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Abstract

We present a simple proof of the Riemann’s Hypothesis (RH) where
only undergraduate mathematics is needed.
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1 The Riemann Hypothesis
1.1 The importance of the Riemann Hypothesis

The prime number theorem gives us the average distribution of the primes.
The Riemann hypothesis tells us about the deviation from the average.
Formulated in Riemann’s 1859 paper[1], it asserts that all the 'non-trivial’
zeros of the zeta function are complex numbers with real part 1/2.

1.2 Riemann Zeta Function

For a complex number s where $(s) > 1, the Zeta function is defined as
the sum of the following series:
=3 M
s) = —
nS
n=1
In his 1859 paper[1], Riemann went further and extended the zeta function
¢(s), by analytical continuation, to an absolutely convergent function in
the half plane R(s) > 0, minus a simple pole at s = 1:

s too {x
¢(s) = - s/1 :;{er}l dz (2)

s—1

Where {z} = z — [z] is the fractional part and [z] is the integer part of z.
Riemann also obtained the analytic continuation of the zeta function to
the whole complex plane.
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business of his employer.



Riemann[1] has shown that Zeta has a functional equatiorEl

C(s) = 2°7° 'sin (%5)r(1 —8)C(1—s) (4)
Where I'(s) is the Gamma function. Using the above functional equa-
tion, Riemann has shown that the non-trivial zeros of { are located sym-
metrically with respect to the line R(s) = 1/2, inside the critical strip
0 < R(s) < 1. Riemann has conjectured that all the non trivial-zeros are
located on the critical line $(s) = 1/2. In 1921, Hardy & Littlewood[2,3,
6] showed that there are infinitely many zeros on the critical line. In 1896,
Hadamard and De la Vallée Poussin[2,3] independently proved that {(s)
has no zeros of the form s = 1+ 4t for ¢ € R. Some of the known results[2,

3] of ¢(s) are as follows:
¢(s) has no zero for R(s) > 1.

e ((s) has no zero of the form s =1+ ir. i.e. {(1+1i1)#0, V.
¢(
q

s) has a simple pole at s = 1 with residue 1.

N

s) has all the trivial zeros at the negative even integers s = —2k,
ke N*.

e The non-trivial zeros are inside the critical strip: i.e. 0 < R(s) < 1.

If ((s) =0, then 1 — s, § and 1 — § are also zeros of ¢: i.e. ((s) =

(1 —s5)=((5) =¢(1-35)=0.

Therefore, to prove the “Riemann Hypothesis” (RH), it is sufficient to

prove that ¢ has no zero on the right hand side 1/2 < R(s) < 1 of the
critical strip.

1.3 Proof of the Riemann Hypothesis

Let’s take a complex number s such that s = o 4 ¢7. Unless we explicitly
mention otherwise, let’s suppose that 0 < o < 1, 7 > 0 and ((s) = 0.

We have from the Riemann’s integral above:

s too fg
el = 5)

s—1
We have s # 1, s # 0 and ((s) = 0, therefore:

1 /:Oo A=} 4y ©6)

s—1 rstl

Or in other terms:

1 tee {x}
_ = ———d
o+it— 1 /1 gotiT+1 v (7)

IThis is slightly different from the functional equation presented in Riemann’s paper[1].
This is a variation that is found everywhere in the litterature[2,3,4]. Another variant using
the cos:

C(1—s)=2""%7r"%cos (%S)F(S)C(s) (3)



Let’s denote the following functions:

e(@) = A=} (8)
K(o,7) = A=or s 9)

To continue, we will prove the following lemmas.

Lemma 1.1. Let’s consider two variables o and T such that o > 0 and
7> 0. Let’s define two integrals I(a,o,7) and J(a,o0,7) as follows:

I(a,0,7) = /la de (10)

J(a,0,7) = /lawczx (11)
Therefore
la07) = Kon(1- i) - Dabh)y g,
o) = Kon({TH - T Deula) | sl oy

Proof. Let’s consider two variables ¢ and 7 such that ¢ > 0 and 7 > 0.
Let’s take a > 1.

/“ sin (7 ln(x))d:c (14)

x°

I(a,0,7)

In(a) L
/ sin(rz)e' "% dz (15)
0

ao'fl T ao'fl

K(o,7) (1 _cos(rln(a)) (o —1)sin(r ln(a))) (16)

And the same for J(a,o, ) for a > 0:

J(a,o,7) = /1‘& Mdm 17

xo’
In(a) L
= / cos(tz)e " dx (18)
0

- K(o, 7_)<(U -1) (¢6-1) cosizljll(a)) n Sin(;,li(a))) (19)

T T




Lemma 1.2. Let’s consider two variables o and 7 such that 0 < 0 < 1,
7> 0 and s = o+ i1 is a zeta zero. Let’s define the sequence of functions
€n and €, such that eo(x) =€o(x) = {z} and for each n > 1:

ens1() 1 /0 " dten(t) (20)

xT

e l/lxdtzn(t) (21)

xT
—+ o0

ex) = Y e(x) (22)

k=0
Therefore:
1. For each n > 1:

2. For each n:

/+02:c el@) _ 1 (24)

(25)

4. For eachn and x > 1:

@@ = oty ) o) (26)

5. For each © > 1:

lim 2"en(z) = = (27)
n—-+oo

6. For each x > 1:
0< 2%n(z) < = (28)

7. For each x > 0:

() (t)

e(x) = eox) —|—/ dt — (29)
0
Proof. Let’s denote the integral A(s) as following:

oo ooz
Als) = /1d:c @ ___1 (30)

xlts (1-1s)




We use the integration by parts to write the following:

oo ooz
A(s) = /1 dz x1(+s) (31)
z e o e (x
_ [x11+ /O dzeo(z)|  +(1+s) /1 dx ;1(3 (32)
= — ' X eglT S +OO£C€1(x)

= Od 0()+(1+)/1 do—7 (33)

1 1 “+ oo
- _ 0dxeo(x)—(1+s)/0dxel(x)+(1+s)2/1 dxijl(f) (34)
(35)

_ - 5)F 11:6 . Syt +°°x6n+1(13)
= (1+5s) /od k() + (1 +s) /1d o (36)

k=0

We could do the above integration by parts. Because the functions € are
continuous functions. We also can prove that the functions ¢, are non-
negative and bounded by 1 as we can prove by recurrence that for each k
for each = > 0 that:

0 < epir (@) = i/ dien(t) < i/ Ldt =1 (37)
0 0

This can be proven by recurrence using the fact that it is true for the
initial case as we have for each x > 0:

0<e(z)={z} < 1 (38)

Now, we need to calculate the integrals Iy, for k£ > 0:

I, = /Oldm ex(x) (39)

For z € (0, 1), we have:

eo(z) ==z (40)
And
x
vi(e) = 2 (41)
Therefore, we can write for each k for x € (0, 1):
x
ex(x) = ok (42)
Therefore, for each k > 1:
1

Therefore, we can conclude:



1-ys) xlts (1—s)2ntl

Since 1 4+ s # 0, we conculde the point 1. The point 2 can be proved
the same way by replacing s by 1 — s. |

The point 3) can be proved by recurrence. For n = 0. We have
eo(z) =€(x). Let’s assume that it is true till n and let’s prove for n + 1.
We have:

As) = - +(1+s)"“[/+°§x€”“(x)+ ! (44)

€n+1 (:17) =

T n—1 gk k T
1 1 dt <= 2% In*(¢) 1/
= — 4+ —— [ =N Y- e, 46

xont+l + x2n 1 t kZ:o k! + z J T e (x) ( )

n=l gk+1q, k+1
1 1 287 In" T ()
= " 4
pous s i kZ:O CE] + €nti(z) (47)

l /(;éxm(x) + % /1;37571(37) (45)

M Y el (49)

Let’s prove the 4" point. We proceed by recurrence. For n = 1, we
retrieve the definition of €7(z). Let’s assume that it is true up to n and
let’s prove it for n + 1. We have thanks to the integral order change:

it () 1 / " dten(t) (49)

xT

= ﬁi/lm%/l dSEl(S)(ln(é))”*l (50)

11 ® _ T\\n
_ EE/I dsei(s) (In(5)) (52)
And this proves our point of the lemma. |
Let’s now prove the last point. Let’s take z > 1. Thanks to d’Alembert’s
2" (n(2))"

criterion, we have for each s € [1, z], limy— 100 — = 0. From the
point (4) of this lemma, we apply the dominated convergence theorem to
prove that:

2" (In(2))"
7( () ci(s)ds=0 (53)

n——+oo €T n——+oo n'

lim 2"€,(z) = l/ lim
1

From point (3), we can conclude that:



n—1

lim 2"e,(z) = lim <2n en(x) + l:c Z M) (54)

n—-+oo n——+oo k"
k=0

n-ly k¢ 2
_ . 1 Z In"(x*)
N ngljrrloo x k! (55)

= lx exp(In(z?)) = z (56)

Hence the proof of the point (5) of the lemma. Let’s now prove the point
(6). We have for each = > 0:

0<e(z)<=z (57)

Therefore by integrating the equation above we get:

1 /% 1 [%
< — [dteo(t) < — [dtt
o< [aam < [ (5)

Therefore
0<a(@) < (59)
By recurrence, we easily conclude that for each n > 1:
0<enlw) < 5= (60)
|

Let’s now prove the last point. From point (6), we conclude that the
function e(z) is well defined over [0, 4+00) thanks to the absolute conver-
gence of the series > ., €n(x) (thanks to the point 6 above). Moreover,
one can remark that the function ¢(z) verifies the following differential
equation for z > 0:

o(x) = eo(x)+l/omdte(t) (61)

x
We solve for this differential equation and conclude the point (7). B O

Lemma 1.3. Let’s consider two variables o and 7 such that 0 < o < %
and T > 0 such that s = o + i1 is a zeta zero. Let’s define the sequence of
functions E, o(x), Fno(z), Gno(x) and Hp,o(x) over [1,+00) for each
n > 0 as follows:

Boo(z) = /1 g S @®) o (62)

Fro) = [ ar ST O) ) (63)

Gn,o(x) = (En,o(fc))z + (F’,L,o’(x))z (64)
Hn,d(:c) = Gn,lfo(:c) - Gn,a 1}) (65)

3 i
Let’s denote ag = e27 and bg = e27 .



1. For each n > 0 there exists x, > by such as:

Hpo(zn) = 0 (66)
2. For each n > 0, there exists xn > bo such as:
+oo
Z Hk,o-(xn) = 0 (67)
k=n+1
In other terms:
—+ o0 “+ o0
Z Gk,lfa(xn) - Z Gk,a(xn) (68)
k=n+1 k=n+1
Proof. Let’s prove the first point. Let’s take n > 0 an integer. Since
o< % We have for each = > 1: ﬁ > 121,0. Therefore
e3r sin(71n (¢
Eno(bo) = /1 dt% w(x) >0 (69)
e3r cos(7ln (t
Fn,o’(bO) = /1 dt % En(x) >0 (70)
Eno(bo) > Eni-o(bo) >0 (71)
Frno(bo) > Fni-o(bo) >0 (72)
Therefore
(En,o'(bo))2 > E‘n,lfo'(b()))2 (73)
(Foolbo) > (Fuio(bo))’ (74)
And therefore
Gn,o‘(bO) > Gn,lfo'(b()) (75)
H,o(bo) < 0 (76)

We also have from lemma 1.2:

( /1+°2t sin(;'llfa(t))

1
2ot =[P

lim Gno(z) =

x—+00

lim Gpi-o(x) =

r—+o00 11;2*
. 1
22n 5|2
Therefore
1 1 1
lim Hpo(x) = —(——7) >0 (81)
afoo " 22\ sl 11— s|?

o))+ ([ =)

(/ﬂc;tm(;%@))en(x))z + (/+02th0()5))

en(@)) (1)

en(@)) (79)



Since the function H, . is continuous over [1,+00). From (73) and (78)
and thanks to the Mean value theorem, we can conclude that there exists
an x, > bg such that:

Hyo(zn) = 0 (82)

]

For the point (2), we proceed the same way as above. We prove it for

the case n = 0, and the proof remains the same for the general case. From
the equation (76), we can deduce that:

§Hk,0(bo) < 0 (83)
k=0

Let’s define now the sequence of functions s(n, o, ) such that for n > 0
and z > 1:

s(n,o,z) = ZGk,a(l’) (84)
k=0

In order to use the Mean Value theorem like in the point 1) of this

lemma, 1) we will prove that the function s(+o0,0,z) (resp. s(+o0,1 —

o, x)) is continuous over [1,400). and 2) we will prove that:

= 471 1
lim Hyo(x) = —(— — 7) >0 (85)
DY 3\sZ ~ TT—s"

To prove the two points we can use the term-by-term integration the-
orem (or the Dominated convergence theorem applied on integral series).
But because of the square terms in Gy . (z) = Ej ,(z) + F¢ ,(z), we are
going to prove the two results directly using the Double Sequences|S].
Let’s take a sequence (yn, > 1) such that it has a limit y. y can be finite
or +00. The proof is similar for both cases. So, let’s the consider the
double sequence s(n, o, m) such that:

s(nyo,m) = s(n,o,ym) (86)

We are going to prove that the double sequence (s(n,o,m)) is a Cauchy
sequence. So, let’s take (p,q) and (n,m) and N such that p >n > N and
q>m2>N.

s(p,o,q) — s(noym) = Y Gro(ya) — Y Gro(ym) (87)
k=0 k=0

n

= > (Gl = Crolym)) + D2 Grolus)  (89)

k=0 k=n+1

And



Gro(Wa) = Grolym) = Eio(a) = Bio(ym) + Fi o (ya) = Fio(ym)
(=2 ) (Bt + Fio )

- ([ @ =G ) (Bo ) + P (o)

We simplify the notations as follows:

ar = Gy U(y)
b = Gro(ym
Ya sin(71n (¢
" /y {1+e L B
vk = Eko(yq) + Eko(Ym)
Ya cos(tln (¢
w = —/ydt%en(t)
2o = Fio(Yq) + Fio(Ym)
Therefore
ar — by = upvr + wizk
Therefore
n p
s(p,0,q) —s(n,o,m) = (Ukvk -l-wkzk) + Z Ghr,o(Yq)
k=0 k=n+1

And thanks to Cauchy—Schwarz inequality, we can write:

|s(p,0,q) — s(n,o,m)| Z|Ukvk|+2|wkzk|+ Z Gr,o(Yq)

k=n+1

k=0
And
St < (Sl
k=0 k=0
Ya 2
< (X [#E3)
k=0"Ym
y n 2
< ( étZk:loJ:rk(t))
Ym t
y oo 2
< ( ;tZk:lof:(t))
ym t
Ya e(t) \2
< ’y‘imi(/dt t1(+?’)
Ym

10

(99)

(100)

(101)

(102)

(103)

(104)

(105)

(106)



Where

And the same for (wg):
n Yq 2
2 2 €(t)
E :wk < Yem = (/ dt t1+o)
k=0 y

Therefore

|5(p707 q) _3(n707m)| < fyg;m

> Gro()
k=0

> Grol)

k=n+1

IN

n

k=0

3

k=0

(vi + 22) Z Gr.o(Ya)

k=n+1

For any « > 1, we can write:

n

k=0
n

IN

k=0

> (>

k=0

IN

IN

IN

And

Z(/dt

|sin(7 In (¢))|
t1+o

2 [ir 20)"

t1+a

—+oo
42 :4(/ dt
1

( dtzk oek())

e(x

> (Ezya(:c) + F;?,a(m))

en(t)+/1dt7

t+

L)’

= Z (Eka )+ Fio(z ))

k=n+1
P

IN

k=n+1
P

IN

k=n+1

< (ldt

< 4%%:4( dt

Therefore

|s(p,0,q) —

t1+o

D k—n €6(1)

t1+a

—+oo

1

s(n,o,m)|

o sy

)

—+oo

k=

<

n+1 €k (1) )2

t1+o'

1677 73 m + 472

11

k=n+1

27qu<Gka yq)+Gka(ym)+ Z Gr0(ya)

(/1575 [sin(71n (¢))| en(t) + /1;5 [cos(T1n (¢))| en(t))2

(107)

(108)

(109)

(110)

(111)

(112)

(113)

(114)

(115)

(116)

(117)

(118)

(119)

(120)

(121)



From lemma 1.2, we have for each z > 1 :
0 < e(x) <2+ In(z) (122)

And also, for each x > 1:

—+oo
dim > ez = 0 (123)
k=n+1
Since we have
T €(t) T 2 4 n(t)
/1 dt t1+‘7 </1 dt W < 400 (124)

Therefore, thanks to the Dominated Convergence theorem, we conclude
that:

lim v, = 0 (125)
n—+oo

And also
im ~vgm = 0 (126)

q,m—+o0o

Therefore, from (121), we conclude that the sequence (s(n,o,m)) is a
Cauchy sequence. And therefore the double sequence (s(n,o,m)) con-
verges and the iterated limits are equal|§]. Hence the continuity of the

function s(+o0, 0, x) (resp. s(+00,1 — 0, :c)) over [1,400) and moreover
we have for each n > 0:

“+ o0 —+ o0
i ETw;Gk,U(x) = ;Gk,a(%o) (127)
“+o00 +oo
xgrfw;Gk,kg(:c) = ;Gk,l—a(+oo) (128)

Also, from lemma 1.2, we have for each k > 0:

1

. S 12
Grolte) = G (129)
1
Gri-o(+0) = —/—F— (130)
4k |s]|?
Therefore
I f@ @ = -1 (131)
vt £ RO T BT = [P
= 11
li Gri-o = - — 132
xilfoo; k.1 (17) 34”71”8”2 ( )
Therefore
—+ o0
1 1 1 1
li Hy - = ——(——7) 0 133
D @) = 35 (fE ~ eaE) > (133)

12



Since the function ZZ:‘X;H Hy, () is continuous over [1,+00). From

(83) and (85) and thanks to the Mean value theorem, we can conclude
that there exists an z, > bg such that:

f Hoolzn) = 0 (134)

k=n+1

[ |
|
Lemma 1.4. Let’s consider two variables o and T such that 0 < o < %

and 7 > 1 such that s = o + it. Let’s consider the sequence of functions
Eno(2), Fro(x), Gno(z) and Hy o (z) defined in the previous lemma 1.3

1. For each a > 1:
4" Gro(a) ~notoo  fal(l —0) (135)
Where fo is a strictly increasing function defined as follows:

a** —2a° cos(t1In (a)) + 1

Jlo) = P (136)
2. For each a > 1:
4" Hpo(a) ~notoo  fa(o) = fa(l—0) (137)

3. For a > 1, for large enough integer n:
4" Hyo(a) < 0 (138)
In other terms:

Gnola) > Gpi-o(a) (139)

Proof. Like in lemma 1.3, let’s denote ag = e% and by = e2-. We have
o< % From lemma 1.2, we have:

lim 2"ex(z) = =z (140)

n—-+oo

Therefore for each = > 1:

sin(71n (z))

R (141)
. cos(tn(x)) n _ cos(tIn(x))
Jm e e = (142)
lim sm(7'21n (z)) P en(z) = sm(Tlln (z)) (143)
n—-+oo xre—9 xl—o
lim cos(7'2ln (z)) 9 en(z) = cos(Tlln (z)) (144)
n—+o0 xre—9 xt—

13



Let’s take a > ao. Thanks to the Dominated Convergence Theorem ap-
plied on the sequence of functions in (141 —144) over the bounded interval
[1,a], we can write:

lim 2% Gn,o(a)

n—-+oo

A4 te

lim 22" Gn,i-o(a)

(/gt sin(7 In (t)))2 n (/gt cos(7In (t)))2 (145)

o (far =)+ (Jar =GR s

Thanks to lemma 1.1, we can calculate the integrals in the equations
(145 — 146), we conclude:

22n Gr a(ll) ~n—+4oo fa(l — 0') = a2(1*0) — 2(1(17‘7) COS(T In (a)) +1

T—0p +72
20 o
o a*’ —2a° cos(t1n (a)) + 1
2 Gn,lfo' (CL) ~n—+4oco fﬂ (U) = o2 + T2
Therefore
lim 22" Hy,o(a) = fu(o) = fa(l—o0) (149)

n——+oo
2z T 5
Let’s now study the function f,: z — %——22 zcofr(:h’ (@)+! " Since
7 > 0, the function f, is infinitely differentiable. Let’s calculate its first
derivative fo/(x):

(o + 7 fur(z) = 2In(a)a (a7 — cos(rIn (@) ) (&> + %) (150)

—2z (a“ —2a” cos(7In (a)) + 1) (151)

. i 3
Since a > ag = e27 > e2r. For x > 0, we have:

(az — cos(TIn (a))) >0 (152)
And we can write:
x T _ 2z T 2z
2a (a cos(7In (a))) = a 2a” cos(tIn(a)) +1+a 1 (153)
>0

> (a“ —2a" cos(T1n (a)) + 1) >0 (154)
And we also have:
2?72 > 2zr (155)
3

In(a) > ln(ao)ZE (156)

Therefore by combining the inequations (152 — 156), we conclude:
21n(a) a” (a” — cos(In (a))) (®+7°) > 23 (a“ —2a” cos(7In (a)) + 1) 2zT (157)
T

> 2z (azz —2a” cos(7In (a)) + 1) (158)

14

(147)

(148)



Therefore for each z > 0:
(2> +7°) 2 far(z) > 0 (159)

Therefore, the function f, is a strictly increasing function over (0, +00).
Therefore since 1 — o > o, fa(1 —0) > fa(o). Therefore, from equations
(147 — 148), we can conclude that for large enough integer n, we have:

22" Gnyo(a) ~ fa(l—0) > 2°"Gni-o(a) ~ fu(o) (160)

This ends the proof of the case where a > ao.
For a < ag, as we saw in the proof of lemma 1.3, G s(a) > Gn,i1-0(a)

because o < 3 and for each z € [1,a]: COS(;TC,(Z)) > Cos(gzlf;z)) > 0 and
Sin(;lila(z)) > Sin(;;fa(z)) > (0. This ends the proof of the lemma. |
O

Lemma 1.5. Let’s consider two variables o and T such that 0 < o < %
and T > 1 such that s = o+t is a zeta zero. Let’s consider the sequence of
functions En o (x), Fno(z), Gn,o(x) and Hy o(x) defined in the previous
lemma 1.3. Let’s consider the sequence of numbers x,, > by as defined in
point 2) of lemma 1.3 such as:

+oo —+oo
Z Gk,lfo'(:cn) = Z Gk,o‘(mn) (161)
k=n+1 k=n+1
Let’s define the sequences of sums (s(n, o)) such as:

+oo
s(n,o) = Z Gr,o(Tn) (162)

k=n+1

+oco
s(no,z) = Y Grolx) (163)

k=n+1

+oco
s'(n,0) = > Grol(+o0) (164)

k=n+1
Therefore:

1. The sequence (s(n, o)) converges to zero.

2. If the sequence (zr) converges to +oo, then
$(n,0) ~nogoeo 8 (n,0) (165)
3. If the sequence (xn) converges to a finite limit © < +oo, then

s(n, U) ~n—+oo 8(77,, g, LI}) (166)
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Proof. Let’s prove the first point. Let’s take n > 1. Like in the equations

(110-114) of lemma 1.3 proof, we can write:

—+oo —+oo
> Grolon) < >0 (Blo(wn) + Fo(an)) (167)
k=n+1 k=n+1
—+ o0 .
“n |sin(7 In (¢))| “n Jcos(71n (t))] 2
S (/1 dt?ﬁm(t)‘k ; dt?@n(t)) (168)
k=n+1
< N (o [Tmey? 169
< X () @) (169)
k=n+1
“+ o0
Ty t 2
< 4 X 7Zk::£106’“( )) (170)
+oo i )\ 2
< 4( - Z’“:ﬁf’c()) (171)
< 42 (172)

Where 7, is defined in the equation (120). Therefore, the sequence

(s(n, o)) converges to zero.

To prove the point 2, like in lemma, 1.3, we will use the Cauchy—Schwarz

inequality:
n 2 n n
<Zuivi> < <Zu3> <Zv3> (173)
i=1 i=1 i=1
Let’s take n > 1. Let’s calculate the following;:
—+oo
s(n,0) 5" (n,0) = Y (Grolwn) = Grol(+o0))  (174)
k=n+1
And
e sin(r1n (¢
Groo(@n) = Gro(+00) = —(/ dt%en(t)) (o (@n) + Bro(+00))  (175)
*o° cos(TIn (¢
- (/ dt%en(t)) (Fro(@n) + Fio(+o0))  (176)
We simplify the notations as follows:
ar = Gro(zn) (177)
by = Gk,o(+oo) (178)
+eo sin(rln (¢
we = —/z dt%en(t) (179)
v = Ego(xn) + Ego(+00) (180)
*e° cos(r1n (1))
we = _/x ar TR0 o) (181)
2z = Fro(zn) + Fio(+00) (182)
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Therefore

ar — by = uUpUr + WEZk (183)
Therefore
—+oo
s(n,o) —s"(n,o0) = Z (ukvk + wkzk) (184)
k=n+1

And thanks to Cauchy—Schwarz inequality, we can write:

—+oo —+oo
s(n,0) = s* (o)l < S e+ 3 wkzd (185)
k=n+1 k=n+1
—+oo —+oo —+oo —+oo
< (Z ui)(Z v,§>+<z wi)(Z zZ) (186)
k=n+1 k=n+1 k=n+1 k=n+1
And
+oo ) +oo 2
Soubo< (0 lwl) (187)
k=n+1 k=n+1
< . T ey 188
(S [ o
Foo S ety en(t)y 2
k=n+1
< (z ap =r=ret (189)
+oo +oo
ko €k (1) \2
< = ) (190)
oo e(t) \2
< %—(/m dt - (191)
And the same for (wg):
+oo 400
2 e(t) \2
S owi o< fyn:(/ dt tHa) (192)
k=n+1 Tn
Therefore
“+ o0
|s(n,0) —s"(n,0)| < n Z (vi—kzi) (193)
k=n+1
—+oo
< 29 Y (Gk,a(xn)+Gk,a(+oo)) (194)
k=n+1
< 27n<s(n,0)+s*(n,o)) (195)

The sequence (v,) converges to zero. Therefore there exist no such
that for each n > ng we have: 0 < v, < Therefore for n > ng we
have:

1
10"

1—2fyn< s(n,o) <1—|—2’yn
142y, = s*(n,o0) = 1 =2y,

(196)
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Therefore

im 2029 (197)
n—+oo s*(n,0)
And hence
s(n,0) ~nstee S (n,0) (198)
|

The point 3 of the lemma can be proved the same way as the point 2
above by replacing the integral over (z,,+00) by the integral over (zn,x)
and keep everything else the same. We conclude that:

8(”7 0) ~n—+oo S(”v g, LI}) (199)

|
O

Lemma 1.6. Let’s consider two variables o and 7 such that 0 < o < 1
and T > 1 such that s = o + 7 is a zeta zero. Therefore for each n > 1:

1
- = 2
o 5 (200)

Proof. This is a direct consequence of lemma 1.5. Let’s suppose that
o< % We consider the sequence (z) used in lemma 1.5 and defined in
lemma 1.3. We can distinguish between two cases:

1. The sequence(zy) is bounded.

2. The sequence (zr) is unbounded.

Case 1: The sequence (z,) is bounded In such case, without
loss of generality, we can assume that the limit of () is © > bp > 0.
From lemma 1.5, we have:

s(n,o) ~nostee  S(n,o,z) (201)
s(n,1 —0) ~potoo s(n,1—o,z) (202)
And from lemma 1.3, we have for each n:
s(n,o) =s(n,1—o0) (203)
Therefore:
s(n,0,z) ~pnoteo S(n,1—o,x) (204)

Therefore, from lemma 1.4, we can conclude that:

1 fo(1—0) 1 fa(o)
3 4n n—-+oo 3 4n (205)
Where the function f, is defined in lemma 1.4. Therefore
Je(1=0) = fa(o) (206)

Which is a contradiction, since the function f; is increasing and we have
0 < 1 — 0. Therefore o can only be %
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Case 2: The sequence (z,) is unbounded In this case, without
loss of generality, we can assume that the limit of (z,) is +00. From

lemma 1.5, we have:

S(n70) ~n—+oo 8*(77’7 0)

s(n,1—0) ~nstoo s (n,1—0)

From equations (131-132):

+oo
1 1
* _ G - I
s"(n,o) E ko (+00) 3T =5
k=n+1
= 11
“(n,1— = E Gri-o =
s*(n o) k1—o (F00) NI

k=n+1

And from (67

~—

and (207-208), we conclude:

1 1 1
SR T P R T T

Therefore

1 1
s[> 11— sl1?

(207)
(208)

(209)

(210)

(211)

(212)

Which is a contradiction since we have o < % Hence o must be equal

to 1 — 0. Therefore o = %
This ends the proof of the Riemann Hypothesis.
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1.4 Conclusion

We saw that if s is a zeta zero, then real part R(s) can only be 2. Therefore
the Riemann’s Hypothesis is true: The non-trivial zeros of ((s) have real
part equal to % In the next article, we will try to apply the same method
to prove the Generalized Riemann Hypothesis (GRH).
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