables o and 7 such that 0 < 0 < 1,
7> 0 and s = o+ i1 is a zeta zero. Let’s define the sequence of functions
en over [0,400) and €, over [1,4+00) such that eq(z) = €(x) = {z} and
for each n > 1, €,(0) =0, and:

ent1(z) = i/ dt en(t) forxz >0 (20)
0
Enii(z) = i / i (t) forz>1 (21)
1
+oo
ex) = Z ex(x) forx >0 (22)
k=0
Therefore:
1. For each n > 1:
T e () 1
de 22 = —— - 2
/1 Tt (1-s)2n (23)

2. For each n:

(25)

4. For each n and x > 1:

n(z) = ﬁi/jdta(t)(ln(f))"” (26)

5. For each © > 0:

lim 2"en(z) = = (27)
n—-+oo

6. For each x > 0:
0< 2%,(z) < =z (28)

7. For each © > 0:

elx) = eola)+ /O xdt“f) (29)

Proof. We have s = o + it a zeta zero. We denote A(s) the integral of
the equation (6):

A(s) = /1+02:c o) _ __1 (30)

plts 1-ys)




We use the integration by parts to write the following:

oo eo(x
A(s) = /; dz x1(+5) (31)

—+oo

+(1+5) / R RGIC) (32)

x1+s

I
—
&»—A
—_
+
3
h
ISy
5
a
o
—~
o~
N

1

_ /Oldx co(x) + (1+5) /1+O;:c Zl(f) (33)

— 1!176 xTr) — S 1!176 i 52 +OOI1762(:C)
[ara@ -0+ [da@+a+s? [aZd o9
(35)

n 1

- (1+5)k/dxek(:c)+(1+s)"+1 /+°2x6”+1(x) (36)

1 1}2+S
k=0

We could do the above integration by parts. Because the functions z —
;’ﬁf) are piecewise continuoudd and integrable over [1,+00) as they are
dominated by the function # — —&— that is integrable over [1,+00). In
fact, we can prove that the functions €, are non-negative and bounded by

1 as we can prove by recurrence that for each k for each = > 0 that:

0<ek+1(x):£/ dtek(t)gi/ ldt =1 (37)
0 0

This can be proven by recurrence using the fact that it is true for the
initial case as we have for each = > 0:

0<e(z)={z} < 1 (38)

Now, we need to calculate the integrals I, for k£ > 0:

Ik = /ld:r €k (:E) (39)

For z € (0, 1), we have:

eo(z) ==z (40)
And
x
vl = 2 (41)
Therefore, we can write for each k for x € (0, 1):
x
ex(x) = ok (42)
Therefore, for each k > 1:
1

2All the functions x — ;’cl(fj are continuous except when k = 0 as the function ¢g is
piecewise continuous.




Therefore, we can conclude:

Foo €Ent+1\T
Als) = _(1—15) + (149" [/1 dz ;lJr(s) + (1- sl) grrr | (44)

Since 1 4 s # 0, we conculde the point 1. The point 2 can be proved
the same way by replacing s by 1 — s. |

The point 3) can be proved by recurrence. For n = 0. We have
eo(z) =€o(x). Let’s assume that it is true till n and let’s prove for n + 1.
We have:

enpi(z) = i /dten(t)—ké /2ten(t) (45)
k

1 1 2’c+1 In**+1(z)
= n 47
—T +x2n+1k220 G tem@ )

Let’s prove the 4*" point. We proceed by recurrence. For n = 1, we
retrieve the definition of €7(z). Let’s assume that it is true up to n and
let’s prove it for n 4+ 1. We have thanks to the integral order change:

(@) = L / " (1) (49)

T

= n—l'x/ dt/dseo In( )) - (50)

_ ﬁx/l dso(s )/ ‘it(m(z))"*l (51)

11 _ T\\n
- 1 /1 dseo(s)(In(2)) (52)
And this proves our point of the lemma. ]
Let’s now prove the fifth point. Let’s take x > 1. Thanks to d’Alembert’s

In
criterion, we have for each s € [1, z], limpn— 400 # = 0. From the
point (4) of this lemma, we apply the dominated convergence theorem to

prove that:

lim 2"&,(x) = l/lx lim wa)(s)ds:O (53)

n—-+oo xT n—-+o0o n!

From point (3), we can conclude that:



lim 2"e,(z) = lim <2"al(:c)+lxnzizklnk(x)> (54)

n—-+oo n——+oo k"
k=0

n—1

k(.2
= Jm o> R (59
= lx exp(In(z?)) = z (56)

For 0 < z < 1, we have from equation (42), €,(x) = 5%, for each n > 0.
Therefore lim,— 400 2" €x(x) = z. Hence the proof of the point (5). Let’s
now prove the point (6). We have for each z > 0:

0<e(z)<=z (57)

Therefore by integrating the equation above we get:

1 [* 1 [®
OS—/dteo(t)g—/dtt (58)
T Jo T Jo

Therefore
0<e(z) < % (59)
By recurrence, we easily conclude that for each n > 1:
0<enla) < Qin (60)
|

Let’s now prove the last point. From point (6), we conclude that the
function >°"° €, () is continuous and well defined over [0, +00) thanks to
the normal convergence of the series ) ., en () on every compact subset
of [0,+00) (thanks to the point 6 above). Moreover, one can remark
that the function y(x) = [ dt e(t) verifies the following linear differential
equation:

y(@)

yl(z) = eo(x)+ for £ >0 and y(0) =0 (61)

We solve for this linear differential equation and conclude the point (7).
] a

Lemma 1.3. Let’s consider two variables o and 7 such that 0 < o < %
and T > 0 such that s = o + 7T is a zeta zero. Let’s define the sequence of
functions Ey o(x), Fno(z), Gno(x) and Hp,o(x) over [1,+00) for each
n > 0 as follows:

Boo(z) = /1 g S @®) o (62)

t1+o
Foo(z) = /1 ar T O) ) (63)
Gn,o(x) = (En,o(fc))z + (Fn,o(:c))z (64)
Hn,d(:c) - Gn,lfo(:c) - Gn,a 1}) (65)

3 i
Let’s denote ag = e27 and bg = e27.



1. For each n > 0 there exists x, > by such as:
Hpo(zn) = 0 (66)

2. For each n > 0, there exists xn > bo such as:

+oo
Z Hk,o-(xn) = 0 (67)
k=n+1
In other terms:
+o0 +oo
Z Gk,lfa(xn) - Z Gk,a(xn) (68)
k=n+1 k=n+1

Proof. Let’s prove the first point. Let’s take n > 0 an integer. Since

o< % We have for each = > 1: % > ——. Therefore
x x

Eno(bo) = /1 eitww(t)>0 (69)
Foo(bo) = /jitwal(t)>0 (70)
Eno(bo) > Eni-o(bo) >0 (71)
Fpo(bo) > Fni—o(bo) >0 (72)
Therefore
(Eno(bo))® (Eni-o(bo))® (73)
(Fo(80))® > (Fui—o(bo))? (74)

And therefore

Gn,o(bo) > Gni-o(bo) (75)
H,o(bo) < O (76)

We also have from lemma 1.2:

xr—+o0 t1+a

1
2ot =[P

z—+00 t2—o t2—o
_ 1
T 2242
Therefore
1 1 1
lim Hpo(x) = —(——7) >0 (81)
aotoo " 22\ sl 11— s|?

lim Gro(z) = (/1+02tMen(t))2 + (/:EM

i Guaoe) = ([ ERO g ([Tee)



Since the function H, . is continuous over [1,+00). From (73) and (78)
and thanks to the Mean value theorem, we can conclude that there exists
an x, > bg such that:

Hyo(zn) = 0 (82)

]

For the point (2), we proceed the same way as above. We prove it for

the case n = 0, and the proof remains the same for the general case. From
the equation (76), we can deduce that:

§Hk,0(bo) < 0 (83)
k=0

Let’s define now the sequence of functions s(n, o, ) such that for n > 0
and z > 1:

s(n,o,z) = ZGk,a(l’) (84)
k=0

In order to use the Mean Value theorem like in the point 1) of this

lemma, 1) we will prove that the function s(+o0,0,z) (resp. s(+o0,1 —

o, x)) is continuous over [1,400). and 2) we will prove that:

= 471 1
lim Hyo(x) = —(— — 7) >0 (85)
DY B\TSIP ~ T —sl?

To prove the two points we can use the term-by-term integration the-
orem (or the Dominated convergence theorem applied on integral series).
But because of the square terms in Gy . (z) = Ej ,(z) + F¢ ,(z), we are
going to prove the two results directly using the Double Sequences|S].
Let’s take a sequence (y» > 1) such that it has a limit y > 1. y can be
finite or 400. The proof is similar for both cases. So, let’s consider the
double sequence s(n, o, m) such that:

s(nyo,m) = s(n,o,ym) (86)

We are going to prove that the double sequence (s(n,o,m)) is a Cauchy
sequence. So, let’s take (p,q) and (n,m) and N such that p >n > N and
q>m2>N.

s(p,o,q) — s(noym) = Y Gro(ya) — Y Gro(ym) (87)
k=0 k=0

n

= > (Gl = Crolym)) + D2 Grolus)  (89)

k=0 k=n+1

And



Gro(Wa) = Grolym) = FEio(a) = Bio(ym) + Fio(ya) = Fio(ym)
([ =0 ) (o) + Brotym)

o ([ 60) (R i) + Frotom)

We simplify the notations as follows:

ar = Gk,o(yq)
bk: - Gk,o(ym)
Yq 3
- /dtwek(n
Ym t
v = FEro(yYq) + Eko(ym)
Yq
o = /dtwek(n
Ym t
2o = Fro(Yq) + Fio(Ym)
Therefore
ar — b = upvr + wrzk
Therefore
n p
s(p,0,q) —s(n,o,m) = (Ukvk +wkzk)+ Z Ghr,o(Yq)
k=0 k=n+1

And thanks to Cauchy—Schwarz inequality, we can write:

n n p
|S(p7a'7 Q) _S(n7 a, m)l < Zlukvkl +Z|wkzk| + Z Gk,g(yQ)
k=0 k=0

k=n+1

n

ZlukkaZIwmI < <ZUﬁ> <Zvi> + <Zwﬁ> <Zzg>
k=0 k=0 k=0 k=0 k=0

k=0
And
Sut < (Xt
k=0 k=0
Ve ep(t))2
< (X [#%2)
k=0 m
Y n 2
< ( étZk:loJ:rk(t))
Ym t
v > orso€n(t)\?
< () #=5507)
Yq 2
2 e(t)
< ’yq’mi(/dt t1+a)
Ym

10

(99)

(100)

(101)

(102)

(103)

(104)

(105)

(106)



|8(p7 a, Q) - S(n7

Grale) = (BRoto)+ Fio(@) < ( far BT g ) 1 fop leoxtrn O
< (fagR) <0 @%R)
And:
sg}in,U(x) < (2/+02t6tﬁ$2)2
Therefc:re:
éck,g(x) < 4 dtizktfjf())2s4w2:4(/1+°§t a)
And also:

:L‘>1

Where

—+oo
e(x) = Z ex(x)
k=0
And the same for (wg):

= Ya e(t) \2
Sut < s (i)
k=0

Ym

Therefore

n

P
om) < vem Y (itz)+ Y Grolye)
k= k=n+1

2’quZ(Gkqu)+Gkoym) Z Gkqu

k=0 k=n+1

3 o

IN

For any > 1 and k > 0, we can write:

oo S (1) 2 o [T @y
Zsqukaiv < 4( . dt%) §472_4(/; dt )

> Grolx)

k=n+1

And

Z (Ek:o ) + Fi o (x ))

k=n+1

IN

k=n+1
pINC Jar D)’

4< Zk n+1€k( ))

t1+o'

IN

IN

PO Ek(t))

t1+0

IN

42 = 4( 7
1

11

Z /dt |sin( ;lﬁ, )l k(t)+/1dtw6k(t))z

(107)

(108)

(109)

(110)

(113)

(114)

(115)

(116)

(117)

(118)

(119)

(120)

ek(t))Q (111)

(112)



Therefore
|s(p,0,q) = s(n,o,m)| < 16977 + 47, (121)
From lemma 1.2, we have for each z > 1 :
0 < e(x) <2+ In(z) (122)

And also, for each x > 1:

—+oo
lim ex(z) = 0 (123)
n——+oo
k=n+1
Since we have
oo e(t) oo 9 + In(¢)
/1 dt t1+‘7 </1 dt T < 400 (124)

Therefore, thanks to the Dominated Convergence theorem, we conclude
that:

lim v = 0 (125)
n—+oo

And also
lim  ~vgm = 0 (126)

q,m—+00

Therefore, from (121), we conclude that the double sequence (s(n, o, m))
is a Cauchy sequence. And therefore the double sequence (s(n,o,m))
converges and the iterated limits are equal[8]. Hence the continuity of the

function s(4o00, 0, x) (resp. s(+00,1 — 0, 1:)) over [1,+00).
Alternatively, this continuity can also be deducted from the fact that the
series Y, -, Gr,o(x) normally converges on [1,400) thanks to the result

in (115) and uniformlyf converges on [1, +00) thanks to the result in (120)
and (125).
Therefore, we conclude that for each n > 0:

+oo —+oo
i ETw;Gk,U(x) = ;Gk,a(%o) (127)
“+o00 +oo
xgrfw;Gk,lfo(x) = ;Gk,lfo(“roo) (128)

Also, from lemma 1.2, we have for each k > 0:

.
41— 8|2
1

Gk,l*d(“_oo) = 4k ||8||2 (130)

Gh,o(+00) (129)

3Normal convergence implies uniform convergence.

12



Therefore

—+oo

. 1 1
xEkaZ:nGkvv(@ = 3T (131)

= 11
li Grio = - — 132
e T N (132

Therefore
—+oo

. 1 1 1 1

ZET%Z:”HMI) = w——l(w‘m)” (133)

Since the function Z:;";LH Hy, - (x) is continuous over [1,+00). From

(83) and (85) and thanks to the Mean value theorem, we can conclude
that there exists an z, > bg such that:

io Hoolzn) = 0 (134)

k=n+1

[ |
|
Lemma 1.4. Let’s consider two variables o and 7 such that 0 < o < %

and 7 > 1 such that s = o + it. Let’s consider the sequence of functions
En,o(x), Frn,o(z), Gn,o(x) and Hy,o(z) defined in the previous lemma 1.3

1. For each a > 1:
4" Goo(a) ~noioe fall—0) (135)
Where f. is a strictly increasing function defined as follows:

a*® —2a° cos(t1In (a)) + 1

fa(o) = o (136)
2. For each a > 1:
4" Hn,o(a) ~p—s 400 fa(O') — fa(l — O') (137)

3. For a > 1, for large enough integer n:
4"H,5(a) < 0 (138)
In other terms:

Gnola) > Gri-o(a) (139)

Proof. Like in lemma 1.3, let’s denote ap = e% and by = e?r. We have
o< % From lemma 1.2, we have:

lim 2"e,(z) = =z (140)

n——+oo

13



Therefore for each = > 1:

sin(7 In (x)) sin(71In (x))

nEToo e 2" en(x) = — (141)
nETOO 5111(:76'21?0(1:)) P en(z) = sin(;’llila(x)) (143)

lim CSTI@) on () o csrln(@) (144)
no4oo  g2—C zl-o

Let’s take a > ao. Thanks to the Dominated Convergence Theorem ap-
plied on the sequence of functions in (141 —144) over the bounded interval
[1,a], we can write:

. 2n
ol 27 Gnola) to to

(/gt sin(7 In (t)))2 n (/gt cos(7In (t)))2 (145)

Jlim 2% Goao(a) (/ﬁt 7Sin(;£no(t)))2 + (/1215 7%5(;2(”))2 (146)

Thanks to lemma 1.1, we can calculate the integrals in the equations
(145 — 146), we conclude:

a*1=7) — 24179 cos(r1n (a)) + 1

22n Gn,o(a) ~n—+4oo fa(l - U) =

L—0p +72
20 o
o a*’ —2a° cos(t1n(a)) + 1
2 Gn,lfo' (CL) ~n—4oco fﬂ (U) = o2 + T2
Therefore
lim 22" Hy,o(a) = fu(o) = fa(l—0) (149)

n——+oo
2z T 5
Let’s now study the function f,: z — %——22 zcofr(:h’ (@)+! = Since
7 > 0, the function f, is infinitely differentiable. Let’s calculate its first
derivative fo/(x):

(o + 7 fur(e) = 2In(a)a (a7 cos(rIn (@) ) (z* +7%)  (150)

—2z (a“ —2a” cos(7In (a)) + 1) (151)

. i 3
Since a > ag = e27 > e2r. For x > 0, we have:

(az — cos(In (a))) >0 (152)
And we can write:
x T _ 2z T 2z
2a (a cos(7In (a))) = a 2a” cos(tIn(a)) +1+4+a 1 (153)
>0

> (a“ —2a" cos(TIn (a)) + 1) >0 (154)

14

(147)

(148)



And we also have:
2+ > 2ur (155)

In(a) > In(ao) = 5

B (156)

Therefore by combining the inequations (152 — 156), we conclude:

% (a“ —2a” cos(7In (a)) + 1) 2zt (157)

> 2z (aQ” —2a” cos(7In (a)) + 1) (158)

21In(a) a” (a” — cos(71n (a))) (®+7) >

Therefore for each z > 0:
(@ + 72 far(z) > 0 (159)

Therefore, the function f, is a strictly increasing function over (0, +00).
Therefore since 1 — o > o, fa(1 —0) > fa(c). Therefore, from equations
(147 — 148), we can conclude that for large enough integer n, we have:

22" Guola) ~ fa(l—0) > 2°"Gnio(a)~ fu(o) (160)

This ends the proof of the case where a > ao.
For a < aog, as we saw in the proof of lemma 1.3, Gp o(a) > Gn,i1-o(a)

because o < 3 and for each z € [1,q]: COS(;TU(E)) > Cosgzlf(fx)) > 0 and

Si"(Tllnix)) > Si"(Tglfix)) > 0. This ends the proof of the lemma. ]
z1+ x -

Lemma 1.5. Let’s consider two vartables o and 7 such that 0 < o < %
and T > 1 such that s = o+t is a zeta zero. Let’s consider the sequence of
functions En o(z), Fn,o(z), Gn,o(z) and Hp,o(z) defined in the previous
lemma 1.3. Let’s consider the sequence of numbers x,, > by as defined in
point 2) of lemma 1.3 such as:

+oo —+oo
Z Gk,lfo'(:cn) = Z Gk,o‘(mn) (161)
k=n+1 k=n+1
Let’s define the sequences of sums (s(n,o)) such as:

+oo
s(n,o) = Z Gr,o(Tn) (162)

k=n+1

+oo
s(n,o,z) = Z G0 () (163)

k=n+1

+oco
s (n,0) = > Grol(+o0) (164)

k=n+1
Therefore:

1. The sequence (s(n, o)) converges to zero.
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2. If the sequence (xn) converges to +oo, then
s(n,0) ~nstee 8 (n,0) (165)
3. If the sequence (xrn) converges to a finite limit x < +oo, then
s(n,0) ~nostee  S(n,o,x) (166)

Proof. Let’s prove the first point. Let’s take n > 1. Like in the equations
(110-114) of lemma 1.3 proof, we can write:

+oo T
S Grolwa) <Y (Bholen) + Fio(on) (167)
k=n+1 k=n+1
—+oo .
n Asin(7In (¢ n Necos(T1n (¢ 2
< (/1 dt%ek(t)—&-/l dt%ek(t)) (168)
k=n+1
< S o [Fap ) 169
< 3 (o) @) (169)
k=n+1
wn Z:—Ofm+1 er(t)\2
< “k=nt1 "BV
< o[ B
+oo +oo )\ 2
< 4( o 72’62;11:’“( )) (171)
< 4%21 (172)

Where 7, is defined in the equation (120). Therefore, the sequence
(s(n, o)) converges to zero. [ ]

To prove the point 2, like in lemma, 1.3, we will use the Cauchy—Schwarz

inequality:
n 2 n n
<Z uivi> < <Z uf) (Z vf) (173)
i=1 i=1 i=1

Let’s take n > 1. Let’s calculate the following;:

—+ o0

s(n,0) —s*(n,0) = _Z (Grlwn) = Gro(+o0)) (174)

And o
Guoton) = Gustroe) = ([ aBEm O o 0) (Buoten) + Buo(+0)) 075
- (/JEW%(&)(F&U(%)+Fk,[,(+oo)) (176)

n
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ls(n,0) = s (n, o)

We simplify the notations as follows:

ak
bx

Uk
Vk
Wk
2k

Therefore

Therefore

s(n,o0) — s"(n,o)

ak—bk

Gk,o’(x’n/)
Gk70(+00)
B /+02t sin(7 In (t))

tito €k (t)

n

Ey,o(zn) + Eg,o(4+00)
_ /+o;t cos(71n () ex(t)

t1+0
Fk,o‘ (mn) + Fk,o'(—’_oo)

UkVE + Wk 2k

“+ o0

k=n+1

Z (UkUk + wkzk)

And thanks to Cauchy—Schwarz inequality, we can write:

—+oo
< 2
k=n+1
—+oo
<

And

—+ o0
2
D i

k=n+1

2
Ug

IN

IN

IN

IN

IN

+oo
|ukve| + Z |wi 2|

k=n+1

—+oo —+oo

J( ) (5

—+oo
(X ful)
k=n+1
+oo 400
Ek(t))2
dt
(k—zn:«rl‘/’c” thte
foo S (1) 2
( dp =k=n+1 k )
- t1+o
([ aZisoy:
- t1+a
oo e(t) \?
T = (/x dt tl+o’)

And the same for (wg):

k=n+1

—+oo
> out o< w=(/

“+ o0

17

I

—+oo

2
> A

k=n+1

)

(177)
(178)

(179)
(180)
(181)

(182)

(183)

(184)

(185)

(186)

(187)

(188)

(189)

(190)

(191)

(192)



|s(n,0) = s"(n, 0]

Therefore

+oo
e S (R4 2) (193)
k=n+1
—+oo
290 > (Grolen) + Gro(+00)) (194)

k=n+1

29y, <s(n7 o)+ s*(n, O’)) (195)

IN

IN

IN

The sequence (v,) converges to zero since the limit of the sequence
(zn) is +00. Therefore there exist no such that for each n > ng we have:
0< v < %0. Therefore for n > no we have:

1— 29, s(n,o) < 14 29,

196
142y, =~ s*(n,o) = 1—27, (196)
Therefore
m 29 (197)
n—+oo $*(n, o)
And hence
s(n,0) ~nstee S (n,0) (198)
|

The point 3 of the lemma can be proved the same way as the point
2 above by replacing 400 by z and the integral over (z,,400) by the
integral over (z,,z) and keep everything else the same and conclude that:

8(”7 0) ~n—+oo S(nv a, LI}) (199)

]
O

Lemma 1.6. Let’s consider two variables o and 7 such that 0 < o < 1
and T > 1 such that s = o + 7 is a zeta zero. Therefore:

(200)

, - 1
T2

Proof. This is a direct consequence of lemma 1.5. Let’s suppose that
o< % We consider the sequence (x,) used in lemma 1.5 and defined in
lemma 1.3. We can distinguish between two cases:

1. The sequence () is bounded.

2. The sequence (zr) is unbounded.

18



Case 1: The sequence (z,,) is bounded In such case, without loss
of generality, and thanks to Bolzano—Weierstrass theorem, we can assume
that the sequence (z,) converges and its limit is © > by > 0. From lemma

1.5, we have:

8(7’7,,0') ~n—+o0 S(TL, a, .'1))

s(n,1—0) ~psteo s(n,1—o,x)
And from lemma, 1.3, we have for each n:
s(n,o) =s(n,1—o0)
Therefore:
s(n,0,z) ~pnoteo S(n,l—o,x)
Therefore, from lemma 1.4, we can conclude that:

1f.(1—0) 1f:(0)

3 4n ~n—+4oco 3 4n

Where the function f, is defined in lemma 1.4. Therefore

fz(l_o) = fz(O')

(201)
(202)

(203)

(204)

(205)

(206)

Which is a contradiction, since the function f; is increasing and we have

o <1 — 0. Therefore o can only be %

Case 2: The sequence (z,) is unbounded In this case, without
loss of generality, we can assume that the limit of (z,) is +o00. From

lemma 1.5, we have:

S(n70) ~n—+oo 8*(77’7 0)

s(n,1—0) ~nstoo s (n,1—0)

From equations (131-132):

+oo
1 1
* — G - I
o) = 2 Gt = ST
k=n+1
= 11
"(n,1— = Gri-o =-—
s°(n,1~0) Z ki1—a (+00) 34 |52
k=n+1
And from (67) and (207-208), we conclude:
11 11
garfs2 T 3 a1 — s
Therefore
1 1
[l 1 — ]2

(207)
(208)

(209)

(210)

(211)

(212)

Which is a contradiction since we have ¢ < % Hence o must be equal

to 1 — 0. Therefore o = %
This ends the proof of the Riemann Hypothesis.
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1.4 Conclusion

We saw that if s is a zeta zero, then real part R(s) can only be 2. Therefore
the Riemann’s Hypothesis is true: The non-trivial zeros of ((s) have real
1

part equal to 5. In the next article, we will apply the same method to

prove the Generalized Riemann Hypothesis (GRH).
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