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Abstract 

The origin and time evolution of heterogeneities in drying colloidal films is still a matter of 

debate. In this work, we studied the behaviour of horizontal drying fronts in a 1D configuration. 

The effects of hydrostatic pressure and collective diffusion of charged particles, neglected so 

far, were introduced. We made use of the new simulation tool based on cellular automata we 

recently presented (Langmuir 2015 & 2017). To check the simulation results, measurements of 

film profiles in the wet state and drying front velocities were performed with silica colloids. It 

was shown that taking hydrostatic pressure into account much improves agreement between 

theory and experiment. On the other hand, the simulation showed that collective diffusion slows 

down the drying fronts, even more when the Debye length is increased. This latter effect 

remains to be checked experimentally. This work opens the way to further improvements of 

theory and simulation, notably 2D and 3D simulations.  
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Introduction 

Drying mechanisms of volatile liquids containing non-volatile compounds (essentially particles 

but also salts and high molar weight molecules) is the research topic of many groups worldwide. 

The reason for this interest is twofold: the vast diversity of domains making use of colloid 

drying and the extreme complexity of phenomena involved. Applications include forming 

templates on solid surfaces, ink-jet printing, spraying of pesticides, micro/nano material 

fabrication, coatings and adhesives, biochemical assays, deposition of DNA/RNA micro-arrays, 

manufacture of novel optical and electronic materials, as mentioned by Erbil in his review on 

deposits formed by evaporation of dispersions.1 Drying mechanisms consist of thermal, 

mechanical and transport phenomena in complex interplay over large time and space scales.2,3  

A general characteristic of colloid drying, with only few exceptions, is heterogeneity: 

soon appear drier regions on top and on edges of the film or drop, separated from wetter regions 

by more or less diffuse interfaces called "drying fronts" moving toward the substrate and the 

centre at different speeds. The front parallel to the substrate and moving in the vertical direction 

is much slower than the fronts perpendicular to the substrate moving laterally. These fronts 

were observed a long time ago4,5,6 and nicely visualized by cryomicroscopy by Scriven et al.7 

The drying fronts are associated with transport phenomena. 

Transport of matter, by convection and diffusion, occurs in the vertical and/or in the 

horizontal directions. In the vertical direction, convection is due to the liquid / air interface 

moving downward due to drying.8 In the horizontal directions, convection is generated by 

pressure gradients in the bulk of the film9 or by surface tension gradients (Marangoni flow).10 

Convection of particles and other components of the colloid has important consequences in 

terms of film morphology11 and distribution of additives,12,13,14 which, in turn, strongly 

influence application properties. An interesting example is stratification in the vertical direction 

according to particle sizes15,16 or charges.17 A technique based on drying driven convection 

called "Evaporative lithography" has been developed in order to manipulate the final film 

topography.18,19,20  

Let us now concentrate on lateral drying fronts and associated convection (two schemes 

in the Supplementary Information help the reader to better understand the following 

considerations). The best known example of such a phenomenon is the coffee stain left after 

drying, popularized by a paper in Nature by Deegan et al.21 In this case, the sample is in the 

form of a drop of a very dilute colloid and, importantly, the contact line is pinned onto the 

substrate during the whole drying process. According to Deegan et al., convection carrying 
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particles from the centre to the edge is due to a higher evaporation rate at the edge and to the 

surface tension of the drop inducing a spherical cap shape.22 This condition of a higher 

evaporation rate at the edge does not appear in all models of lateral convection.9,23 In films, 

similar behaviours can be observed. There are many examples in the field of latex (polymer 

colloid) drying.24 Winnik and Feng proposed a drying process where propagation of a lateral 

front in films was due to evaporation from a region at the edge where particles had concentrated 

to form a close packed structure.25 Routh and Russel mathematically elaborated on this picture.9 

Their model was based on the following scenario. They first considered colloids with non-

deformable particles. Casting the colloid on an appropriate substrate results in a contact angle 

less than 90° because, otherwise, dewetting would occur. In the region near the edge, the fluid 

will also present a convex curvature leading to a pressure gradient (originating from Laplace 

pressure) in the lateral direction. The edge will be thinner than the centre of the deposit and, for 

this reason, even without considering a faster evaporation rate at the edge, it will concentrate 

faster than the centre and sooner reach the state of particle close packing. The close packed area 

(which can be called a "wet gel"), where water still evaporates, exerts a capillary aspiration on 

the nearby fluid. The combination of flows due to aspiration and curvature leads to a profile of 

the deposit, the shape and time evolution of which Routh and Russel could calculate (details of 

this calculation will be given in next sections). The profile presents a bulge close to the contact 

line, higher than the level at the film centre, and oscillations. Knowing the deposit profile at 

each time together with the evaporation rate, allowed them to calculate the velocity field in the 

fluid, the particle concentration profile and the speed of the inward moving interface between 

the close packed and the fluid areas in the film (called "compaction front" or sometimes 

"particle front"). A quick look at Fig. 3 below and Fig. S2 in the Supplementary Information 

will help a better understanding of the last few sentences. Some articles were devoted to a more 

or less successful experimental validation of the Routh and Russel model.26, 27  

This paper deals with lateral heterogeneities28 due to transport of matter by convection 

and diffusion, accompanying drying. On one hand, if we assume that Laplace pressure, due to 

the curvature of the air/latex interface, controls the lateral flow, an accumulation of matter is 

obtained close to the compaction front, leading to spatial oscillations of the surface whose first 

maximum can be higher than the fluid phase far from the front. On the other hand, in the limit 

where the pressure is dominated by the hydrostatic pressure, the height of the air/fluid interface 

increases monotonously from the contact line to the centre of the deposit with an exponential 

behaviour. We will thus devise a model, starting from the Routh and Russel description of 
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evaporation, in which we include the contributions of the hydrostatic pressure and the Laplace 

pressure as well as the collective diffusion of interacting particles. We will see that this leads 

to very different film height profiles and different front velocities that we will compare to 

experimental measurements. 

In a first part, we introduce the theoretical description of film drying, including the 

hydrostatic pressure and taking into account the cooperative diffusion of the colloidal particles. 

Then, we explicit our simulation approach (already presented and used in two preceding 

papers29,30): it consists of dividing the drying system in space filing cells exchanging matter 

according to physical laws of increasing complexity. It is inspired by cellular automata31 and 

uses finite difference methods. At each time step, the flux of matter in and out one cell depends 

on the state of its direct neighbours and obeys local rules. The evolution of the whole system is 

described by integrating the changing states of all cells over space and time. This kind of 

simulation allows an easier handling of the heterogeneous nature of drying colloids. It has also 

the advantage of progressivity in increasing the complexity of treated cases in terms of 

dimensionality (1, 2 and 3D), number of constituents taken into account and nature of the 

considered physical laws (exchange of matter, and subsequently heat and stress). Numerical 

results are then compared to experimental data of drying of suspension of silica particles. 

 

Theoretical considerations  

Routh and Russel9 (RR) designed a theoretical model for horizontal fronts propagating through 

drying colloidal films. Here we summarize the main features of this model. A semi-infinite film 

is considered extending in the direction of x > 0, with x = 0 corresponding to the film edge. The 

film is divided into a wet gel domain, which extends from x = 0 up to x = xf, the position of the 

compaction front, and a fluid domain, for x > xf. Vertical inhomogeneities in the particle volume 

fraction are neglected. Using the Navier-Stokes equation and the lubrication approximation, 

vertically averaged equations for particle and fluid conservation can be derived in the fluid and 

wet gel domains (see Table below). 
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 Gel domain Fluid domain 

Particle conservation 𝜕ℎ̄𝜙𝜕𝑡̄ = 0 
𝜕ℎ̄𝜙𝜕𝑡̄ + 𝜕𝜙ℎ̄𝑢𝑥̄𝜕𝑥̄ = 0 

Fluid conservation 1 + 𝜕ℎ̄𝑢𝑥̄(1 − 𝜙)𝜕𝑥̄ = 0 1 + 𝜕ℎ̄𝜕𝑡̄ + 𝜕ℎ̄𝑢𝑥̄𝜕𝑥̄ = 0 

Fluid velocity 𝑢𝑥̄ = − 𝜕𝑝̄𝜕𝑥̄ 𝑢𝑥̄ = ℎ̄2 𝜕3ℎ̄𝜕𝑥̄3 

 

In these equations, 𝜙 is the particle volume fraction, ux is the fluid velocity in direction x, the 

film height (h) is scaled on the initial height: H0, time (t) is scaled on a characteristic time: 
𝐻𝑜𝐸̇ , 

with 𝐸̇ the drying rate, and horizontal distances (x) are scaled on a characteristic length that RR 

called the "capillary length", defined in reference 9 as the length for which the flow due to 

surface tension is balanced by that caused by evaporation: 𝐿𝑐𝑎𝑝 =  𝐻0 ( 𝛾3𝜂0𝐸̇)1/4
 with 𝛾 = water-

air interfacial tension and 𝜂0 the zero shear viscosity of the dispersion. Finally, pressure is 

scaled on a characteristic pressure: 𝑃 = 𝜂0𝐿𝑐𝑎𝑝2 𝐸̇𝐻03 . To calculate scaled quantities, 𝐻0 was given 

the desired value (700 µm when experimental data had to be scaled), 𝐸̇ was measured by 

gravimetry (see below) at 1.6 x 10-8 m/s, 𝛾 = 70 mJ/m2, a standard literature value for water at 

room temperature, and 𝜂0 was given the value of 1 Pa.s like in reference 9.  

The conservation equations involve the fluid velocity, which is calculated using a 

different expression in the gel and fluid domains: in the gel domain, the velocity is proportional 

to the pressure gradient (Darcy law), whereas in the fluid domain, it involves the third derivative 

of the film height (gradient of the Laplace pressure). 

In the case of totally non deformable particles, the film height in the gel is independent 

of time and the volume fraction is equal to 𝜙𝑚𝑎𝑥 (close packed network). Integrating the 

conservation equation of the fluid in the gel domain allows one to calculate the pressure and 

the fluid velocity in the gel. 

The film height, volume fraction and dispersion velocity in the fluid domain can be 

calculated by integrating the equations from the fluid domain using the condition that, near the 

compaction front, the velocity of the dispersion must be equal to the velocity of the solvent on 

the wet gel side multiplied by (1 − 𝜙𝑚𝑎𝑥). Then, a particle balance allows one to calculate the 
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advancement of the compaction front knowing the particle volume fraction and dispersion 

velocity near the front (on the fluid domain side): 
𝑑𝑥̄𝑓𝑑𝑡 = −𝜙(𝑥̄𝑓)𝑢̄𝑥(𝑥̄𝑓)(1−𝜙𝑚𝑎𝑥)𝜙𝑚𝑎𝑥−𝜙(𝑥̄𝑓) . 

As the wet gel domain grows in size, the pressure differential across it, 𝛥𝑝̄, increases. 

When it reaches the maximum capillary pressure sustainable by the particle network, the 

pressure becomes insufficient to bring water up to the edge and the water front appears. The 

advancement of the water front can be calculated by using the velocity of the solvent at that 

position. 

In this work, thermal effects32 were neglected with the argument that only thin deposits 

are considered in which thermal equilibrium is reached rapidly. The drying process was 

considered up to the time when close packing is reached in the whole film. For simplicity, we 

assume an infinite capillary pressure (thus, no water front appears in the gel domain). In this 

case, the fluid velocity near the compaction front, on the gel domain side, is simply equal to: 𝑥̄𝑓ℎ̄(1−𝜙𝑚𝑎𝑥)  (the fluid velocity near the compaction front, on the gel domain side, is equal to the 

evaporation rate from the packed region). Finally, hydrostatic pressure is taken into account 

when calculating the fluid velocity in the fluid domain, and collective diffusion in the particle 

conservation equation. 

Hence: 𝑢̄𝑥 = ℎ2̄ (𝜕3ℎ̄𝜕𝑥3̄ − (𝐿𝑐𝑎𝑝𝐿𝑔 )2 𝜕ℎ̄𝜕𝑥̄) with: 𝐿𝑔 = √ 𝛾𝜌𝑔 the capillary length in the usual sense, 

where surface tension is balanced by gravity,33  being the density of the dispersion and 𝑔 the 

gravitational acceleration. This expression for the fluid velocity is easy to demonstrate since: 𝑢𝑥 = − ℎ23𝜂0 𝜕𝑝𝜕𝑥 within the lubrication approximation. A detailed demonstration of the expression 

for the fluid velocity is given in the Electronic Supplementary Information section. 

 

In their work, RR neglected horizontal diffusion. Integrating a local particle conservation 

equation over the film thickness while assuming a uniform vertical concentration led them to 

the particle conservation equation seen in Table 1. If horizontal diffusion is not neglected (but 

the vertical concentration is still assumed uniform), we obtain instead: 𝜕ℎ̄𝜙𝜕𝑡̄ + 𝜕𝜕𝑥̄ (𝜙ℎ̄𝑢̅𝑥 − ℎ̄𝐷̄ 𝜕𝜙𝜕𝑥̄) = 0 with: 𝐷̄ = ( 𝐻0𝐸̇𝐿𝑐𝑎𝑝2 )𝐷𝑐𝑜𝑜𝑝 and 𝐷𝑐𝑜𝑜𝑝 = 𝐷0𝐾(𝜙)d[𝜙𝑍(𝜙)]/𝑑𝜙 

D0 is the individual diffusion coefficient of a particle (Stokes - Einstein), 𝐾(𝜙) is the 

sedimentation coefficient, calculated as in Ref. 34, and 𝑍(𝜙) the compressibility factor. 



7 

 

𝐾(𝜙) = 1−32𝜙1 3⁄ +32𝜙5 3⁄ −𝜙21+23𝜙5 3⁄  and 𝑍(𝜙) = 1𝜙𝑚𝑎𝑥−𝜙 

Rigorously, this description should be modified by taking into account the convection of the 

particles due to velocity gradients. This has been done by Taylor in the case of pipe flow35 and 

we propose a similar analysis of the diffusion in a planar film geometry, in the Supplementary 

Information section. From this analysis, we conclude that convection introduces a correction to 

the numerical value of the diffusion coefficient, similarly to the pipe flow situation and we will 

not take this effect into account in the rest of our study. 

 

Program description 

Details about the way equations of theoretical origin were implemented in a computer program 

were described in length in our previous articles.29,30 Let us briefly recall the main 

characteristics of our software. The film is divided in N rectangular cells of width dx along the 

horizontal x axis. The cells and their components (here only rigid particles and water) are 

represented by classes that have their own variables and functions. The components have 

specified evolution rules that act locally and are of two types: transport rules and update rules. 

Transport rules deal with exchanges of matter between a cell and its immediate neighbours and 

are based on the particle and fluid conservation equations presented in the previous section. 

Update rules act on changing the component state variables in each cell. In one time step, the 

transport rules of all components are applied before applying the update rules, ensuring that the 

system evolution is synchronized. Once a cell in the liquid state reaches the maximum particle 

volume fraction, an update rule changes the state of the cell to wet gel. Thus, the compaction 

front moves by jumping from one cell boundary to the next . In the calculations used in this 

work, the colloid film was divided into 60 to 120 cells and the time step was chosen in order to 

insure the stability of the integration method. Initially, the horizontal distribution of particles 

was assumed to be homogeneous and the height equal to Ho, except at the edge which we 

assumed rounded over the length 0.5 Lcap.  

Alternatively, a purely numerical approach could also be used to solve the 1D model 

equations described in the above theoretical section with finite difference methods and an 

explicit scheme. In this case, we assumed that a small gel region of size: 𝑥̅gel = 0.0001 was 

formed initially at the film edge. Every time step, the compaction front moved and the fluid 

domain was remeshed (the values at the new nodes were determined by linear interpolation). 
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It was checked that the two approaches, this numerical calculation and the cellular 

simulation described above, led to identical results. 

 

 

Experimental 

Silica dispersions and film formation 

A surfactant free, model colloid with monodisperse, non-deformable silica particles in water 

was used. Silica particles (nominal diameter: 250 nm) were purchased in form of powder from 

AngströmSphere and used as received. Mean particle size, particle size distribution and zeta 

potential were determined by Dynamic Light Scattering using a Zetasizer 3000HS from 

Malvern Instrument. Results are shown in Fig. 1. The size distribution was narrow, centred at 

270 nm, with a standard deviation of 58 nm. The polydispersity index, defined as the square of 

the ratio of standard deviation over mean, was 0.045. The measured zeta potential was -45 mV 

at a spontaneous pH of 9. Due to dissolution of silicates in the solution,36 the Debye length is 

smaller than in pure water at pH=9. We estimated the concentration of the silicate ions at 2.10-

4 M, leading to a Debye length of 40 nm. 
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Fig. 1 Colloid of silica particles. Diameter 270 nm. a) Particle size distribution of the silica particles, as 

measured by Dynamic Light Scattering. The average diameter was 270 nm and the polydispersity index 

was 0.045. Continuous line: adjustment of the distribution with a Gaussian distribution of width 58 nm. 

b) AFM image of the dry deposit. c) and d) Digital photographs of deposits of various shapes and sizes 

during drying. c) Circle, diameter 4 cm. d) Rectangle 120 mm x 20 mm, the distance y was the one of 

interest. 

 

Prior to film preparation, the particles were dispersed in water and sonicated with a tip sonicator 

for 3 minutes. The initial volume fraction in our experiments was 0.3. The prepared colloid 

showed no macroscopic aggregation. To ensure that our system was stable, not only at the 

macroscopic level, DLS was used immediately after the preparation of the suspension and eight 

hours later, a time significantly longer than the longest drying time. No increase of the average 

particle size was noticed.  

Films were prepared on glass slides of different shapes and sizes: a square of sides of 53 

mm; a circle of diameter 6 cm; a rectangle of dimensions 120 mm x 20 mm; cleaned overnight 

in a H2SO4 bath, rinsed in water and then in ethanol. A thin layer of polytetrafluoroethylene 

b) 

c) d) 

a) 
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(PTFE) (Sprayflon, Roth) was sprayed around the edges of the slides over a width of 3 mm 

creating a non wettable rim that confined the dispersion on a known area in the central part of 

the substrate. An adequate volume of dispersion was deposited on the PTFE free part of the 

slide, ensuring the same film thickness of 700 µm for all samples. Drying took place under 

controlled conditions in a Plexiglas box: 23±2°C, 75±2%RH, still air. These conditions 

minimized film cracking, at least at the beginning.37,38 Photographs of samples during drying 

are shown in Fig. 1 c) and d) and Fig. 2 a). The pink central part is fluid whereas the greenish 

area corresponds to a wet gel (particles in a close packed state with water in the interstices). 

The compaction front is at the interface between the two domains. The colours are due to the 

narrow particle size distribution of the colloid leading to visible light scattering. It was checked 

on a control sample that the central part was fluid and the edge side was solid like by touching 

the surface with a needle. It was also clear that small defects visible to the naked eye were 

mobile in the centre but fix on the edge. 

 

Gravimetry and image processing 

The weight loss of the film during drying was recorded with a digital microbalance 

(Mettler Toledo ME103E, precision 0.001g). Drying times could then be measured within an 

error range of  2.0%, allowing us to determine the drying rate of the suspensions. In the 

standard conditions and the system defined above, the drying rate was 1.6 x 10-8 m/s. 

Simultaneously, a video camera recorded the film optical changes during drying. Images were 

captured with a digital camera (Sony Handycam® 4K AXP33) operating at the standard 

frequency of 24 images per second. Taking into account the low average velocity of the 

compaction fronts (around 0.04 mm/min) this was largely sufficient. The displacements and 

velocities of the horizontal compaction fronts were measured by image processing (ImageJ). 

The considered front was the one in the y direction (perpendicular to the long side of the 

rectangle) because this was the closest situation to a 1D model and simulation. Indeed, it was 

our sample with the largest aspect ratio, and considering the front position at the centre of the 

long side, it could be assumed that the influence of the fronts in the perpendicular direction (x 

fronts) was as little as possible, at least at the beginning. The distance of interest, noted y (see 

Fig. 1d), was the one measured and compared to the calculations. There was a certain interfacial 

width between the fluid and the packed regions. Measurements were performed from the centre 

of the interface. More details about the determination of the compaction front position by 

ImageJ are given in the Electronic Supplementary Information (Fig. S1). 
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No water front could be detected in our experiments, thus justifying the use of an infinite 

capillary pressure in the calculations (see below). Actually, a water front necessarily occurs but, 

in our drying conditions and with our relatively small samples, it started after the compaction 

front had reached the centre of the sample. The kinetics of the water front could not be studied 

because it corresponded to the apparition of cracks.  

In order to check for reproducibility of the compaction front positions versus time, the 

same experiment was repeated 4 times in the same conditions. First, we wanted to show (Fig. 

2a), at least once, the direct outcome of an experiment: front position versus time in linear scales 

and real dimensions (length in centimetres, time in seconds). As can be seen, the front 

progressively accelerates, because the particle volume fraction increases in the fluid and the 

capillary suction of the wet gel zone becomes stronger as it length develops. Then, Fig. 2b 

shows four successive results, an average of the four measurements and the corresponding 

standard deviation. Errors are due to slight variations in temperature, humidity and contact 

angle of the deposit on the substrate and an error in the front position measurement. The 

corresponding error bar was extended to all following measurements. 

 

 

Fig. 2  Measured compaction front position versus time for a silica suspension (particle diameter 270 

nm; initial volume fraction 0.3) dried on a glass substrate under controlled conditions (23±2°C, 75±2% 

RH, still air). Initial deposit dimensions: 53 mm x 53 mm x 700 µm. a) Real time and length. b) 

Reproducibility check of front position, four repetitions. Time scaled on the characteristic time 
𝐻0𝐸̇  . X̅ the 

lateral distance scaled on the capillary length ( 𝐻0 ( 𝛾3𝜂0𝐸̇)1/4
) (values for 𝐻0, 𝐸̇, 𝛾, 𝜂0 indicated in the 

Experimental part). Insert: photography of the sample. 

 

a) b) 
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Atomic Force Microscopy was used to visualize the morphology of the top surface of the 

dried films. A multimode AFM with a Nanoscope IV controller from Veeco (Digital Instrument, 

Santa Barbara, CA, USA) was used. The measurements were performed in tapping mode with 

a silicon tip with a maximal radius of curvature of 10 nm. An image is shown in Fig. 1. From 

this kind of images, the maximum particle volume fraction could be estimated at 0.70  0.02. 

 

Profilometry 

Film profiles were determined using an optical deflectometry method (Holomap) 

developed by Holo3, a small company specialized in optical measurements.39 A light source 

projects the image of a grid onto the sample. A CCD camera captures images of this grid 

reflected by the surface of the suspension. Both light source and camera are placed above the 

sample. The non-planar surface of the drying film creates a distortion of the image of the grid. 

An image processing software transforms the deformed grid into quantified information of the 

local slopes of the surface as well as XYZ coordinates to reconstruct the topography. The 

measured surface size was 25 mm x 25 mm with a vertical resolution of a few micrometres. A 

sketch of the setup is available is the Supplementary Information. 

 

Results and discussion 

Evaporation at infinite Lg 

We first report the results of our model in the limit Lcap<<Lg, that is when the hydrostatic 

pressure plays a negligible role. This corresponds to the hypothesis of Routh and Russel model 

of lateral drying.9 Our simulation was run within the same set of assumptions and conditions as 

in the RR model: a deposit much longer than thick with a circular arc shape at the edge over a 

length of one reduced unit along x, edge pinning throughout the drying process, constant and 

uniform evaporation rate all over the film, hard sphere monodisperse particles, initial and final 

particle volume fractions of 0.4 and 0.64 (random close packing), respectively; a homogeneous 

particle volume fraction and pressure along the film thickness, an infinite reduced capillary 

pressure (no water front), lateral convection only (no diffusion). Fig. 3 shows the time evolution 

of the film profile (a) and of the particle volume fraction (b) along the lateral direction 

calculated by our simulation tool.  
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Fig. 3  Simulated film profile (a) and particle volume fraction (b) versus lateral dimension at different 

times during drying calculated using our cellular simulation in the conditions of the RR model.9 Film 

height scaled on the initial film thickness, lateral dimension (X̅) scaled on the capillary length Lcap, time 

scaled on the characteristic time 
𝐻0𝐸̇  . Initial particle volume fraction = 0.4. Volume fraction at close 

packing = 0.64. 

 

Our simulation results are identical to the ones calculated by Routh and Russel (see Fig. 5 in 

Ref. 9). The profile presents a bulge near the edge and then flattens out toward the centre. Far 

from the edge, the film height decreases with time due to vertical drying only. Depending on 

the conditions, especially initial and final particle volume fractions, a higher bulge and fast 

damping oscillations can be seen after the first maximum. This is shown in Fig. S2 in the 

supplementary information section for 𝜙0 = 0.3 (initial volume fraction) and 𝜙𝑚𝑎𝑥 = 0.7 

(volume fraction at close packing). In Fig. 3b, it is shown that the wet gel / fluid zone interface 

(compaction front) is rather sharp and followed by a shallow depletion on the right. This 

depletion is more pronounced in the conditions of Fig. S2. The sharp compaction front can be 

attributed to the absence of diffusion. The depletion is linked to the film height profile and to 

the assumption of a constant evaporation rate over the whole film. The loss of a given amount 

of water per time unit will concentrate the dispersion less in a zone of higher height than in a 

neighbouring thinner zone. And, indeed, depletions are located in places corresponding to 

maxima in the film height profile (compare Fig. 3 a and b)(again, this is clearer in Fig. S2). 

When the reduced capillary pressure is not infinite, a second front (water front) follows 

the compaction front at a certain distance, closer and closer when pressure reduces (not shown 

here, see Ref. 9 and 27).  

There are several attempts in the literature to confront the RR model predictions and 

experiments. In the original theoretical paper itself,9 an interesting experiment was conducted 
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consisting in drying a colloid under a mask with holes (perhaps the seminal work for 

evaporative lithography18). Faster evaporation under the holes led to particle convection 

towards these zones and bumps in the final deposit whereas covered areas were thinner, in 

qualitative agreement with the model. A couple of years later, Routh et al.40 took into account 

the deformation of soft particles in the wet gel and claimed "a semi-quantitative agreement" 

with experimental data. A thorough study in Keddie's team (Salamanca et al.26) used magnetic 

resonance profiling (MRP), also called magnetic resonance microscopy, to provide quantitative 

water profiles inside drying colloidal films in the vertical and lateral directions. The principal 

focus of the work was on the role of reduced capillary pressure in the appearance of the water 

front and its receding into the film. The model predictions about the main parameters 

controlling this reduced pressure (film thickness, evaporation rate, and particle size) were nicely 

confirmed. More recently, velocities of drying fronts were measured and compared to the RR 

calculation.27 Although general shapes and behaviours roughly agreed, fits of experimental 

curves by the model could not be considered good. It must be noted that the prediction of a 

bulge followed by oscillations in the profile has strong consequences as far as flow pattern 

inside the film is concerned. Nevertheless, this bulge has never been experimentally observed. 

We thus wish to consider the influence of hydrostatic pressure on the shape of the film surface. 

 

 

Contribution of hydrostatic pressure  

As shown above in the theoretical section, hydrostatic pressure in the film can be taken into 

account, essentially through the introduction of one more characteristic length, the capillary 

length in the classical sense of the dimension for which capillary and hydrostatic pressures 

correspond. In order to avoid confusion with the capillary length in the sense of Routh and 

Russel (written Lcap), it appeared as Lg (g stands for gravity). Actually, it is the Lcap / Lg ratio 

which is pertinent. From now on, initial and final particle volume fractions will be taken as 0.3 

and 0.7, respectively, because these values will allow comparisons with experimental data. The 

reduced capillary pressure in the wet gel is still considered as infinite (for calculation a value 

of 1000 was taken). Introduction of hydrostatic pressure besides Laplace pressure modifies the 

pressure field in the film and therefore the velocity field of the fluid, the film profile, the particle 

concentration profile and the compaction front velocity.  
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Fig. 4  Simulated film profile versus lateral dimension at time = 0.1 for different initial thicknesses (i.e. 

different Lcap / Lg ratios) when taking hydrostatics into account. Lcap / Lg = 1.5; 3; 7.5 for H0 = 100 m; 

200 m; 500 m, respectively.  = 70 mJ/m2, 𝜂0 = 1 Pa.s, 𝐸̇ = 10-8 m/s,  = 1000 kg/m3, g = 9.81 m/s2. 

Initial particle volume fraction = 0.3. Volume fraction at close packing = 0.7. Reduced capillary pressure 

= 1000. Film height scaled on the initial film thickness, lateral dimension (X̅) scaled on Lcap, time scaled 

on the characteristic time 
𝐻0𝐸̇  . 

 

Fig. 4 shows the film profile versus lateral dimension at time = 0.1 for different initial 

thicknesses (i.e. different Lcap / Lg ratios) when taking hydrostatics into account. As expected, 

hydrostatics becomes more and more influent as the film thickness increases, progressively 

flattening the bulge near the edge and tending toward an equilibrium shape (Laplace pressure 

equilibrated by hydrostatic pressure). Note that, in Fig. 4, height and lateral dimension are 

scaled on different values depending on the initial film thickness, this might be misleading. Fig. 

S3 in supplementary information shows the same data in real dimension (meter). Fig. 5 shows 

the velocity of the fluid (particle plus water) in the fluid domain in the lateral direction, at times 

0.2 and 0.3, the contributions of Laplace pressure and hydrostatics appearing separately, and 

then the sum of the two. Laplace and hydrostatic pressure have opposite effects: Laplace 

pressure induces fluid flow from the edge towards the centre of the film whereas hydrostatic 

pressure induces flow towards the edge. The Laplace contribution changes shape between times 
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0.2 and 0.3, from a positive, continuously decreasing velocity to a weak, fast vanishing 

maximum. At around five capillary lengths from the edge, the fluid remains still. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 5  Calculated velocity of fluid vs lateral dimension in a drying film showing the contributions of 

Laplace and hydrostatic pressures and the sum of the two at t = 0.2 and 0.3. H0 = 300 m (Lcap / Lg = 

4.5). Velocities scaled on 
𝐿𝑐𝑎𝑝 .𝐸̇𝐻0 , lateral dimension (X̅) scaled on Lcap, time scaled on 

𝐻0𝐸̇ .  

 

In sharp contrast to the result shown in Fig. 5, i.e. a net flow of liquid extending to 5 capillary 

lengths ahead from the edge ("a far field flow"), a thorough SAXS study by Li et al.41 concluded 

that the number of particles at any given spot in the liquid film was conserved throughout the 

drying process and that there was no far field flow in a thin film of a silica colloid with 16 nm 

particles (diameter). The film, obtained by dip coating, was initially 10 m thick (2 m after 

drying) with initial and final volume fractions of 0.14 and 0.68, respectively. An important 

consequence of the absence of flow was that the dry film was homogeneous in thickness and 

microstructure. The authors asked themselves whether it would be possible to predict which 

deposits would present a far field flow like in a coffee drop and which ones would avoid 

macroscopic transport. The answer might be in the capillary length Lcap. The data in Ref. 41 

allow one to calculate Lcap = 1 mm (in contrast to Lcap = 3 cm in Fig. 5). The absence of 

detectable flow might be associated to this small value of Lcap. The threshold Lcap value would 

remain to be determined. This would require a high sensitivity experimental technique to assess 

the presence or absence of particle flow. Li et al.41 also evidenced the presence of a transition 

region between the wet gel and the liquid far away from the compaction front where the particle 
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concentration was higher than in the liquid. Interestingly, the width of this transition zone was 

in the order of 1 mm, corresponding to Lcap. 

For a higher thickness (700 m), time evolution of film profile and particle concentration 

in the lateral direction are presented in Fig. 5. At this thickness, the bulge near the edge totally 

disappears (see Fig. 4) at all times. The profile looks exponential, in the form: 1 − 𝑒−(𝑥 𝑎⁄ ) (a 

being a characteristics length specified later on). Interestingly, toward the end of the considered 

drying step (t = 0.55), the edge presents a bump often seen indeed in dry films. The particle 

concentration profile is even sharper than in Fig. 3 with no depletion slightly away from the 

front. The absence of depletion is related to the fact that there is no longer a bulge in the fluid. 

Fig. 6  Simulated film profile (left) and particle volume fraction (right) versus lateral dimension at different 

times. H0 = 700 m (Lcap / Lg = 10). Other parameters like in Fig. 4. Film height scaled on the initial film 

thickness, lateral dimension (X̅) scaled on Lcap, time scaled on 
𝐻0𝐸̇  . 

 

With hydrostatics, the front position versus time keeps the same shape as in the RR model (Fig. 

S4 and Fig. 5 in Ref. 9) but more and more shifted toward higher times as thickness increases. 

Scaling and semi log plot make this S4 figure misleading (contrary to what the curves suggest, 

in reality, the front velocity increases monotonically27) and it will not be commented further. 

All we wanted to mention was the similarity of the shapes. 

 

Introduction of cooperative diffusion  

The Routh and Russel model does not include diffusion in the horizontal direction, only 

convection. In terms of Peclet number (Pe, ratio of convection over diffusion), the RR model 

comes down to an infinite horizontal Pe. This is possibly an excessive approximation. 
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In the case of a dispersion with repulsive particles concentrating by drying, it is not the 

diffusion coefficient of an individual particle which is relevant but a cooperative diffusion 

coefficient describing the collective motion of an ensemble of particles. Actually, there are three 

diffusion coefficients of interest. The well-known Stokes Einstein diffusion coefficient (often 

written D0) describes the Brownian motion of a single particle isolated in a highly diluted 

dispersion. In a more concentrated dispersion, the motion of an individual particle is influenced 

by the presence of its neighbours. It is described by what is called the self diffusion coefficient 

(DS). Finally, there is the cooperative diffusion coefficient (Dcoop), the one of most interest to 

us, which describes the relaxation of a particle concentration gradient through a collective 

process.42 Dcoop is the coefficient appearing in Fick's first diffusion law. Upon concentration 

increase, the self diffusion coefficient decreases because of the motion hindrance by the 

neighbouring particles (cage effect) whereas the cooperative diffusion coefficient increases, 

accelerating the equilibration of concentration distributions via cooperative motion.34 Based on 

references 34 and 42, a quantitative expression for Dcoop was implemented in our simulation,29 

showing that, when electrostatic forces are taken into account, the cooperative diffusion 

coefficient sharply increases as the volume fraction reaches a certain threshold. These forces 

are under the dependence of the salt concentration in the dispersion, effect taken into account 

through the Debye length.  

Introduction of horizontal diffusion indeed makes the compaction front less sharp than in 

Fig. 6 (not shown) and slows down the inward motion of the front (Fig. 7). Fig. 7 shows the 

front position versus time calculated following the RR model, then in the case of the 

introduction of the hydrostatic pressure and finally with diffusion (i.e. hydrostatics plus 

diffusion). Increasing the Debye length from 2 to 5 nm, further delays the start of the front and 

decreases its velocity through an increase in the dimensionless cooperative diffusion coefficient 

(𝐷̅).  

Data in Fig. 7 correspond to an initial film thickness of 300 µm. Increasing the film 

thickness enhances the contrast between the RR model and ours including hydrostatics (Fig. 

S4) and the dimensionless cooperative diffusion coefficient becomes weaker. As a 

consequence, the green, red and yellow curves in Fig. 7 tend to merge.  
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Fig. 7  Simulation of compaction front position versus time according to RR (blue), taking hydrodynamics 

into account (green) and adding diffusion (red and yellow) with two Debye lengths (2 and 5 nm), as 

indicated. Lateral dimension (X̅) scaled on Lcap, time scaled on 
𝐻0𝐸̇  . H0 = 300 m. Other parameters like 

in Fig. 4. 

 

Peclet numbers in drying models are often calculated with parameters corresponding to the 

initial state of the film and then considered constant. Here, we speak of the horizontal Peclet 

number. It was defined as: 
𝑢𝑥𝐿𝑐𝑎𝑝𝐷𝑐𝑜𝑜𝑝  with 𝑢𝑥 the fluid velocity in the lateral direction, Lcap the RR 

capillary length, and Dcoop calculated like in Ref. 29. From our simulation, we can extract values 

allowing us to calculate Pe as a function of time and position. It is interesting to show how Pe 

varies upon drying (Fig. 8). The peak near the compaction front (at around one reduced lateral 

length unit, i.e. 1 Lcap) is due to the high convective velocity at this place. Further away from 

the front, velocity sharply decreases. Closer to the front, Pe goes down because of a strong 

diffusion coefficient related to a high particle concentration in the immediate vicinity of the 

front. As drying proceeds, Pe decreases. This is due to the increase of Dcoop linked to the gradual 

increase of the particle concentration.  
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Fig. 8  Calculated horizontal Peclet number versus lateral dimension. Lateral dimension (X̅) scaled on 

Lcap, time scaled on 
𝐻0𝐸̇  . H0 = 300 m. Debye length = 5 nm. Particle diameter = 270 nm. Other 

parameters like in Fig. 4. 

. 

  

Comparisons with experiments  

In the RR model, the shape of the profile is a critical characteristic of the film in the liquid state. 

In particular, there is a bulge close to the edge at early drying stages, or at the solid / liquid 

interface later on (Fig. 3 and Fig. 4). This bulge tends to disappear when the hydrostatic pressure 

is taken into account in the simulation, this behaviour being more and more marked when film 

thickness increases (Fig. 4 and Fig. 6). In order to check this aspect experimentally, the film 

profile was determined using the optical technique described in the experimental section (Fig. 

9). 
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Fig. 9  Experimental film height versus lateral dimension at different times. Silica particles (diameter 270 

nm). Initial volume fraction 0.3. H0 = 700 m. Circular deposit of diameter 6 cm. Standard drying 

conditions. a) Experiments. The red arrow shows the compaction front position at 70 min, as an example. 

b) Exponential fits. 

 

The acquisition zone of the camera being limited to a surface of (2.5 x 2.5) cm, only half the 

deposit is shown in Fig. 9a. (obviously, the centre is at the right side of the figure). It is 

immediately evident that no bulge exits in the profile of the fluid zone. The interface between 

the wet gel and the liquid dispersion (compaction front) is also clear in the figure (for instance, 

red arrow at 70 min), as well as the motion of the compaction front to the right as drying 

proceeds. The height of the film far from the edge decreases with time due to vertical drying. 

The shape at early times suggests an equilibrium profile (hydrostatic pressure equilibrating 

Laplace pressure). This would imply a fit by a function: ℎ(𝑥) = 𝐻𝑚𝑎𝑥(1 − 𝑒−(𝑥/𝐿𝑔))  with 𝐻𝑚𝑎𝑥 the maximum height far from the edge and 𝐿𝑔 =( 𝛾𝜌𝑔)1/2
 the capillary length in the usual sense. Fig. 9b shows that, at 50 min, indeed, the fit is 

very good (standard deviation error 4.7 x 10-6) with 𝐿𝑔 = 2.65 mm, the expected value for water. 

Whereas, at 100 min, the fit strongly deteriorates (even when the increased density of the 

dispersion is taken into account) indicating an increased contribution of Laplace pressure. These 

profiles are very close to the ones in Fig. 6 (left) (except for the shape of the wet gel). This is a 

strong indication in favour of the introduction of hydrostatics in the model. 

Next, the simulation was checked via the front position versus time with the sample of 

rectangular shape and dimensions 120 mm x 20 mm. The simulation / experiment comparison 
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is shown in Fig. 10. Experimental data start at time 0.15. At shorter times, when the front was 

still close to the edge, it was not clear enough to enable us to measure its position. The 

agreement of experimental data with the simulated curve taking into account the contribution 

of hydrostatics is very good, except for the deviation at the end. The fact that the real sample 

reaches the final drying state considered here (close packed particles over the whole sample) 

before the simulated one and the disagreement at the end can be attributed to the contributions 

of the two x fronts and to the y front on the opposite side of the rectangle getting close.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 10  y front position versus time for a rectangular sample 120 mm x 20 mm x 700 µm dried in standard 

controlled conditions (23±2°C, 75±2% RH, still air). Comparison with the Routh and Russel model (blue) 

and with our simulation integrating hydrostatics (red). Experimental points in green. 

 

The contribution of diffusion could not be checked in our experimental conditions (H0 = 700 

µm) because, at this thickness, the curves with hydrostatics and diffusion are almost 

superposed. New sets of experiments should be designed for that purpose. 
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Conclusion 

Our simulation approach was able to reproduce the results of the RR model in a less 

conceptually and mathematically demanding way. Indeed, the use of Euler coordinates (our 

case), i.e. coordinates fixed in space, is easier to apprehend than Lagrange coordinates which 

follow the moving boundaries (in the RR model) leading to very complex calculations. 

Furthermore, progressive introduction of improvements in the physical laws accounted for in 

the simulation was relatively easy. Taking in consideration the hydrostatic pressure in addition 

to Laplace pressure modifies the film profile, the velocity field in the fluid and slows down the 

propagation of the compaction front. When horizontal diffusion is introduced through the 

cooperative diffusion coefficient which depends on the ionic strength of the medium, the front 

is further delayed. Calculations showed that the effect of diffusion on the compaction front 

velocity was only significant for the smallest film thicknesses. When confronted to experiment, 

the simulation was surprisingly well validated: film profiles (in the fluid domain only) and front 

positions versus time corresponded quite well. It was surprising that a 1D simulation could so 

nicely fit experiments that are 3D in nature. To check the contribution of diffusion, our films 

were too thick to allow us to draw conclusions on this point.  

Two side aspects of this study are (i) the highlighting that considering a Peclet number 

fixed by the initial conditions and constant throughout the drying process can lead to marked 

errors in models and simulations; and (ii) the suggestion that the capillary length Lcap could be 

the discriminating factor between films where far field flows take place, leading to 

heterogeneous dry deposits (high Lcap), and others where particles do not move long distances, 

leading to homogeneous deposits (low Lcap). The practical importance of this aspect is obvious. 

The controlling parameters would then simply be the initial film thickness, the surface tension, 

the viscosity of the dispersion and the global drying rate. Of course, this suggestion deserves 

thorough validation and an experimental determination of the threshold Lcap value. 

Several ways of improvements of this study exist and can be mentioned. First, 

experiments with varying thicknesses should be performed. Then, the simulation does not at all 

account for the shape of the dry deposit. This is a major weakness that should be addressed with 

high priority. Also, deformable particles should be considered in the situation where drying 

goes further, until total elimination of water. This was already done in the vertical direction,29 

the concepts and numerical tools are ready to be adapted and used. Similarly, of great interest 

would be to simulate the distribution of small molecules like surfactants in the horizontal 

direction, also already done in the vertical direction.30 
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In the meantime, our next contribution, ready to be published, will be on a 2D simulation 

in the plane of the film, able to account for the influence of the deposit shape on the front 

velocities in different directions. 
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Schemes of drying fronts 

 

 

 

 

 

 

 

Schematic (above) of a drying colloid showing normal (vertical, z direction) and lateral 

(horizontal, x direction) drying fronts moving at speeds SN and SL, respectively. SL >> SN. For 

clarity, lateral drying fronts in the y direction are not represented but also exist.  

In the case of rigid particles, when one zooms onto a horizontal drying front (below) one sees 

that two fronts can be distinguished: a compaction front where particles agglomerate and a 

water front separating the wet and dry gel regions.  
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Fluid velocity in the fluid domain tacking hydrostatics into account  

 

In the following, we derive the fluid velocity in the fluid domain within the lubrication 

approximation in presence of hydrostatic pressure, for a simple case (1D) of a film spreading 

on a substrate with  𝑃𝐴, 𝑃𝐵, 𝑃𝐶 , 𝑃𝐷 the pressures at different points in the film: 𝑃𝐴 − 𝑃𝐵 + 𝑃𝐵 − 𝑃𝐶 + 𝑃𝐶 − 𝑃𝐷 + 𝑃𝐷 − 𝑃𝐴 = 0 

 

 

 

 

 

 

 

 

 

  Schematic of a sample during drying. Each point on the schematic has a specific pressure. 

Where: 

 𝑃𝐴 − 𝑃𝐷~0,  
 𝑃𝐴 − 𝑃𝐵~𝛾 𝑑2ℎ(𝑥)𝑑𝑥2 ,  h(x) = height of the film at position x. 

 𝑃𝐵 − 𝑃𝐶~∫ ∇⃗⃗ 𝐵𝐶 𝑝. 𝑑𝑙⃗⃗  ⃗ = ∫ 𝑑𝑝𝑑𝑥 . 𝑑𝑥𝑥𝐵𝑥𝐶 , 
 𝑃𝐶 − 𝑃𝐷~ + 𝜌𝑔(ℎ∞ − ℎ𝐶) =  𝜌𝑔(ℎ∞ − ℎ𝐵) =  𝜌𝑔(ℎ∞ − ℎ(𝑥𝐵)) here ℎ∞ represents 

the maximum height of the film. 

The characteristic time of establishment of hydrostatic pressures is ~𝐻0/𝐶𝑠. Where 𝐻0 is 

the initial height of the sample and 𝐶𝑠 is a constant. 

The integral of the pressure circuit gives: 𝛾 𝑑2ℎ(𝑥𝐵)𝑑𝑥2 + ∫ 𝑑𝑝𝑑𝑥 . 𝑑𝑥𝑥𝐵𝑥𝐶 +  𝜌𝑔(ℎ∞ − ℎ(𝑥𝐵)) = 0 

Within the lubrication approximation, the profile of horizontal fluid velocity is given by 

Poiseuille’s law. The mean velocity in the horizontal direction is < 𝑢 > = −𝐾 𝑑𝑃𝑑𝑥 

The characteristic time of Poiseuille is: 
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𝐻02𝜇 = 𝜌𝐻02𝜂 = 𝜏𝑃 

With 𝜇 the kinematic viscosity and 𝜂 the dynamic viscosity. It has to be noted that every 

relaxation faster than 𝜏𝑃 is likely not to be well described using the lubrication approximation. 𝐾 = ℎ23𝜂 

𝜏𝑃 = 3𝜌𝐾 = 𝜌ℎ2𝜂  

Using these equations in the pressure circuit gives: 𝛾 𝑑2ℎ(𝑥𝐵)𝑑𝑥2 + ∫ −< 𝑢 > (𝑥)𝐾(𝑥) 𝑑𝑥𝑥𝐵𝑥𝐶 + 𝜌𝑔(ℎ∞ − ℎ(𝑥𝐵)) = 0 

𝛾 𝑑3  ℎ(𝑥𝐵)𝑑𝑥3 − < 𝑢 > (𝑥𝐵)𝐾(𝑥𝐵) − 𝜌𝑔 𝑑ℎ𝑑𝑥𝐵 = 0 

Therefore: ℎ < 𝑢 >= 𝐾 [𝛾 𝑑3  ℎ𝑑𝑥3 − 𝜌𝑔 𝑑ℎ𝑑𝑥] ℎ = ℎ33𝜂  [𝛾 𝑑3  ℎ𝑑𝑥3 − 𝜌𝑔 𝑑ℎ𝑑𝑥] 
The variation of h within an elementary volume with respect to time is given by: 𝑑𝑥(ℎ(𝑥, 𝑡 + 𝑑𝑡) − ℎ(𝑥, 𝑡))𝑑𝑡 = 𝑑𝑡(ℎ < 𝑢 > (𝑥 + 𝑑𝑥, 𝑡) + ℎ < 𝑢 > (𝑥, 𝑡)) − 𝐸̇𝑑𝑡𝑑𝑥 

Thus: 𝜕ℎ𝜕𝑡 𝑑𝑥𝑑𝑡 = −𝑑𝑡𝑑𝑥 𝜕𝜕𝑥 (ℎ < 𝑢 >) − 𝐸̇𝑑𝑡𝑑𝑥 

𝐸̇ + 𝜕ℎ𝜕𝑡 =  𝜕𝜕𝑡 (ℎ∞ − ℎ(𝑥, 𝑡)) 𝜕𝜕𝑡 (ℎ∞ − ℎ(𝑥, 𝑡)) = 𝜕𝜕𝑥 (ℎ33𝜂  [𝛾 𝑑3  ℎ𝑑𝑥3 − 𝜌𝑔 𝑑ℎ𝑑𝑥]) 
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Front position determination (ImageJ) 

 

 

 

ImageJ was used in order to determine the compaction front position. The photograph is first 

converted into a grey scale image. Then, the intensity along a diameter (for the circular 

geometry) or along an axis of symmetry (for the rectangular deposit) is computed. An example 

of such a profile is given in Fig S1 below. From this profile, we determine manually the two 

compaction fronts (denoted by arrows in Fig S1). 

 

 

 

 

 

Fig. S1  Example of compaction front position determination using the ImageJ software. 

Photograph of the circular sample (diameter 4 cm) converted into grey levels (left). Grey level 

along a diameter (right). Slope changes, indicated by arrows, correspond to compaction fronts. 

Let us remind the reader that water fronts could not be followed in this work because they 

corresponded to the apparition of cracks.  

 

 

 

 

 

 

Yves HOLL
Texte tapé à la machine
4



 

 

 

 

Sketch of the principle of the optical profilometry used in this work 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

A light source projects the image of a grid onto the sample. A CCD camera captures images of 

this grid reflected by the surface of the suspension. The non-planar surface of the drying film 

creates a distortion of the image of the grid. An image processing software transforms the 

deformed grid into quantified information of the local slopes of the surface as well as XYZ 

coordinate to reconstruct the topography.  
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Routh and Russel model 

Fig. S2  Film profile (left) and particle volume fraction (right) versus lateral dimension at 

different times during drying calculated using our cellular simulation in the conditions of the 

Routh and Russel (RR) model. Film height scaled on the initial film thickness, lateral dimension 

(X) scaled on the capillary length in the RR sense, time scaled on the characteristic time 
𝐻0𝐸̇  . 

Initial particle volume fraction: 0.3. Volume fraction at close packing: 0.7. Infinite capillary 

pressure. 

 

Contribution of hydrostatic pressure  

 

 

 

 

 

 

 

 

 

Fig. S3  Film profile versus lateral dimension at time = 0.1 for different initial thicknesses (i.e. 

different Lcap / Lg ratios) when taking hydrostatics into account. Film height and lateral 

dimension (X) in real dimension (m). time scaled on the characteristic time 
𝐻0𝐸̇  . Lcap / Lg = 1.5; 

3; 7.5 for H0 = 100 m; 200 m; 500 m, respectively.  = 70 mJ/m2, 𝜂0 = 1 Pa.s, 𝐸̇ = 10-8 m/s, 

 = 1000 kg/m3, g = 9.81 m/s2. Initial particle volume fraction: 0.3. Volume fraction at close 

packing: 0.7. Infinite capillary pressure (taken at 1000 for calculation). 
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Particle front position vs time with hydrostatics 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. S4  Particle front position versus time for different initial film thicknesses when taking 

hydrostatics into account. Comparison with RR model (blue curve). Lateral dimension (X) 

scaled on Lcap, time scaled on 
𝐻0𝐸̇  . Other parameters like in Fig. S2.  
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Taylor diffusion of suspensions in a semi-parabolic flow

The hydrodynamics of drying suspensions is commonly treated in the lubrication approxima-
tion. This approximation for Newtonian fluids consists in a locally parabolic velocity profile
driven by some pressure gradient. It is analogue to some extent to Poiseuille parabolic flows
occurring in pipes of cylindrical section at low Reynolds numbers. When considering the longitu-
dinal diffusion of a solute or suspended particles (i.e. parallel to the flow direction) one may be
concerned by the fact that the velocity field is not uniform. Suspended particles will be advected
faster in the regions close to the free boundary than at the vicinity of the solid surface. Such
an heterogeneous advection is known as the Taylor, or Taylor-Aris diffusion problem and has
received a satisfactory solution in the case of laminar Poiseuille flows occurring in cylindrical
pipes [1, 2]. We outline below an equivalent treatment in the presence of a semiparabolic
Poiseuille lubrication flow, and for a concentration independent diffusion coefficient D.

The lubrication flow In the case of drying suspensions, there are two boundary conditions :
vanishing velocity at the solid surface and vanishing stress (vanishing velocity gradient) at the
free air fluid surface. If one denotes by y the direction normal and x the direction parallel to the
surface, the resulting flow displays a semi-parabolic velocity profile

u = u(x, y)ex =
(y − 2h)y

2η0

∂ph
∂x

(x)ex, (1)

ph(x) being the total hydrostatic pressure with no y dependence, η0 the dynamic viscosity of
the suspension (solvent and particles), h the film thickness.

The local velocity field can also be expressed by means of the average cross-section velocity,
obtained by applying a projection operator P

P(u) = Pu =
1

h

∫ h

0
dyu(x, y). (2)

P is a linear operator mapping any function of x, y onto a function of x only, and obeys the
standard projection rule P(P) = P2 = P. Then, in the lubrication approximation,

u(x, y) =
3y(2h− y)

2h2
Pu(x) (3)

The lubrication approximation is expected to hold if the velocity gradient along the x direction
are small compared with the vertical gradient, and the time scales of the problem are long
compared with τh = ρH2/η0, ρ mass density of the suspension, H ∼ h typical height, which is
the characteristic time for stabilizing a Poiseuille parabolic velocity profile.

The transport of a species in the presence of a stream involves explicitly the velocity field
u. In the case of an incompressible flow accross a constant section cylindrical pipe, the velocity
gradients have the effect of enhancing the diffusion constant of the species along the longitudinal
direction.

Projection of the transport equations Our notations will be the following ones :
• commas stand for partial differentiation, e.g. f(x, y, t),x = ∂f/∂x.
• P is the vertical average projection operator, and Q = 1− P its orthogonal complement.
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With these notations, one checks the following properties
• (Pf),t = P(f,t) and (Qf),t = Q(f,t),
• (Pf),x = P(f,x) and (Qf),x = Q(f,x),
• P(gf) = gP(f) if g is function of x only,
• PQf = QPf = 0,
• P(f,y) =

f(y=h)−f(y=0)
h

,

• P(f,yy) =
f,y(y=h)−f,y(y=0)

h
,

• (Pf),y = 0,
• (Qf),y = f,y

It is expected as a rule that Qf remains smaller than Pf , and expansions are going to be
performed according to this rationale. We assume that the velocity field u and the elevation h
are constant and uniform. The starting point is the collective diffusion equation

Φ,t + uΦ,x = DΦ,xx +DΦ,yy (4)

This equation expresses the conservation of the latex suspension volume fraction Φ, itself
proportionnal to the particle number density. Gradients of Φ create a current −D∇Φ which
involves the diffusion coefficient D.

The first step is to apply P to eq. (4). The result is

PΦ,t + P(uΦ,x) = P(DΦ,x),x (5)

where the second term in r.h.s vanishes due to Φ,y(y = 0) = 0,Φ,y(y = h) = 0, and one has

Pφ,t + Pu PΦ,x + P(uQΦ,x) = DPΦ,xx (6)

Similar considerations guide the orthogonal projection of the transport equation. The idea
is to substract eq.(6) from eq.(4).

Qφ,t + QuPΦ,x + Q(uQΦ,x) = D(QΦ),yy +D(QΦ),xx (7)

Terms in (6) and (7) are not of the same magnitude and must be hierarchized. In order to
proceed in a systematic way, it is now necessary to guess which are the relevant scales of the
problem and to rescale both equations appropriately.

Rescaling and effective equations Let us assume that vertical lengths scale as H and define
y = y/H, h = h/H, that horizontal lengths scale as Lφ and define x = x/Lφ. One introduces a
(yet undetermined) characteristic time scale for horizontal diffusion τD (t = t/τD) and a velocity
scale V representative of the stream u, with u = u/V .

From V , D and Lφ can be derived a horizontal Peclet number Peh = V Lφ/D. An interesting
limit emerges when Lφ is larger than H, with the effect of inhomogeneous flow resulting in the
redefinition of the diffusion constant, and the possibility to derive a simple, effective 1d-diffusion
equation. We therefore assume H/Lφ ≪ 1.

The two projected equations rescale as

1

τD
Qφ,t +

V

Lφ

QuPΦ,x +
V

Lφ

Q(uQΦ,x) =
D

H2
(QΦ),yy +

D

L2
φ

(QΦ),xx (8)

1

τD
Pφ,t +

V

Lφ

PuPΦ,x +
V

Lφ

P(uQΦ,x) =
D

L2
φ

PΦ,xx (9)
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The usual treatment of the Taylor diffusion assumes that the second term of lhs and the first
term of rhs balance in eq. (8), while other terms are subdominant. Introducing ε = H2V

DLφ
, one

finds

L2
φ

DτD

H2

L2
φ

Qφ,t + εQuPΦ,x + εQ(uQΦ,x) = (QΦ),yy +
H2

L2
φ

(QΦ),xx (10)

L2
φ

DτD
Pφ,t + PehPuPΦ,x + PehP(uQΦ,x) = PΦ,xx (11)

One expects ε ≪ 1, QΦ ∼ ε and QΦ ≪ PΦ. The horizontal diffusion time scale is set by the
equivalent L2

φ/DτD ∼ 1, which entails H2/DτD ≪ 1. The primary balance of the first equation
reads

εQuPΦ,x = (QΦ),yy (12)

Recast in the original, unscaled variables, one finds

Qu(y)PΦ,x = D(QΦ),yy (13)

As Qu is a known function of y, the above equation reduces to a double quadrature accompanied
by the boundary conditions Φ,y = (QΦ),y = 0 at y = h and y = 0, and the integral condition
PQΦ = 0. The solution reads

Qu =

(

−1 +
3y

h
−

3

2

(y

h

)2
)

Pu;

QΦ =
h2PΦ,xPu

8D

(

8

15
− 4

y2

h2
+ 4

y3

h3
−

y4

h4

)

. (14)

Then, one can substitute for the P(uQΦ,x) term in eq. (17)

uQΦ,x =
3y(2h− y)

2h2
×

(

8

15
− 4

y2

h2
+ 4

y3

h3
−

y4

h4

)

×
h2PΦ,xxPu

2

8D

P(uQΦ,x) = −
2

105

h2PΦ,xxPu
2

D
(15)

leading eventually to

Pφ,t + PuPΦ,x =

[

D +
2(hPu)2

105D

]

PΦ,xx (16)

Pφ,t + PehPuPΦ,x =

[

1 + εPeh
2(hPu)2

105

]

PΦ,xx

It results in an effective enhanced 1-d diffusion coefficient Deff = D+2h2(Pu)2/105D, known
as Taylor diffusion constant.

Discussion It is therefore possible to integrate out the coupled effect of lateral diffusion and
lateral shear velocity drift and to obtain an effective 1d transport equation. This can only
be done properly if the longitudinal scale Lφ of the concentration gradient is larger than the
thickness of the film H. At large horizontal Peclet number, there is the possibility of a significant
enhancement of the effective diffusion constant.
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The previous derivation is valid under the assumptions H/Lφ ≪ 1, H2V/DLφ ≪ 1,
τD ∼ L2

φ/D.
At the vicinity of the solid (wet gel front) region, the flow has to switch from parabolic to

uniform. This is also a region where strong concentration gradients are expected. More likely than
not, the above assumptions will break down at the vicinity of the solid front. A comprehensive
approach would therefore be needed to deal with a truly 2d problem in variables x and y.
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