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Abstract
We present a simple proof of the Riemann’s Hypothesis (RH) where

only undergraduate mathematics is needed.

Keywords: Riemann Hypothesis; Zeta function; Prime Numbers;
Millennium Problems.
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1 The Riemann Hypothesis
1.1 The importance of the Riemann Hypothesis

The prime number theorem gives us the average distribution of the primes.
The Riemann hypothesis tells us about the deviation from the average.
Formulated in Riemann’s 1859 paper[1], it asserts that all the 'non-trivial’
zeros of the zeta function are complex numbers with real part 1/2.

1.2 Riemann Zeta Function

For a complex number s where (s) > 1, the Zeta function is defined as
the sum of the following series:

()= = (1)

In his 1859 paper[1], Riemann went further and extended the zeta function
¢(s), by analytical continuation, to an absolutely convergent function in
the half plane 3(s) > 0, minus a simple pole at s = 1:

s too lx
¢(s) = - s/1 :;{er}l dz (2)
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Where {z} = = — [z] is the fractional part and [z] is the integer part of
z. There is another way [2] to analytically continue {(s) to the region
R(s) > 0. The idea is to observe that for R(s) > 1:

-3)X6 = Y=Y G 3)

Thus,

(4)

28 —= n
= (- 2)n(s) (%)

The Dirichlet eta function 7(s) converges conditionally when R(s) > 0
and s # 1+ ZlikTg) n(s) is used as analytical continuation of the Zeta
function on the domain where (s) > 0. Riemann also obtained the
analytic continuation of the zeta function to the whole complex plane.

Riemann[1] has shown that Zeta has a functional equatio
C(s) = 2°7° sin (g)m —5)C(1—s) (7)

Where I'(s) is the Gamma function. Using the above functional equa-
tion, Riemann has shown that the non-trivial zeros of { are located sym-
metrically with respect to the line R(s) = 1/2, inside the critical strip
0 < R(s) < 1. Riemann has conjectured that all the non trivial-zeros are
located on the critical line $(s) = 1/2. In 1921, Hardy & Littlewood[2,3,
6] showed that there are infinitely many zeros on the critical line. In 1896,
Hadamard and De la Vallée Poussin[2,3] independently proved that {(s)
has no zeros of the form s = 1+ 4t for ¢ € R. Some of the known results[2,
3] of ¢(s) are as follows:

e ((s) has no zero for (s) > 1.

(s)
e ((s) has no zero of the form s =1+ ir. i.e. {(1+1iT)#0, V.
(s)
(s)

* ¢

e ((s) has all the trivial zeros at the negative even integers s = —2k,
ke N*.

e The non-trivial zeros are inside the critical strip: i.e. 0 < R(s) < 1.

If ((s) =0, then 1 — s, § and 1 — § are also zeros of (: ie. {(s) =

(A —s)=¢(5) =¢1 -5 =0.

Therefore, to prove the “Riemann Hypothesis” (RH), it is sufficient to

prove that ¢ has no zero on the right hand side 1/2 < R(s) < 1 of the
critical strip.

s) has a simple pole at s = 1 with residue 1.

1This is slightly different from the functional equation presented in Riemann’s paper[1].
This is a variation that is found everywhere in the litterature[2,3,4]. Another variant using
the cos:

C(1—s) =275 cos (?)F(S)C(s) (6)



1.3 Proof of the Riemann Hypothesis

Let’s take a complex number s such that s = o 4 ¢7. Unless we explicitly
mention otherwise, let’s suppose that 0 < o < 1, 7 > 0 and ((s) = 0.

We have from the Riemann’s integral above:

S teo fg
C(s)zs_l—s/1 :;{H}ldm (8)

We have s # 1, s # 0 and ((s) = 0, therefore:

L )
s—1 7/1 pstl dz ©)

Therefore:

! = /m S 2 S (10)

ctir—1 gotiT+1

And

o—1—ir _ /+m (cos(rln (z)) — isin(7In (x))){x}d

- = 11
(c—1)2+72 zot+l = (1)

The integral is absolutely convergent. We take the real part and the
imaginary part of both sides of the above equation and define the functions
F and G as following:

Flo,7) ﬁ (12)
_ /:oo <COS(T::S))){m}dm (13)

And
Glo,7) = m (14)

oo (sin(Tln (x))){x}
- /1 — dx (15)

We also have 1 — 5§ =1 — 0 447 = 01 + 971 a zero for ¢ with a real
part o1 such that 0 < 01 =1 —0 < 1 and an imaginary part 7, such that
71 = 7. Therefore

o1 —1
F(l — 0, 7') = m (16)
S o
B /+oo (cos(rln (:c))){m}d (18)



And

Gl—-o,1) = m (19)
= ai (20)
B /+oo (sin(T In (:c))){m}d o)

From now on, o and 7 are not necessarily connected to a ¢ zero. Before
we move forward, we need to define the following function I(a,o,7) for
a>0:

I(a,0,7) = /1a Mdm (22)

In(a)
= / sin(rz)et "% dg (23)
0
~ K(o,7) (1 _ cosizljll(a)) _ (o ; 1) Sm(;,li(a))) (24)
Where
1”((0’7 7') m (25)

Let’s define the function J(a, o, 7) for a > 0:

Ja,07) = / cos(T ln(:c))dx
1 z7
In(a) L
= / cos(tz)e " dx
0
- Ko 7_)<(U —1) (0—1)cos(r ljl(a)) n sin(7 lil(a)))
T T a1t ac!
Where K (o, 7) is defined above in the equation (25).
Now, let’s write U(c, 7) as the limit of a sequence as follows:
N .
_ . {z}sin(7 In(z))
U(o,7) = NLHEOO : ite dx (29)
71In(N) 2y~ Zz
= lim dz sin(z) cler)e (30)
N—+oco 0 T
71n(N)
= NHTOO ; dz g(x) sin(x) (31)
= NHTOO U(N,o) (32)
Where
71n(N)
U(N,o) = / dz g(x) sin(x) (33)
0
e(e¥) _a,
o) = et (34

(x) = {a} (35)



And the same for V (o, 7):
N {2} cos(r In(x))

V(e,7) = NLHEoo : ite dx (36)
71In(N) Vo~ Zz
= lim dz cos(x)w (37)
N—+oco 0 T
71n(N)
= NLHEOO ; dz g(x) cos(x) (38)
= NLHEOO V(N,o) (39)
Where
71n(N)
V(N,o) = / dz g(x) cos(x) (40)
0

Lemma 1.1. The sequence (Zf:;l COS(:}% —J(N,o, 7')) converges
N>1

and its limit is as follows:

N
lim cos(7In(n))

N—+4o00 ne
n=1

—J(N,o,7) = 1—7U(o,7)—0cV(o,7) (41)
Therefore we can write the following:

ZM = JWN,0,7)+1—=7U(0,7) =0V (0o,7) + an(o,7) (42)

no

Where (an) is a bounded sequence with limit zero.
The sequence (ZN sm(z}% —I(N, o, T)) converges and its limit
N>1

n=1

is as follows:

lim sin(7In(n))

N—+oco ne
n=1

—I(N,o,7) = 1V(o,7)—0cU(o,7) (43)

Therefore we can write the following:

N .
S ST (g 4 V(o) — U 7) + Ba(em) (44)
n=1
Where (Bn) is a bounded sequence with limit zero. [ |
Method One

Proof. Let’s study the function g over R. We have the function g piecewise
continuous and and its derivatives are also peicewise continuous and:

o(z) = E(‘f)e*%w (45)
o) = “aet) - L) (46)



The interval (0, 71In(N)) is the union of the intervals (7 1n(n), 7 In(n +
1)) where 1 < n < N. We have e/(z) = 1 for each = € (7log(n), T log(n +
1)) for each 1 < n < N. Therefore, thanks to the integration by parts we
can write:

(48)

(50)

(51)

(52)

(53)

(54)

(55)

7In(N)
U(N,o) = / dz g(x) sin(x)
0
N-1 Tln(n+1)—e¢
= lim / dx g(x)sin(x
54}077’2::1 Tln(n)+e ( ) ( )
N-1
= g(0")cos(0) + lin% [9(7In(n) + €) cos(TIn(n) + €) — g(7 In(n) — €) cos(7 In(n) — e)] (49)
e—
n=2
7In(N)
—g(tIn(N)7) cos(tIn(N)) + / dz g/(x) cos(x)
0
N-1
= l% z::z [9(TIn(n) +€) — g(rIn(n) — e)] cos(71n(n))
cos(71In(N)) /T In(N)
@ + ; dz g/(x) cos(x)
N-1 71n(N)
_ 1 cos(tIln(n))  cos(rIn(N)) +/ dz /() cos(z)
T = ne TN? 0
1 & cos(tln(n)) o [T 7 In(I) e x
= - n; — ;/0 dz g(x) cos(x) —&—/0 dz = eller
N 71n(N) 1=0,
_ 1 cos(tln(n)) o e
= Tﬂ; e 7_V(N7U)—|—/0 dz = cos(x)
Therefore
o 1< cos(tln(n)) 1
U(N,o)+—V(N,o) = - ; — "+ -J(N,0,7) (56)
Therefore
ol cos(71In(n))
> — % - JWN,07) = —1U(N,0)=0V(N,0) (57)
n=2

Therefore, the sequence ( ZN COS(:}% —J(N, o, 7')) converges
N>1

n=1

and its limit is as follows:

lim Z M —J(N,o,7) = 1—7U(o,7)—0V(o,T) (58)

ne



Therefore we can write the following:
al cos(7 In(n))
270 = JWN,o,7)+1—7U(0,7)— 0V (o, 7) + an (59)

Where (an) is a bounded sequence with limit zero.
And the same for V(N, o) as follows:

(60)

(62)

(63)

71n(N)
V(N,o) = / dz g(z) cos(z)
0
N-1
= —g(0")sin(0) + 111“[(1) [ — g(7In(n) + €) sin(7 In(n) + €) + g(7In(n) — €) sin(r In(n) — e)] (61)
e—
n=2
71In(N)
+g(rIn(N) ™) sin(7 In(N)) —/ dz g/(x) sin(x)
0
N-
— lim g(rIn(n) + €) + g(r In(n) — )] sin(r In(n))
e—0 o
71n(N)
+w _/0 dz g/(x) sin(x)
N-1 . . 7In(N)
= % 2 Sm(Tnlf(n)) + Sm(:]l\r;(EN)) —/0 dz g/(x) sin(zx)
1 sin(rIn(n)) o [T ™ In(N) e,
= - n; — + ;/0 dx g(z)sin(x) —/(; dz ( = e/(er)> sin(x)
N 1—o
1 sin(tln(n)) o TN e
= ;;T+;U(N7U)— ; dz = sin(z)
Therefore
o 1 sin(7 In(n 1
V(N,0) = —U(N,0) = - ;::2 — —I(N,0,7) (68)
Therefore
N .
n(rIn(n
Z —I(N,0,7) = 7V(N,0)—0cU(N,0) (69)
n=2

Therefore, the sequence (ij:l S"‘(Tn% —I(N,o, 7')) converges
N>1

and its limit is as follows:

o sin(7 In(n))

N—+oco ne
n

—I(N,o,7) = 7V(o,7)—oU(o,7) (70)



SMZ

-

Therefore we can write the following:

sin(7 In(n))

ne

I(N,o,7)+7V(o,7) — ocU(o,7) + BN

Where (8n) is a bounded sequence with limit zero.

Let’s now define the functions F, (z) and G, () over [1, +00) as follows:

Fo(n) = /1” {z} sin(Tln(x))dx

And

Go(z) =

x°

/’C sin(r ln(:c))dx

o

(72)

(73)

We have the function x — M;l"(”)) piecewise continuous. The prim-

T

itive function F, is continuous and its first derivative is piecewise contin-
uous. The function G, is continuous and its first derivative is continuous.

Lemma 1.2. Let’s o and 7 be such that o > 0 and 7 > 0. Therefore for
each integer N > 1:

N
Fiio(N) = ) Giso(n) = NGiio(N) + Go(N) (74)
n=1
Proof. Let’s take an integer N > 1. We have
N {zVsin(r In(z
F1+a (N) . %dw (75)
N-1 n+1 .
x}sin(7 In(z
[ edntrne),, 76)
n=1Y"
=t (z — n) sin(7 In(x))
3 /n Sirin(e)) g, (77)
=t sin(7 In(z)) " sin(r In(z))
Zl : ——dr—n : — i, e (78)

N . N-1
/1 de -3 n(Gpra(n +1)— GHg(n)) (79)
Go(N) — - n(GHg(n +1) - G1+o(n)) (80)
Go(N) — - nGito(n+1) + i nGito(n) (81)
> Gito(n) = NGiyo(N) + Go(N) (82)
|
O



Lemma 1.3. Let’s o be such that 0 < o < % and s = o + iT is a zeta
zero. Therefore:

lim Fo ,(N)—Fi1o(N) = 0 (83)
N—+oco

Proof. Let’s take an integer N > 1. We have from the lemma 1.2 that:

M=

Foo(N) = Fieo(N) = 3 (Gao(n) = Grio(n)) = N (Goms () = Gro (V) (84)

+7(G1,0(N) - GJ(N)) (85)

Let’s deal now with the first term in the equation(85-86) above:

N N
Z:l(Gz o(n) — Gite(n )) = 2( (n,2—o0,7) — I(n,1+0,7))
= ( 1—0,7))
o cos(7In(n)) Y si n(rIn(n
+K(1—0,T)ZT+ I—OTTZ
Y cos (T In(n 1—a'N 1n7'ln
O- T Z nl o Z
n=1 1=1
From the lemma 1.1 we can write the following;:
o~ cos(r In(n))
;w = JWN,o,7)+1—7U(0,7) —0V(o,7) + an(o,T) (90)
o~ sin(r In(n))
;% = I(N,o,7)+7V(o,7) —cU(o,7) + Bn(0o,T) (91)
a 1
Zw = JIN1-0,7)+1—7U(1~0,7) = (1= 0)V(1 - 0,7) +an(l - 0,7) (92)
n=1
N in(rl
Zw = INJ1-or)+7V(l—0,7)—(1—0)U(l—0,7)+Bn(l—0,7)  (93)

Il
—

n

Where (an(o, 7)), (Bn(0,7)), (an(1 —0,7)), (Bn(1 —0,7)) are bounded
sequences with limit zero.



Therefore

N
Z(G2 (1) = Gito(n )) = N(K( K(1—o, T)) (94)
1—0'7'|: N,o,7)+1—7U(0,7) — oV (o, 7) + an(o, ):| (95)
+K(1-o0, T)g [I(N o,7)+17V(0o,7) —oU(o,7) + Bn (0, T):| (96)

—K(o,T) [J(NJ —o0,7)+1—-7U1—-0,7)—(1—0)V(1—0,7)+an(l —o, 7'):| (97)

—K(o, ) —< [1(1\@1 o) 4TV —0,7) — (1 — ) U —0,7) + Bn(l — o, T)} (98)
Where
I(N.07) = K(or)(1- TN (o= DsinC V) (99)
J(N,0,7) = Ko, T)(("; D _ (”; ) COS(AT[E(lN)) + Sin%}ﬂfv))) (100)
I(N1-07) = K1-om)(1- 7“5(]7\]1?51\7)) + @7““(;%]\7))) (101)
J(N,1=0,7) = K(1-0,7) ((_7—0) + @ COS(]TVIEEN)) + Sin(;vlfiN))) (102)
K(o,7) m (103)
Here we have s = o + 47 is a zeta zero, therefore:
Ulo,r) = m = K(o,7) (104)
And
Vie,r) = ﬁ = K(o,r) 7+ (105)
And the second term in the equation(85-86):
N (Gz,a(n) - GH(,(N)) - N(K(o, 7~ K(1—o, T)) (106)
+K(1-o, T)COS(]\T]},ﬂ +K(1-o, T)gsm(;fiﬂ (107)
~K{(o, T)icos(;ffN D _ k(o,m) = 7 Sm(;vlfiN ) (108)
And the third term in the equation(85-86):
(Gl,[,(n) - GU(N)) - (K(l —0,7) — K(o, 7)) (109)
+K (o, T)w + K(o,7)7— ! Sin(;fi(lN)) (110)
—K(l -0, T)icos(jvlffN)) _K(-o, T)_T"ism(;vlfim) (111)

10



We inject the equations (99-102) into the equation (95-98). After
simplification, and taking into accounts the equations (106-108) and (109-
111), we simplify the equations(85-86) into the following:

3(1 —20)
T

+K(1—o, 7')§BN((I7 7)— K(o,7)an(l —o,7) — K(o,T)

F_o(N) — Fi4o(N) K(o,71)K(1—0,7)+ K(1 —0,7)an(o,T) (112)

1—o0

Bn(l—o,7) (113)

Thanks to lemma 1.1, the limit of the sequences (8n (o, 7)), (Bn(1 —
0,7)), (ano,7) and (1 — ano, ) is zero. Therefore:

. 3(1 — 20
N Foee(N) = Fiio(N) - = %

| O

K(o,71)K(1—0,7) (114)

Lemma 1.4. Let’s o0 be such that 0 < o < % and s = o + iT is a zeta
zero. Therefore:

1
= = 11
o = 3 (115)
And the Riemann’s Hypothesis is true.
Proof. From the lemma 1.3, we have:
lim Fpo(N) = Fipo(N) = 20229 po k(A —or)  (116)
N—+o0 T

Also, we have s = o + iT is a zeta zero, therefore:

lim F_o(N) = K(l-o,7) (117)
N—+oo
Jim Fo(N) = K(o7) (118)
Therefore:
lim Fo_o(N)—Fiyo(N) = K(l—o0,7)— K(o,7) (119)
N—+oc0
(1-20)

= fK(o, T)K(1—o0,7) (120)

From the equations (116) and (120) we have:

31 =20) K(o,7)K(1 —0,7) (1=20)

T T

K(o,7)K(1—0,7) (121)
Since 7 > 0, therefore:
1-20=0 (122)
Therefore
o = = (123)

Hence, the Riemann’s Hypothesis is true.

om

11



1.4 Conclusion

We saw that if s is a zeta zero, then real part R(s) can only be 2. Therefore
the Riemann’s Hypothesis is true: The non-trivial zeros of ((s) have real
part equal to % In the next article, we will try to apply the same method
to prove the Generalized Riemann Hypothesis (GRH).
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Appendix: Second Proof of Lemma 1.1
Method Two

Proof. Now, let’s write U(N, o) using a function f instead of g as follows:

71n(N) -
U(N,o) = /o dz f(x)e(e™) (124)

sin(z) _a,

fa) = S (125)
e(e) = {z) (126)

And the same for V (o, 7):

TIn(N) -
V(N,o) /0 dz h(z)e(e™) (127)

h(z) = ——e T (128)
@) = {a} (129)

. z . . . .
We have the function e(x) = e(er ) piecewise continuous and and its
derivatives are also peicewise continuous and:

e(r) = e(e7) (130)
el(z) = %e/(ef) (131)

The interval (0, 71In(N)) is the union of the intervals (7 1n(n), 7 In(n +
1)) where 1 < n < N. We have e/(x) = 1 for each = € (7log(n), log(n +
1)) for each 1 < n < N. Therefore, thanks to the integration by parts we
can write:

12



7In(N)
U(N,o) — /0 da f(2)e(z) (132)
N-1 TIn(n+1)—e
= lim dz f(x)e(x
ty 3 / o @@ (133)
= —F(01)e(0) + lLo : [— F(rIn(n) + €)e(rIn(n) + €) + F(7In(n) — €)e(rIn(n) — e)](134)
" 7In(N)
+F(rIn(N) e(tIn(N)™) — /(; dz F(z)el(x) (135)
= lim : [—e(rIn(n) + €) + e(r In(n) — 6)]F(7‘ In(n)) (136)
" 7In(N)
+F(rIn(N)) + / dz F(z)el(x) (137)
N-1 7In(N)
= F(rln(n)) + F(7In(N)) — /0 dz F(z)el(x) (138)
N 7In(N) e% v
= > F(rln(n)) - /O da (Te/(ef)> F(z) (139)
N 7In(N) e%
= Y F(rln(n)) - /O dz —F (x) (140)
nJ; N
= ) F(rIn(n)) —/1 dz F(rIn(z)) (141)

And the same for V(N,0):

7In(N)
V(N,o) = / dx h(z)e(x) (142)
0
N N
= > H(rn(n)) —/ dz H(7 In(z)) (143)
n=2 1
Where F' and H can calculated using the equations (24) and (28) as
follows.
7 1In(x)
F(rln(z)) = /0 dz f(x) (144)
_ cos(tIn(z)) (o) sin(7In(z))
= Kon(-=5F— - T =) (145)
Where
K(o,7) = 7021”2 (146)

13



/1N dz F(7In(z))

U(N,o)

i\f:( cos Tln( ) @sin(Tln(n))) (147)
(N ﬁ: cos(7 In(n _(Ti in(7In(n ) (148)
(N cos (7 In(n 0 ﬁ:sm (7 In(n ) (149)
N — (J (N,o,7) +1—1U(0,7) — oV (o, )+aN) (150)
( )(I(N o,7)+7V(o,7) —oU(o, ) —|—,3N)) (151)
K(U77')<N—J(N7U7 )—%I(NO’T) (152)

—(1 —1U(o,7) — 0V (o,7) + aN) — @ (TV(O’, 7)—oU(o,7) + ,BN)> (153)

And
_ X T)/N - (1 3 cos(;lan(x)) B @sin(;l;l(x))) (154)
= Kn(N-1- /N do 7‘705(;1(,“(‘”)) - @ /N da 75“1(;13(:”))) (155)
- K(o,7) (N —1— J(N,o,7) — QI(M o, 7)) (156)
Therefore
N N
= Y F(rln(n)) - /1 dz F(rIn(z)) (157)

K(o,T) < — (0 —1U(o,7) — 0oV (o,7) + aN) — % (7’V(a’7 7)—oU(o,7) + ﬂN)> (158)

—K(o,T) <<0 —1U(o,7) — 0oV (o,7) + aN) + @ (7’V(a’7 T7)—oU(o,7) + ﬂN)> (159)

= —K(o,7) (0 - (T + 072)U(0, ) —an — @m) (160)
= Ulo,7)— <aN + 961\0 (161)
(162)
And
7 1n(z)
= / dz h(z) (163)
— K(o,7) (@ _ @ cos(;lan(:c)) n sin(Txljl(:c))) (164)
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Therefore

o 1 cos(tln(n)) 1
U(N,o)+ —V(N,0) = —— 22 — - J(N,0,7) (165)
Therefore
al cos(7In(n))
> — - J(N,07) = —1U(N,0)=0V(N,o0) (166)
n=2

Therefore, the sequence ( Z:Ll cos(rin(m) _ J(N, o, T)) converges

no

N>1
and its limit is as follows:
lim cos(rIn(n)) _ J(N,o,7) = 1—7U(o,7)—0V(o,T) (167)
N—+o0 = ne
Therefore we can write the following:
N cos(7In(n))
ZT = J(N,o,7)+1—7U(0,7) —0V(0o,T) + an (168)
n=1
Where (an) is a bounded sequence with limit zero.
And the same for V(N, o) as follows:
7In(N)
V(N,o) = / dz g(z) cos(z)
0
N—
= —g(0")sin(0) + hn}) g(TIn(n) + €) sin(rIn(n) + €) + g(71In(n) — €) sin(7 In(n) —
e—
71n(N)
+g(rIn(N)") sin(r In(N)) — / dz g1(x) sin(z)
0
N—
- nn}) g(rIn(n) + €) + g(rIn(n) — )] sin(r In(n))
e—
71n(N)
-l-w - /0 dz g/(x) sin(z)
N-1 . : 7In(N)
_ 1 sin(7 In(n)) n sin(7 In(V)) _/ dz /() sin(x)
T = ne TN? 0
N . 7In(N) 7In(N) 1-o,
1 sin(tln(n)) o / . / e
= = — + = - /
- ;::2 — + = dz g(z) sin(x) | dx ¢ (e
N . 7 In(N) 1:” x
= Iy I 2y [T e C T
T ne T 0 T

[
)

n

Therefore
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(169)

e)](l?O)

(171)

(172)

(173)

(174)

(175)

(176)



2 — - ;I(N, o,T) (177)
Therefore
ol sin(7 In(n))
> — < —1I(N,o,1) = 7V(N,0) = 0U(N,0) (178)

n=2

Therefore, the sequence (22;1 S'"(an —I(N,o, T)) converges
N>1
and its limit is as follows:

N
. sin(7 In(n)) _ _
NgrEw nz::l — I(N,o,7) = 71V(o,7)—0U(o,T) (179)
Therefore we can write the following:
Y sin(7In(n))
ZT = I(N,o,7)+7V(o,7) —oU(o,7) + BN (180)
n=1
Where (Bn) is a bounded sequence with limit zero. [ |
a
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