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Introduction

To predict mean concentrations of various species in premixed or stratified turbulent flames, the flamelet concept [START_REF] Peters | Laminar flamelet concepts in turbulent combustion[END_REF] is often used jointly with a presumed probability density function (PDF) for a combustion progress variable . This approach consists of the following procedure:

•

Numerical simulation of planar one-dimensional stationary laminar flames by adopting a sufficiently detailed chemical mechanism and a sufficiently accurate model of molecular transport;

• Storage of the obtained results in a form of a flamelet library, which contains dependencies of density 𝜌 1 (𝑐), temperature 𝑇 1 (𝑐), mole fractions 𝑋 4,1 (𝑐) of various (𝑛 = 1, … , 𝑁) species, rates 𝑊 4,1 (𝑐) of production/consumption of these species, and heat-release rate 𝑊 :,1 (𝑐) on the combustion progress variable 𝑐, which monotonously increases from zero in fresh reactants to unity in equilibrium combustion products;

• Evaluation of the mean mixture characteristics in a turbulent flow by invoking a PDF 𝑃(𝑐) to average these dependencies.

Accordingly, 𝜌̅ (𝐱, 𝑡) = = 𝜌 1 (𝑐)𝑃(𝑐, 𝐱, 𝑡)𝑑𝑐

? @ , (1) 
𝑇 A (𝐱, 𝑡) = = 𝑇 1 (𝑐)𝑃(𝑐, 𝐱, 𝑡)𝑑𝑐

? @ , (2) 
𝑋 A 4 (𝐱, 𝑡) = = 𝑋 4,1 (𝑐)𝑃(𝑐, 𝐱, 𝑡)𝑑𝑐

? @ , (3) 
𝑊 # 4 (𝐱, 𝑡) = = 𝑊 4,1 (𝑐)𝑃(𝑐, 𝐱, 𝑡)

𝑑𝑐 ? @ , (4) 
where the PDF and mean quantities can vary in space or/and time. Henceforth, dependencies of various quantities on spatial coordinates 𝐱 and time 𝑡 will often be omitted for brevity. These equations require three comments.

First, in a general case, mixture characteristics stored in a flamelet library may also depend on mixture fraction in the case of stratified combustion, mixture enthalpy in the case of non-adiabatic flames, pressure in the case of non-isobaric burning (e.g. in a piston engine), stretch rate in highly turbulent flames, etc. In the rest of the present paper, the simplest case of a single independent scalar variable 𝑐 will be considered.

Second, Eqs. ( 1)-( 4) may be adapted to Large Eddy Simulation (LES) framework and applied to evaluate filtered quantities, but the present work is solely restricted to the Reynolds-Averaged Navier-Stokes (RANS) framework.

Third, equations similar to Eqs. ( 2)-(4) may also be written using a mass-weighted PDF 𝑃 B (𝑐) = 𝜌𝑃(𝑐) 𝜌̅ ⁄ . This is often preferred because transport equations for the Favre-averaged moments 𝑐̃≡ 𝜌𝑐 AAA 𝜌̅ ⁄ and 𝑐 F G ≡ 𝜌𝑐 F AAAAA 𝜌̅ ⁄ involve a fewer number of unclosed terms than those for 𝑐̅ and 𝑐 F AAA . In the present work, the latter option is taken, because the use of direct statistics or mass-weighted statistics in Eqs. ( 1)-( 4) is equally justified from the fundamental perspective and results reported in the following are basically similar for both statistics.

To model the PDF 𝑃(𝑐) in Eqs. ( 1)-( 4), its shape is often presumed by invoking three unknown parameters, which are determined using the following equations 1 = = 𝑃H𝑐; 𝑐̅ (𝐱, 𝑡), 𝑐 F AAA (𝐱, 𝑡)J𝑑𝑐 ? @ ,

𝑐̅ (𝐱, 𝑡) = = 𝑐𝑃H𝑐; 𝑐̅ (𝐱, 𝑡), 𝑐 F AAA (𝐱, 𝑡)J(𝑐, 𝐱, 𝑡)𝑑𝑐 ? @ ,

𝑐 F AAA (𝐱, 𝑡) = = 𝑐 F 𝑃H𝑐; 𝑐̅ (𝐱, 𝑡), 𝑐 F AAA (𝐱, 𝑡)J𝑑𝑐 ? @ .

Equation ( 5) is the normalization constraint and the moments 𝑐̅ (or 𝑐̃ if the conventional PDF 𝑃 is substituted with the massweighted PDF 𝑃 B in the above integrals) and 𝑐 F AAA (or 𝑐 F G , respectively) are computed by solving their transport equations.

The PDF shape may be expressed as a sum of Dirac delta functions [START_REF] Libby | Presumed PDF analysis of partially premixed turbulent combustion[END_REF][START_REF] Ribert | Modeling a turbulent reactive flow with variable equivalence ratio: application to the calculation of a reactive shear layer[END_REF][START_REF] Robin | Experimental and numerical analysis of stratified turbulent V-shaped flames[END_REF][START_REF] Darbyshire | The effects of small-scale mixing models on the prediction of turbulent premixed and stratified combustion[END_REF], as various combinations of Dirac delta functions and a flamelet PDF [START_REF] Bray | Finite rate chemistry and presumed PDF models for premixed turbulent combustion[END_REF][START_REF] Jin | Conditional source-term estimation as a method for chemical closure in premixed turbulent reacting flow[END_REF][START_REF] Salehi | Presumed PDF modeling for RANS simulation of turbulent premixed flames[END_REF][START_REF] Salehi | Modified laminar flamelet presumed probability density function for LES of premixed turbulent combustion[END_REF][START_REF] Shahbazian | Performance of conditional source-term estimation model for LES of turbulent premixed flames in thin reaction zones regime[END_REF][START_REF] Dovizo | RANS simulations of a series of turbulent V-shaped flames using conditional source-term evaluation[END_REF], or, most commonly, as the following beta function [START_REF] Peters | The premixed turbulent flame in the limit of a large activation energy[END_REF][START_REF] Bradley | A mixedness-reactedness flamelet model for turbulent diffusion flames[END_REF][START_REF] Bradley | The mathematical modeling of liftoff and blowoff of turbulent non-premixed methane jet flames at high strain rates[END_REF][START_REF] Fiorina | Premixed turbulent combustion modeling using tabulated detailed chemistry and PDF[END_REF][START_REF] Domingo | DNS of a premixed turbulent V flame and LES of a ducted flame using a FSD-PDF subgrid scale closure with FPI-tabulated chemistry[END_REF][START_REF] Bray | Finite rate chemistry and presumed PDF models for premixed turbulent combustion[END_REF][START_REF] Galpin | Large-eddy simulation of a fuel-lean premixed turbulent swirl-burner[END_REF][START_REF] Vreman | Subgrid scale modeling in large-eddy simulation of turbulent combustion using premixed flamelet chemistry[END_REF][START_REF] Hernández-Pérez | LES of a laboratory-scale turbulent premixed Bunsen flame using FSD, PCM-FPI and thickened flame models[END_REF][START_REF] Darbyshire | A presumed joint PDF model for turbulent combustion with varying equivalence ratio[END_REF][START_REF] Klapdor | A compressible pressure-based solution algorithm for gas turbine combustion chambers using the PDF/FGM model[END_REF][START_REF] Trisjono | Large eddy simulation of stratified and sheared flames of a premixed turbulent stratified flame burner using a flamelet model with heat loss[END_REF][START_REF] Hernández-Pérez | Large-eddy simulation of lean hydrogen-methane turbulent premixed flames in the methane-dominated regime[END_REF][START_REF] Nambully | A filtered-laminar-flame PDF sub-grid scale closure for LES of premixed turbulent flames: I. Formalism and application to a bluff-body burner with differential diffusion[END_REF][START_REF] Nambully | A filtered-laminar-flame PDF sub-grid scale closure for LES of premixed turbulent flames: II. Application to a stratified bluff-body burner[END_REF][START_REF] Donini | An a priori DNS subgrid analysis of the presumed β-PDF model[END_REF][START_REF] Van Oijen | State-of-the-art in premixed combustion modeling using flamelet generated manifolds[END_REF][START_REF] Langella | Unstrained and strained flamelets for LES of premixed combustion[END_REF][START_REF] Langella | Application of unstrained flamelet SGS closure for multiregime premixed combustion[END_REF][START_REF] Ottino | Combustion modeling including heat loss using Flamelet Generated Manifolds: A validation study in OpenFOAM[END_REF][START_REF] Lapointe | A priori filtered chemical source term modeling for LES of high Karlovitz number premixed flames[END_REF][START_REF] Donini | A 5-D implementation of FGM for the large eddy simulation of a stratified swirled flame with heat loss in a gas turbine combustor[END_REF][START_REF] Galeazzo | Performance assessment of flamelet models in flame-resolved LES of a high Karlovitz methane/air stratified premixed jet flame[END_REF][START_REF] Nilsson | Filtered reaction rate modelling in moderate and high Karlovitz number flames: an a priori analysis[END_REF] 𝑃 L M𝑐; 𝑐̅ , 𝑐 F AAA N = Γ(𝑎 + 𝑏) Γ(𝑎)Γ(𝑏) 𝑐 ST? (1 -𝑐) VT? ,

𝑎 = 𝑐̅ W 1 𝑔 -1Y , 𝑏 = (1 -𝑐̅ ) W 1 𝑔 -1Y. (8) 
Here, 𝑔 = 𝑐′ F AAAA [𝑐̅ (1 -𝑐̅ )] ⁄ is the segregation factor, 𝑐′ F AAAA = 𝑐 F AAA -𝑐̅ F , and the gamma function Γ(𝑎) = ∫ 𝜁 ST? e T`𝑑 𝜁 a @ is required to satisfy the normalization constraint given by Eq. [START_REF] Libby | Presumed PDF analysis of partially premixed turbulent combustion[END_REF]. In engineering computational fluid dynamics (CFD) applications, the presumed beta-function PDF is widely adopted because its shape is flexible enough, depending on the values of 𝑎 and 𝑏, to vary from a quasi-bi-modal PDF (𝑔 → 1) representing the flamelet regime of premixed turbulent combustion [START_REF] Bray | Unified modeling approach for premixed turbulent combustion -Part I: General formulation[END_REF] to a quasi-Gaussian PDF (𝑔 ≪ 1) representing highly turbulent conditions. Moreover, the numerical efficiency of the approach benefits from the simple algebraic relations given by Eq. ( 9).

In two recent studies [START_REF] Lipatnikov | Evaluation of mean species mass fractions in premixed turbulent flames: A DNS study[END_REF][START_REF] Lipatnikov | A priori DNS study of applicability of flamelet concept to predicting mean concentrations of species in turbulent premixed flames at various Karlovitz numbers[END_REF], a priori quantitative assessment of Eqs. ( 1)-( 4), [START_REF] Domingo | DNS of a premixed turbulent V flame and LES of a ducted flame using a FSD-PDF subgrid scale closure with FPI-tabulated chemistry[END_REF], and (9) was performed by analyzing complex-chemistry direct numerical simulation (DNS) data obtained earlier from a lean hydrogen-air flame [START_REF] Dave | Evolution of local flame displacement speeds in turbulence[END_REF] associated with thin reaction zone regime of turbulent burning [START_REF] Peters | Turbulent Combustion[END_REF] and from three lean hydrogen-air flames [START_REF] Uranakara | A flame particle tracking analysis of turbulence-chemistry interaction in hydrogen-air premixed flames[END_REF][START_REF] Im | Direct numerical simulations of statistically stationary turbulent premixed flames[END_REF][START_REF] Wacks | Flow topologies in different regimes of premixed turbulent combustion: A direct numerical simulation analysis[END_REF][START_REF] Manias | Investigation of the turbulent flame structure and topology at different Karlovitz numbers using the tangential stretching rate index[END_REF][START_REF] Klein | Evaluation of flame area based on detailed chemistry DNS of premixed turbulent hydrogen-air flames in different regimes of combustion[END_REF] associated with the corrugated flame (case A), thin reaction zone (case B), and broken reaction zone (case C) regimes [START_REF] Peters | Turbulent Combustion[END_REF]. Results of those studies have shown that:

• Equation (4) fails in predicting the mean source term 𝑊 # $ in the transport equation for the mean combustion progress variable even if the PDF 𝑃(𝑐) is directly extracted from the DNS data.

• Substitution of the beta-function presumed PDF 𝑃 L M𝑐, 𝑐̅ , 𝑐 F AAA N, which is modeled using the moments 𝑐̅ and 𝑐 F AAA (or 𝑐̃ and 𝑐 F G ) extracted directly from the DNS data, into Eqs. ( 1)-(3) yields good quantitative prediction of the mean density, temperature, and mole fractions of the major reactants and product, but performs significantly worse for the mean mole fractions of radicals H, O, and OH.

• Substitution of the PDF 𝑃(𝑐) extracted directly from the DNS data into Eqs. ( 1)-( 3) yields good quantitative prediction of not only the mean density, temperature, and mole fractions of the major reactants and product, but also the mean mole fractions of the radicals H, O, and OH.

These results (i) imply that Eqs. ( 1)-(3) should be used independently of Eq. ( 4), but in combination with another closure relation that predicts 𝑊 # $ better, (ii) call for development of such a closure relation, and (iii) put modeling of the PDF 𝑃(𝑐) on the forefront of the research agenda. The present work deals solely with issue (iii), whereas a closure relation for 𝑊 # $ is beyond the scope of the present study. We may only note that such closure relations were addressed in an avalanche of scientific contributions reviewed elsewhere [START_REF] Peters | Turbulent Combustion[END_REF][START_REF] Lipatnikov | Turbulent flame speed and thickness: Phenomenology, evaluation, and application in multidimensional simulations[END_REF][START_REF] Veynante | Turbulent combustion modeling[END_REF][START_REF] Bilger | Paradigms in turbulent combustion research[END_REF][START_REF] Poinsot | Theoretical and Numerical Combustion[END_REF][START_REF]Turbulent Combustion Modeling[END_REF][START_REF]Turbulent Premixed Flames[END_REF][START_REF] Lipatnikov | Fundamentals of Premixed Turbulent Combustion[END_REF], but there is still no model that is widely accepted to be predictive at various combustion regimes for various fuels. In the rest of the present paper, the dependence of 𝑊 # $ (𝑐̅ ) is assumed to be known. More specifically, it is extracted from the DNS data [START_REF] Uranakara | A flame particle tracking analysis of turbulence-chemistry interaction in hydrogen-air premixed flames[END_REF][START_REF] Im | Direct numerical simulations of statistically stationary turbulent premixed flames[END_REF][START_REF] Wacks | Flow topologies in different regimes of premixed turbulent combustion: A direct numerical simulation analysis[END_REF][START_REF] Manias | Investigation of the turbulent flame structure and topology at different Karlovitz numbers using the tangential stretching rate index[END_REF][START_REF] Klein | Evaluation of flame area based on detailed chemistry DNS of premixed turbulent hydrogen-air flames in different regimes of combustion[END_REF].

Thus, the present work aims at modeling the PDF 𝑃(𝑐). To be more precise, the primary goal of this study is to improve our capabilities for predicting mean species concentrations in CFD simulations of premixed turbulent flames. While fundamental research into the PDF 𝑃(𝑐) deals with its transport equation [START_REF] O'brien | Turbulent Reacting Flows[END_REF][START_REF] Pope | PDF methods for turbulent reactive flows[END_REF][START_REF]Turbulent Reacting Flows[END_REF][START_REF] Haworth | Progress in probability density function methods for turbulent reacting flows[END_REF][START_REF] Pope | Small scales, many species and the manifold challenges of turbulent combustion[END_REF], the present work is restricted to presuming the PDF shape. Accordingly, the work (i) deals with a newly presumed PDF 𝑃(𝑐), which is introduced to improve predictions of mean species concentrations in engineering CFD applications, and (ii) aims at quantitatively assessing the developed approach by comparing the concentrations yielded by it with the counterpart concentrations extracted from complex-chemistry DNS data [START_REF] Uranakara | A flame particle tracking analysis of turbulence-chemistry interaction in hydrogen-air premixed flames[END_REF][START_REF] Im | Direct numerical simulations of statistically stationary turbulent premixed flames[END_REF][START_REF] Wacks | Flow topologies in different regimes of premixed turbulent combustion: A direct numerical simulation analysis[END_REF][START_REF] Manias | Investigation of the turbulent flame structure and topology at different Karlovitz numbers using the tangential stretching rate index[END_REF][START_REF] Klein | Evaluation of flame area based on detailed chemistry DNS of premixed turbulent hydrogen-air flames in different regimes of combustion[END_REF], which were obtained from three lean hydrogen-air flames characterized by significantly different Karlovitz numbers. Since the mean density, temperature, and mole fractions of major reactants and products can be predicted using even the beta-function presumed PDF 𝑃 L M𝑐, 𝑐̅ , 𝑐 F AAA N [START_REF] Lipatnikov | Evaluation of mean species mass fractions in premixed turbulent flames: A DNS study[END_REF][START_REF] Lipatnikov | A priori DNS study of applicability of flamelet concept to predicting mean concentrations of species in turbulent premixed flames at various Karlovitz numbers[END_REF], provided that the moments 𝑐̅ and 𝑐 F AAA are directly extracted from the DNS data, the focus of the present study is placed on the prediction of the mean mole fractions of the radicals H, O, and OH. It is worth stressing that presuming a suitable PDF 𝑃(𝑐) is considered to be a means for predicting averaged radical concentrations, without necessarily aiming at predicting 𝑃(𝑐) at various 0 ≤ 𝑐 ≤ 1 or evaluating 𝑛-th moments (𝑛 ≥ 2) of the 𝑐(𝐱, 𝑡)-field by adopting the presumed PDF.

In the next section, the DNS data are briefly summarized. Development of a new presumed PDF 𝑃(𝑐) is discussed in Section 3, where test and other relevant results are also reported. Conclusions are drawn in Section 4.

Description of Simulation Data and Analysis

Since the DNS computations were already discussed in detail elsewhere [START_REF] Uranakara | A flame particle tracking analysis of turbulence-chemistry interaction in hydrogen-air premixed flames[END_REF][START_REF] Im | Direct numerical simulations of statistically stationary turbulent premixed flames[END_REF][START_REF] Wacks | Flow topologies in different regimes of premixed turbulent combustion: A direct numerical simulation analysis[END_REF][START_REF] Manias | Investigation of the turbulent flame structure and topology at different Karlovitz numbers using the tangential stretching rate index[END_REF][START_REF] Klein | Evaluation of flame area based on detailed chemistry DNS of premixed turbulent hydrogen-air flames in different regimes of combustion[END_REF], only a brief summary of their major attributes is provided here. Freely-propagating, statistically one-dimensional and planar, lean (the equivalence ratio Φ = 0.7)

hydrogen-air turbulent flames were simulated by numerically integrating the unsteady three-dimensional governing equations in compressible form and using a detailed chemical mechanism [START_REF] Burke | Comprehensive H2/O2 kinetic model for high-pressure combustion[END_REF] with 9 species and 19 reversible reactions. Under the simulation conditions (the unburned gas temperature 𝑇 j = 300 K and atmospheric pressure), the computed laminar flame speed 𝑆 1 = 1.36 m/s and thickness 𝛿 1 = (𝑇 V -𝑇 j ) max|∇𝑇| ⁄ = 0.36 mm. The computed laminar flame profiles were adopted to initialize an initially planar flame.

To solve the governing equations, an eighth-order central difference and an explicit fourth-order Runge-Kutta schemes were used [START_REF] Im | Direct numerical simulations of statistically stationary turbulent premixed flames[END_REF]. Inflow and outflow characteristic boundary conditions were utilized along the axis of the flame propagation while all other boundaries were set as periodic. A divergence-free, homogeneous, isotropic turbulence field was generated using a pseudo spectral method [START_REF] Rogallo | Numerical Experiments in Homogeneous Turbulence[END_REF] following the Passot-Pouquet spectrum [START_REF] Passot | Numerical simulation of compressible homogeneous flows in the turbulent regime[END_REF] and was injected through the inlet, with the mean inlet velocity being gradually changed to match the turbulent flame speed. The inflow values of the root-mean-square velocity 𝑢′, the most energetic length scale 𝐿 : of the Passot-Pouquet spectrum, Damköhler number 𝐷𝑎 = 𝐿 : 𝑆 1 (𝑢′𝛿 1 ) ⁄ , Karlovitz number 𝐾𝑎 = (𝑢′ 𝑆 1 ⁄ ) F 𝑅𝑒 :

T? F ⁄ (𝑆 1 𝛿 1 𝜈 j ⁄ ), and turbulent Reynolds number 𝑅𝑒 : = 𝑢′𝐿 : 𝜈 j ⁄ are listed in Table 1.

Here, 𝜈 j is the molecular kinematic viscosity of unburned mixture. Based on the conditions at the inflow boundary, the simulated flames are associated with corrugated flamelet, thin reaction zone, and broken reaction zone regimes [START_REF] Peters | Turbulent Combustion[END_REF] [START_REF] Lipatnikov | Evaluation of mean species mass fractions in premixed turbulent flames: A DNS study[END_REF][START_REF] Lipatnikov | A priori DNS study of applicability of flamelet concept to predicting mean concentrations of species in turbulent premixed flames at various Karlovitz numbers[END_REF] and the focus of the present study is placed on the mean radical concentrations, solely results computed using 𝑐 ? will be reported in the following, with the subscript 1 being omitted for brevity. Moreover, the use of 𝑐 ?

warrants that 𝑐(𝐱, 𝑡) ≤ 1 in the considered lean mixture.

The mean profiles 𝑞 A(𝑐̅ ) of various quantities 𝑞 are evaluated as follows. First, the 𝑞(𝐱, 𝑡) and 𝑐(𝐱, 𝑡)-fields are averaged over the transverse plane (𝑥 =constant) at each instant 𝑡 in order to calculate unsteady spatially averaged profiles of 〈𝑞〉(𝑥, 𝑡)

and 〈𝑐〉(𝑥, 𝑡), respectively. Second, obtained dependencies of 〈𝑞〉(𝑥, 𝑡) on 𝑥 are transformed to dependencies of 〈𝑞〉 on a sample variable 𝜉 ̅ using monotonic profiles of 〈𝑐〉(𝑥, 𝑡) divided into 100 equal intervals, i.e. an 𝑥-plane contributes to the value of

〈𝑞〉M𝜉 ̅

• N provided that "〈𝑐〉(𝑥, 𝑡) -𝜉 ̅ • " < 0.005 with 𝜉 ̅ = 0.01𝑗 and 𝑗 = 0, 1, … , 100. Subsequently, 〈𝑞〉M𝜉 ̅ , 𝑡N is averaged over various instants in order to calculate mean profiles of 𝑞 A(𝑐̅ ).

Moreover, the actual instantaneous PDF 𝑃(𝜉, 𝑥, 𝑡) is sampled from grid points characterized by "𝑐(𝐱, 𝑡) -𝜉 • " < 0.002 for each transverse plane at each instant. Here, 𝜉 = 0.004𝑗 with 𝑗 = 0, 1, … , 250 is a sample variable for the instantaneous 𝑐(𝐱, 𝑡)-field. Subsequently, the PDFs 𝑃(𝜉, 𝑥, 𝑡) are transformed to 𝑃M𝜉, 𝜉 ̅ , 𝑡N, as explained above. Finally, these instantaneous PDFs are averaged over all instants and the mean profiles of 𝑋 A 4 M𝜉 ̅ N are calculated by adopting the obtained stationary PDFs to average 𝑋 4,1 (𝑐) that are pre-computed for a single lean hydrogen-air unperturbed laminar flame using the same chemical mechanism [START_REF] Burke | Comprehensive H2/O2 kinetic model for high-pressure combustion[END_REF] and PREMIX code [START_REF] Kee | PREMIX: A FORTRAN program for modeling steady laminar onedimensional premixed flames[END_REF] from the CHEMKIN-2 library [START_REF] Kee | CHEMKIN-II: A FORTRAN chemical kinetics package for the analysis of gas-phase chemical kinetics[END_REF]. Moreover, the mean profiles of 𝑋 A 4 M𝜉 ̅ N calculated using the beta-function PDF 𝑃 L H𝜉; 𝑐̅ (𝑥), 𝑐 F AAA (𝑥)J earlier [START_REF] Lipatnikov | A priori DNS study of applicability of flamelet concept to predicting mean concentrations of species in turbulent premixed flames at various Karlovitz numbers[END_REF] will also be reported for comparison in the next section.

Mean profiles of 𝑋 A 4 (𝑐̅ ) reported in the following were averaged over six different instants in each case, i.e., at 𝑡 𝑡 ⁄ = 0.57, 0.67, 0.77, 0.86, 0.96, and 1.05 in case A and at 𝑡 𝑡 ⁄ = 4.1, 4.8, 5.5, 6.2, 6.8, and 7.5 in cases B and C, with 𝑡 ˜ being the eddy turnover time. Results obtained at a single instant (in this case, statistics are directly extracted from the DNS data for each transverse plane) or averaged over several instants (less than six) show the same trends, but with different levels of scattering.

A Newly Introduced Presumed PDF

In this section, a newly introduced method for modeling a presumed PDF will be presented and tested. Since the flamelet concept, i.e. Eq. ( 3), was found to accurately predict mean mole fractions of radicals H, O, and OH [START_REF] Lipatnikov | Evaluation of mean species mass fractions in premixed turbulent flames: A DNS study[END_REF][START_REF] Lipatnikov | A priori DNS study of applicability of flamelet concept to predicting mean concentrations of species in turbulent premixed flames at various Karlovitz numbers[END_REF], provided that the actual PDF extracted from the DNS data is used, the method is based on the well-known flamelet PDF approach [START_REF] Bray | Finite rate chemistry and presumed PDF models for premixed turbulent combustion[END_REF], but extends it in two aspects: (i) the PDF shape and (ii) an alternative constraint for the PDF calibration. The constraint will be discussed first, followed by investigation of various shapes of extended flamelet PDFs.

A newly introduced constraint

Our recent DNS studies [START_REF] Lipatnikov | A priori DNS study of applicability of flamelet concept to predicting mean concentrations of species in turbulent premixed flames at various Karlovitz numbers[END_REF][START_REF] Lipatnikov | An extended flamelet-based presumed probability density function for predicting mean concentrations of various species in premixed turbulent flames[END_REF] suggested using Eqs. ( 1)-( 3) independently of Eq. ( 4), but jointly with another closure relation for 𝑊 # $ , with many such relations being discussed in the literature [START_REF] Peters | Turbulent Combustion[END_REF][START_REF] Lipatnikov | Turbulent flame speed and thickness: Phenomenology, evaluation, and application in multidimensional simulations[END_REF][START_REF] Veynante | Turbulent combustion modeling[END_REF][START_REF] Bilger | Paradigms in turbulent combustion research[END_REF][START_REF] Poinsot | Theoretical and Numerical Combustion[END_REF][START_REF]Turbulent Combustion Modeling[END_REF][START_REF]Turbulent Premixed Flames[END_REF][START_REF] Lipatnikov | Fundamentals of Premixed Turbulent Combustion[END_REF]. Accordingly, in this study, the rate 𝑊 # $ is assumed to be known, i.e. given by another appropriate model. As such, Eq. ( 4) serves as an extra constraint [START_REF] Lipatnikov | A priori DNS study of applicability of flamelet concept to predicting mean concentrations of species in turbulent premixed flames at various Karlovitz numbers[END_REF][START_REF] Lipatnikov | An extended flamelet-based presumed probability density function for predicting mean concentrations of various species in premixed turbulent flames[END_REF], in addition to Eqs. ( 5)-( 7), to calibrate a presumed PDF for better performance. Therefore, the newly introduced PDF could have more degrees of freedom with four unknown parameters evaluated using Eqs. ( 4)- [START_REF] Fiorina | Premixed turbulent combustion modeling using tabulated detailed chemistry and PDF[END_REF].

Alternatively, Eq. ( 7) could be substituted with Eq. ( 4) [START_REF] Lipatnikov | A priori DNS study of applicability of flamelet concept to predicting mean concentrations of species in turbulent premixed flames at various Karlovitz numbers[END_REF][START_REF] Lipatnikov | An extended flamelet-based presumed probability density function for predicting mean concentrations of various species in premixed turbulent flames[END_REF]. In such a case, the number of the PDF parameters remains at three, but a transport equation for 𝑐′′ F AAAAA (𝐱, 𝑡) or 𝑐′′ F G (𝐱, 𝑡) is not required, thus circumventing the issue of closure models for the scalar dissipation rate appearing in that transport equation [START_REF]Turbulent Premixed Flames[END_REF]. Moreover, substitution of Eq. ( 7) with Eq. ( 4) offers an opportunity to calibrate a PDF so that it predicts the probability of finding reaction zones significantly better. Indeed, since the rate 𝑊 $ is low outside the reaction zones, the mean rate 𝑊 # $ is more closely correlated with that probability, whereas the variance 𝑐′′ F AAAAA (𝐱, 𝑡) or 𝑐′′ F G (𝐱, 𝑡) is not necessarily correlated with the probability of finding reaction zones [START_REF] Lipatnikov | Stratified turbulent flames: Recent advances in understanding the influence of mixture inhomogeneities on premixed combustion and modeling challenges[END_REF][START_REF] Lipatnikov | Fundamentals of Premixed Turbulent Combustion[END_REF]. The latter claim is obvious in the BML limit [START_REF] Bray | Unified modeling approach for premixed turbulent combustion -Part I: General formulation[END_REF], where these variances are solely controlled by the probabilities of finding unburned reactants and equilibrium combustion products. In summary, substitution of Eq. ( 7) with Eq. ( 4) allows us (i) to circumvent the issue of closure models for the mean scalar dissipation rate and (ii) to better evaluate the probability of finding reaction zones.

It is worth stressing that the use of Eq. ( 4) for calibrating a presumed PDF requires a high-fidelity closure relation for the mean rate 𝑊 # $ , but such a closure relation has not yet been fully investigated and this issue is still a scope of a number of ongoing studies. Accordingly, predictive capabilities of the outlined approach are limited by the selected model of 𝑊 # $ .

Nevertheless, the present approach is justified since previous studies [START_REF] Peters | Turbulent Combustion[END_REF][START_REF] Lipatnikov | Turbulent flame speed and thickness: Phenomenology, evaluation, and application in multidimensional simulations[END_REF][START_REF] Veynante | Turbulent combustion modeling[END_REF][START_REF] Bilger | Paradigms in turbulent combustion research[END_REF][START_REF] Poinsot | Theoretical and Numerical Combustion[END_REF][START_REF]Turbulent Combustion Modeling[END_REF][START_REF]Turbulent Premixed Flames[END_REF][START_REF] Lipatnikov | Fundamentals of Premixed Turbulent Combustion[END_REF][START_REF] Lipatnikov | Modeling and Simulation of Turbulent Combustion[END_REF] reported that some models of 𝑊 # $ performed better than Eq.( 4) with a presumed PDF 𝑃(𝑐) does. In any case, the use of Eq. ( 4) for calibrating a presumed PDF does not pose a new requirement to combustion CFD, because any model of premixed turbulent combustion should address a problem of evaluating the mean rate 𝑊 # $ .

At first glance, the present proposal appears to be consonant to the idea of calibrating a presumed 𝑃(𝑐) adopting the mean (or filtered) flame surface density |∇𝑐| AAAAA . Such an idea was outlined within the LES framework by Domingo et al. [START_REF] Domingo | DNS of a premixed turbulent V flame and LES of a ducted flame using a FSD-PDF subgrid scale closure with FPI-tabulated chemistry[END_REF] and by Lecocq et al. [START_REF] Lecocq | Hybrid presumed pdf and flame surface density approaches for Large-Eddy Simulation of premixed turbulent combustion. Part 1: Formalism and simulation of a quasi-steady burner[END_REF], but was neither developed nor applied in the cited papers. It is worth noting, however, that a simple linear relation of 𝑊 # $ = 𝑆 1 |∇𝑐| AAAAA holds neither within the RANS framework [START_REF] Lipatnikov | Flamelet perturbations and flame surface density transport in weakly turbulent premixed combustion[END_REF] nor within the LES framework if the filter width is sufficiently small [START_REF] Lipatnikov | A DNS assessment of linear relations between filtered reaction rate, flame surface density, and scalar dissipation rate in a weakly turbulent premixed flame[END_REF]. The present DNS data reported in Fig. 1 show that a ratio of 𝑊 # $ M𝑆 1 |∇𝑐| AAAAA N Ž is larger than unity in the largest part of mean flame brush in case A or B, with this ratio being increased by 𝑐̅ and being larger in the flame trailing zone, where the mean concentration of H, O, or OH peaks. In case C, the ratio of 𝑊 # $ M𝑆 1 |∇𝑐| AAAAA N Ž differs significantly from unity.

Thus, the use of Eq. ( 4) for calibrating a presumed PDF is not equivalent to calibrating 𝑃(𝑐) based on |∇𝑐| AAAAA . Nevertheless, the latter idea, which has not been implemented in a CFD study according to the authors' knowledge, appears to be of interest and will be discussed further at the end of Sect. 3.2.

Fig. 1.

A ratio of 𝑊 # $ M𝑆 1 |∇𝑐| AAAAA N Ž vs. Reynolds-averaged combustion progress variable.

Extended flamelet PDFs

The results obtained by testing the flamelet Eqs. ( 1)-(3) in the preceding papers [START_REF] Lipatnikov | Evaluation of mean species mass fractions in premixed turbulent flames: A DNS study[END_REF][START_REF] Lipatnikov | A priori DNS study of applicability of flamelet concept to predicting mean concentrations of species in turbulent premixed flames at various Karlovitz numbers[END_REF] suggest that the presumed PDF approach could be substantially improved using the flamelet PDF 𝑃 1 (𝑐) ∝ 𝑓(𝑐) , where 𝑓(𝑐) = |∇𝑐| 1 T? [START_REF] Bray | Finite rate chemistry and presumed PDF models for premixed turbulent combustion[END_REF], as a starting point.

Here, the gradient |∇𝑐| 1 (𝑐) is pre-computed in simulations of the unperturbed complex-chemistry laminar flame using the same chemical mechanism [START_REF] Burke | Comprehensive H2/O2 kinetic model for high-pressure combustion[END_REF] and PREMIX code [START_REF] Kee | PREMIX: A FORTRAN program for modeling steady laminar onedimensional premixed flames[END_REF] from the CHEMKIN-2 library [START_REF] Kee | CHEMKIN-II: A FORTRAN chemical kinetics package for the analysis of gas-phase chemical kinetics[END_REF]. The choice of the flamelet PDF is supported in Fig. 2; in case A or B and in a large interval of 𝜉 ? < 𝑐 < 𝜉 F , appropriately re-normalized flamelet PDFs 𝑏𝑃 1 (𝑐)

(dotted lines) are close to the actual PDFs 𝑃(𝑐) extracted directly from the DNS data1 (solid lines). The re-normalization applied in Fig. 2 means that Eq. ( 5) no longer holds (additional consideration of normalization is discussed later). However, the factor 𝑏 is tuned in order to minimize the difference between the flamelet and actual PDFs in an interval of 𝑐 characterized by 𝑃 1 (𝑐) < 2min{𝑃 1 (𝑐)}. Accordingly, the optimal values of 𝑏 depend on 𝑐̅ and vary in different cases, thus, making the curves plotted in dotted lines different at different 𝑐̅ (without normalization the |∇𝑐| 1 T? (𝑐)-curves are identical). When compared to the re-normalized flamelet PDFs, common presumed beta-function PDFs (dashed lines) differ significantly from the actual PDFs (solid lines) in cases A and B. In case C at a high Karlovitz number, the re-normalized flamelet PDF performs better than the beta-function PDF near 𝑐̅ = 0.5, but neither of the presumed PDFs agrees well with the actual PDF at 𝑐̅ = 0.1 and 0.9. These results, consistent with the findings in our previous study [START_REF] Lipatnikov | A priori DNS study of applicability of flamelet concept to predicting mean concentrations of species in turbulent premixed flames at various Karlovitz numbers[END_REF] (shown in Fig. 3 therein), imply that the validity of Eqs. ( 1)-( 3) is approximately limited to 𝐾𝑎 = O(100) for the mixture studied here. Since significant influence of differential diffusion phenomena on turbulent burning rate is well documented in various experiments with lean hydrogen flames even at high Karlovitz numbers, as reviewed elsewhere [START_REF] Lipatnikov | Fundamentals of Premixed Turbulent Combustion[END_REF][START_REF] Lipatnikov | Molecular transport effects on turbulent flame propagation and structure[END_REF], see also a recent study [START_REF] Yang | Extreme role of preferential diffusion in turbulent flame propagation[END_REF], the domain of validity of Eqs. ( 1)-( 3) could be wider for hydrocarbon-air mixtures, but this issue requires further investigation.

Common flamelet PDFs

In Fig. 2, the flamelet PDF is calibrated (re-normalized) using the actual PDF. When simulating a premixed turbulent flame, however, the actual PDF is unknown and other methods should be adopted to model a presumed PDF 𝑃(𝑐) for engineering CFD applications. For this purpose, Bray et al. [START_REF] Bray | Finite rate chemistry and presumed PDF models for premixed turbulent combustion[END_REF] have explored the following flamelet-based PDF

𝑃M𝑐; 𝑐̅ , 𝑐 F AAA N = 𝛼𝛿(𝑐) + 𝛾𝛿 1 T? 𝑓(𝑐) + 𝛽𝛿(1 -𝑐), (10) 
where 𝑓(𝑐) = |∇𝑐| 1 T? (𝑐), 𝛿(𝑐) and 𝛿(1 -𝑐) are Dirac delta functions, and the three parameters 𝛼 ≥ 0, 𝛽 ≥ 0, and 𝛾 > 0 are evaluated using Eqs. ( 5)- [START_REF] Fiorina | Premixed turbulent combustion modeling using tabulated detailed chemistry and PDF[END_REF]. However, such an approach is only applicable to flames characterized by large (close to unity) values of the segregation factor

𝑔 = 𝑐 ′F AAAA [𝑐̅ (1 -𝑐̅ )] Ž or 𝑔 ¦ = 𝑐 ′′F G [𝑐(1 -𝑐)] Ž .
If 𝑔 or 𝑔 ¦ is substantially smaller than unity, substitution of Eq. ( 10) into Eqs. ( 5)-( 7) yields a system of three linear equations that cannot be satisfied if 𝛼 ≥ 0, 𝛽 ≥ 0, and 𝛾 > 0 [START_REF] Jin | Conditional source-term estimation as a method for chemical closure in premixed turbulent reacting flow[END_REF]. This happens, in particular, under conditions of the present DNS in all three cases. If Eq. ( 7) is not used, but the PDF is calibrated adopting the flame surface density |∇𝑐| AAAAA extracted from the DNS data, a set of non-negative 𝛼, 𝛽, and 𝛾 cannot be found under the present DNS conditions either. Recently, Pfitzner [START_REF] Pfitzner | A new analytic pdf for simulations of premixed turbulent combustion[END_REF] proposed (i) to truncate the flamelet PDF at values of 𝑐 T and 𝑐 ¢ , associated with the maximal and minimal values, respectively, of 𝑐(𝐱, 𝑡) within a filter volume and (ii) to set 𝑃(𝑐) = 0 if 𝑐 < 𝑐 T or 𝑐 > 𝑐 ¢ . This proposal was developed for LES [START_REF] Pfitzner | A new analytic pdf for simulations of premixed turbulent combustion[END_REF][START_REF] Hansinger | Statistical analysis and verification of a new premixed combustion model with DNS data[END_REF], but it is not clear how it could be used within the RANS framework.

Bushe et al. [START_REF] Jin | Conditional source-term estimation as a method for chemical closure in premixed turbulent reacting flow[END_REF][START_REF] Salehi | Presumed PDF modeling for RANS simulation of turbulent premixed flames[END_REF] explored four versions of Eq. ( 10): (i) 𝛼 = 𝛽 = 0 and 𝑓(𝑐) is truncated at 0 < 𝑐 T < 1 and 𝑐 T < 𝑐 ¢ < 1, (ii) 𝛽 = 0 and 𝑓(𝑐) is truncated at 0 < 𝑐 ¢ < 1, (iii) 𝛼 = 0 and 𝑓(𝑐) is truncated at 0 < 𝑐 T < 1, and (iv) the conventional Eq. [START_REF] Robin | Experimental and numerical analysis of stratified turbulent V-shaped flames[END_REF]. Each of these four PDFs involve three unknown parameters, i.e., (i) 0 < 𝑐 T < 1, 𝑐 ? < 𝑐 ¢ < 1, and 𝛾 > 0, (ii) 𝛼 ≥ 0, 0 < 𝑐 ¢ < 1, and 𝛾 > 0; (iii) 𝛽 ≥ 0, 0 < 𝑐 T < 1, and 𝛾 > 0; (iv) 𝛼 ≥ 0, 𝛽 ≥ 0, and 𝛾 > 0, which are recommended to be evaluated using Eqs. ( 5)-( 7) [START_REF] Jin | Conditional source-term estimation as a method for chemical closure in premixed turbulent reacting flow[END_REF][START_REF] Salehi | Presumed PDF modeling for RANS simulation of turbulent premixed flames[END_REF]. However, it is unclear how the normalization constraint given by Eq.

(5) can be satisfied. Indeed, an integral of ∫ 𝑓(𝑐)𝑑𝑐 diverges as 𝑙𝑛(𝑐) at 𝑐 → 0, because |∇𝑐| 1 ∝ 𝑐 at 𝑐 → 0. To solve the problem, the integral should be taken starting from 𝑐 T ≪ 1 for the PDFs (ii) and (iv), but the present authors are aware neither on discussions of a criterion required to set the fourth input parameter 𝑐 T for the PDFs (ii) and (iv) nor on investigations of sensitivity of results yielded by these two PDFs to the choice of 𝑐 T ≪ 1. Because the aforementioned integral diverges at 𝑐 → 0, the sensitivity should be significant at least if 𝑐 T is very small. A similar problem appears to be relevant to the behavior of the flamelet 𝑓(𝑐) at 𝑐 → 1.

Moreover, Salehi and Bushe [START_REF] Salehi | Presumed PDF modeling for RANS simulation of turbulent premixed flames[END_REF] reported that, for methane-air mixtures investigated by them, all physically valid pairs of values of ¨𝑐, 𝑐 ′′F G © were yielded by one of the four aforementioned PDFs. However, for the lean hydrogen-air mixture studied in the present work, the use of 𝑓(𝑐) = |∇𝑐| 1 T? (𝑐) pre-computed for the unperturbed laminar flame by adopting the mechanism by Burke et al. [START_REF] Burke | Comprehensive H2/O2 kinetic model for high-pressure combustion[END_REF] does not allow us to fill the entire valid range of values of ¨𝑐̅ , 𝑐′ F AAAA © or ¨𝑐, 𝑐′′ F G © if 𝑓(𝑐) is integrated starting from 𝑐 = 0.004 or 0.01 for the PDFs (ii) and (iv) to 𝑐 = 0.996 or 0.99, respectively, for the PDFs (iii) and (iv). More specifically, in cases A and B, none of these four PDFs yields the pairs of ¨𝑐̅ , 𝑐′ F AAAA © or ¨𝑐, 𝑐′′ F G © extracted from the DNS data provided that 0.1 < 𝑐̅ < 0.6. Thus, the approach by Bushe et al. [START_REF] Jin | Conditional source-term estimation as a method for chemical closure in premixed turbulent reacting flow[END_REF][START_REF] Salehi | Presumed PDF modeling for RANS simulation of turbulent premixed flames[END_REF] is inconsistent with the present DNS data obtained in cases A and B. On the contrary, in case C, the truncated PDF (i), i.e. 𝛼 = 𝛽 = 0 and 0 < 𝑐 T < 𝑐 ¢ < 1, can be calibrated using Eqs. ( 5)-( 7) or their mass-weighed counterparts in the entire flame brush, thus, supporting truncation of the flamelet PDF. This truncated PDF is shown in dotted-dashed lines in the right column of Fig. 2. In addition to the divergency problem discussed above, the need for the flamelet PDF truncation is also evident from Fig. 2, which shows that 𝑃 1 (𝑐) increases rapidly as 𝑐 → 0 or 𝑐 → 1. If Eq. ( 7) is substituted by Eq. ( 4) when calibrating the PDF 𝑃M𝑐; 𝑐̅ , 𝑐 F AAA N, then, 𝑃 1 (𝑐) → ∞ at both 𝑐 → 0 and 𝑐 → 1, and the integration of 𝑃 1 (𝑐) in the vicinity of 𝑐 = 0 or 𝑐 = 1 diverges (or yields a large number if the numerical integration is not extended to 𝑐 = 0 and 𝑐 = 1). Consequently, if the flamelet PDF is not truncated, the parameter 𝛾 must be reduced to a small value to satisfy the normalization constraint given by Eq. ( 5).

However, the use of such a small 𝛾 cannot satisfy Eq. ( 4). This issue is illustrated in Fig. 3, which shows the normalized integrals

𝐼 $ (𝜉 ? , 𝜉 F ) = ¯= 𝑃 1 (𝑐)𝑑𝑐 °± °² ³ T? = 𝑐𝑃 1 (𝑐)𝑑𝑐 °± °² , (11) 
𝐼 « (𝜉 ? , 𝜉 F ) = ¯= 𝑃 1 (𝑐)𝑑𝑐 °± °² ³ T?

= 𝑊 $,1 (𝑐)𝑃 1 (𝑐)𝑑𝑐 °± °² [START_REF] Jin | Conditional source-term estimation as a method for chemical closure in premixed turbulent reacting flow[END_REF] as functions of the truncation parameter 𝜉 F . Henceforth, 𝑃 1 (𝑐) designates 𝛿 1 T? 𝑓(𝑐), i.e., the middle term on the right hand side of Eq. ( 10) reads 𝛾𝑃 1 (𝑐). In contrast, these and all other results reported in the following are weakly sensitive to 𝜉 ? so long as it is sufficiently small for a ratio of 𝑊 $,1 (𝑐 = 𝜉 ? ) max¬𝑊 $,1 (𝑐)-⁄ = 𝜖 to be much smaller than unity, but is sufficiently large to circumvent the divergency problem at 𝑐 → 0. For instance, the results obtained at 𝜖 = 0.1 and 0.01 are almost the same.

Accordingly, all results reported in the following have been calculated using 𝜖 = 0.01, with the rate 𝑊 1 (𝑐) being pre-computed in simulations of the unperturbed complex-chemistry laminar flame using the same chemical mechanism [START_REF] Burke | Comprehensive H2/O2 kinetic model for high-pressure combustion[END_REF] and PREMIX code [START_REF] Kee | PREMIX: A FORTRAN program for modeling steady laminar onedimensional premixed flames[END_REF] from the CHEMKIN-2 library [START_REF] Kee | CHEMKIN-II: A FORTRAN chemical kinetics package for the analysis of gas-phase chemical kinetics[END_REF].

A rapid increase in 𝐼 $ (𝜉 ? , 𝜉 F ) when 𝜉 F → 1 (see Fig. 3a) results from a sharp increase in 𝑓(𝑐 → 1). Accordingly, an appropriate selection of 𝜉 F is needed. For instance, if 𝑐̅ is too small, substitution of 𝛾 given by Eq. ( 4) into Eq. ( 10) could yield

𝛾 ∫ 𝑐𝑃 1 (𝑐)𝑑𝑐 °± °²
> 𝑐̅ for certain 𝜉 F , thus requiring negative 𝛼 or 𝛽.

A decrease in 𝐼 « (𝜉 ? , 𝜉 F ) at large 𝜉 F (see Fig. 3b) is explained as follows. If 𝜉 F is sufficiently large and is further increased,

an integral of ∫ 𝑃 1 (𝑐)𝑑𝑐 °± °²
is significantly increased due to integration of a large 𝑃 1 (𝑐) over the added interval of 𝑐. On the contrary, the extension of the integration domain to larger 𝑐 has a minor effect on ∫ 𝑊 $,1 (𝑐)𝑃 1 (𝑐)𝑑𝑐 °± °²

, because the rate 𝑊 $,1 (𝑐)

is too low in the added domain. Consequently, 𝐼 « (𝜉 ? , 𝜉 F ), which is a ratio of the two aforementioned integrals, is decreased with increasing 𝜉 F at large 𝜉 F . Therefore, Eq. ( 4) can be satisfied only if the peak value of 𝐼 « (𝜉 ? , 𝜉 F ) is equal to or larger than the mean rate 𝑊 # $ [note that a product of the probability 𝛾 and the denominator in Eq. ( 12) should be smaller than or equal to unity due to the normalization constrain given by Eq. ( 5). Accordingly, 𝛾 ∫ 𝑊 $,1 (𝑐)𝑃 1 (𝑐)𝑑𝑐 °± °² ≤ 𝐼 « (𝜉 ? , 𝜉 F )]. In such a case, the parameter 𝛾 given by Eq. ( 4) may be sufficiently small, in particular, smaller than µ∫ 𝑃 1 (𝑐)𝑑𝑐 °± °² ¶ T?

allowed by Eq. ( 5).

Thus, 𝛾 ∫ 𝑃 1 (𝑐)𝑑𝑐 °± °² may be smaller than unity, and values of 0 ≤ 𝛼 < 1 and 0 ≤ 𝛽 < 1 may be found by solving Eqs. ( 5) and [START_REF] Ribert | Modeling a turbulent reactive flow with variable equivalence ratio: application to the calculation of a reactive shear layer[END_REF]. Note that, if 𝛼 > 0 or/and 𝛽 > 0, the parameter 𝛾 is less than µ∫ 𝑃 1 (𝑐)𝑑𝑐 °± °² ¶ T?

by virtue of Eq. ( 5) and, consequently,

𝛾 ∫ 𝑐𝑃 1 (𝑐)𝑑𝑐 °± °²
and 𝛾 ∫ 𝑊 $,1 (𝑐)𝑃 1 (𝑐)𝑑𝑐 °± °² are less than 𝐼 $ (𝜉 ? , 𝜉 F ) and 𝐼 « (𝜉 ? , 𝜉 F ), respectively. Therefore, it is more difficult to satisfy Eq. ( 4) if 𝛼 > 0 or/and 𝛽 > 0. Thus, Eq. ( 4) with 𝜉 F considered to be independent of 𝑐̅ is satisfied only if 𝐼 « (𝜉 ? , 𝜉 F ) ≥ max{𝑊 # $ (𝑐̅ )} and this constraint is targeted in simulations discussed later.

In the following two subsections, various flamelet-based presumed PDF shapes will be explored. The major difference between the shapes studied in Sects. 3.2.2 and 3.2.3 consists in using Dirac delta function and top hat function, respectively, at large values of the combustion progress variable.

Truncated flamelet PDF

Based on the above reasoning, the following modification

𝑃M𝑐; 𝑐̅ , 𝑐 F AAA N = 𝛼𝛿(𝑐) + 𝛾𝑃 1 (𝑐)H(𝑐 -𝜉 ? )H(𝜉 F -𝑐) + 𝛽𝛿(𝑐 F -𝑐). ( 13 
)
of the presumed flamelet PDF defined by Eq. ( 10) was explored using the following three simplest possible choices of (i)

𝑐 F = 1, (ii) 𝑐 F = 𝜉 F , or (iii) 𝑐 F = (1 + 𝜉 F ) 2 ⁄ .
Here, H(𝑐) is Heaviside function.

Results obtained adopting models (i)-(iii) are plotted in curves 3-5, respectively, in Fig. 4, whereas curves 1 and 2 show 𝑋 A 4 (𝑐̅ ) calculated using the actual and beta-function presumed PDFs, respectively. When testing models (i)-(iii), the parameter 𝜉 F in Eq. ( 13) was selected by taking the largest value of 𝜉 F such that 𝐼 « (𝜉 ? , 𝜉 F ) ≥ 𝑊 # $ (𝑐̅ ) in the entire flame brush. The parameters 𝛼 ≥ 0, 𝛽 ≥ 0, and 𝛾 > 0 were evaluated using Eqs. ( 4)-( 6), with term 𝛽𝑊 $,1 (𝑐 F ) being omitted in Eq. ( 4) for simplicity, because 𝑊 $,1 (𝑐 = 𝜉 F ) ≪ max¬𝑊 $,1 (𝑐)for conditions under study. In case C, Eqs. ( 4) and ( 6) could not be satisfied by any 0 ≤ 𝛽 < 1 if 0.06 ≤ 𝑐̅ ≤ 0.65. Therefore, Eq. ( 6) was skipped and 𝛽 = 0. As a result, curves 3-5 are very close to one another at 0.06 ≤ 𝑐̅ ≤ 0.65 in case C. This fact again indicates limitation of the flamelet concept in case C. 2 -presumed beta-function PDF; 3 -PDF given by Eq. ( 13) with 𝑐 F = 1; 4 -PDF given by Eq. ( 13) with 𝑐 F = 𝜉 F ; 5 -PDF given by Eq. ( 13) with 𝑐 F = (𝜉 F + 1) 2 ⁄ ; 6 -PDF given by Eq. ( 14) with a constant 𝜉 F ; 7 -PDF given by Eq. ( 14) with 𝜉 F depending on 𝑐̅ . In cases 3-7, 𝑊 $,1 (𝑐 = 𝜉 ? ) max¬𝑊 $,1 (𝑐)-⁄ = 0.01. Results obtained from flames A, B, and C are reported in the left, middle, and right columns, respectively.

In cases A and B, comparison of curves 3 or 2 with curves 1 shows that Eq. ( 13) with 𝑐 F = 1 does not perform better than 𝑃 L M𝑐; 𝑐̅ , 𝑐 F AAA N despite that the flamelet PDFs agree with the actual PDFs significantly better than the beta-function PDFs do (see the left and middle columns Fig. 2). Equation [START_REF] Vreman | Subgrid scale modeling in large-eddy simulation of turbulent combustion using premixed flamelet chemistry[END_REF] with 𝑐 F = 𝜉 F overestimates the mean mole fractions of H and O (curves 1 and 4 in the first two rows). On the contrary, Eq. ( 13) with 𝑐 F = (1 + 𝜉 F ) 2 ⁄ performs substantially better in the largest parts of the two mean flame brushes, with the exception of their trailing zones characterized by a large 𝑐̅ .

Comparison of curves 3, 4, and 5 in Fig. 4 emphasizes importance of appropriately modeling contributions to 𝑋 A • , 𝑋 A ¸, and 𝑋 A ¸• from the radical-recombination zones [START_REF] Kaskan | The concentration of hydroxyl and of oxygen atoms in gases from lean hydrogen-air flames[END_REF][START_REF] Williams | Progress in knowledge of flamelet structure and extinction[END_REF] with 𝑐 F = (1 + 𝜉 F ) 2 ⁄ in Eq. ( 13), yields reasonable results after integration. While this solution does not hold locally, see Fig. 2, and seems to be oversimplified from the fundamental perspective, the obtained results appear to be encouraging for engineering CFD applications. Note that 𝑐 F = (𝜉 F + 1) 2 ⁄ was solely chosen for simplicity. We did not try to find 𝜉 F < 𝑐 F < 1 that would yield the best agreement with the profiles of 𝑋 A • (𝑐̅ ), 𝑋 A ¸(𝑐̅ ), and 𝑋 A ¸•(𝑐̅ ) extracted from the DNS data. 

Extended flamelet PDF

Alternatively to Eq. ( 13), one more simple flamelet-based presumed PDF

𝑃(𝑐) = 𝛼𝛿(𝑐) + 𝛾𝐻(𝑐 -𝜉 ? )𝐻(𝜉 F -𝑐)𝑃 1 (𝑐) + 𝛽𝐻(𝑐 -𝜉 F )𝐻(1 -𝑐), (14) 
may also be proposed for engineering CFD applications to better account for processes in the radical-recombination zones.

Compared to Eq. ( 13), Eq. ( 14) adopts a constant PDF in the interval of 𝜉 F < 𝑐 < 1, i.e. in the recombination zone, instead of a single Dirac delta function. Equations ( 4)-( 6) and ( 14) read

𝛼 + 𝛽′ + 𝛾 = 𝑃 1 (𝑐)𝑑𝑐 °± °² = 1, (15) 
𝛽′ 1 + 𝜉 F 2 + 𝛾 = 𝑐𝑃 1 (𝑐)𝑑𝑐 °± °² = 𝑐̅ , (16) 
𝛾 = 𝑊 $,1 (𝑐)𝑃 1 (𝑐)𝑑𝑐 °± °² ≈ 𝑊 # $ . (17) 
Here, 𝛽′ ≡ 𝛽(1 -𝜉 F ) and contribution from the third term on the right hand side (RHS) of Eq. ( 14) to the mean rate 𝑊 # $ is neglected, because 𝑊 $,1 (𝑐 > 𝜉 F ) is very small for the values of 𝜉 F used in the present study. Curves 6 in the left and middle column in Fig. 4 show that, in the largest parts of the mean flame brushes in cases A and B, Eqs. ( 14)-( 17) predict the mean radical mole fractions substantially better than the other presumed PDFs discussed earlier.

Results shown in curves 3-6 in Fig. 4 have been calculated by selecting a single value of 𝜉 F in the entire flame brush, i.e.

the largest value of 𝜉 F such that 𝐼 « (𝜉 ? , 𝜉 ) ≥ max{𝑊 # $ (𝑐̅ )}. However, in the flame-brush zones characterized by 𝑊 # $ (𝑐̅ ) < max{𝑊 # $ (𝑐̅ )} , lower values of 𝐼 « (𝜉 ? , 𝜉 F ) are also acceptable and, consequently, 𝜉 F could be larger. Such an extension of the interval of (𝜉 ? , 𝜉 F ) is beneficial, because (i) the flamelet-based and actual PDFs agree in a wide range of 𝑐 in Fig. 2 and (ii) the former PDF is based on physical reasoning, whereas the third term on the RHS of Eq. ( 13) or ( 14) is ad hoc. An increase in 𝜉 F results in increasing (decreasing) an interval of 𝑐 that the second (third, respectively) term on the RHS of Eq. ( 14) is applied to. Consequently, the second and physically sound (third and arbitrary) term plays a more (less, respectively) important role when 𝜉 F is increased. Therefore, 𝜉 F should be varied with 𝑐̅ .

Accordingly, the following unified algorithm is proposed to build an extended flamelet-based presumed PDF by adopting Eq. ( 14) for engineering CFD applications. First, the integrals ∫ 𝑃 1 (𝑐)𝑑𝑐 °± °²

, ∫ 𝑐(𝑐)𝑃 1 (𝑐)𝑑𝑐 °± °²

, and ∫ 𝑊 $,1 (𝑐)𝑃 1 (𝑐)𝑑𝑐 °± °² are precalculated for various 𝜉 F by processing data obtained in simulations of the unperturbed complex-chemistry laminar flame.

Second, for each 𝑐̅ , the product of 𝛾 ∫ 𝑊 $,1 (𝑐)𝑃 1 (𝑐)𝑑𝑐 °± °² is compared with 𝑊 # $ (𝑐̅ ) and the largest value 𝜉 F,~ consistent with Eq. ( 17) is selected. Here, 𝜉 F,~= 𝑖 𝑁 ⁄ , 𝑖 = 0, 1, … , 𝑁, and 𝑁 = 250 is the number of points used to discretize an interval of [0,1]. If this value is also consistent with Eqs. ( 15)-( 16), where 0 ≤ 𝛼 ≤ 1 and 0 ≤ 𝛽′ ≤ 1, the mean mole fractions are evaluated using Eq. (3). Otherwise, the next lower value 𝜉 F,~T? is used and the procedure is repeated until all three constraints, i.e. Eqs. ( 15)-( 17), are satisfied for certain "optimal" 𝜉 F,~T• , where 0 ≤ 𝑗 < 𝑖. The algorithm is straightforward and free from tuning (the choice of 𝜉 ? is of minor importance as noted earlier) provided that the PDF shape given by Eq. ( 14) is presumed.

While there is no guarantee that all these constraints can simultaneously be satisfied, this was indeed the case for 𝑐̅ ≥ 0.02 in flames A and B and the values of 𝜉 F evaluated adopting the above algorithm are shown in Fig. 6. In case C, however, Eqs. ( 4)-( 6) and constraints of 𝛼 ≥ 0 and 𝛽 ≥ 0 cannot be satisfied in some zones in the mean flame brush even if 𝜉 F is varied with 𝑐̅ . Accordingly, 𝜉 F is substituted with unity in these zones in Fig. 6. In the simulations, in such zones, (i) 𝛽 = 0, (ii) Eq. ( 17) or (4) was skipped, and (iii) 𝜉 F was set equal to 𝜉 F * associated with the peak value of 𝐼 « (𝜉 ? , 𝜉 F ). In such a case, the RHS of Eq. ( 4) is still less than the mean rate 𝑊 # $ extracted from the DNS data, but the difference is reduced. Attempts to resolve the discussed problem by increasing 𝜉 ? or further modifying the PDF shape were not undertaken, because (i) results shown in curve 7 in the right column in Fig. 4 appear to be encouraging from the perspective of future engineering CFD applications and (ii) the flamelet PDF performs substantially worse in case C when compared to cases A and B (see Fig. 2). Therefore, exploring another PDF shape seems to be of more interest under conditions of case C and this issue will be addressed in a future study. Results computed by adopting Eqs. ( 14)-( 17) and the suggested algorithm are shown in curves 7 in Fig. 4. Agreement with the mean mole fractions computed by substituting the actual DNS into Eq. ( 3) is encouraging for all three radicals in cases A and B. Some scatter of the results stems from (i) the use of a discrete set of 𝜉 F and (ii) a slow growth of the optimal 𝜉 F,~T• with 𝑐̅ , see Fig. 6. Even in case C, curves 1 and 7 are close to one another at 𝑐̅ < 0.74 (note that the proposed algorithm does not work at 𝑐̅ ≥ 0.74, as shown in Fig. 6). At the trailing edge (𝑐̅ ≥ 0.95) of the mean flame brush, the presumed betafunction PDF yields a good prediction in case C, as shown by curves 1 and 2 in the right column in Fig. 4.

Finally, predictive capabilities of the newly introduced flamelet-based presumed PDF2 given by Eq. ( 14) with 𝜉 F depending on 𝑐̅ are summarized for the mean mole fractions in Fig. 7 and the mean temperature and density in Fig. 8. Note that curves plotted in dotted lines have been smoothed in these figures. The PDF performs very well in cases A and B. Even in case C, the PDF yields good predictions for 𝜌̅ , 𝑇 A , mean mole fractions of reactants (H2 and O2), product (H2O), and radicals O (for 𝑐̅ < 0.8) and OH (for 𝑐̅ < 0.9). For the hydrogen radical in case C, agreement between the model results and DNS data is still acceptable if 𝑐̅ < 0.7, but Eq. ( 3) underestimates 𝑋 A • even if the actual PDF is used (black solid and dashed lines in the right bottom cell in Fig. 7). Thus, as far as predictions of 𝜌̅ (𝑐̅ ), 𝑇 A (𝑐̅ ), and 𝑋 A 4 (𝑐̅ ) are concerned, the flamelet approach appears to be useful even in case C. However, other results, e.g. PDFs shown in the right column in Fig. 2, indicate limitations of the approach in case C. Therefore, this case appears to be close to the boundary of the validity of the flamelet approach for lean hydrogen-air mixtures. To conclude this subsection, the key features the developed flamelet-based presumed PDF approach are summarized as:

1. The newly introduced constraint given by Eq. ( 4) and supported by physical reasoning summarized in Sect. 3.1 and discussed also in the preceding paper [START_REF] Lipatnikov | A priori DNS study of applicability of flamelet concept to predicting mean concentrations of species in turbulent premixed flames at various Karlovitz numbers[END_REF] is adopted.

2. The interval of 𝜉 ? < 𝑐 < 𝜉 F where the classical flamelet PDF is applied is extended as much as possible to larger values of the combustion progress variable using the newly introduced algorithm described in this subsection earlier.

3. In the interval of 𝜉 F < 𝑐 ≤ 1, the simplest possible assumption of a constant PDF is invoked, with this constant being evaluated using the standard calibration constraints given by Eqs. ( 5) and ( 6), as well the newly introduced calibration constraint given by Eq. ( 4).

4. The approach does not involve a tuning parameter.

The fact that the use of a constant PDF at 𝜉 F < 𝑐 ≤ 1, which differs substantially from the actual PDF (see Fig. 2), led to a good quantitative prediction of the mean concentrations of the radicals H, O, and OH (see Fig. 7) may be surprising. This could be better understood by noting that (i) the use of the newly introduced algorithm (item 2) has allowed us to extend the flamelet PDF up to 𝜉 F larger than 0.95 (see Fig. 6 with the exception of the leading edge of the mean flame brush, where the mean radical concentrations are low), (ii) dependencies of 𝑋 • (𝑐), 𝑋 ¸(𝑐), and 𝑋 ¸•(𝑐) obtained from the unperturbed laminar flame look linear at 𝑐 > 0.95 (see Fig. 5b), and (iii) any shape of the PDF 𝑃(𝑦) yields the correct mean value of a linear function 𝑦 = 𝑎 + 𝑏𝑥, provided that the PDF is calibrated using the mean value of 𝑥.

Other relevant results

While the present work aims primarily at predicting mean species concentrations in premixed turbulent flames, rather than matching the actual and presumed PDFs or predicting higher (𝑛 ≥ 2) moments 𝑐′ 4 AAAA of the 𝑐(𝐱, 𝑡)-field by adopting a presumed PDF, it is of interest to assess capabilities of the developed approach for predicting the variance 𝑐′ F AAAA . Figure 9 shows that the approach yields encouraging results even for 𝑐′ F AAAA in cases A and B. However, in case C the agreement between the DNS and model results is poor at low 𝑐̅ , while improves at large 𝑐̅ , i.e., in the flame-brush zone characterized by the largest mean concentrations of H, O, and OH. This observation is consistent with other results that indicate that case C is close to the boundary of validity of the flamelet concept in lean hydrogen-air flames.

Since (i) the newly developed approach invokes the mean rate 𝑊 # $ to calibrate the PDF 𝑃(𝑐) and (ii) modeling 𝑊 # $ still remains a challenge, it is also of interest to explore the sensitivity of mean radical concentrations yielded by the present approach to eventual errors in 𝑊 # $ . For this purpose, profiles of 𝑊 # $ (𝑐̅ ), extracted from the DNS data, were multiplied with a factor of 0.9 or 1.1 and were used to calibrate the PDF 𝑃(𝑐) given by Eq. ( 14), with 𝜉 F depending on 𝑐̅ . The computed results are plotted in smaller or larger dots, respectively, in the top row in Fig. 10. For comparison, a similar sensitivity study was performed for the conventional presumed beta-PDF approach, i.e., profiles of the mass-weighted segregation factor3 𝑔 ¦(𝑐̅ ), extracted from the DNS data, were multiplied by a factor of 0.9 or 1.1 (the segregation factor multiplied with 1.1 was smaller than unity in all three cases) . These results are shown in smaller and larger dots, respectively, in the bottom row in Fig. 10.

Comparison of subfigures in the top and bottom cells shows that the newly developed approach is less sensitive to errors in 𝑊 # $ when compared to the sensitivity of the conventional presumed beta-PDF approach to errors in 𝑔 ¦(𝑐̅ ). This difference is less pronounced in case C, but is significant in cases A and B, especially for 𝑋 A • (𝑐̅ ). In all three cases, the sensitivity of the newly developed approach to errors in 𝑊 # $ is surprisingly weak, probably because a decrease in 𝛾 due to a decrease in 𝑊 # $ in Eq. ( 4) is counterbalanced by an increase in the factor 𝛽 that is required for Eq. ( 14) to satisfy the normalization constraint given by Eq. ( 5). Other curves show the variance computed by adopting the PDF given by Eq. ( 14), with 𝜉 F depending on 𝑐̅ .

As noted earlier, another attractive approach to calibrating the presumed PDF consists in invoking the flame surface density |∇𝑐| AAAAA for this purpose [START_REF] Domingo | DNS of a premixed turbulent V flame and LES of a ducted flame using a FSD-PDF subgrid scale closure with FPI-tabulated chemistry[END_REF][START_REF] Lecocq | Hybrid presumed pdf and flame surface density approaches for Large-Eddy Simulation of premixed turbulent combustion. Part 1: Formalism and simulation of a quasi-steady burner[END_REF]. While this method combined with the conventional Eq. ( 10) is not supported by the present DNS data, i.e. such a calibration procedure does not yield non-negative values of 𝛼, 𝛽, and 𝛾 in the simulated flames, the method could be combined with an alternative (truncated) PDF shape discussed above. In such a case, however, the following fundamentally important issue must be properly addressed. If the probability 𝛾 is evaluated by taking a truncated integral of

∫ |∇𝑐| 1 𝑃 1 (𝑐)𝑑𝑐 °± °²
from 𝜉 ? to 𝜉 F and invoking a model expression for the mean flame surface density |∇𝑐| AAAAA , the latter quantity must not contain contributions from zones where 𝑐(𝐱, 𝑡) < 𝜉 ? or 𝑐(𝐱, 𝑡) > 𝜉 F . The present authors are not aware of a RANS or LES model that addresses such a truncated flame surface density and, in particular, its dependence on 𝜉 ? or 𝜉 F . If these boundary values are sufficiently close to zero and unity, respectively, contributions from the aforementioned zones might be disregarded and the entire flame surface density might be used. Nevertheless, if 𝜉 ? → 0 and 𝜉 F → 1, such a calibration procedure does not yield non-negative values of 𝛼, 𝛽, and 𝛾 in the three present cases, as already noted above. Thus, the discussed alternative approach requires further study. in the top row are results simulated by (i) adopting the newly developed approach [i.e., the PDF given by Eq. ( 14), with 𝜉 F depending on 𝑐̅ , is calibrated using Eq. ( 4)] and (ii) multiplying profiles of the mean reaction rate 𝑊 # $ (𝑐̅ ), extracted from the DNS data, with a factor of 0.9 (smaller dots) or 1.1 (larger dots). Plotted in the bottom row are results obtained by (i) using the conventional presumed beta-PDF approach and (ii) multiplying profiles of the mass-weighted segregation factor 𝑔 ¦(𝑐̅ ), extracted from the DNS data, with a factor of 0.9 (smaller dots) or 1.1 (larger dots).

Conclusions

Following our recent study [START_REF] Lipatnikov | A priori DNS study of applicability of flamelet concept to predicting mean concentrations of species in turbulent premixed flames at various Karlovitz numbers[END_REF], the use of the flamelet Eqs. ( 1)-(3) independently of Eq. ( 4) for predicting the mean density, temperature, and concentrations of various species was explored, expecting that a sufficiently precise closure relation for the mean rate 𝑊 # $ of product creation would be provided by one of available (or future) turbulent combustion models.

Accordingly, the focus of the present work was placed on building a simple presumed PDF 𝑃(𝑐) for the fuel-based combustion progress variable 𝑐, which could be useful for predicting mean species concentrations in future engineering CFD applications.

An extended flamelet-based presumed PDF was built by (i) adapting the classical flamelet PDF to a large interval of 𝜉 ? < 𝑐 < 𝜉 F , (ii) assuming a uniform shape of 𝑃(𝑐) at larger 𝑐 > 𝜉 F in the radical recombination zone, and (iii) using an available (or future) closure model for 𝑊 # $ to calibrate the presumed PDF. In other words, the common calibration constraint given by Eq. ( 7) and based on the second moment 𝑐 F AAA of the combustion-progress-variable field was substituted with a new calibration constraint given by Eq. ( 4) and based on the mean rate 𝑊 # $ .

The newly developed approach was assessed by analysing complex-chemistry DNS data obtained earlier [START_REF] Uranakara | A flame particle tracking analysis of turbulence-chemistry interaction in hydrogen-air premixed flames[END_REF][START_REF] Im | Direct numerical simulations of statistically stationary turbulent premixed flames[END_REF][START_REF] Wacks | Flow topologies in different regimes of premixed turbulent combustion: A direct numerical simulation analysis[END_REF][START_REF] Manias | Investigation of the turbulent flame structure and topology at different Karlovitz numbers using the tangential stretching rate index[END_REF][START_REF] Klein | Evaluation of flame area based on detailed chemistry DNS of premixed turbulent hydrogen-air flames in different regimes of combustion[END_REF] from three lean hydrogen-air flames: (i) case A, 𝐾𝑎 = 0.75; (ii) case B, 𝐾𝑎 = 14.4, and (iii) case C, 𝐾𝑎 = 126. The mean rate 𝑊 # $ adopted in the analysis was directly extracted from the DNS data. The results show that, in cases A and B, the actual PDF extracted from the DNS data is well predicted by the classical flamelet PDF in a wide interval of 𝜉 ? < 𝑐 < 𝜉 F if 𝜉 ? and 𝜉 F are sufficiently far from zero and unity, respectively. In case C, the two PDFs match well in the middle of the flame brush, but they become significantly different at small and large 𝑐̅ . The results also suggest that, in order to predict the mean concentrations of radicals H, O, and OH, it is necessary to allow for non-flamelet behavior of the PDF 𝑃(𝑐) at large 𝑐, i.e. in the radical recombination zone.

Finally, the newly developed approach shows accurate predictions of the mean density, temperature, and mole fractions of H2, O2, and H2O in all three cases, as well as mean mole fractions of radicals H, O, and OH in cases A and B. This major result of the present work encourages using the simple presumed PDF given by Eq. ( 14) in future engineering CFD applications. In case C, the mean radical concentrations are also well predicted, but only at 𝑐̅ ≤ 0.7, whereas at 𝑐̅ ≥ 0.95 the presumed beta-function PDF performs significantly better. Consistent with our previous study [START_REF] Lipatnikov | A priori DNS study of applicability of flamelet concept to predicting mean concentrations of species in turbulent premixed flames at various Karlovitz numbers[END_REF], the results indicate that the boundary of the domain of the flamelet concept utility is reached at 𝐾𝑎 = O(100) for the lean hydrogen-air mixture considered in this study. The present results are in line with other recent experimental and DNS data that support the utility of the flamelet concept at high 𝐾𝑎, as reviewed elsewhere [START_REF] Sabelnikov | Thin reaction zones in constant-density turbulent flows at low Damköhler numbers: Theory and simulations[END_REF][START_REF] Driscoll | Premixed flames subjected to extreme turbulence: Some questions and recent answers[END_REF].
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 2 Fig. 2. Probability density functions for the combustion progress variable 𝑐. Red solid lines show the actual PDFs extracted from the DNS data at transverse planes characterized by 〈𝑐〉(𝑥, 𝑡) = 0.1 (the first row), 〈𝑐 ž 〉(𝑥, 𝑡) = 0.5 (the second row), and 〈𝑐 ž 〉(𝑥, 𝑡) = 0.9 (the third row). Black dotted lines show the laminar flamelet PDFs re-normalized differently for each 𝑐̅ (𝑥) to get the best agreement with the DNS data at intermediate values of the sample variable. Blue dashed lines show beta-function PDFs 𝑃 L H𝜉; 𝑐̅ (𝑥), 𝑐 F AAA (𝑥)J yielded by Eqs. (8) and (9), where the first moments 𝑐̅ (𝑥) and 𝑐 F AAA (𝑥) are extracted from the DNS data. Results obtained from flames A, B, and C are reported in the left, middle, and right columns, respectively. Violet dotted-dashed lines in the right column show one of the four PDFs introduced by Bushe et al. [12,14], i.e. 𝑃(𝑐) = 𝛾𝛿 1 T? |∇𝑐| 1 T? 𝐻(𝑐 -𝑐 T )𝐻(𝑐 ¢ -𝑐), with 𝑐 T and 𝑐 ¢ being shown in black dotted-dashed vertical straight lines.
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 3 Fig. 3. Dependencies of integrals (a) 𝐼 $ (𝜉 ? , 𝜉 F ) and (b) 𝐼 « (𝜉 ? , 𝜉 F ) on 𝜉 F , with 𝑊 $,1 (𝑐 = 𝜉 ? ) max¬𝑊 $,1 (𝑐)-⁄ = 0.01.
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 4 Fig. 4. Mean mole fractions of H (the first row), O (the second row), and OH (the third row), calculated by substituting various PDFs into Eq. (3), vs. Reynolds-averaged combustion progress variable. 1 -actual PDF extracted directly from the DNS data;

  characterized by large 𝑐 and rapid changes of radical concentrations, as shown in Fig. 5. The improved predictions with 𝑐 F = (𝜉 F + 1) 2 ⁄ imply that a layer around the surface of 𝑐(𝐱, 𝑡) = (𝜉 F + 1) 2 ⁄ is representative of average radical concentrations at large 𝑐, because (i) 𝑋 1,• (𝑐), 𝑋 1,¸( 𝑐), and 𝑋 1,¸• (𝑐) peak in the vicinity of 𝑐 = (𝜉 F + 1) 2 ⁄ in the laminar flame at conditions under study, and (ii) underestimation of the contribution of the leading half of the zone, i.e. 𝜉 F < 𝑐 < (𝜉 F + 1) 2 ⁄ , to 𝑋 A • , 𝑋 A ¸, and 𝑋 A ¸• is partially counterbalanced by overestimation of the contribution of the trailing half of the zone, i.e. (𝜉 F + 1) 2 ⁄ < 𝑐 < 1. Here terms underestimation/overestimation are used relative to the actual PDF results, as shown in Fig. 2. For these reasons, the discussed simple solution, i.e. the use 𝛿(𝑐 F -𝑐)

Fig. 5 .

 5 Fig. 5. Dependencies of mole fractions of various species specified near each curve on the combustion progress variable in the unperturbed laminar flame simulated using the PREMIX code [66] from the CHEMKIN-2 library [67].
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 6 Fig. 6. Parameter 𝜉 F vs. 𝑐̅ .

Fig. 7 .

 7 Fig. 7. Mean mole fractions 𝑋 A 4 of various species noted near relevant curves vs. Reynolds-averaged combustion progress variable 𝑐̅ . Solid lines show 𝑋 A 4 (𝑐̅ ) extracted directly from the DNS data. Dashed lines show 𝑋 A 4 (𝑐̅ ) evaluated using the laminarflame profiles of 𝑋 4,1 (𝑐) and the actual PDFs extracted from the DNS data. Dotted lines show 𝑋 A 4 (𝑐̅ ) calculated invoking the PDFs given by Eq. (14), with 𝜉 F depending on 𝑐̅ . Results obtained from flames A, B, and C are plotted in the left, middle, and right columns, respectively.
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 8 Fig. 8. Mean temperature (top row) and density (bottom row) vs. mean combustion progress variable 𝑐̅ . Legends are explained in caption to Fig. 7. Results obtained from flames A, B, and C are plotted in the left, middle, and right columns, respectively.
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 9 Fig. 9. Variance 𝑐′ F AAAA vs. mean combustion progress variable 𝑐̅ . Results extracted from the DNS data are plotted in dotteddashed lines.Other curves show the variance computed by adopting the PDF given by Eq. (14), with 𝜉 F depending on 𝑐̅ .
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 10 Fig. 10. Mean mole fractions 𝑋 A 4 of various radicals noted near relevant curves vs. Reynolds-averaged combustion progress variable 𝑐̅ . Results obtained from flames A, B, and C are reported in the left, middle, and right columns, respectively. Plotted

Table 1 .

 1 Relevant parameters characterizing the DNS cases. 𝜙 F , and 𝜙 { are the mass fractions of H2, O2, and H2O, respectively, and 𝜙 } is the temperature 𝑇. Since the best predictions of the mean mole fractions of the radicals H, O, and OH were obtained adopting the fuel-based combustion progress variable 𝑐 ?

	in cases

Recall that the actual PDF has been obtained as follows. First, instantaneous PDFs 𝑃[𝑐, 〈𝑐〉(𝑥, 𝑡)] have independently been extracted from each snapshot, with their variations along the normal to the mean flame brush being characterized with 〈𝑐〉(𝑥, 𝑡). Second, those PDFs have been averaged over time to yield the actual PDF 𝑃(𝑐, 𝑐̅ ) whose spatial variations are characterized with 𝑐̅ .

The capability of this PDF for predicting mean concentrations of radicals was also documented[START_REF] Lipatnikov | An extended flamelet-based presumed probability density function for predicting mean concentrations of various species in premixed turbulent flames[END_REF] by analysing DNS data obtained recently by Dave and Chaudhuri[START_REF] Dave | Evolution of local flame displacement speeds in turbulence[END_REF] from another lean hydrogen-air turbulent flame. However, that study was limited to a single combustion regime and a single Karlovitz number, but did not explore the approach for significantly different 𝐾𝑎.

Recall that modeling 𝑔 ¦(𝑐̅ ) is also a challenge, because the scalar dissipation rate 𝜒̅ in the transport equation for 𝑐′′ F G is directly linked[START_REF] Bray | The interaction between turbulence and combustion[END_REF] with the mean rate 𝑊 # $ (𝑐̅ ), at least in the flamelet combustion regime.
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