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A Simple Proof of the Riemann’s Hypothesis
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Abstract

We present a simple proof of the Riemann’s Hypothesis (RH) where
only undergraduate mathematics is needed.
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Millennium Problems.
MSC2020 Classification: 11Mxx, 11-XX, 26-XX, 30-xx.

1 The Riemann Hypothesis
1.1 The importance of the Riemann Hypothesis

The prime number theorem gives us the average distribution of the primes.
The Riemann hypothesis tells us about the deviation from the average.
Formulated in Riemann’s 1859 paper[1], it asserts that all the 'non-trivial’
zeros of the zeta function are complex numbers with real part 1/2.

1.2 Riemann Zeta Function

For a complex number s where $(s) > 1, the Zeta function is defined as
the sum of the following series:
=3 M
s) = —
nS
n=1
In his 1859 paper[1], Riemann went further and extended the zeta function
¢(s), by analytical continuation, to an absolutely convergent function in
the half plane R(s) > 0, minus a simple pole at s = 1:

s too {x
¢(s) = - s/1 :;{er}l dz (2)

s—1

Where {z} = z — [z] is the fractional part and [z] is the integer part of z.
Riemann also obtained the analytic continuation of the zeta function to
the whole complex plane.
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The opinions of this article are those of the author and do not reflect in any way the views or
business of his employer.



Riemann[1] has shown that Zeta has a functional equatiorEl

C(s) = 2°7° 'sin (%5)r(1 —8)C(1—s) (4)
Where I'(s) is the Gamma function. Using the above functional equa-
tion, Riemann has shown that the non-trivial zeros of { are located sym-
metrically with respect to the line R(s) = 1/2, inside the critical strip
0 < R(s) < 1. Riemann has conjectured that all the non trivial-zeros are
located on the critical line $(s) = 1/2. In 1921, Hardy & Littlewood[2,3,
6] showed that there are infinitely many zeros on the critical line. In 1896,
Hadamard and De la Vallée Poussin[2,3] independently proved that {(s)
has no zeros of the form s = 1+ 4t for ¢ € R. Some of the known results[2,

3] of ¢(s) are as follows:
¢(s) has no zero for R(s) > 1.

e ((s) has no zero of the form s =1+ ir. i.e. {(1+1i1)#0, V.
¢(
q

s) has a simple pole at s = 1 with residue 1.

N

s) has all the trivial zeros at the negative even integers s = —2k,
ke N*.

e The non-trivial zeros are inside the critical strip: i.e. 0 < R(s) < 1.

If ((s) =0, then 1 — s, § and 1 — § are also zeros of ¢: i.e. ((s) =

(1 —s5)=((5) =¢(1-35)=0.

Therefore, to prove the “Riemann Hypothesis” (RH), it is sufficient to

prove that ¢ has no zero on the right hand side 1/2 < R(s) < 1 of the
critical strip.

1.3 Proof of the Riemann Hypothesis

Let’s take a complex number s such that s = o 4 ¢7. Unless we explicitly
mention otherwise, let’s suppose that 0 < o < 1, 7 > 0 and ((s) = 0.

We have from the Riemann’s integral above:

s too fg
el = 5)

s—1
We have s # 1, s # 0 and ((s) = 0, therefore:

1 /:Oo A=} 4y ©6)

s—1 rstl

Or in other terms:

1 tee {x}
_ = ———d
o+it— 1 /1 gotiT+1 v (7)

IThis is slightly different from the functional equation presented in Riemann’s paper[1].
This is a variation that is found everywhere in the litterature[2,3,4]. Another variant using
the cos:

C(1—s)=2""%7r"%cos (%S)F(S)C(s) (3)



Let’s denote the following functions:

() = A{z} (8)

T

K(O’7 7') = m (9)
cost(z) = max (cos(z),0) (10)
cos” (z) = max(— cos(z),0) (11)
sint () max ('sin(z),0) (12)
sin”(z) = max(—sin(z),0) (13)

To continue, we will prove the following lemmas.

Lemma 1.1. Let’s consider two variables o and T such that o > 0 and
7> 0. Let’s define two integrals I(a,o,7) and J(a,o0,7) as follows:

I(a,0,7) = /la de (14)

x°

J(a,o,7) = /la de (15)

‘erO'
Therefore

I(a,0,7) = K(o,7) (1 _cos(rnfa)) (o —1)sin(r ln(a))) (16)
(6 —=1) (o—=1)cos(rn(a)) n sin(Tln(a))) (17)

Proof. Let’s consider two variables ¢ and 7 such that ¢ > 0 and 7 > 0.
Let’s take a > 1.

Ha,0,7) = /la sin(rIn(z)) ;. (18)

J(a,o,7) = K(O,T)(

T T a1 a®

= /ln(a) sin(rz)e' "% dy (19)
~ K(o,7) (1 _ Coss;li(a)) (o ; 1) Sin(alli(a))) (20)

And the same for J(a,o,7) for a > 0:

Ja,0,7) = /jde (21)

In(a)
= / cos(rz)e ™% dx (22)
— Ko, T)<(O'7—— 1 (07—— 1) COS(;,li(a)) n sin(;rlill(a))) (23)

Lemma 1.2. Let’s consider two variables o and 7 such that 0 < o < 1,
7> 0 and s = o + i1 is a zeta zero. Let’s define the sequence of functions



en and €, such that eo(x) = € (z) = {x} and for each n > 1:

cwn@ = [ e

xT

fn(@) = [ a0

T
Therefore:
1. For each n > 1:

2. For each n:

4. For eachn and x > 1:

ale) = ﬁi/jdta(t)(m(%))"*

5. For each © > 1:

lim 2"e,(z) = =
n——+oo

6. For each x > 1:
0<2%p(z) < =

Proof. Let’s denote the integral A(s) as following:

As) = /1+°2x60(f>:_ 1

xlts 1-ys)

We use the integration by parts to write the following:

A(s) = /1+02:c e;jl(fz

—+oo

x1+s

+(1+s)/+°§mM

I
—
%—-
il
w
;“2
ISH
8
o
o
—~
8
=

— [ dzeo(x) + (1 + ) /+02:cel(x)

$1+5

Il

|
IS8
8
o
o

2+s
1 x>t

(:c)—(1+s)/()1d1:61(:c)+(1+s)2/;+02x

1+ s)k /051; ex(x) + (1 + S)n+1 /+02x6fb+71(‘7:)

Ez(x)
x1+s

(24)

(25)

(28)

(29)

(30)

(31)



We could do the above integration by parts. Because the functions e
are continuous functions. We also can prove that the functions v are
non-negative and bounded as we can prove that for each k for each x > 0
that:

0<er(z) < 1 (39)
This can be proven by recurrence using the fact that for each x > 0:
0< @) ={z} < 1 (40)

Now, we need to calculate the integrals Ij, for k£ > 0:

Ik = /lda? ek(:c) (41)
0

For z € (0, 1), we have:

eo(z) ==z (42)
And
vi(@) =3 (43)

Therefore, we can write for each k for x € (0, 1):

Therefore, for each k > 1:

Therefore, we can conclude:

1 T enti(x) 1
A:——l"*l/d"+ 46
(5) T e [ R e A
Since 1 4 s # 0, we conculde the point 1. The point 2 can be proved
the same way by replacing s by 1 — s. |
The point 3) can be proved by recurrence. For n = 0. We have

eo(z) =€o(x). Let’s assume that it is true till n and let’s prove for n + 1.
We have:

L[ [
ent1(z) = ;/(;dxen(:c)—&—;/ldxen(x) (47)
T n—1 gk k T
1 1 [®dt' = 2InF(t) 1 [ _
x 27t + x2n J, t kZ:O k! + 1:/1 zEa(z) (48)
1 1 &2k Ikt ()

= mﬂugnﬂkZ RGO
=0

1 " 2% In* ()
= o kZ:O Bl +enri(z) (50)



]

Let’s prove the 4*" point. We proceed by recurrence. For n = 1, we

retrieve the definition of €7(z). Let’s assume that it is true up to n and
let’s prove it for n + 1. We have thanks to the integral order change:

@) = 1 [ aw (51)

_ ﬁ%/j%/jdsa(s)(ln(g))"” (52)

— o [ ae [[FmE)T 6

_ %i/l dsei(s) (In(2))" (54)

And this proves ou point of the lemma. m

Let’s now prove the last point. Let’s take z > 1. From the point (4)
above, we can apply the dominated convergence theorem to prove that:

lim 2"€,(z) = 0 (55)

n——+oo

From point (3), we can conclude that:

n—-+oo n—+o0o x k'

lim 2"e,(z) =  lim <2" En(z) + 1 75: ok hﬂﬂ(x)) (56)
k=0

L3 ) (57)

n—too T L= k!
1 2
= = exp(In(z”)) ==z (58)
Hence the proof of the point (5) of the lemma. [ |

Let’s now prove the last point. We have for each z > 0:
0<e(z)<=z (59)

Therefore by integrating the equation above we get:

1 [* 1 [*
0< — [dteo(t) < — [dtt 60
<3 Jatam <7 [ (60)

Therefore
0<a(@) < (61)
By recurrence, we easily conclude that for each n > 1:
x
0<en(z) < on (62)
| O



Lemma 1.3. Let’s consider two variables o and 7 such that 0 < o < %
and 7 > 0 such that s = o + it is a zeta zero. Let’s define the sequence of
functions Ey o(x), Fno(x), Gno(x) and Hp o (x) over [1,+00) for each
n > 1 as follows:

Enolz) = [étwen(x) (63)
Fuole) = /létwen(x) (64)
Gro(@) = (Eno(@)’ + (Fuo(@))’ (65)
Hno(®) = Gni-o()— Gnol(z) (66)

Let’s define the sequence of functions In o (x) over [0,400) for eachn > 1
as follows:

Ino(z) = Hpo(z+e?) (67)

3 T
We denote ag = e2 and by = e27.

1. For each n > 1 there exists x, > by such as:
Hypo(zn) = 0 (68)
2. For each n > 1 there exists x, > bg — ap > 0 such as:
Ino(zn) = 0 (69)
In other terms:
Gni-o(Tn+a0) = Gno(xn+ ao) (70)

Proof. Let’s prove first point. Let’s take n > 1 an integer. Since o < %

We have for each = > 1: % > —L—. Therefore
x x

Eno(bo) = /ezfﬁwempo (71)
Foo(bo) = /eitwm(x)>0 (72)
Eno(bo) > Eni-o(bo) >0 (73)
Fro(bo) > Fai-o(bo) >0 (74)
Therefore
(Eno(b0))® > Eni—o(bo))? (75)
(Fn,o(bo) > (Fn,lfo(bo))z (76)

And therefore

Gno(bo) > Gni_o(bo) (77)
Hno(bo) < 0 (78)



We also have from the lemma 1.2:

xr— 00 140 rlto

1
221 — sl

T —+00 1;2*0' .7027
1
22|52
Therefore
. 1 1 1
LA Hno(z) = 227(||3||2‘W)>0 (83)

Since the function H, . is continuous over [1,+00). From (71) and (76)
and thanks to the Mean value theorem, we can conclude that there exists
an x, > bg such that:

Hyo(zn) = 0 (84)

]
To prove the second point, we proceed by the same approach as in the
first point. We remark that since bg — ag > 0:

—In,o(b() - aO) = Hn,a(llo + bo — aO) = H'rl,o(bo) <0 (85)

And the same like above:

Jum Ino(z) = Jlm Hy,o(ao0 + ) (86)
1 ( 1 1 )
= —(——-——"""—"1>0 (87)
22 \ls[|2 (11— s|?
And the same we conclude thanks to the Mean value theorem. |

O

Lemma 1.4. Let’s consider two variables o and 7 such that 0 < o < 1
and T > 1 such that s = o + 7 is a zeta zero. Therefore for each n > 1:

o = = (88)

Proof. Let’s suppose that o < % We use the previous lemma notations.
From the lemma 1.3, we can construct a sequence (z, > bg — ao) such
that:

Gn,lfa(xn + aO) = Gn,a (xn + QO) (89)

We can distinguish between two cases:
1. The sequence (zr) is unbounded.

2. The sequence(zy) is bounded.

lim Gno(z) = (/jo;tsm(;ﬂen(x))Q-f (/:i%M

i Guao@) = (@SR )y ([Tl )

enle))” (79)
(30)
en(a)) (51

(82)



Case 1: The sequence (x,) is unbounded In this case, without
loss of generality, we can assume that the limit of (z,) is +o0o. From the
lemma 1.2, we have

lim 2"ex(z) = =z (90)

n—-+oo
Here, we will only give a sketch of the proof:
xn+ag . 1 t 2 rntag 1 t 2
o (@n +a0)  ~ns oo (/ dt Sm(Ttin(D) + (/ dt m(zin())) (91)
1 1

From the lemma 1.1, we can write:

(@ + a0)?=9) — 2z, + a0)* ) cos(r In (zn + ao)) + 1

Gn,g(xn + aO) ~n—+oco (1 _ 0.)2 + 7-2

(92)

(xn)Q(l—a)

a-op+r %)

~n——+oo

And the same

(zn + ao)2‘7 —2(zn + a0)? cos(tIn (zn + ao)) + 1
o2+ 72

Gn,lfa(fcn + aO) ~n—+oo (94)

(xn)Zo-

o2 + T2 (95)

~zn—+4oo

From the relation (82), we conclude:

2(1—20) (1- 0)2 + 77
pi ~ -

n—-+oo 0_2 + 7_2 (96)

Which is a contradiction since the limit of (x,) is +oo. Therefore

1 — 20 must be equal zero. Therefore o = %

Remark. The equivalence in the relation (92) is not necessarily true since
the functions sin and cos are not positive or of constant sign but it gives

us the idea of the proof. The full proof of this case is in the Appendiz
below.

Case 2: The sequence (z,) is bounded In such case, without
loss of generality, we can assume that the limit of (xn) is a > bo —ag > 0.
Similarly like in the first case, we can write that:

(a+a0)? —2(a+ag)’cos(tln(a+ao)+1  (a+ao)**7 —2(a+ a0) =) cos(rIn (a + ao)) + 1 97)
o2+ 12 N (1-0)2+72

(a4a0)?* —2(a4ag)® cos(r In (atag))+1
z2472 :

Let’s study the function f: © —
Therefore:

(®+ 72 fr(z) = 21n(a+ao)(a+ao)z((a+a0)z—COS(Tln(a+a0)))(x2+72) (98)

—2m<(a+ao)2x —2(a+ ap)” cos(tIn(a + ao)) + 1) (99)



. T 3
Since a + ap > e2r > e2r. For x > 0, we have:

((a—|—ag)z — cos(7 In (a+ao))) >0 (100)
And we can write:
2(a + ao)” ((a +ag)® — cos(t1n (a + ao))) = (a+a0)® —2(a+ao)” cos(tIn(a+ao)) +1+ (a+ao)** —1 (101)
>0
> ((a + a0)* — 2(a + ao)” cos(T1n (a + ao)) + 1) >0 (102)

And we also have:

2?4+ > 2T (103)

In(a+ao0) > Inap) = % (104)

Therefore by combining the inequations (94 — 96), we conclude:

21In(a + ao)(a + ao)” ((a + ao)” — cos(t1n (a + ao))) (®+7%) > % ((a + a0)* — 2(a + ao)” cos(tIn (a + ao)) + 1) 2x7(105)

> 2x<(a+a0)2z —2(a+ ao)” cos(tIn (a + ao)) + 1) (106)
Therefore for each x > 0:
@+ 722 f1(z) > 0 (107)

Therefore, the function f is a strictly increasing function over (0, +00).
From the equation (89), we have f(o) = f(1—o). Which is a contradiction
if 0 #1 — 0. Therefore o must be equal 1 — o. Hence

1
=l—-0o== 108
o =3 (108)
This ends the proof of the Riemann Hypothesis. LB

O

1.4 Conclusion

We saw that if s is a zeta zero, then real part R(s) can only be 5. Therefore
the Riemann’s Hypothesis is true: The non-trivial zeros of ((s) have real
part equal to % In the next article, we will try to apply the same method
to prove the Generalized Riemann Hypothesis (GRH).

Acknowledgments

I would like to thank Farhat Latrach, Giampiero Esposito, Jacques Gélinas,
Michael Milgram, Léo Agélas, Ronald F. Fox, Kim Y.G, Masumi Naka-
jima, Maksym Radziwill and Shekhar Suman for thoughtful comments
and discussions on my paper versions on the RH. All errors are mine.

10



Appendix

Lemma 1.5. Let’s consider two variables o and T such that o > 0 and
7> 0. Let’s define the following integrals:

(4n2+4)7r N
I(+,0,7,n) = / de (109)
1
(477.2+4)7r
e G
I(—,0,7,n) = / wdm (110)
1 x7
(477.2+4)ﬂ .
J(+,0,7,n) — / cos” (rIn(z)) ;. (111)
1 x?
(4n2+4)7r
J(—,0,7,m) = / wdw (112)
1 x?
Therefore
2(n+1)7\'(1 o)
I(+,0,7,1) ~noiee K(o7) o (113)

T —

Tr(1 o)

J(+7U7 T, n) ~n—+4oo

e
Y U) 2nt )=o)
I(—,0,7,n) ~notoo < o )e (114)

-1

Tr(l o)

2w (1— d)(n+1)

J(=,0,7,n) ~nsteo Ko, T)We (116)

e —1
Proof. Let’s take n > 1, 0 > 0 and 7 > 0. Let’s calculate J(+,0,T,n):

An+4)m
e 27 +
J(+,0mm) = / cos (7Infx)) (;j“(‘””dx
1

(4k+5)7r (4n+4)m
27

From lemma 1.1, we can write the following;:

4k+5
n—1 e% n—1

cos(Tlnx (4k+5)7(1—0c) (4k+3)7(1—0)
Z/(Mﬁ)ﬂd:c% = K(a,r)z<e L +e o ) (119)
e

k=0 2T k=0
And
An+4)m
e ¥ cos(rlnzx)
e - (120)
e 27 x
3r(1—o) _ r(l—0o) 27 (1—0)(n)
= K(o,7)e o <1—|—ue > >e - (121)
T

11

1— 27 27 (1—0)(n+1)
7r(1 B) >6 T (115)

% cos(7In (z cos cos(TInz) ¢ cos(TInzx)
de————== § (4k+’3)7r (4n+'3)7rdx
o -~ o
1 x o x

(117)

(118)



And therefore:

(4k+5)7(1—0) (4k+3)m(1—0)
(e 27 +e 27 ) + A(n) (122)

2kw(l—0o)
e w >+A(n) (123)

Y + A(n) (124)

1— (An+4)m(1—0)
4 QL =0) entriio ) (125)

n—1
_ m(l—0)
J(+,0,7,n) = K(a,7)<—(1 2) 7" >+K(UJ)Z
T k=0
(1 — 0') m(l—0o) n-l 5m(l—0) 2kmw(l1—0) 3r(l1—0)
= K(o,7)| — Z7 +K(U,T)Z e e T  +e 2
T k=0
57(1—0o) 3w (l—0) 2n(1—0)(n)
1— w(l—0o) e 27 27 e T
~ K(o.7) < _doa) = ) + Ko N
e -1
(1 — g) w(l—0o) 3n(l—0) ew —1 (4n+3)w(1—0)
= K(on)| ——+e 7 +e 27 T +e 2T
T e — 1 T
Also we can write:
(4n+4)m
J(—,o,7,n) = J(+,0,7,n)— J(o, T, 27 (126)
— 27 (1—o)(n+1)
= J(+7O'7T7n)+K(O'7T)u<1—6 g ) (127)
T

7w(l—0o) w(1—0o)(4n+3)
27

= K(J,T)<e 7T te

3r(1-0) e
27

+e
e T

Therefore:

r(l—0)

1- e 27 2n(1=0)(nt1)
J(+7 07 7—7 TL) ~n—+oo K(Ov T)( T 2 + w(l—0o) >6 T (129)
e 1

T —

m(l—0)

J(—,0,7,n) r~nstee K(o,T) e

And the same for I:

(An+4)~w
e 2T o+
I(+,0,7,n) = st (Tn(@)) g,
o
1 T
(4k+2)7

e 27 .
sin(7 ln x)
/(4k)ﬂ dx
0 e

n
Z 27 z7

k=
From lemma 1.1, we can write the following:

(4k+2)7

e 27 2n(1—0)(n+1)

27 (1—0o)(n)
T

m(l—0o)

— 1) (128)
1

(130)

(131)

(132)

n 27 . n
¢ sin(7 Inz) (4k42)m(1-0) (4k)w(1-0)
> /Mﬂ de——— = K(o,7)) (e el +e o7 ) (133)

k=0ve 27 k=0

12



And therefore:

n (4k42)x(1—o) (4k)m(1—0o)
I(+,0,7,n) = K(o,71) Z (e 27 +e 27 (134)

k=0

_ @) (1-0) (4k)m (1)
K(o,7) Z (e 2+ 1) e 2 (135)

k=0
(62(n+1)‘:r(170) _ 1)
= K(o,7) = (136)
e —1
Also we can write:
(4n+4)m
I(—,o,7,n) = I(+,0,7,n)—1I(0,7,e 27 ) (137)
w(l—0o)(4n+4)
= I(+,0,7,n) — K(0o,7) <1 —e 27 ) (138)
e@ 2(ntD)w(1—0)
= }"(((T7 T)W (6 T — 1) (139)
e —1
Therefore:
2(n+1)w(1—0)
I(+,0,7,n) ~nosioo K(0,T)—5— (140)

T —

-

QM 2(nt1)w(l—0o)
I(—,0,m,n) ~noto K(ooT)| —— |€ T (141)
e 1

- —

]
O

Lemma 1.6. Let’s consider two variables o and T such that 0 < 0 < 1
and T > 1 such that s = o + i is a zeta zero. Therefore for each n > 1:

(142)

s - L
T2

Proof. Here we will proceed like in the proof of the lemma 1.4. Let’s
suppose that o < % Like in lemma 1.4, let’s (z) be the sequence (z, >
bo — ao) such that:

Gni-o(Tn+a0) = Gnol(xn+ao) (143)

Where ap and by are as defined in the lemma 1.4. We can distinguish
between two cases:

1. The sequence (z,) is unbounded.

2. The sequence(zy) is bounded.

13



Here we will focus only on the unbounded case. The reader can refer
to lemma 1.4 for the bounded case.
So, let’s assume that the sequence (x,) is unbounded. Without loss of
generality, we can assume that the limit of (z,) is +00. We also can
construct a strictly increasing sequence of integers (k») such as for each
n > 1:

(2kp)™ 2(1+kn)m

e = <zp<e T (144)
. _Ckp)m
By construction, the sequence (yn = (xn +ao0)e T ) is bounded and

its elements are in the interval (1, e ). Without loss of generality we can

assume further that (y,) converges to y € [1, eQTﬂ]_
From the equation (147), we can write the following:

(2kn)m
" e T in(71n (t)) . #ntao in(71n (t)) . 2
22" Gy (0 +ag) = (/ dt Sm(;#2 en(t)+/(2kn)ﬂ dt Sm(;#2 en(t)) (145)
1 e T
2kp )
e T cos(TIn(t)) ., ntao cog(7ln (¢)) ., 2
n (/ dt %2 en(®)+ [ G, dt %2 en(t)) (146)
1 e T
= 227LG7L,170’(£7L + aO) (147)
(2kp)m
e T sin(71n (t)) ., ontao gin(71n (¢)) ., 2
- (/1 dt%Q e7l(t)+/(2kn)ﬂ dt%Q en(t)) (148)
(2kn)m
e T cos(TIn(t)) .. Tntao  cos(rin (¢)) Lp 2
+ (/ dt %2 en(®)+ [ gy, dt %2 en(t)) (149)
1 e T
Therefore:
z"+““ sm sin(7 In (t)) #nta0 int(r1n (t)) —sin~ (7 In (¢))
/ 2w = /1 dt — en(t)  (150)
’C"Jrao cos(tIn (t)) #nta0 cost(71n () — cos™ (71n (¢))
/ ot Wy = /1 dt - en(t) (151)
””"Jrao sin(7 In (¢)) #ntao gint(rln(t)) —sin~ (71n(t))
/ =aw = / dt = enlt) (152)
1 1
””"+“° , COS cos(7In () #nt00 cost(r1n (t)) — cos™ (T1n (1))
/ prm— ———en(t) = /1 dt yrm en(t) (153)
Let’s denote:
Tntag
I(+,0,7,n) = / wfen(x)d:c (154)
1
Tp+aog qjn—
I(—,0,mn) = / ern(x)dx (155)
1
Tntag +
J(+,0,7,n) = / wf%n(x)dx (156)
1
Tntag -
J(=,0,7,m) = / wfen(x)d:c (157)
1



And

Tn+tag

II(+,0,7,n) = / sin® Tln( sin” (In()) 5, (158)
1
Tn+tag

II(—0,7n) = / sin_ Tln( sin” (7 In@)) ;. (159)
Tn+ag

JJ(+,0,7n) = / cos” Tln( cos” (rIn(z)) ;. (160)
1
Tn+tag

JJ(—,0,1,n) = / de (161)
1

Therefore from (156-160), we can write:
2 2
(I(—ha’7 m,n)—I(—, 0,7, n)) + (J(—ha'7 T,n)—J(—,o,rT, n)) (162)

= (I(—hl —o,1,n)—I(—,1 —0'77'771))2 + (J(—hl —o,1,n)—J(—,1 —07T7n))2 (163)

Therefore
Iz("’vav T, n) + 12(_707 T, TZ) + J2(+7 g, T, TZ) + ‘]2(_707 T, n) (164)
+ 2I(+,1—o,7,n)I(—,1—0,7,n)+2J(+,1—0,7,n)J(—,1—0,7,n) (165)
= I2(—|—,1—J,T,n)—|—12(—,1—0,7,n)+J2(—|—,1—J,T,n)+J2(—,1—J,T,n) (166)
+ 2I(+7 o, T, n)I(_7 o, T, n) + 2J(+7 o, T, n)J(_7 o, T, n) (167)

From the lemma 1.2, we have:

lim 2"ex(z) = =z (168)

n——+oo
Therefore

sint (7 1n (z))
$1+0

sint (7 1n (z))

1
on g7 (169)

En(x) ~n—+oo
int

The functions = — en(z) and z — w and are non-

negative and continuous over [1,4+o00). Further, they are not integrable

over [1,4+00). Therefore, thanks to the integral equivalence, we can write:

sint (7 In (z))
xlto

I(+,0,7,n) r~nostoe II(+,0,7,m) (170)
I(—,0,7,n) r~nostee II(—,0,T,n) (171)
J(+,0,7,n) ~posteo JI(+,0,T,m) (172)
J(+,0,7,n) ~postoo JJI(+,0,7,m) (173)
Further, we can write:
@k
[I(+,0,7,n) = / " 7sin+(:a1n ®) / lk:?: dt 7Sin+(zjn 1) (174)
1 e e T
_ /e T gt sin® (7t'aln ®)) n Rerute /y" gt sin+(7t'aln ®)) (175)
1 1

15



From lemma 1.5, we can conclude that:

2(kn)r(1=0) @kn)r(1—0) [Y inT
I(+,0,7,n) ~poyeo K(o,7) <ﬁ>6 " te " / dtw (176)
e -1 1

to’

P

And the same for:

w(l—0o)
e 2(kp)w(1—0) @kn)m(1=0) (Y sin” (71In (¢
II(_70'7 T, n) ~n—+oo K(U7 7') <W>6 T +e o / dt % (177)
e —1 1
1—0 e”“zi") 2r(1—0)(kn) (2kn)n(1—0) [V cos+(7 In (¢))
JIJ(+,0,7,n) ~poteo K(oyT) + a5 e T +e T dt ———— (178)
T et -1 1 t
"2 2rGoo)tm) k)=o) (Y cos™(71n(t))
JI(=0,mn)  ~mtoo K(oy 7)o ST | e / a T 1) (179)
e 7 - 1
And the same for 1 — o
1 2(kp)m(o) Ckn)ne) (Y sint(71n (¢
II(+,1—0,7,1n) ~notee K(1-o0, T)< — )e T 4e 7 / dtsmgff()) (180)
e —1 1
(o
T 2(kn)7(o) (2kn)m (o) v in~ 1 t
II(—1—0,7,n) ~nstee K(1—o, T)<%>e T 4e 7 / dtsmgij()) (181)
e —1 1
(o)
= 27 (0) (kn) @kn)w(0) (Y T(rln(¢
JI(+,1—0,7,n) ~postoo K(l—o,T)(g—F% e~ 7 +e T / dtw (182)
T e T —1 1 7

(183)

o)

e 2 2m (o) (kn) k() (Y cos  (TIn(t

JIJ(—,1—0,7,n) ~postoo K(l—o,T)Te T +e T /dt&
1

tl—o

2r(1—0)(kn) |

Since ¢ < 1 — o, we can keep only the terms of e n the

equations (182-188).

112(—1—707 T,m) + 112(—707 ,n)+ JJ2(+70'7 ,n)+ JJQ(—70'7 T,n) (184)
~nostoo  21I(+,0,7,n)II(—,0,7,n) +2JJ(+,0,7,n)JJ(—,0,T,n) (185)

From the equations (189-194), we can simplify as follows:

2 2
y ; _ y
<—K(a'77')+/ di sm(Tln(:f))) n <(1 U)K(O'7T)+/ di COS(Tln(t))) — 0 (186)
1 to T 1 to
After simplification, we get:

sin®(7In (y)) + cos*(tIn (y)) = 0 (187)

Which is a contradiction. Hence ¢ must be equal to 1 — o.

Therefore o = %

om
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