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A Simple Proof of the Riemann’s Hypothesis

Charaf ECH-CHATBI *
23 October 2023

Abstract

We present a simple proof of the Riemann’s Hypothesis (RH) where
only undergraduate mathematics is needed.

Keywords: Riemann Hypothesis; Zeta function; Prime Numbers;
Millennium Problems.
MSC2020 Classification: 11Mxx, 11-XX, 26-XX, 30-xx.

1 The Riemann Hypothesis

1.1 The importance of the Riemann Hypothesis

The prime number theorem gives us the average distribution of the primes.
The Riemann hypothesis tells us about the deviation from the average.
Formulated in Riemann’s 1859 paper[1], it asserts that all the 'non-trivial’
zeros of the zeta function are complex numbers with real part 1/2.

1.2 Riemann Zeta Function

For a complex number s where R(s) > 1, the Zeta function is defined as
the sum of the following series:

+oo 1
(= (1)
n=1
In his 1859 paper[1], Riemann went further and extended the zeta function
¢(s), by analytical continuation, to an absolutely convergent function in
the half plane R(s) > 0, minus a simple pole at s = 1:

s teo Ly
() = — —s/l m{s+}1 dz )

Where {z} = x — [z] is the fractional part and [z] is the integer part of .
Riemann also obtained the analytic continuation of the zeta function to
the whole complex plane.

*Email: charaf.chatbi@gmail.com. The opinions of this article are those of the author and
do not reflect in any way the views or business of his employer.



Riemann[1] has shown that Zeta has a functional equatiorEI
C(s) = 2°7° sin (g)m —8)¢(1—s) (4)

Where I'(s) is the Gamma function. Using the above functional equa-
tion, Riemann has shown that the non-trivial zeros of { are located sym-
metrically with respect to the line R(s) = 1/2, inside the critical strip
0 < R(s) < 1. Riemann has conjectured that all the non trivial-zeros are
located on the critical line $(s) = 1/2. In 1921, Hardy & Littlewood|2,3,
6] showed that there are infinitely many zeros on the critical line. In 1896,
Hadamard and De la Vallée Poussin[2,3] independently proved that ((s)
has no zeros of the form s = 1+t for t € R. Some of the known results|2,
3] of ¢(s) are as follows:

s) has no zero for R(s) > 1.

((s)

e ((s) has no zero of the form s =1+ ir. i.e. ((1+1ir) #0, V.
¢(s)
¢(s)

e ((s) has a simple pole at s = 1 with residue 1.
e ((s) has all the trivial zeros at the negative even integers s = —2k,
ke N*.

e The non-trivial zeros are inside the critical strip: i.e. 0 < R(s) < 1.
If ((s) =0, then 1 — s, § and 1 — 5 are also zeros of : i.e. ((s) =
(1 —s)=¢(5) =¢(A—35)=0.

Therefore, to prove the “Riemann Hypothesis” (RH), it is sufficient to

prove that ¢ has no zero on the right hand side 1/2 < R(s) < 1 of the
critical strip.

1.3 Proof of the Riemann Hypothesis

Let’s take a complex number s such that s = o + i7. Unless we explicitly
mention otherwise, let’s suppose that 0 < o < 1, 7 > 0 and {(s) = 0.

We have from the Riemann’s integral above:

teo fx
Cls) = —— —s /1 jsjl do (5)

s—1
We have s # 1, s # 0 and ((s) = 0, therefore:

L )
s—1 /1 st de ©)

Or in other terms:

1 e {a}
o+iT — 1 /1 gorir1 7 (7)

IThis is slightly different from the functional equation presented in Riemann’s paper[l].
This is a variation that is found everywhere in the litterature[2,3,4]. Another variant using
the cos:

T8

(1= s) =217 cos (S)T(5)(5) ®)



Let’s denote the following functions:

e(x) = Az} (8)
¢x) = {z}(1-{z}) (9)

U(x) = /1dme(as) (10)
K(o,7) = Ao+ (11)

To continue, we will prove the following lemmas.

Lemma 1.1. Let’s consider two variables o and T such that o > 0 and
7> 0. Let’s define two integrals I(a,o,7) and J(a,o0,7) as follows:

I(a,0,7) = /1a Mdm (12)

J(a,o,7) = /a wdz (13)
Therefore
I(a,0,7) = Ko, 7')(1 _cos(tln(a)) (o —1)sin(r ln(a))) (14)
Ja,07) = Ko, 7_)((0 = D (a; 1) cos(azl_nl(a)) N sin(;'gli(a)))(m)

Proof. Let’s consider two variables ¢ and 7 such that ¢ > 0 and 7 > 0.
Let’s take a > 1.

I(a,0,7) = /1a de (16)

xo'
In(a) L i
= / sin(rz)e "% dg (17)
0
_ cos(tIn(a)) (o —1)sin(r1n(a))
= K(on)(1- =259 - TR ()
And the same for J(a,o,7) for a > 0:
J(a,0,7) = / Mdm (19)
1 z7
In(a) L i
= / cos(tz)e " dx (20)
0

(0 —1) (¢ —1)cos(rn(a)) N sin(7 In(a))

T T a1 a’~

= K(O’,T)(

Lemma 1.2. The function e(x) is piecewise continuous on [0,+00) and
its primitive function ¥(x) is defined as follows:

1

V() = 5(r-1-9@) (22)



Let’s consider two variables o and T such that 0 < o < 1 and 7 > 0 such
that s = o + T is a zeta zero. Therefore:

T w(z) 1
/1 do—l = TERET) (23)

And

/ IR S (24)

x2+s s(1—s)

Proof. We will need the function ¢ as you will see later that we need a
continuous function instead of a piecewise one like the function e.

Let’s take z > 1 a real number. Let’s denote n, = |x| be the integer part
of z. We have n, = © — {z}. Therefore, we can write the following:

U(z) = /11 e(t)dt (25)

= ni /n+1{t}dt + /x {t}dt (26)

= nTZ_ /n+1(t —n)dt+ /z (t —ng)dt (27)

ES )

= ,;1 §+§(m—nx) (28)

- %(n —1+{z}?) (29)

- %(m —1—{z}+{=}?) (30)

This prove the equation (23). [ |

Let’s prove the second point of the lemma. Let’s define the integral
I.(s) as follows:
AR C))

I(s) = ! dx it

(31)

The function z — ;51{ is integrable on [1,+00) and thanks to the

integration by parts, we can write the following:

oo e(x
I(s) = /ldxx(“r)s (32)

x)]tee o W(z
= [H™ ) 1 1 22 (33)

Foo x
_ (1+s)/1 4 22) (34)

Since, s is a zeta zero, from the equation (6), we have:




Therefore

e W(x)
CL‘2+S

dx

1

(s—=1)(s+1)

Thanks to equation (23), we can write:

oo b(x e (p—1 oo (g
/ldmﬁg_‘_)s = /1dx($2_~_s)—2/1 dxxz(_‘_z
11 2
T s s+l (s—1)(s+1)
_ 1
T s(1—s)
]

(36)

Lemma 1.3. Let’s consider two variables o and T such that 0 < o < 1,
7 >0 and s = o+ 47 is a zeta zero. Let’s define the sequence of functions
én and P, over [0,+00) and ¢, over [1,4+00) such that ¢o(z) = ¢y(x) =
¢(x) and for each n > 1, $»(0) =0, and:

1 xT
Ont1(z) = 5/ dt pn(t) forxz >0
0
Gunle) = o [ 5,00 poroz
T J1
Yn(z) = ifﬁﬁ forxz >0
" oo 3n =
Therefore:
1. For eachn > 1:
+oco
fn(z) 1 1
/1 de xz2+s s2"+(1—s)3”
2. For each n:
T b () 1 1
d = =
/1 s (1—5)2"+53"
8. For each x > 1:
n—1 k
= 1 2% In"(z)
oo =B+ gy S g

4. For eachn and x > 1:

5@ = iy ] AEOE)

(44)



5. For each © > 0:

nll}l;r_ngQ on(z) = =z (47)
6. For each x > 0:
0< 2"pp(z) < = (48)

7. For each x > 0:

1 & 2%If @) 1 = 3FIn*(2)

n A n |
2n x P k! 3nx P k!

Un(@) = Pn(z)+ (49)

Where
@) = oty =) 60

Proof. We have s = o + it a zeta zero. The lemma 1.2 calculates the
integral A(s) as follows:

+oo T
As) = /Idx‘z’(’():# (51)

x2ts s(1—s)

We use the integration by parts to write the following:

A = [ ant -
- (R[] v [T
- _/oldwo(f)‘(HS) /0 dr () + @+ ) /1 “M;;fg (55)
(56)
. 1 .
- kZ_O(zH)’“/Odwk(x)+(2+s)n+1/1 dx%;zifs) -

We could do the above integration by parts because the functions
T — d;’gff? are piecewise continuoug’| and integrable over [1,+00) as they
are dominated by the function x — 12% that is integrable over [1, +00).
In fact, we can prove that the functions ¢, are non-negative and bounded

by 1 as we can prove by recurrence that for each k for each x > 0 that:

0<¢k+1(x):é/omdt¢k(t)§%/Ozldtzl (58)

2All the functions = — ﬁ’;s_ls) are continuous except when k = 0 as the function ¢g is
piecewise continuous.



This can be proven by recurrence using the fact that it is true for the
initial case as we have for each x > 0:

0<¢o(x) ={z}(1 —{z}) < 1 (59)

Now, we need to calculate the integrals Ij for k > 0:

L = /0 i n () (60)
For « € (0,1), we have:

o(z) = & — 22 61)
And

him) =TT (62)

Therefore, we can write for each k for z € (0,1):

T
or(z) = o% T3k (63)
Therefore, for each k£ > 1:
1 1

I =

9k+1 ~ 3k+l1

Therefore, we can conclude:

(65)

n+1 ¢n1 1 1
A(s) = (1_3) +(2+s) +[/ da P —<s2n+1+(1_8)3n+1>

Since 2+ s # 0 and 3 — s # 0, we conculde the result of our lemma. W

The point 3) can be proved by recurrence. For n = 0. We have
do(z) = ¢o(x). Let’s assume that it is true till n and let’s prove for n + 1.
We have:

I L[
Pni1(x) = — [dtdn(t)+ — [dipa(t) (66)
T Jo T J1
g "l ok k
1 1 dt <= 2% In* ()
- — = - 67
m(2"+1 3”*1)+m2" .t k! (67)
k=0
T n—1l k. k T
1 dt <= 3*In*(t) 1 / —
— — ————= 4+ — [dton(t 68
3" J, t ;) k! + z J; on(®) (68)
n—1 gk417 k+1
1 1 1 1 2 I§
Lol Ly T (e0)
x 2ntl 3t x 27t prt (k+1)!
n—l k41 k+1
1 3" In" T ()
_ n 70
r 3n+l ~ (k—|— 1)| +¢ +1(l') ( )
[ ]



Let’s prove the 4" point. We proceed by recurrence. For n =1, we
retrieve the definition of ¢1(x). Let’s assume that it is true up to n and
let’s prove it for n 4+ 1. We have thanks to the integral order change:

en) = [ a0 ()

- ﬁi/j%/l d5$o(s)(1n(£))n—1 (72)
= ﬁ%‘/lm ds&o(s) /Z %(111(2))”71 (73)

11 /% — T\\n

= iz ] @sEue () (74)

And this proves our point of the lemma. |

Let’s now prove the fifth point. Let’s take x > 1. Thanks to d’Alembert’s

criterion, we have for each s € [1,z], limy— 400 % = 0. From the

point (4) of this lemma, we apply the dominated convergence theorem to
prove that:

1/ . 2"(ln(f))"7
Jim 20,0 = 1 [ m G =0 ()

From point (3), we can conclude that:

n=1 gk k n—1l ok, k
. n _ . n= 1 2% In” (z) 2\n 3% In"(z)
Jim 27, (2) = lim <2 on@)+—| > - (3) =
k=0 k=0
n—1 ks 2 n—1 k/ 3
. 1 In"(z*) 2\n In”(z°)
= lim — -(:
n—too @ LZ_O w5 kzzo !
-1 exp(In(z?)) = z
x
For 0 < z < 1, we have from equation (63), ¢n(x) = 5 — g—i, for each

n > 0. Therefore lim,— 4o 2" ¢n(z) = x. Hence the proof of the point
(5). Let’s now prove the point (6). We have for each = > 0:

0< ¢o(x) < (79)

Therefore by integrating the equation above we get:

ogl/dtqso(t)gl/dtt (80)
T Jo T Jo
Therefore

0<¢i(z) <

N8

By recurrence, we easily conclude that for each n > 1:

0< ¢n(z) < 2%

oo



|
Let’s now prove the last point. We use Taylor’s Theorem with integral
form of remainder applied on the exponential function x — e”.
For x > 0 and n > 1:

n-1l g x
T 1’7 1 t _ n—1
e’ = kgzo 7 + ] 1)!/0 dte'(z —t) (83)

So, let’s take x > 1. We can write:
2)

et N~ (@) 1 e
e()_kzzo - +(n_1)!/0 dte'(In(z®) —t) (84)

We do a change of variable and write for In(z?):

n-l ok k n @
2 2% In"(z) 2 / T\\n—1
= dtt(In(—
* kzzo RSN (n(3)) (85)
Therefore
n—l ok k @

x 1 2% In"(z) 1 / T\\n—1
— = dtt(In(—
2n g2n ;) k! + z(n—1!J; ( n(t)) (86)

And the same for In(z?):

z? 1 &= 3 In*(x) 1 T T yn—1
=z = tt”(In(—
3n T 3n ;} k! + x(n—l)!/l d ( n(t)) (87)
Therefore
z 1 &= 28 In*(2) 1 =3 In"(2) 1 « 2 T\\n—1
T 2 L7 dt (t — 3)(In(Z
2n 3n 2z 2 K els K a(n- 1) /1 (t =) (In(3)" (88)

|
O
Lemma 1.4. Let’s consider two variables o and T such that 0 < o < %
and T > 0 such that s = o + i1 is a zeta zero. Let’s define the sequence of

functions En (x), Fno(xz) and Gn,o(x) over [1,400) for each n > 0 as
follows:

Buole) = [arGn0) g (59)
Foo(z) = /létwqbn(t) (90)
Gro() = Eno(@)Fni-o(®) = Eni—o(z)Fnq(2) (91)

1. There exists agp > 1, there is an integer no such that for each n > ng:

Gnoo(ag) > 0 (92)



2. For big enough n there exists x,, > ao such as:
Gno(zn) = 0 (93)

3. If the sequence (xy) is unbounded then:

c = = (95)

Proof. Let’s prove the first point. Let’s prove it by contradiction. So let’s
assume that the opposite is true. Therefore for each ago > 1, for each
integer no, there exists n > no such that:

Gno(ag) < 0 (96)

So, let’s take ag > 1. Therefore for each n > 1, there exists k, > n such
that:

1
Grnolao+ ) < 0 (97)
By construction we have:

lim k, = +o0 (98)

n—-+oo

We apply the dominated convergence theorem on the sequences of func-
tions:

@) = T gy (99)
B = IR g, ) (100)
) = SO0 o 0) (101)
@) = O g ) (102)
From lemma 1.3, we have:
Jim 276,(@) = @ (103)

Therefore for each = > 1:

cos(71n (z))

dim fl@) = A= (101)
dim @) = ) = SCRE) (105)
Jim fl@) = fyla)= TRE) (106)
im f@) = ) = SORE) (107)

10



Thanks to the Dominated Convergence Theorem applied on the sequence
of functions in (99 — 102) over the interval [1,ao], we apply the limit to
both sides of the equation(97) as follows:

i ([Tage)([Thse) < ([ge) ([ i) o

(et (i) ([ o) [ i )

From the lemma 1.1 result, we conclude:

A

IN

glao) = J(ao,14+0,7)(a0,2—0,7)— J(ao,2 —o,7)I(ap,14+0,7) <0 (110)

Where the function g is defined as follows:

glz) = J@1+o,7)(z,2—0,7)— J(z,2—0,7)[(x,1+0,7T) (111)
K+ o)K@ —or) ((1 N 0(17—; a))sin(r;r;(:c)) (1 B xiQJ (112)
ssmfmene( ) l)]) o
Therefore for each = > 1:
glz) < 0 (114)

Which is a contradiction since the function g oscillates between negative
and positive values over [1,+00). In fact, from lemma 2.3 below, there
exists a constant 7o € [1.8549, 1.8554] such that for each 7 > 79, we have
g(e%) > 0 for each o < 3. And for 7 < 7o, there is no zeta zero.
Therefore there is ag such that g(aog) > 0 and hence the first point of

the lemma is proved. |
Let’s now prove the 2" point of the lemma. From the lemma 1.3, we can
write:
lim Gro(z) = lm Eno(x)Fni-6() — Eni—o(z)Fne(x) (115)
T—+o00 T—+o00o
+oo +oo
cos(71n (¢)) sin(7 1n (¢))
= ( dp R d)n(t)) ( ar SR qﬁn(t)) (116)

1 1

,(/fﬁt%%(t))(/fosltsm(;%ft))%(t)) (117)

For big enough n, we can write:

lim Gn,o(z) 7(1 = 20)

~ N =) 11
L Flls(— ) " (118)

Since the function G, is continuous over [1,+o00). From (92) and
(118) and thanks to the Mean value theorem, we can conclude that there
exists an x, > ao such that:

Gno(zn) = 0 (119)

11



|

Let’s prove the 3" point. So, let’s assume the sequence (z,) is un-

bounded. There exists a subsequenceﬂ (Zx(ny) that tends to infinity 4oo.

Without loss of generality, we assume that the limit of the sequence (xy)
is +oo. From the equation (93), we can deduce that:

wn cos (t1In(t on sm sin(7In (¢)) wn cos (tIn(t on sm sin(7In (¢))
[0 ) [ BEOL5) ([ ) [GBECD )

t2+a’

We multiply the two side of the equation above by 4™, we can write:

cos(7In (1)) n sin(71n (t)) ,n cos(tIn (t)) n sin(t1n (¢)) .,
(/1 e T ) o 1) dtT 6.0)) = ( dtT 26, (1)) ( 1 dtTQ o (1)) (121)
We apply the Dominated Convergence Theorem on the sequences of func-
tions fr, f2, 3, f& defined in the equations (99 — 102) since we have the
dominance condition for the functions fi<;<4:

THE t,fw 2”%(@’5% (122)
T I %()‘_ — (123)

Thanks to the Dominated Convergence Theorem applied over the in-
terval [1,400), we apply the limit to both sides of the equation(121) as

follows:
) Ty 1 Ty, 4 B . Tn 9 Tn 3
Jm ([asi@)( [ asi@) = mm ([ dgi@)( [ @) a2
Therefore
“+o00 “+oo “+oo —+o0
. 1 . 4 o . . 2 . 3
(f @ im n@)(f @ im f@) = g (f @ im 2@)(f @ im r2w)a
Therefore
*e° cos(T1n (t)) o sin(71n () o cos(71n (1)) *eo sin(71n (t))
([ esen) ([ Gmini ([ etz )
From the lemma 1.1 result, we conclude:
o 1-0
—-K(1+o,71K(2-0,1) = KQ2—-o0,1KQ+o,7) (127)
T T
Therefore:
1
= l—0o=— 12
o 7= (128)
[ |

Let’s now prove the last point of the lemma. So, let’s assume the sequence
(zn) is bounded by an upper bound A > 0. Thanks to Bolzano—Weierstrass
theorem, there exists a subsequence (xx(n)) that converges to a finite limit

3Similar to Bolzano—Weierstrass theorem in the case of a bounded sequence.

12



a > ao > 1. And without loss of generality, we can assume that the limit
of the sequence (z,) is a.
Let’s define the functions g1, g2 and g3 as follows:

g(z) = J=,1+4+0,71)(z, ,7)—J(x,2—0,7)](z,1+4 0,7) (129)
g2(z) = J(z, 140, T)I(:c 1-o, T)+J({EO’T)I(:C,2*O',T) (130)

—J(z,2—0o,7)(x,0,7) — J(z,1 —0,7)[(x,1+0,7) (131)
gs(x) = J(z,0, 7')]( z,1—o0,7)—J(x,1 —0,7)(x,0,7T) (132)

From the lemma 1.3 point 3) and point 7), we can write for each x > 1:

P () = Yn(@) + 6, (z) — P, (x) (133)
Sn ()
Where
Un(z) = %—g—n (134)
%)~ T®) = gy /lwdt(%(t)thQft)(ln(g))"_l (135)

Therefore for each z € [1, A

A2 (In(z)" Nz —1) _ A2 (In(A)"
(n—1)! x - (n—1)!

(136)

We inject the equations (133 — 134) into the equation (120) to write
the following. For big enough n:

(/j&t (wn(x)wn(x)@)(/j&t (ton () +5n(x)@) _ (/wZzt (on () +5n(x)@)(/f2zt (zpn(x)wn(m)@) (137)

1

Therefore:

/dtwn flg"/dw f‘*f /dtwn fQi:”/dtwn f3ff (138)

6 () 22 dtqﬁn( LI L )f3f) () 20 (130

- / z?zm@)@ / dt g () 122) 4 / dtan(m)¥ / z&t%(m)@ (140)

Thanks to (138), we can write:

[I&twn(x)¥/1EQtwn(m)f4i) /dtz/) (@) 22 )/zZzwn(x)fz(f) =0((1(nﬁ))1)! ) (141)

]

We inject the equation (134) into the equation (141). After simplification,
we write the following:

(In(A)"

77 91(@n) = 6%92(%) + g%ga(xn) = (’)(W) (142)



Therefore

(2)2”91(%) - (2)%2(%) + gs(zn) = O(%) (143)

n—1
Since the limit of the sequence (%) is zero thanks to Stirling’s

formula. Since the functions g1, g and g3 are continuous and therefore
bounded over the interval [1, A]. There exists ng such that for each n > ny,
we have:

gi(zn) = 0 (144)
g2(xn,) = 0 (145)
Therefore
g91(a) = g2(a) = gs(a) =0 (146)
Hence o must be equal to 1 — 0. Therefore o = % |
This ends the proof of the Riemann Hypothesis.
O

1.4 Conclusion

We saw that if s is a zeta zero, then real part R(s) can only be 1. Therefore
the Riemann’s Hypothesis is true: The non-trivial zeros of ((s) have real
1

part equal to 5. In the next article, we will apply the same method to

prove the Generalized Riemann Hypothesis (GRH).
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2 Appendix

Lemma 2.1. Let’s consider two variables o and T such that o > 0 and
7> 0. Let’s define two integrals I(+,0,7) and I(—,0,7) as follows:

o cost (71n(x))
I(+,0,7) = /1 — e @ (147)
+°° cos™ (1 1n(x))
I(—,0,7) = /1 Tdm (148)
Therefore
I(+,0,7) = K1)+ Ko —"s (149)
T 1—e
67%
I(—,0,7) = K(UaT)lj (150)
e =



Where
-

K = — 151
01 = o (1s1)
cost(z) = max (cos(z),0) (152)
cos” () = max (— cos(z),0) (153)
Proof. So, let’s start.
oo cosT(71n (x))
1 = de —————= 154
(+7 g, T) K & 1)1+U ( )
e (4k+5)7r
e27 cos( Tln cos(7Inz)
-/ pesrn @) | Z <4H3),T T e (155)
. ETTd cos(7In (z I(k, 156
A (150
Where
too (4k+))7-r
€08 cos(TInzx)
I(+70-77_ Z (4k+3)7r CL‘1+0 (157)

From lemma 1.1 we can write the following;:

(4k+5)7r

+oo
cos(tlnz
I(+,0,7) = Z/(4k+3)ﬂ Tf’) (158)
(4k+5)7o (4k+3) 7o
= K(o,71) <e e +e = ) (159)
Therefore
+oo
xo (4k+5) 7o (4k+3)mo
I(+,0,7) = K(o, T)<J +e7> + K(o,7) <e B e ) (160)
T k=0
o o = 5mo 2kmo 3o 2k7o
= K(o,7)|=+4+e 27 | + K(o,7) e 2me T +4e 2me T (161)
T k=0
,5;70 + ,32”70
= Kon)|Z+e 3 | +Kont—T° 7 (162)
g 1—e "
ro o 1 =
= K(o,71) Ty 5| 4 K(o,1)e” gelte T (163)
T 1—e "+
_@ao _3mo 1
= K(J,T)<G+6 T> + K(o,7)e 5 T (164)
T 1—e 7
o _ro e T
= K(o,7)=+ K(o,7)e 27 (1 + ,m) (165)
T 1—e T
= K0+ Ko (166)
T 1—e T



And therefore

I(_707 T) = I(+OO7U7 7-) - I(+707 T) (167)
67%
= K(o7) =z (168)
1—e" "~
|
O

Lemma 2.2. Let’s consider f a continuous function over [1,+00). Let’s ¢
be a non-null positive function such that f¢ and ¢ are integrable functions
over [1,+00) with:

O</+O§x¢(x) < +oo (169)
And
“+oo
dz¢(z) f(z) < oo (170)

1
Therefore, there ezists a ¢ € (1,+00) such that:
+oo “+oo
de p(z) f(x) = f(o) | dz(x) (171)

1 1

Proof. Let’s define the real X\ as following:

[T da () f(x)
A= S dote) (172)

We have by construction that:

[ dro (jw -3 = o0 (173)

Therefore, if for each z > 1, we have f(x) > A, then,we will have:

[ o (G -3 > o0 (174)

Which is a contradiction. We will reach a similar contradiction if we
assume f(x) < A for each x > 1. Therefore, there exists ¢ € (1, +00) such
that f(c) = A. [ ] O

Lemma 2.3. Let’s consider two variables o and T such that 0 < o < 1
and T > 0 and s = o + 4T is a zeta zero. Therefore:

V3T e — 1 19786 (175)

> LA
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Proof. From the lemma 1.3, we have:

Y g@)cos(rin(@) _ o (1-0)

/1 dz ez = mratioorie (176)
Foo ¢(z)sin(r1n (x)) T _ T

/1 d$ x2+o_ — 0_2 + 7_2 (1 _ 0_)2 + ,7_2 (177)

Therefore, we can write the following;:

T () cos(tIn (z oo g(x)cost (r1n (z oo B(x)cos™ (r1n (z
[(BtRinG) [ e )[4, deeor (@) (i
Where

cos™(z) = max (cos(z),0) (179)
cos” (z) = max (— cos(z),0) (180)

From lemma 2.2, there exists ¢; > 1 and c2 > 1 such that:

+oo +oo + +o0 —
[Citeenrne) gl [t i) _ole) (", G
1 xreTa cr 1 i c5 1 xeT
Let’s denote a1 = ¢C(§§) and as = d’c(;f). We have 0 < a1 < % and
1 2
0<as < %.
Case 1: a1 <= a» In this case we can write a1 = as — € with
0 < € < 1. Therefore we can write from the equation (176) that:
oo cost(r1In(z)) o cos™ (71n(z)) o (1-0)
P _ d - 182
a1 ) T 220 @2 ) z 220 o2 + 72 + (1—0)2+ 72 (182)
Therefore
“+oo + 1 “+oo — 1 “+o0 - 1 1—
O¢1/ 7 08 (27n (z)) a1/ 7 08 (gin (z)) e/ 7 08 (27n (z)) - o ! (1-o0) (183)
1 r2-° 1 r2-° 1 r2-° o2+T 1-0)2472
Therefore
*o° cos(71n (z)) T cos (71n(x)) o (1-0)
d — d = 184
al[ T 720 6/1 x 120 o2+72 " (1—0)2+72 (184)

Therefore

(1-0)

te° cos™(71n(z))
_ d = 1
o (1-0)2472 6/1 v x2=e o2+712 (1—0)2+72 (185)
Therefore
T cos™ (71n(x)) o (1-0)
_ = 1-— 1
€ ! dz g U2+T2+( al)(l—a)z—l— 5 (186)

Which is a contradiction.
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Case 2: a1 > ao In this case we can write a1 = as+e with 0 < e < i.
Therefore we can write from the equation (176) that:

(187)

+o0 + +oo - 1-—
o / 7 08 (7; In(z)) . / 08 (72' In(z)) _ _ o (1-0)
1 x2-c 1 p2-c o24+72 (1-0)2+72
Therefore
+oo + 400 — 400 +
a2/ 7 08 (tIn(z)) s / 7 CO8 (71n(x)) + 6/ 7 08 (1ln(x)) _ o
1 1’27‘7 1 1}-2*0 i x27cr 0-2 + 7—2
Therefore
+oo +oo + —
cos(T1n (z)) / cos™ (T 1n (x)) o (1-0)
do—————7-% d = 1
O‘2/1 A te . x 22—c o2 +712  (1—0)2 + 12 (189)
Therefore
(1 —U) e cost(r1n(z)) o (1 —U)
—_ d = 190
O52(170)2+7'2+6/1 :r 2= o247 (1—0)2+72 (190)
Therefore
o cost(71n(z)) o (1-0
d = 1- 191
+6/1 x 220 02+72+( 0‘2)(1_0)2+ 5 (191)
From lemma 2.1, we have:
oo cosT(r1n (z)) (1-0) T S
/ de > 20 = + s (192)
1 x2—o (1—0)2+T2 (1_0-)2_’_7-21_6_"(7_0)
Therefore
x(1—0)
€T e 2t o (1 - U)
= 1-— 193
(1—0’)2+T2 176_17(1’1'70) 0.2+72 +( al)(1_0)2+T2 ( )
Therefore
x(1—0)
e” 2z (1—-0)2 472
T i = ozt a)(1-o0) (194)
Therefore
i o(l —20)
= PR +o+(l-0)—aa(l—0)  (195)
We have 0 < 0 < % Therefore
_x(l-0)
e 27
€T 5 > l-ai(l-o0) (196)
1—e ™
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We have 0 < a1 < i and1l1>1—0 > % Therefore: 1—041(1—0) >

Therefore
r(1—0o)
€T e > 3
m(l—0) i
1l—e" — 7 4
But we also have 0 < € < i. Therefore
r(1—0o)
3 o T_e T
r(1—o)
4 4 l1—e — =

Since e* > 1 + x for each x > 0, therefore:

Since (1 — o) > 3, therefore

U
3 A7+ 7

Since 7 > 0, therefore,

V3m

> PR
T 2

x

x4

472 S 2/ 31

Since the function =z —

= 14 =¥27
3 2V3rm+m
Therefore
SN
2 1+35V3%

W

(197)

(198)

(199)

(200)

(201)

(202)

is increasing over [0, +00). Therefore

(203)

(204)

|
O

Lemma 2.4. Let’s consider two variables o and T such that 0 < o < 1
and 7 > 0. Let’s consider the function g defined in the equation (111).

Therefore there exists a constant 7o € [1.8549,1.8554] such that:

1. For T > 19, we have g(e%) >0 for each o < %

2. For 7 <719, s =0 + 4T cannot be a zeta zero.
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sigma=0.4995
—— sigma=0.4975
sigma=0.49
sigma=0.48
sigma=0.45
sigma=0.35
sigma=0.25
n sigma=0.125
— sigma=0.0833

sigma=0.03125

—— sigma=0.0625

sigma=0.015625
sigma=0.00390625 —-200
h(x)

~400

Figure 1: Functions fg (z,0) for different values of o from 0 to % and function
hs (x) over [0,5] .

Proof. Let’s prove the first point of the lemma. We will ignore K (1 +
o,7)K(2 — o, 7) from the function g expression as follows:

o(e) = (1 n 0(17; o) ) sin(T;LITl (z)) (1 _ 331}20) (205)
+(1 —7_20) [COS(Twlf (z)) (1 + xli‘”) _ (1 + i) (206)

We can find a such that g(x) > 0 of the form a = e~ where A is of the
form A(k) =2k + 3 and k € N. For such z we have:

g(a) = (H@)e’ﬁ%(l—e*M)—@(1+e*¥)(2o7)

Let’s denote « = 2% and fx(z) = g(e”). Therefore

Iwo) = (1+ 08\;);7)9:2) (777 —e0m7) - (1;77?")95(1 +e7) (208)

We can use the asymptotic expansion around 0 (z — 0) of fx to get
an idea of what is happening around 0. For ¢ > 0 small enough, we can
write:

Al+eo) = (1_20)(1_%)(6—?%0(53) (209)

To get fa(l+¢€,0) > 0, we need A > 2 and therefore k > 1 since
1 — 20 > 0. For the rest of this section we will take A = A(1) = 3. We
will plot the function f 5 over [0,5] for different values of o from 0 to 1.

From figure 1, there exists a constant zo such that for each z € [0, zo],
we have f% (z) > 0 for each 0 < 1. Also, the more o is close to 3, the

20



more fi(zo,0) is close to zero. The asymptotic expansion of f\ when o
tends to % is as follows:

flz,0) = (1-20)ze 2 (1 + (2;)2 G ;reig)) +0O((o — %)3) (210)
hx(x)

zo is actually the first zero of the function hyx(z) that is different from
zero. Numerical tests showed that xzo € (4.233,4.234). Therefore, there

exists a constant 79 = 257"0 with 79 € [1.8549,1.8554] such that for each

57
T > 70, we have g(e2r) > 0 for each o < 1. [ ]

Let’s prove the second point of the lemma. Thanks to lemma 2.3, we

have 7 > 71 = @ 1+ 1+11 — ~ 1.9786. Therefore if 7 < 79, then
2V3

T < 71, therefore s = o + iT cannot be a zeta zero. ]

O
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