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GLOBAL WEAK SOLUTIONS OF THE SERRE-GREEN-NAGHDI
EQUATIONS WITH SURFACE TENSION

BILLEL GUELMAME

ABSTRACT. We consider in this paper the Serre-Green—Naghdi equations with surface
tension. Smooth solutions of this system conserve an H'-equivalent energy. We prove
the existence of a strongly continuous semigroup of global weak dissipative solutions for
any relatively small-energy initial data. We prove also that the Riemann invariants of the
solutions satisfy the one-sided Oleinik inequality.

AMS Classification : 35G25; 35Q35; 76B15; 35B65; 35B35.
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1. INTRODUCTION

The Euler equations are usually used to describe water waves in oceans and Channels.
Due to the difficulties to resolve the Euler equations numerically and analytically, several
simpler approximations have been proposed in the literature for different regimes. In the
shallow water regime, the main assumption is on the ratio of the mean water depth A to
the wave wave-length ¢, the shallowness parameter ¢ = h?//? is considered to be small.
Beside the shallowness condition, a restriction on the amplitude of the wave a can be
considered assuming that the nonlinearity (or the amplitude) parameter ¢ = a/h is small.
Considering the shallow water regime with the small-amplitude condition [28, 34] (o < 1,

€ < 1). Many equations have been derived to model the propagation of the waves, such
1



2 GUELMAME

as the Camassa—Holm equation [9], the Korteweg—deVries (KdV) equation [33] and some
variants of the Boussinesq equations [7, &]. Considering shallow water with possibly large-
amplitude waves (0 < 1, € &~ 1), by neglecting the terms of order O(c) in the water
waves equations, Saint-Venant obtained the Nonlinear Shallow Water (or Saint-Venant)
equations [50]. Smooth solutions of the Saint-Venant equations have a precision of order
O(to), where t denotes the time [31]. In order to obtain a better precision, one can keep
the O(c) terms in the equations and only neglect the O(0?) terms. This leads to the Serre—
Green—Naghdi equations. Those equations were firstly derived by Serre [16], rediscovered
independently by Su and Gardner [19] and another time by Green, Laws and Naghdi
(22, 23]. The Serre-Green—Naghdi equations are the most general with the best precision,
but also the most complicated of the models of shallow water equations presented above.
Of course, one can always keep higher order terms in the equation (keeping terms of order
O(c?) for example), this will lead to equations with a better precision, but with higher
order derivatives. Those equations are not accurate due to the high order derivative terms
which make their numerical resolution much slower.

The influence of the surface tension is generally neglected on water waves problems.
However, in certain cases, the effect of the surface tension is appreciable. Indeed, Longuet-
Higgins [39] showed that the surface tension is locally important, and cannot be ne-
glected near the sharp crest of the breaking wave. Other experimental studies showed
the importance of the surface tension on thin layers [20, 12, 13]. Those experimentations
have been done for different fluids including water and mercury. Various mathematical
studies of water waves equations with surface tension exit in the literature, we refer to
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F1GURE 1. Fluid domain.

Considering a two-dimensional coordinate system Ozy (Figure 1) and an incompressible
fluid layer. Considering the still fluid level at y = 0, the fluid layer is bounded between
the flat bottom at y = —h and a free surface y = h(t,x) — h, where h is the total water
depth. Assuming long waves in shallow water with possibly large-amplitude. The Serre—
Green—Naghdi system (without neglecting the surface tension influence) reads

[hu], + [hu® + 5gb* + Z]_ = 0, (1.1b)
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% %hg (—um — UUpy + ui) — fy(hhm — %hi), (1.1c)

where u denotes the depth-averaged horizontal velocity, ¢ is the gravitational accelera-
tion and v > 0 is a constant (the ratio of the surface tension coefficient to the density).
The classical Serre-Green—Naghdi equations (without surface tension) are recovered tak-
ing v = 0. The Serre-Green-Naghdi (SGN,) equations (1.1) have been derived in [10] as
a generalisation of the classical SGN equations (v = 0). Due to the appearance of time
derivatives in (1.1¢), it is convenient to apply the inverse of the Sturm-Liouville operator

def
Ly = h — $0,h70,, (1.2)
the system (1.1) becomes then
h + [hu], = 0, (1.3a)
up + uuy +gh, = —L£,10, {2n3u2 — [yh — %gh?’} how + SvR2}. (1.3b)

When h > 0, the operator L,:l is well defined and smoothes two derivatives (see Lemma
4.2 below). This is not enough to control the term containing h,, on the right-hand side of
(1.3b). To overcome this problem, we use the definition of £, to rewrite the system (1.3)
in the equivalent form

w + uuy +3vh*hy = —L;10, {3h3u: — 2yh2 + Lgh*—3yIn(h)}. (1.4D)

Smooth solutions of the SGN,, equations (1.4) satisfy the energy equation (see Appendix
B)

&+ P = 0, (1.5)

where
&Y I + Lg(h—h)? + Lhd + Ly (1.6)
2 E uE + u(Z + fgh* — Sgh’) + yhhou,. (L.7)

Linearising the SGN,, equations (1.4) around the constant state (h,u) = (h,0) and looking
for travelling waves having the form exp {(kz — wt)i} we obtain the dispersion relation
w? = ghk* (1 +~k*/g) / (1 + h?k?*/3). Defining the Bond number B = gh?/v, the SGN,
equations are linearly dispersive if and only if B # 3. In the dispersionless case (B = 3),
the SGN,, equations admit weakly singular peakon travelling wave solutions [18, 11]. A
mathematical study of the Serre-Green—Naghdi equations with or without surface tension
have been widely studied in the literature. We refer to [1, 27, 31, 32, 34, 30] for the
case inf hy > 0 and to [35] for the shoreline problem (sign(h) = 1,~,,). In [1, 27, 30], a
proof of the local well-posedness of the SGN equations without surface tension (y = 0) is
given. Kazerani has proved in [31] the existence of global smooth solutions of the SGN
equations with viscosity for small initial data. A full justification of the model (1.4) is
given in [32, 34]. By “full justification” we mean local well-posedness of the system and,
the solution is close to the solution of the water waves equations with the same initial data.
In a recent work [21], we have obtained a precise blow-up criterion of (1.4) (Theorem 2.3
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below) and we proved that such scenario occurs for a class of small-energy initial data
(Theorem 2.6 below). Then, in general, smooth (strong) solutions cannot exist globally in
time.

The aim of present paper is to study the existence and the stability of global weak
solutions of (1.4). To the author’s knowledge, the existence of global weak solutions of all
the different variants of the inviscid Serre—~Green—Naghdi equations has not been established
before. We consider v > 0 and initial data satisfying [ & dz < /g7h?, using a Sobolev-like
inequality (essentially H' < L°, see Proposition 2.4 below) we obtain a lower bound of
h. The energy conservation (1.5) insures that this bound holds for all time. For this class
of initial data, we prove in this paper the existence of a strongly continuous semigroup of
global weak solutions dissipating the energy and satisfying the one-sided Oleinik inequality

up £ V/3yhTrh, < C (14171,

In order to obtain the global solutions of (1.4), we note that the blow-up of smooth solutions
given in Theorem 2.6 below is due to the quadratic terms on the write-hand side of the
Riccati-type equations. Then, as in [55, 56], we use cut-off functions to overcome the
quadratic growth. This leads to an approximation of the system (1.4) which admits global
smooth solutions. In order to obtain the global weak solutions of (1.4), uniform estimates
are needed. In the previous studies of smooth solutions of the SGN equations, estimates
of the operator L,;l are presented, those estimates usually depend on the L* norm of
h,. This is not practical for weak solutions, then, we present in Lemma 4.2 below some
estimates depending only on the L* norm of h and 1/h. Using the uniform estimates and
some compactness arguments with Young measures we can prove that the limit is a weak
solution of (1.4).

In order to obtain the stability result, we prove firstly that the difference between two
solutions of the approximate system is controlled by the difference between the initial data
in H' with constant that goes to co when passing to the limit. At the first sight, since
the constant is not bounded, it seems that the stability of (1.4) cannot be established by
taking the limit. However, following [14] and with a suitable choice of a subsequence, we
obtain the stability result of (1.4).

The SGN,, equations (1.1) can be compared with the dispersionless regularised Saint-
Venant (rSV) system presented in [10]. The rSV system can be obtained replacing & in
(1.1c) by eZ,sy with

%rSV d:ef hd(ug — Uzt — uuzx) - ghz(hhxa: + %hg?)

and € > 0, the classical Saint-Venant system is recovered taking ¢ = 0. Weakly singular
shock profiles of the rSV equations are studied in [11]. In [38], Liu et al. proved the
local well-posedness of the rSV equations and identified a class of initial data such that
the corresponding solutions blow-up in finite time. The rSV system have been generalised
recently to obtain a regularisation of any unidimensional barotropic Euler (rE) system [25].
The system (1.1) can also be compared with the modified Serre-Green—Naghdi (mSGN)
equations derived in [13] to improve the dispersion relation of the classical SGN system.
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The mSGN system presented in [13] can be obtained replacing Z# in (1.1c¢) by

(14 38) W (—uw — wugy + ul) — 3890 (hhew + 3h2).
where 3 is a positive parameter. The 1SV, rE and mSGN conserve H'-equivalent energies
and have similar properties as the SGN., system (1.1). One may can obtain the existence
of global weak solutions of those equations following the proof given in this paper.

The study of the classical Serre-Green-Naghdi equations is more challenging. Indeed,
when v = 0, the energy (1.6) fails to control the H' norm of h — h, then, a lower bound of
h cannot be obtained. This bound is crucial to obtaining the blow-up result [24] and the
global existence in this paper for v > 0. To the author’s knowledge, the questions of the
blow-up of smooth solutions and the existence of global solutions of the SGN equations
without surface tension are still open. However, Bae and Granero-Belinchén [5] proved
recently that for a class of periodic initial data satisfying inf hy = 0, smooth solutions
cannot exist globally in time. For this class of initial data, it is not known if smooth
solutions exist locally in time, but if they do, a singularity must appear in finite time.

This paper is organised as follows. In Section 2 we present the local well-posedness of
(1.4) and the blow-up result, then, we define the weak solutions and we present the existence
of the strongly continuous semigroup of global weak solutions. We discuss in Section 3 the
properties needed of the approximate system and we propose a suitable choice. Section 4
is devoted to prove the existence of global smooth solutions of the approximate system and
to obtain some uniform estimates. We obtain strong precompactness results in Section 5.
The existence of global weak solutions is proved in Section 6. The proof of the existence
and the stability of the semigroup is given in Section 7. In Appendix A we recall some
classical lemmas that are used in this paper. Appendix B is devoted to obtain the energy
equations of the approximate system and of (1.4).

def
%mSGN =

2. MAIN RESULTS

We consider in this section the Serre-Green—Naghdi equations with surface tension in
this form

hy + [hu], = 0, (2.1a)
uy + uu, +3vhh, = —£;'0, {€ + F(h)}, (2.1b)
uw(0,z) = wuo(z), h(0,z) = ho(z), (2.1c)
with
¢ 2hiul — 3qh2, (2.2)
F(h)y € Lgn®— Lgh® — 34In(h/h). (2.3)

The system (2.1) is locally well-posed in the Sobolev space

1 (R) {f, B 2 [ (14 16P) 1@ de < oo}

where s > 2 is a real number.
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Theorem 2.1. Lety >0, h >0 and s > 2, then, for any (ho — h,ug) € H*(R) satisfying
inf, e g ho(x) > 0 there exists T > 0 and (h—h,u) € C([0,T], H*(R))NC*([0,T], H* ' (R))
a unique solution of (2.1) such that
inf h(t,z) > 0.
(t,x) €[0,T]xR
Moreover, the solution satisfies the conservation of the energy

d
at Jy

Remark 2.2. The solution given in Theorem 2.1 depends continuously on the initial data,
ie, If (hy — h,uy), (h§ — h,uf) € H®, such that hy, h§ = hpin > 0, then for all ¢ < T there

exists a constant C'(||(h? — h, u?)|| Lo (0,4, 5%), || (R* — R, u') || oo (jo.4,5)) > 0, such that

(3hv* + $g(h—h)* + tR°ul + L~h2) dz = 0. (2.4)

1 2 12 1 2 1 2
H(h =% ut —wu )HLoo([o,t],Hs—l) < C ‘ (ho — hé,ug — u0)| Hs
The proof of Theorem 2.1 is classic and omitted in this paper. See [25, 27, 34, 38] and
Theorem 3 of [26] for more details. It is clear from Theorem 2.1 that if the solution at

time 7" remains in H* and inf, h(T,z) > 0 then one can extend the interval of existence.
This leads to the blow-up criterion

Thae < 00 == liminf inf h(t,2) = 0 or limsup |[(h — h,u)]
t—Tmar TER t—Tmaz

Hs = 00,

where T4, is the maximum time existence of the solution. This criterion can be improved
as in [24] to

Theorem 2.3. ([7/]) Let Tpnar be the mazimum time existence of the solution given by
Theorem 2.1, then

liminf inf w,(t,z) = —oo,
t—Tmaz T€ER

Thar < 00 = liminf inf A(t,z) = 0 or and
t—Tmar TER .
limsup ||k (t, )|~ = oo,

_>Tmaa:
which is equivalent to the second criterion
liminf inf h(t,z) = 0,

t—Tmazr TER

Tnae < 00 == limsup |lu,(¢,2)||r~ = oo and or

t—Tmax 11msup ||hz(t’l')||LOO = Oo0.

t—Tmax

Noting that the energy conserved in (2.4) is equivalent to the H' norm of (h — h,u).
Due to the continuous embedding H' < L* we can obtain a uniform (on time) estimate
of ||(h — h,u)| z~, and, if the initial energy is not very large compared to h we can obtain
a lower bound of h. For that purpose, we present the following proposition.

Proposition 2.4. For v >0, h > 0, let E be a positive number such that
0 < E < Jgyh? (2.5)
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Defining
honin < B = (90 IVE,  huaw < b+ (97) VE,
Umae i & 3%@/hmm.
Then, for any (h — h,u) € H' satisfying [ & dz < E, we have
0 < hmin < h < hmaz <2h, Umin < U < Umaz, (2.6)

Remark 2.5. Taking an initial data satisfying f]Ré%d:c < FE, then, due to the energy
conservation (2.4) and Proposition 2.4 the depth h cannot vanish. The blow-up criteria
given in Theorem 2.3 becomes then

Tnar < 00 = inf  w,(t,z) = —o0 and limsup ||k (t,z)||e = o0.
[OmiaI) X]R/ t_>T7VL(L(L

Proof of Proposition 2.4. The Young inequality %az + %bz > +ab implies that
E > /5dy > / (39(h—h)* + yh2) dx
R R
Z Vg (/ (h — h)hedy — / (h — l_z)hxdy)

—00

= \/97|h - 5’27

which implies that A, < h < hpee. Doing the same estimates with u one obtains

E > /é"dy 2/(%hu2 + %h?’ui) dy
R R

2\%hfmn (/ uumdy—/ uuzdy>

2> 75 hoin [ul?,
the last inequality ends the proof of w,m < U < Umag- O
As in [21], we can build some initial data with small initial data such that the corre-

sponding solutions blow-up in small time.

Theorem 2.6. ([2/]) For any T > 0 and E satisfying (2.5), there exist
o (hg — h,ug) € C*(R) satisfying [z 0 dz < E such that the corresponding solution
of (2.1) blows-up at finite time Tper < T and

inf  w,(t,xr) = —o0, su h.(t,x) = o0, inf  h,(t,x) > —oc.
[0, Tmaz) xR ( ) [0, Tma}))X]R ( ) [0,Tmaz) xR ( )

o (hg— h, i) € C>®(R) satisfying fR & dx < E such that the corresponding solution
of (2.1) blows-up at finite time Ty < T and

inf a,(t,x) = —o0, inf  hg(t,z) = —oo, sup  hg(t,z) < oo.
[0,Tmaz) xR [0,Tmaz) xR [O’Tma‘r)XR
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Since smooth solutions fail to exist globally in time, even for arbitrary small-energy
initial data, we shall define weak solutions of the SGN, system (2.1). For that purpose,
we define the domain ® C H!

p {(h—ﬁ,u) c HY, /R@‘"dx<\/ﬂﬁ2}. (2.7)

Definition 2.7. We say that (h — h,u) € L®(R*, H) N Lip(R*, L?) is a weak solution of
(2.1) if it satisfies the initial condition (2.1c) with (2.1a) in L? and for all ¢ € C=°((0,00) X
R) we have

/ [un + wg + 37 ()2 h) L — oo (@ + F())ydedt = 0. (28)

Moreover, (h(t,-) — h,u(t,-)) belongs to ® for allt >0 and (h—h,u) € C.(RT, H'). More

precisely, for all to = 0 we have

Lim [|(h(t,) = h(to, "), ult,-) = ulto, )lm = 0. (2.9)

Now we can state the main result of this paper.

Theorem 2.8. For any h, g,y > 0 there exists a strongly continuous semigroup
S:D = L2([0,00), HY(R)) N C([0,00) x R),  (ho — hyuo) — S(ho — hyu)  (2.10)
associated to the Cauchy problem (2.1) satisfying the following properties.

o For any (ho—h,ug) € D the map (h—h,u) d:efS(ho—fL, ug) 1s a global weak solution

of (2.1) in the sense of Definition 2.7.
o For any bounded set ) = [t1,ts] x [a,b] C (0,00) x R and o € [0,1) the exists
Co.0 > 0 such that

/[|ht|2+°‘ P e + P dedt < Cog (2.11)
Q

e The solution dissipates the energy

/éadx < /éaodx. (2.12)
R R

e There exists C' > 0 such that the solution satisfies the Oleinik inequality
up £ /B3yh 3 h, < C(14+1), ae (t,2) € (0,00) x R, (2.13)
e The semigroup is stable in the following sense. As n — 0o, if
(how — Pyton) — (ho — houg) i H'(R),
then
S (how — hyuon) = S (ho — hyug) in L([0,T], H'(R)),
for any {(ho,n — h, uom)}n C® and any T > 0.
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Remark 2.9. The constants C, o and C' depend on h,7,g and f]R &pdx but not on the
initial data.

In order to obtain global solutions of (2.1), we use a suitable approximation of the system
(2.1) that admits global smooth solutions. Using some compactness arguments and taking
the limit we recover a global weak solution of (2.1). In the next section we present the
choice of the suitable approximate system.

3. AN APPROXIMATE SYSTEM

The blow-up of the solutions given in Theorem 2.6 is due to the Riccati-type equations.
In order to prevent the singularities from appearing, we modify slightly the Riccati-type
equations.

3.1. Riccati-type equations. Defining the Riemann invariants ' R and S
Ry +23vh 2, SYu— 23y, (3.1)
NEw - ByhTr o w3y hE (3.2)

The system (2.1) can be rewritten as

R, + AR, = —£;'0, {¢ + F(h)}, (3.3a)
Sy + 1S, = —£;'0, {€ + F(h)}. (3.3b)
Defining
P Y LR, = hu, — /3R 2h,,
Q ¥ hS, = hu, + /3yh 2 hy,
we have . .
v = LXQ@ ol (3.4)
2h 2./37
From the definition of £, in (1.2), we obtain that
0, L;10, 0 = —3hV + 30,L;" <h/ h‘3\1f> (3.5)
for any smooth function ¥ satisfying W(+o00) = 0. Then,
C + $h*0,L,'0,¢ = h0, L' <h/ h‘?’%). (3.6)
From (1.1c¢) and (2.1b) we obtain
X = —%h?’ [ut + uuy, + 37h_2hx}x + €
=€ + t0°0,L,'0, {€ + F(h)} (3.7)

IThose quantities are constants along the characteristics if the right-hand side of (2.1) is zero.
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= h*0,L;" (h/ h‘3<€) + 1170, L0, F(h). (3.8)
Let the characteristics X,,Y, starting from x defined as the solutions of the ordinary
differential equations

an(t) = n(thx(t))v X:c(o) = T, (39)
%Yx(t) — ALY (), Y.(0) = a (3.10)

Differentiation (3.3) with respect to x, and using (3.8) we obtain the Ricatti-type equations

dd e -

EP = P+ AP, = 5P + £ Q° - 3n°4%, (3.11a)

d” ) det 1 2 1 p2 -2

79 = @ Qe = —5Q + G P - 3R, (3.11b)
where %, % denote the derivatives along the characteristics with the speed A, n respectively.

We prove below that the term & is bounded. Also, we obtain a bound of the integral of
P? (respectively Q%) on the characteristics X, (respectively Y,). Then, the singularities
given in Theorem 2.6 appear due to the term P? in (3.11a) and/or the term @ in (3.11b).

3.2. The choice of the approximate system. In order to obtain a system that admits
global smooth solutions, we linearise the negative quadratic terms on the right-hand side
of (3.11) on the neighbourhood of —oo. For that purpose, let ¢ > 0 and we define as in

[55, 50]
x-(Q) (C + é) 1 e 1y(Q)- (3.12)

Noting that (3.11) is like a derivative of (2.1), then, adding terms to (3.11) will involve
some primitive terms in (2.1) which are not uniquely defined and cannot vanish at co and
—o00. That is why the system (2.1) will not be approximated simply by adding y. to (3.11)
as in [55, 50].

Our goal is to obtain a system on the form

ht + [hU]x = h+,

u + uwuy +37h*hy, = —£,10, {€ + F(h)} + u”,
where A", u™ are suitable terms to be chosen. As in Section 3.1, we obtain
Pr+ APy = =i PP+ &ixe(P) + 5;Q° = 3h7°% + P,
Q+ 1@ = 5@ + Gx:(Q) + G PP - 302 + Q.
where
P = h(ut), + usht — By (0, + LByt — Lxe(P),
Q “ h(uh), + usht + \BYRTVE(RY), — By Rt — Q).
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Due to the definition (3.12), when ( is near —oo, the term x.(¢) — ¢* behaves as a linear
map. This prevents singularities from appearing in finite time. From (1.6), we have

& = 1hu’ + Lg(h—h) + ShP* + LhQ™
Then the energy equation (1.5) becomes
& + 9, =huut + %u2h+ + g (h — f_z)h+ + (%h2ui + %hi)fﬁ
+ §hPP + §hQQ + 5 Px(P) + 5Qx=(Q)
<huut + $u*h™ + g (h— h)h" + (§R%ul + 35 h2)h*

+ ;hPP + $hQQ. (3.13)
The goal is to find A" and u™ such that
e The right-hand side of (3.13) is a derivative of some quantity (i.e., [---].), which

will insure that fR &dx is a decreasing function of time.
e When P,Q are large, we have P = O(P) and @ = O(Q). This insures (with

Gronwall inequality) that no singularity will appear in finite time.
We can write the right-hand side of (3.13) as 77 + T3 such that

Ty =g (h—h)ht + yhy (h7), + 2255 he (x-(P) — x-(Q))

T

=g (h =Rt + (h=h), [y (07), + 25 (e(P) - xe(@)] .

T

Then, a sufficient condition to obtain 77 = [- -], is

ght = [1 (%), + 25 (e(P) = x(@)] - (3.14)

xT

On another hand we have
Ty = $hu, (u*) + $R°ulh® + 3u*h* + huu' — £ h(x(P) + x(Q)) to
= (zuh®™ + hut)u + [30° (") + 3hPuh’ — Hh(x(P) + x:(Q))] s
Then, a sufficient condition to obtain Ty = [- -], is
tuh® + hut = [3h* (uf), + 1hPu.ht — L h(x(P) + x:(Q))] . (3.15)

In next section we prove the global existence of smooth solutions of the approximated
system, and we obtain some uniform estimates that do not depend on €.

4. UNIFORM ESTIMATES

In this section, we consider v > 0,k > 0, and hg—h, ug € H" such that [, & dz < \/gyh*.

Let also j. be a Friedrichs mollifier, we define hg &of ((ho — h) * j.) + h and u§ o (ug * Je)

where (f * g)(x) def Jg f(x —2")g(z")da’. Using that ||(ho — h§, uo — ug)||m — 0 as € — 0,
we can prove

lim [ &5dz = /cfodx < gy h?, (4.1)
R

e—0 R
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which implies that there exists €9 > 0 such that
/éaoedm < EY %/éaodx + lgyn? Ve < go. (4.2)
R R

Following the arguments of the previous section (see (3.14) and (3.15)), we consider the
system

hi + [WFu], = <7, (4.3a)
i + utul +3v(hS) P = —L£,10, {¢° + F(h°)} + &, (4.3b)
w0, = ug L gowug,  B(0,)) = hy o (ho — )+ h, (4.3c)

where

o (g - 735)1{W\/?1/2 (x(P?) — XE(QE))},

= & % {W\/?m (Xa(Pa) - XE(QE))}7 <44)

7 LA+ 0, A — I (e(P) (@)}, (45)
with & is defined as

def q
6 &« ﬂexp{—g -|}. (4.6)
Differentiation (4.3) with respect to = we obtain
dA e def e € pe 5 e € € pE €
EP :Pt +)\Px:_8}Ls<P )2+8}1€XE(P)+8:][—LS(Q )2_2}15%P +%7 (478“)

d” e def € £NE € € € eNE €

GO G HQ = (@) (@) + e (P - QT+ AT (4TD)
with
ME d:ef - 3(h5)_2<@5 + /7/15 - 7/25’ NE d:ef o 3(ha>—2%a + 7/15 + %5’ (48)

xT

7 %hfamzhs{—u%f I / 3(0) 71 7 — st (6:(P) + xe(Q)] dy}, (4.9)

e def ey — eN— < c o -
Yy = {5 ()T G {(h)72 (xe(PF) = xe(Q)} = g5 (h) 72, (4.10)
Smooth solutions of (4.3) satisfy the energy equation (see Appendix B)
EF + 75 = L Px(P7) + L@ x(Q°) <0, (4.11)
where

D° LU E (B + L g ()P = L gh?) +y RehSus — & (hF)2uf 95 — 5T (h) V2 9 (hF — h).

The first result on this section is the global well-posedness of (4.3).



WEAK SOLUTIONS OF SERRE-GREEN-NAGHDI EQUATIONS 13

Theorem 4 1. Let h > 0, (hg—h,ug) € D and ¢ € (0,&] then there exists a global smooth
solution (h® — h,u®) € C’(]RJr H3(R)) NCYRT, H*(R)) of (4.3) and for all t > 0 we have

/@@de — //48 “X(P°) + Q°F x:(QF)) dedt /gedx (4.12)

Moreover, there exist A, B > 0 depending only on h,~,q and E such that for any t > 0,
x9 € R, and for x1 € (—00,x3) the solution of X, (t) =Y,,(t) (see Figure 2) we have

/ [P (s, X, (s)]> ds + / [Q°(s, Yy, (s> ds < A(t —7) + B VYrel0,t]. (4.13)

P T

1 Xm(s) Lo sz(s) T2
FIGURE 2. Characteristics.

In order to prove Theorem 4.1, we need to prove the invertibility of the operator £, and
to obtain some estimates of its inverse.

Lemma 4.2. Let 0 < h € HY(R) + h with h™* € L™. Then the operator Ly, is an

isomorphism from H?* to L*. Moreover, if ¥ € Chin < {f € C(R), f(o0), f(—o0) € R},

then £, is well defined and there exists constants C = C (b, ||h7Y|| o , |B]| ) > 0 such
that

15" ¢l < C N0l (4.14)
20,1 ¢] (z) < C (1 + [ha()]) ¥l VEER, (4.15)

€5 Ul < C el s (4.16)

1€ 0] o < C 1100l (4.17)

102 £51 0] o < C WL + 1] (4.18)

1£51 0u|,e < C Il (hall2 + 1), (4.19)

1657 00|l + (1851 ¢l < ClI L, (4.20)
€5 Wl < L Y] < CTL+ NRallZe] 1911z, (4.21)
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02 L5 0] (@) < ClA A+ [Ihallze) 1 + [hal (@) [lle + [¥](2)]. (4.22)
Also, if h — h € H*(R) we have
16 Oeollys < CLQ + Mhallie) ol + B = Al [1€47 02 gllpne] s (4:230)
16 ¢l < CLA + Mhellie) 192 + (B = Bll o 1607 Sllgre] - (423b)
Moreover, there exists a constant C' = C(v, g) such that
lo = a7 0, < Clol Jocls - ve2) ]
The proof of (4.14), (4.18) and (4.23) is inspired by [38].

< Clllye-  (4.24)

H3

Proof. Step 0. Let (-,-) be the scalar product in L?. Defining the bilinear map a :
H'x H' - R
a(u,v) o (hu,v) + 3 (B’ ug,vy) -
It is easy to check that a is continuous and coercive. Then, Lax-Milgram theorem insures
the existence of a continuous bijective linear operator J : H' — H~! satisfying
a(u,v) = (Ju,v)g-1xm Yu,v € H.

If Ju € L?, an integration by parts shows that (h*u,), = hu — Ju € L? and J = Ly, this
implies that v € H? which finishes the proof that £, is an isomorphism from H? to L?.

Defining now Co & {f € C, f(+oo) = 0}, using that L? N Cy is dense in C one can
define L,:l on Cy. If ¢ is in Cliyy, we use the change of functions (see Lemma 4.4 in [38])
def e’
le) 2 o) = L (w(-09) + (p(0) — p-o0) 1oz ) €Ca

the operator L;l can be defined as

Lite & Litgy + ; ((p(—oo) + (p(e0) = p(=00)) 1:6‘1)'

Step 1. Let

v = Lyu= hu — 3 (h’u,) (4.25)

using the change of variables

)

_ / i—f, (4.26)

we obtain
Y = hu — 335 Us.. (4.27)
The maximum principle insures that |[ul|ge~ < C||¢|| e which implies with (4.27) that
[zl oo < O[] o (4.28)

Using Landau—Kolmogorov inequality we obtain ||u,|/~ < Cl[t]|r~. Using again the
change of variables (4.26) we get ||uz||p~ < Cl[1]| L~ which completes the proof of (4.14).
The estimate (4.15) follows directly from the change of variables (4.26), (4.28) and (4.14).
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Multiplying (4.25) by w and using and integration by parts one obtains

lullzn < C Il [full o - (4.29)
The inequality (4.16) follows directly using the embedding H' < L*. Using (4.14) and
L1090 = =3 / (R3) + 34,7 (h/ h3 w) (4.30)

we obtain (4.17) and (4.18). Using the definition of £, we obtain
L7100 =L, 0, WL, L, 3
=L, 0. [P LT R — SRPO R 0. L, h TPy
=L AR he L7 R 7P + BP0, L h TP — 20,870, 1P 0, L h P )
=L, [ARPh, L W] + BP0, L TP (4.31)
The inequality (4.19) follows from (4.16) and the Cauchy—Schwarz inequality.
Let Lpu =9 + ¢,, then
ullfn = (u,u) + (v, us)
Cl(hu,u) + 2 (h’ug,uy)]
C(Lnu,u) = Cl,u) = (9, ua)]
< Cllullm (1l + llellze)

N

which implies that

ullm < Clolle + el (4.32)
Taking 1 = 0 (respectively ¢ = 0) we obtain (4.20). Replacing h™31 by 1 in (4.31), we
multiply by A~2 and we differentiate with respect to = to obtain

RL Yy = —3h2hy (L0, 0% — L0 [4R% hy £ )] (4.33)
+ W0, L, 0. R Yy — hTPO, L [ARP Ry £ ) (4.34)
Using (4.20) and the embedding H' < L*> we obtain
197 €0 ¥l e < Cllballpe [1607 0 B2 0] g+ [1€57 [40% e £ ]| ]
+ Clo L0 WPy ||, + C||0. £, [4h° he £5'0] |,
< Cllhallpe [19le + Ihellpe |£37 9] ]
+ Ol + Cllhalle [|€3" ¢
<O+ [allz2] 1912

This with (4.20) imply (4.21).
Differentiating now (4.31) with respect to x, using the definition of £; and replacing
h=31 by 1 we obtain

0p L5 0 W* 0 = 0, 0" [41° £ 6] + BR L, 4 — 30
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Then (4.33) becomes
RL Yy = =3h 2 hy [L1 0,03 — L, [ARPh, £ 0] + 3R L ¢ — 3R

Then, using (4.20) we obtain (4.22).
Step 2. Using £yu = ¢ + ¢, and the Young inequality ab < 5-a? + $b? with o > 0 we
obtain

HufEH?{l = (uﬂcauw) + (umzaump)
= C[_(huaum) — (heu,u;) + % ((hguw)x - (hg)xux,um)]
= C’[—(Lhu,um) — (hpu,ug) — (hghxux,um)}
< Clofuslll: + FlLnulie + Ca (1 + Nhallie) llullzn] -
Taking o > 0 small enough we obtain that
luallz < ClILRullz: + (1 + Nhallfee) lullzn],

N

then
Juzllm < CllLnulle + (1 + [[hallree) [Jullm] -
Taking 1) = 0 (respectively ¢ = 0) and using (4.32), we obtain

€01 00l e < C QA+ Nhallz) llellmn,  [[€5" 0 e < C (1 [hallze) 9]l 2. (4.35)
Let A be defined as Af = (14 €22 f. Since Lyu = 1 + @,, we have
L Nu = [hA*u + A% + 0O, {—%[h3,A2] Uy + A2g0}.
Defining @ = A%u, ) = [h, A2Ju+ A% and ¢ = —3 [I®, A*Ju, + A% and using (4.32), (A.6)
we obtain
IA%ullgr < C [0 A% ul| 0+ (|IR% A% sl o + ([0l + 1l e]
< Cllhalles ulle + b = hllge lullwiee + [@llg2 + @] -

Taking 1) = 0 (respectively ¢ = 0) and using (4.32) with (4.35), we obtain (4.23).

Step 3. It remains only to prove the inequalities (4.24). Since the operator (g — ~v82) ™"
is nothing but a convolution with the function &, the result follows directly using the Young
inequality. O

Lemma 4.3. Let (h — h,u) € H'(R) such that [, &dx < E < \/gyh?, then, there exists
a constant C' = C(v, h, E) > 0 independent on € and h such that

167100 C || ey + 12wy < € (4.36)

| op) + @) s < € (137)
1€ 02 {7 ((P) + Xl @)} gy < € (4.38)
[(£510: {P*ue 7} L3 {fu Y| ooy < € (4.39)
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HJZ{;HL2 + ||('Q{€7“Q{x67@€7%677/26)||L°°(]R) < C’ (440)

where o/%, J°, V¢ and Vs are defined as in (4.4), (4.5), (4.9) and (4.10) by replacing
(he,u®) with (h,u).

Proof. From [, &dx < E we have [|(4, P?,Q?)||,1 < C, then the proof of (4.36) follows
from (3.8), (4.14), (4.17) and (4.21). Since x.(\) < A? we obtain (4.37). Then, (4.37) with
(4.17) imply (4.38). In remains to prove (4.40). For that purpose, we use Young inequality,
(4.4) and (4.10) to obtain

[ e + [l + [l + (72l < C (4.41)

The estimates (4.14), (4.17), (4.37), (4.9), (4.41), (4.5) and the Cauchy—Schwarz inequality
imply (4.40). O
Proof of Theorem 4.1. Following [25, 26, 27, 34, 38], we can prove easily the local

existence of solutions of (4.3). Integrating the energy equation (4.11) on [0,¢] x R, we
obtain (4.12).
Step 1. Defining

_ e\—3 € €
Uf e~ hue)T AR (3”8) ]3) B(UF) & ( u h>,

FU) = (—thax (% %F(hf)} + %f) 7
the system (4.3) becomes
U, + BUU: = Z°(U%). (4.42)
Let (-,-) be the scalar product in L? and E(U?) % (A3U?, A°A3U?). Since A°BF is a
symmetric matrix, straightforward calculations with (4.42) imply that
EU®), = — ([A3 B U;, A€A3UE) - 2 (BEA?’U;, AEA?’UE)
2 (N5, A7 N°UF) + (AN°UF, A7 A°UF)
= (A3 B U;, AEA?’UE) + (A?’UE, (A® B%), A?’Ue)
2 (N5, A°N°U?) + (N°U°, A7 A°U°). (4.43)
From the definition of y. we have
(O] < € @ < 2l X9 < 2

Then, using the Gagliardo—Nirenberg interpolation inequality || f.||2: < C|f|lo | fuzll 2
with (A.5), we obtain

(Pl < C[Ixe(P) e + INA(P) PEll e+ IXE(P7) Prallpe + [IXE(P) (P)?] 2]
S OlP e [Pl < ClIUGN e 1UF]] s - (4.44)

The same inequality can be obtained for ()¢

IXe(@)g2 < CNUZlzoe US| g5 - (4.45)
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Using (4.24) and (A.5), we obtain
(%, s < C[IPNTee IIB° = hllzz + [0xe(P), xe(Q7))ll 2]
< C(1+ 1UZNZ) 1U% ]l s - (4.46)
Using (4.12), (4.17), (4.18), (4.20) and Lemma 4.3 we obtain that
|=£320. {€° + F(h)} + || yroe < C (1 + |UZ]17) - (4.47)

Using now (4.23), (A.5), (A.7), (4.44), (4.45), (4.46) and (4.47) we obtain

% — L300, {€° + F(I)}| o < P10z ]| 2) 1U° 22, (4.48)
where P is a polynomial function. The last inequality with (4.46) imply that
1 F s < PAUZN2o) U || 13- (4.49)

Defining B dof B(h,0), and using (A.6) one obtains
[([A%, B U3, A N°0°) | < Ol A e [0S s (1BE e Uz 2 + 1B° = Bl s | Uz || <)
< CUE e U (4,50)

Using (4.3a) and (4.40) one obtains that

|(AUF, (A° B), A°U°)| + [(A°UF, ASAPUS)| < C (Ul + 1)U |13s. (4.51)
Summing up (4.49), (4.50) and (4.51) we obtain

EWU ) < PUZ) U las < P IUZ]Le) E(UF),

which implies with Gronwall inequality that

1US|s < CEU?) < CEBUE) el MIUilw)ds . || UE|| o el PUVEIL=)ds (4 59)

This implies that if 7, is the maximal existence time, then

max

T5 < oo = limsup |US(t, )|~ = oo (4.53)
t €

max

Step 2. Defining
P d:ef%m«hs)l/? (u)? + g(h%)* (k" — E)2> — (% + 59((h°)° =1%))
LRI+ ) (h - B) 5,
A B ()2 @+ g ()2 (0 = B)Y) 4w (4 L ((h) - 1))
- WP = W) (- b)Yy
We note that
R, \/%W(ha)l/z (P + o, G5 _ g — @(ha)l/z (Q°) + 7.

From Lemma 4.3 we deduce that J¢° and %7 are bounded, then, integrating (4.11) on
the set (see Figure 2)

{(s,2), s € [1,1], Xay (s) <@ < Vo (s)}



WEAK SOLUTIONS OF SERRE-GREEN-NAGHDI EQUATIONS 19

and using the divergence theorem with (4.12) one obtains (4.13) for all t € [0,T5,,.,)-

Defining ¢; &' inf{t > 0, Pe(t,Y,,(t)) > 1} and ty, < Tf,,, be the largest time such that
Pe(t,Y,,(t)) > 1 on [thtg] Dividing (4.7a) by P¢ and integrating on the characteristics
between t; and t € [t,ts] we obtain with (4.13) and Lemma 4.3 that

P(t, Yo, (1) < PR, Yoo (0)) 90 F00 Wt € [t o).
Using that P(t1,Y,,(t1)) = max {1, F§(z2)} and doing the same for Q¢ we obtain
PE(t,Y,, (1)) < max {1, P5(xy)} U0 (¢t ay) €[0,T5,,) X R, (4.54)

? max

Q°(t, Xo, (1) < max {1,Q5(xy)} CUHDt (¢t 2)) €[0,T5,,) x R. (4.55)

’ max

On another hand, we define f; & inf{t > 0, P*(t,Y,,(t)) < —1/e} and ty < T¢,, be the

largest time such that P(t,Y,,(t)) < —1/¢ on [t1,%5]. Using (4.7a) and Lemma 4.3 one

obtains "
TP ER Xzt )P -0 vie[hh] (4.56)

Using that P*(t,Y,,(t1)) = min { P{(x3), —1/e} we obtain for all (¢,z5) € [0,T5,,) x R

? max

PE(t,Ya, (1)) = min{—1/e, min{F§(xs), —1/e} U/ £ (1 — 0FVON L (457)

Doing the same for Q¢ we obtain for all (¢,21) € [0,75,,) X R

) max

Q°(t, X, (1)) = min{—1/e, min{Q§(z1), —1/c} eI/ 4 £ (1 — UV - (4.58)
Finally, using (4.53), (4.54), (4.55), (4.57) and (4.58) we deduce that 1%, = oo. O

max
The remaining of this section is devoted to obtain some uniform (on ¢) estimates on
the solution of (4.3) given by Theorem 4.1. Those estimate are crucial to obtain the

precompactness results in next section.

Lemma 4.4. Let (hg — h,up) € ® and let (h° — h,u®) be the solution given by Theorem
4.1, then there exists a constant C = C(, h, E) > 0 independent on ¢ < g9 and (ho— h, u)
such that

€52 02 C°| e ey + 1B 745 V5 ) ooy + 177 o iy < € (4:59)
/ /(XE(PE) + X:(Q%)) dzdt < eC, (4.60)
R+
80 (1 (P + @Dy < <€ (4.61)
[ 0, (0Pt} 32 6 Ay < 2C a2
[ ot et B K iy 0 < (163)

Proof. The inequality (4.59) follows from (4.12), (4.36) and (4.40). Note that

/ / (Ve(P) + xe(Q)) dedt < —e / P\ (P7) dardt
R+ JR (Pe<—1/c}
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— 5/ Q° x-(Q°) dx dt.
{Q=<-1/e}

The last inequality with (4.12) imply (4.60). Finally, we use (4.60) and Lemma 4.2 as in
the proofs of (4.38), (4.39) and (4.40). We integrate on R* with respect to ¢ to obtain
(4.61), (4.62) and (4.63). O

Lemma 4.5. [Oleinik inequality] There exists C > 0 that depends only on +,h,g and
E such that for all (t,z) € (0,00) x R and € < gy we have

Pi(t,z) < C(1+t71), Q(t,x) < C(1+t71). (4.64)

Proof. Let D > 0 be a constant such that 2D~! < 16h° < D, and A, B > 0 be the
constants given in Theorem 4.1. Using Lemma 4.4, we obtain a constant M > 0 depending
only on 7, h and E such that

M > sup {;= () + M} + DA
t,x

T

Defining
€: D e
Fis) ¥ Z 4+ V2MD, S(s) ¥ F(s) + BD. (4.65)
s
The goal is to prove that for all t and = we have P¢(t, X,.(t)) < G(t) and Q°(¢, Y, (t)) < G(¢).
Since the proof is the same, we only prove the inequality for P°.
Using the inequality —oZ°P° < 2(/¢)2 + (P°)?/8 and using (4.7a), we obtain

d)\ ¢ def € £ pE € 5 5 € €
— P = P+ NP < e (P A g xe(PF) o (QF) + R () + M

dt

< =5 (P + D(Q) + g=x-(P) + M — AD.  (4.66)
Let x € R be fixed, we suppose that there exist ¢; > 0 such that P¢(¢;, X, (t1) = F(¢1) and
Pe(t, X, (t) = F(t) for all t € [t1,t5]. Since P° > 0 then x.(P¢) = 0. Integrating (4.66) on

the characteristics between t; and ¢ € [t;,t5] we obtain
t

Pe(t, X, (t) < P(ty, X.(t1) —/ %‘Syds + AD(t—t)) + BD + (M —AD)(t—t)

t1
D D

= St(tl) + 7 - t_ - M(t—tl) —2v2MDln(t/t1) + BD

1

< §(1). (4.67)
Since the solution (h® — h,u®) € L®(R*, H?), then initially we have P*(0%, X,(0%) <
F(0") = co. The inequality (4.67) shows that if P crosses F at some t; > 0, P° remains
always smaller than G for ¢ > ¢;. This completes the proof of P*(¢, X,.(t)) < §(¢) for all
t > 0. The proof for )° can be done similarly. O

Lemma 4.6. [L?>T* estimates] For any bounded set ) = [t1,t5] X [a,b] C (0,00) x R and
a € (0,1) there exists Co0 > 0 such that for all e < gy we have

/ [REPF 4+ RSP + JufP™ + Wi ] dzdt < Ca, (4.68)
Q
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th; <h/ (hF) 3¢ dy + %F(he)gc)

Remark 4.7. The constant C, o depends also on h,~v and E but not on ¢ and the initial
data.

Loo([ta,te], W22+ ([a,b]))

Proof. Step 1. In order to prove (4.68) we use the change of variables

r ¥y </ /)hfty—h)dy+hx

we obtain with (4.3a) that
0, = h®0,, O = 0 + (&°— h°u®)0,, O +u 0, = 0 + Z°0,.

The map
d:R* xR — R" xR, (t,z) — O(t,x) =(1,2)
is bijective. Then (4.7) becomes

(5 = VB )Y PE = = (P ghexe(P) + 5 Q)
— S P e (4.70a)

Q: + (9 + VBY(h)2) @ = — T (@) + s xe(Q7) + g (P
— QT+ N (4.70D)

Without loss of generality, we suppose that a = 2k/(2k + 1) with & € IN. Multiplying

(4.70a) by (P*)®, using 27 = 1+ =5, (P°)*x(P°) > 0 and (4.59) one obtains

g e (P (P7 = Q) — (P)" Q7 (P~ @)}
< (L) 4 (LRI (peyett) 4 O (P + (P)°),
Doing the same with (4.7b) we obtain
s {552 (@) (@ = ) — (@) PF (@ - P))
< (1) 4 (LRI Qo)) 4 O (17 + (@)1,
Adding both equations yields to
she (553 (P = (@)™ (P* = Q) + (P (Q)((P)' ™™ = (@)°) (P = @)}

< ((Pf)a“ﬂczf)““) +(mws>1/2 ((Qf)a“f(PE)a“)wf((Qf)a“wf)&“))
= a+1 - a+1 5

+ O (|QF]°T + (@)™ + P[> + (P9)”). (4.71)

Let ¢ € C((t1/2,ta+1) x (a—1,b+ 1)) be a non negative function such that ¢(t,z) =1
on . Multiplying (4.71) by g0(<1> '(7,2)) and using integration by parts with (4.12) we



22 GUELMAME

obtain

o71 p (P* = Q) ((PF)™ +(Q)") du dt

R+ xR

S /m o Loa((po)ett — (@) (P* — @)} p(t, ) da dt

n /}R [P Q) (P — (@°)) (P* — @)} (t,z) de

+xR
dzdr

= [P - @ (P - @)} el ()
R+ xR

[P UPY — @ (P =@ @ () T

+xR
<s [ o+ @) 4P () e - (XTI | dadr
Rt xR

he 1/2 eya+1__ eya+1 o€ eya+1 eya+1
_g/m R<m< P2 Qo (PO + ol (Q) () )) 0, dzdr
X

— 8/ O (lQa‘oﬁ-l + (Qa)a + |Pa|a+1 + (Pa)a) goha dl" dt
R+ xR

_ 8/+ <(P€)a+;i£Qs a+1> he (Spt + Ut Oy — (he)—l of € pr) dz dt
RTxR

— 8 / ) (maf)m ((QE)"“—(PE)C““)erE((Qf)a+1+(P6)“+1)> p, da dt
Rt xR

a+1
< Ca,Q-

The last inequality follows from (4.12) and from the fact that ¢ is compactly supported.
Then we have

/Q (P — QO((P7) + (Q°)*) dzdt < Cag. (4.72)
Step 2. Multiplying (4.71) by (h%)~/2 we obtain
b (55 (P — (@) (P = @) + (P Q) (P = (@)) (P = @)

< ((Pe)a+1+(Q€)a+l> +<m((Q5)a+1—(PE)a+l)> + (WE((QE)O‘“HPS)"“))
< (a+1) (h=)1/2 i at1 B (at1) (he)1/2 .

e\— g|o sa Sres e\ e (P9)atl 4 (Qe)~t!
(RO (QH Q) + [P+ (P)7) + fars LG
_ g(hel)S/Q el {Pa a—i—l Qa (Q&)u—l—l Pa}‘
Using (4.59) one obtain
e (53 (P51 Q") (P74 Q) + (PQO (P + (@) (P + @)

< ((PE)““HQE)‘”“) +(m<<Q6>a+l—(P6)a+1>> i (%E((QE)““HPE)‘”“))
= (o+1) (he)1/2 a+1 . (a+1) (he)1/2
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C(IQ7! + (@) + [Pt 4 (P)%)
As in the first step we obtain

/ (P + QF2((P)* + (Q)) dz dt < Coo. (4.73)
Q

Summing up (4.72) and (4.73) one obtains

/ (P 1(Q) ) dedt < Cog  —> / e P + [hP*] dedt < Cag.
Q Q

Step 3. The inequality (4.68) follows directly from (4.3) and Lemma 4.4. Finally, using
(4.14), (4.15), (4.21), (4.22) and (4.68) we obtain (4.69). O

5. PRECOMPACTNESS

The goal of this section is to obtain a compactness of the solution. Due to the non-
linear terms of the equations, strong precompactness is needed to pass to the limit ¢ — 0.
The strong precompactness of (h®). and (u). is easy to obtain. However, the strong
precompactness of (P¢). and (Q)°). is more challenging. Several lemmas in this section are
inspired by [14, 51, 53, 54, 55, 56]. Along this section, Lemma A.2 is used many times
without mentioning it.

We start by strong precompactness of (h%). and (u°)..

Lemma 5.1. There exist (h,u) € L*([0,00), H'(R)) and a subsequence of (h®,uf) such
that we have the following convergences

(hf — h,u®) — (h — h,u) in L5 ([0,00) x R),

(h® — h,u®) — (h — h,u) in H'([0,7T] x R), VT > 0.
Remark 5.2. In Lemma 7.5 below, we prove that the limit (h — h, u) is unique and do not
depend on the subsequence.

Proof. From the energy equation (4.12) we have that (h* — h, u¢) is uniformly bounded in
L>([0,00), H'(R)). Then, using (4.3), and (4.59) we obtain that

125, ui) | 2o xmy S C (5.1)

The weak convergence in H'([0,T] x R) follows directly. Using the inequality
2

t
10(t,-) — 0(s, ')HiQ(R) = /R (/ 0u(7, ) dT) dz < [t — s Het”iz([O,T]xR) )
with (5.1) we obtain that
tin ([0 (1) = (s, )l pagey + T (8 ) = BE(s, )l oy = O
uniformly on €. Then, using Lemma A.6 we can deduce that up to a subsequence, (h®, u®)

converges uniformly to (h,u) on any compact set of [0,00) x R when ¢ — 0. O
Now, we establish the weak precompactness of (P¢). and (Q°)..
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Lemma 5.3. There exist a subsequence of {P°,Q°}. denoted also {P*,Q°}_ and families

of probability Young measures V;x,u,?’x on R and p;, on R?, such that for all functions

[0 € CP(R), g € C®(R?) with g(&,¢) = O(€]* + [¢|*) at infinity, and for all p €
C>((0,00) x R) we have

tin [ o) (P de = [ o) [ r© @ de, (5.2)
iy [ o) (@) = [ ot) [ 7D d (53)

uniformly on any compact set [0,T] C [0,00), and

lim o(t,z) g(P, Q%) drdt = /]R+ Rs@(t,x) /Wg(é, Q) dpre(§,¢)dzdt.  (5.4)

e—0 R+ xR
Moreover, the map
2d 1 2d 2 )
) = [ Eal(© + [ Cano) (55)

belongs to L*(R™, L}(R)), and

pea(€,0) = v, (6) @1, (0). (5.6)

We define

TP [ 060l (5.7)

which is from (5.4) the weak limit of g(P*, Q%).

Proof. Step 1. The pointwise convergence of (5.2) is a direct corollary of Lemma A.1 with
0 = R and p = 2 and the energy equation (4.12). The key point to prove the uniform
convergence is to show that the map

c0,7] /¢ F(PE(t, 7)) da dt (5.8)

is equicontinuous. Multiplying (4.7a) with f’(P¢) one obtains
F(P?)e + (N F(P)], = 1= (P5+3Q8)f( %)
+ [—5 (P + g2 xe(P) + 5= (@) — sz P° + ) [/(P7). (59
Multiplying by ¢(z) and integrating over [t1,t5] X R we have

/ (@) [f(P* (o)) — (P (h,2))] da

= /2/ [¢/(I)A5f(p6) + ﬁgb(m) (P6+3Q6)f(P6)} da dt

//¢ Ll (PP (P

e Q%) — i P ) F(PR) dadt.
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Using that f € C'2°, the the energy equation (4.12), Proposition 2.4, and Lemma 4.4 we find
that the map (5.8) is equicontinuous. This finishes the proof of the uniform convergence
of (5.2). The same proof can be used for (5.3). Using (A.2) we deduce that the map (5.5)
belongs to L>*(R™, L*(R)).

Step 2. Now, we suppose that g satisfies g(&,¢) = o(|€]? + |¢|?) at infinity, then, using
again Lemma A.1 with & = (0,00) X R and p = 2 we obtain (5.4). If g(¢,¢) = O(|€]2+[¢?),
let ¢ be a smooth cut-off function with ¢(£) = 1 for |{] < 1 and ¥(§) = 0 for |£] > 2, then

i [ staaP.@ardt = [ o) [ a(eOdualeQdrat, (510)

20 JR+xR

g(&, Q) (é) Y (%) with x > 0. Using Holder inequality, Lemma 4.6 with

Where gr(6,0) =
) we obtain

= supp(ep

/]R+ Rgp(tvf) (9(P%, Q%) — gu(P%, Q%)) dxdt‘

< p(t,2)] |g(P7, Q)] dedt

/Supp(@)ﬁ{lps%, or |Q¢|=kl}

2/p e
< C (/ |g(P=,Q7)["* dxdt) (/ dxdt) ’
supp(e) supp(p){| P[>k, or |Q|>k|}

p—2

C [|{(t,2) € supplp), [PF] = v} + [{(t.2) € supp(),1Q°] > w}] 7
< CKPP.
where 2 < p < 3. The last inequality with (5.10) imply that we can interchange the limits
Kk — oo and ¢ — 0. Using that |g.| < |g| and the dominated convergence theorem we
obtain (5.4).

Step 3. It only remains to prove (5.6), for that purpose, let f € C°(R), we rewrite
(5.9) on the form

F(PO)e + NF(PO)], = [(A = X) f(P)], + 5= (P°+3Q°) f(P)
+ (5 (P + g xe(P) + 50 (@) — =S P + ] f/(PF).  (5.11)

Lemma 5.1 implies that (A — A°) f(P¢) — 0 in LZQOC((O, o0) X R) when ¢ — 0. This implies
that [(A — A°) f(P?)], is relatively compact in H,!((0,00) x R). Since f € C°(R), using
(4.59) and the energy equation (4.12) we obtain that the remaining terms of the right-hand
side of (5.11) are uniformly bounded in L},.((0,00) x R). Then, due to Lemma A.3 they
are relatively compact in H,!((0,00) x R). Doing the same we can prove that for all

f,9 € C°(R) the sequences

{FPI)l, + AP, {e@)] + [ng(@)],0.
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are relatively compact in H,,!((0,00) x R). Then, using Lemma A.7 (a generalised com-
pensated compactness result) we obtain

f(P) (@) = f(P)g(Q)  when =0, (5.12)
where (m, m> is the weak limit of (f(P°),g(Q°)) defined in (5.7). Then, for any
v € C((0,00) X R) , we have

/ /w(@x)f(fs)g(c)dut,x(aodxdt “dim [l x) F(P) g(@F) dudt
R+t xR JR?2

e—0 R+ xR

_ / o(t,2) F(P) 9(Q) de dt
R+ xR
/ / (t2) F(€) 9(C) v, (€) ® v2,(¢) da dt,
R+xR JR2

which implies (5.6). The proof of Lemma 5.3 is completed. O
Using (3.4), Lemma 5.3, (4.3a), (4.63) and Lemma 5.1 we can obtain the identities
P+ Q 1Q — P
T = 5 hl‘ = h2 513
“ 2h 237 (5.13)
he + (hu), = 0. (5.14)

Now, we present some technical lemmas that are needed to obtain the strong precompact-
ness of (P°). and (Q°)..

Lemma 5.4. Ast — 0 we have

1(h — hovu — w1y — O, (5.15)

/}R(ﬁ - F2>dx + /]R<@ - @2)013; ) (5.16)

Proof. Defining

WE(LL’x) = (\/g \/?UE’ \/éhspa’ \/éheQE>’ t20,
Wit) (V30 =), /b, AP Q) t>0,
Wtz & <\/g g J%h\/ﬁ@ @) t>0,
Wo(z) = <\/g(h0 —h), \/}Tou(b \/12h0P0’ \/12h QU)

From Lemma 5.1 and Lemma 5.3 we have for all ¢ > 0
We(t,-) — Wi(t,-) whene — 0 in L*(R),
(PE(t, )2, Q(t,-)%) — (ﬁ(t, ), Q2 (t, .>) whene — 0 in D'(R).
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This, with Jensen’s inequality, (4.12) and (4.1) imply that

—~ 2
2 : . € 2
WOl < WO, < Iminf W0 o

= liminf/é(’g(t,x)dx < lim | & de = /é"odx = |IWoll32. (5.17)
R R R

e—0 e—0

The energy inequality (4.12) with (4.1) imply that (u®, P¢,Q°) is bounded in the space
L>([0,00), L2(R)). We multiply (4.3a) by 1, (4.3b) by (h%)"/2 and (4.7a), (4.7b) by (h®)~%/2

we obtain
W+ ], = o

-mU] + [h’;(;}i)l—/;{f ut + (ha)l/Qus U§+3’Y(hg)_3/2hi _ —(h8>1/2£a;518x%€ + (h£)1/2<@5’
[ pe e pe e e €)2 e NE e pe ME
oo+ [E] = s (P (P + (@) + 10P Q- 8 P +
[ @° cQ° € € e\2 e ME € NeE €
L+ ZE] = s Q) @) + (P + 0P - 8 Q] + S
Then for all T > 0 and for all p € H'(R), the map

S

t / ) Wedz (5.18)

is uniformly (on ¢ € [0,7] and € < €¢) continuous. Then, Lemma A.5 implies that

Wit,-) = Wy when t — 0 in L*(R), (5.19)
which implies that
On another hand, (5.17) implies

limsup |W||7. = hmsup/@@dx /@@0 x = [[WolZe,
t—0

then
g W = IWalls = [ Gae (5.20)
which implies with (5.19) that
W(t,-) — Wy  whent — 0  in L*(R). (5.21)
The inequality (5.17) with (5.20) imply
ti [, = tm W2 = ol (522)

Then (5.16) follows directly from (5.22). Using (5.21) and (5.13) we obtain the strong
convergence

H(h — ho, Vhu = \/houo, ha/h — hy/ho, Vhu, — \/h_ou(])HLQ -0
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as t — 0. In order to obtain (5.15), we write

u—uo—%< hu—\/_u())—k\/_u()(%—\/%),
he — h) = h(hT—;—i)Jr%(h ho)
(huw \/h_0u6>+\/h_ou6<\/iﬁ—\/%>.

On the right-hand side of the previous equations, the first term converges to 0 in L? as

t — 0. Since h,1/h € L*®, ug,hj,uy € L* and h € C([0,+00) X R), the dominated

convergence theorem implies that the second term goes to 0 as t — 0. This ends the proof

of (5.15). O
For any x > 0, we define

—k (€ + 1K), €< -k,

Su(€) T 1€ — L€+ k) Leern — F(E— KL = {182, €] < k. (5.23)
k(€ — %/i), > k.
—R, £< —R,
T(6) € SUP) = € — (€4 R)lecw — (€= m)lew = $& €] <k, (5.24)
K, &> K.

Lemma 5.5. For any k > 0, there exists a subsequence {.#°, N, P*,Q°}. and M €

L ((0,00) x R) such that, when € — 0 we have the limits in the sense of distributions on
(0,00) x R
M= M, and  MT,(PF) — T,(P) M, (5.25)
N = M, and N T Q) — T.(Q)A. (5.26)
Proof. Step 1. We define
@ ool (ha / ’ (h) €= dy + %F(hg)x). (5.27)

From (4.59), we have that £¢ is bounded in L>®([t1, ts], W1*°([a, b])) for any b > a,t, >
t; > 0. Thus, there exists 22 € L>®([t, to], W1*°([a, b])) such that, up to a subsequence we
have . -
P = P, 0, P — 0,2, ase—0 (5.28)
in L} ((0,00) x R) for any p < oo.
Step 2. For a fixed ¢ € C2°((0,00) x R), the inequality (4.15), Lemma 4.4 and (4.69)
imply that (1 — 92) {¢27¢} is uniformly bounded in L};7*((0,00) x R) for all & € [0,1).
Then, up to a subsequence we have

(1-) {p 27} = (1-2) {92}
in L2*((0,00) x R).

loc
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Step 3. Since |T,(P?)| < &, the convergence T, (P°) — T,,(P) is in L} ((0,00) x R) for

any p € (1,00). Then, for any ¢ € C2°((0,00) x R) we have up to a subsequence
lim Y (1= ) {0, Tu(P)} dedt = / v (1-0)" {@TK(P)} dz dt.
e—0 (0,00)X]R (0,00)XR
This limit is stronger. Indeed, replacing f in (5.9) by T}, we obtain
([Tu(P9)], + N T(P)], = 75 (P7+3Q°) Tu(P?)

4 he

(P + e xelP7) + b (@) = ghe TP+ 7] T(P).

8 h* 8 he 2 he

+ [_S}LE
Then, the sequences {(1 — 9! {(‘LTK(PE)}} is uniformly bounded in W*((0, 00) x R).

Arzela—Ascoli theorem implies that, up to a subsequence, we have the convergence
(1- ) o Tu(P)} — (1-32) " {aT.(P)} (5.29)

is uniform on any compact set of (0,00) x R. Doing the same proof again we obtain the
uniform convergence

(1-02) " {T(P)} — (1-02)" {TH(P)} (5.30)

on any compact set of (0,00) x R.
Step 4. Let ¢ € C2°((0,00) x R), then

/ T.(P?)p P dxdt = / T.(P°) (1 —83)_1 (1-92) [(¢ P°)s — o 7] dadt
(0,00)xR (0,00) xR
_ _/ (1- ) {0, T(P)} - (1-2) {p 7} dedt
(0,00)xR

- /(0 ) R(l B aﬁ)*l {T(P)} - (1-2) {p, &7} dzdt.

Taking the limit € — 0 and using Step 2, Step 3 and Lemma A.2 we obtain

lim T.(P9) o P2 dadt = —/ (- {o.T.P)} - (1-62) {2} dvat
£20 J(0,00) xR (0,00)xR
- 1-02) " HAT.P) - (1-0%) {p, 2! dzat
/(O,OO)XIR( m) { ( )} ( ){SO } *
:/ T.(P) 0 0, 2 dz dt. (5.31)
(0,00)xR

Step 5. Since |7}, (P?) | < k, then, from (4.63) we have % T, (P°) — 0 and %27, (P°) — 0.
Then, using (5.31) we obtain (5.25) with

M E 310, P.
Following the same proof we obtain (5.26). O
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Lemma 5.6. For all'T > 0, we have

[T = P, = 2 [T - D, - 0 G

L e P
Moreover, for all k> 0 we have

L (TP) ~ 7.(P) < S:(P) — S.(P), (5.34)

HI@ - 7.@) < 5@ - 5.(@) (5.35)

Proof. Since the proof for P and @ is the same, we only do the proof for P. From (5.24)
we have

|TI€ (f) _£| < |£ + /€| ]lﬁé—n -+ |£ — KJ’ ]l§>n < 2 |£| ]1H<|§‘ < %52

Then, we have

T.(P) - T.(P)| <

T.(P) —F‘ + |1, (P) - P| <2 (ﬁ n F2> . (5.36)
Jenson’s inequality imply that P < P?2. Lemma 5.3 implies that P2 € L®(R*, L'(R)).
Then (5.32) and (5.33) follow directly.

Cauchy—Schwarz inequality implies that 7, N(P)2 < T.(P)?, then, using the definition
(5.24) we obtain

(T.(P) - o (TD))2 <To(P? + T.(P)’ — 2T, (P) To(P)

2 — p—

=T.(P)?> + T.(P)" — 2T, (P) P + 2T, (P) (P + k) Lpc_s
+ QTN(F (P - H) ]lP>n
= T.(PP + 2T (P) [(P+ 0 Tpe v = (P + #) 1p_,|

~—

2

~T.(P)” + 2T, (P) [(P — k) Ipsw — (P — k) 1?%}

N
3

(P — 2k [(p + ) Iper — (P + k) ]1R_H}

~Te(P) 4+ 26 [P = W) Ipoy = (P = #) 15, (537)

where the last inequality follows from Jensen’s inequality with the concavity of £ +—
(€ + k) L, the convexity of £ — (£ — k) Lesy, and —k < T5,(€) < K. Since

Sﬁ(f) = %Tn(g)z + K (f - H) 152/«@ — K (f + /f) ]lggf,{

we have

[\

S.(P
5. (P) =

(P)? + k(P = K) Lpzn — K(P + &) Lpcy,
(F)Q + K (F — K}) 1?25 — K (F 4+ /q;) ﬂﬁé—n'

I
3

N= N
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The last two identities with (5.37) imply (5.34). O
Now we state the main result of this section.

1

Lemma 5.7. The measures v',v? given in Lemma 5.3 are Dirac measures, and

Proof. Since the proof is the same, we present here only the proof of v, (£) = d5(; . (§)-

Note that if P2 = P° then Ju (P = f) dv},(€) = 0 which implies that supp(v},) = {P}.

Since v/, is a probability measure, necessarily v}, = 0p. It remains then only to prove

that P2 = P . The goal is to obtain an evolutionary inequality of P2 — ﬁ2, then, since it
is equal to zero initially, we prove that it remains zero for all time. The proof is given in
several steps.

Step 1. Replacing f in (5.9) by S, one obtains

S (Pe) [A° S (Pe)] = 1 (P6+3Q6) #(PF)
b losk (PP + shelP) + s (QF — gl PP+ ] TP,
Taking ¢ — 0, using (4.63), Lemma 5.3 and Lemma 5.5 we obtain

mt + (Am> -

T

L {ZPSH(P) — PIT.(P) + 6Q5.(P) + @TH(P)} T (P).A.  (5.39)

Step 2. Replacing f in (5.9) by the identity function and taking ¢ — 0 we obtain

—

P+ (\P), = & (PP +6PQ+ Q) + 4. (5.40)
Let j. be a Friedrichs mollifier, we note P P « Je, then we have
P, + (\F) = 6. + {8h <P2 Y 6PQ + Q?)} si. + M ¥, (5.41)
where 0, & (AP° ). = (AP)_ * j.. Multiplying by T, (P) and using (5.13), we obtain
S (P7), + NS (PY)), = £BQ+P)S.(P) — £ 3@+ P) PPT,(F)
+ T, (P){& (PP +6PQ + @)} +j. + T.(P) (A +.) + T, (P) 6.
Taking ¢ — 0 and using Lemma A.4, one obtains
Sk (P), + (A8 (P)), =
L {2P5.(P) + 605 (P) + T.(P) (PP - 27" + @)} + T (P) 4. (5:42)
Step 3. From (5.39) and (5.42) we obtain
SP) = 8. (P)| + A (5.P) = 8.(P))] = .4 (T:(P) - 1. (P))
& {2PS.(P) = PPT(P) + P°T,(P) - 2P5,(P) + T.(P) (P" - P* )}




32 GUELMAME

+ 3 {6Q (S.(P) - 5,.(P)) + @ (T.(P) - T..(P)) }. (5.43)
From (5.23) and (5.24) we have
ET(§) — 2£54(8) —E To(§) — 26S.(8) +¢& - ¢
& [Tu(€) — €] + €€ + k) Lecn + E(E—K) Lezn
[ n( ) ] (52 - 52) [(f + ’i) ]lﬁé—n + (5_ “) ]l£>n]
+ E(€+ R) Lecn + €(E— K)? Lexp
= k2 [Tu() — & + v (€ + r)? Lecow — K(§— K)? Lesr
Then from (5.23) we have

2PS,(P) — PPT.(P) + P'T.(P) — 2P 5, (P) + T, (P) (P* - P
= (T.(P) + k) (P + w)*1p._, + (T.(P) — &) (P — k)’ 1ps,
— (T,i (F) + /{) (P + k)?1pcy — (TN (F) — /{) (P — Kk)?1ps,
— 1 (T(P) = T (P)) = 27 (P) (Su(P) — . (P)) (5.44)

From the definition (5.24) we have

(T (P) + k) (P + k)*1p._, = (T (P) — k) (P — k)’1ps, = 0 (5.45)
Since T}, (P) —k, then

— (T (P) 4+ &) (P + K)?*1pcr < 0. (5.46)

Let to > 0 and kK > C(1 + tal), then from Lemma 4.5, we have for all ¢ > ¢, that P < &
and P < k. Then, using the convexity of T, on (—oo, ) and the Jensen’s inequality we
obtain

K2 (TK(P) _ T, (TD)) <0, Vixty, r=CO0+tY). (5.47)

We take again to > 0 and x > C(1 + t; 1), then for all ¢ € C((ty,0) x R) we have

e—0

P — k)21ps,odedt = lim | (P° — k) 1pes, pdadt = 0. 5.48
>k P >

Then, using (5.43), (5.44), (5.45), (5.46), (5.47) and (5.48) we obtain that

S 5P, (57 - 5.)], < (77 - )

+ 3 {60 - 27.(P) (5:0P) - 5.(P)) + @ (TP) - 1.(P)}. (549)

for any to > 0, k = C(1+t,") and t > to.
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Step 4. Let f.(t,x) ©5,.(P) (P)—S, (P) and f6 1 £, % j. where j. is a Friedrichs mollifier,

then, from (5.49) and Lemma A.4 we obtain

(f)e + (A2, < 7 {83Q-T(P)} fi + <//1+ 8_h> <T (P) — T (?D b
where 6. — 0 in L},((0,00) x R). Let 8 > 0, multiplying by h*? (h*?f< + 5)71/2
using (5.14) one obtains

3/2 fe 3/2 fe < (7 + @\ =PI -Te(P) ;372
[,/h fn+5]t+ [A,/h f,€+6} < (#+8)] N LA
P-n )it o

8V fi+5 NG
~1/2

/2 and

where 0, % 9_p3/2 (h32fs + B)
[1 /32 f, + ] + [)\1 /B3 f,. + ] < </// + g);) n(h)g/;:(P) }3/2

(P-T:(P))n'/ £ By
8\/h3/2 f 4+ * NIE (5.50)

/2= 0in L, .((0,00) x R). Taking & — 0 we obtain

From (5.34) we have

—~ @ TR(P)—T,Q(?) 3/2
(J/l + 8h> 2/h3/2 f. 48 h

Using that [T (€)] < |€] and S.(€) < €2/2 we obtain

(P=Te(P)n 24| o [PIVEe
8\/h3/2 fr 4B A S 8h1/4 <P —i—f,{) < 8h1/4< P’ 4+ 1 p2)

h3/4,

V2| 7 . @

N

Since the L' convergence implies the pointwise convergence (up to a subsequence), then,
using the dominated convergence theorem with (5.32) and (5.33), we obtain

(P T(P))n'"2 1

. @ TK(P)—TH(?) 3/2 . -
,1412% (jf + 8h> 2\/h3/2fn+6h * »lclgtl) 8/h3/% .+ B =0

LH(Q) LH(Q)

for any compact set Q C (0,00) x R. Since |S.(£)] < €2/2, then |f.] < ?2/2 + P?/2.
Taking k — oo in (5.50) and using the dominated convergence theorem again we obtain

T, ¢ DR € e 1 ¥4
Taking now 5 — 0 we obtain

[\/h3/2fL n [A\/h3/2f} <0 in (fo,00) x R. (5.51)

Step 5. Following [50], let g & /WY e L>=((0,00), L*(R)). Let also ¢ € C*(R)
satisfying p(z) = 1 for |z] < 1 and ¢(x) = 0 for |z| > 2. Then, for all n > 1, we
have gp(z/n) € L=((0,00), L}(R)). Then almost all ¢ > 0 are Lebesgue points of ¢
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Jr 9(t,z)p(x/n)dz, ¥Vn > 1. Let t > 0 be a Lebesgue point of ¢ — [i g(t, z)¢(z/n)dz and
§ € (0,t/2). Let also ¢ € C°((0, 00)) satisfying
V() = 0 on (0,6/2)U(t+6,00), (t) = 1 on (4,f—0),
0 < ¢(t) < C/5, on (§/2,6), —¢'(t) = C/5, on (I—8,T+90).

Multiplying (5.51) by @(z/n)1(t), integrating on (0, c0) x R and using integration by parts
one obtains

/tt+5/ (t,z) p(x/n)dxdt < /tt+5/Rg(t,:z:) o(z/n) ¢’ (t) dz dt
%/6/2/]Rg(t,:c) p(x/n)dedt + L||\|[p~ /6::6/]Rg(t,:1:) 0/ (z/n)| dz dt.

From (5.16), we have

lim | g(t,z) p(x/n)dz = 0 lim + / / (t,x)p(z/n)dxdt =
5/2

=0 Jr 509
Since ¢ > 0 is a Lebesgue point of ¢ — [p g(t,z)p(x/n)dz, then taking first 6 — 0 and
then n — oo we obtain
g(t,x) = 0 ae.(t,z) € (0,00) x R.
Hence P2 = P° almost everywhere, which implies that v} ,(§) = 0p(;,)(§). The proof of
V7. (C) = 0gt.)(¢) can be done similarly. O

6. THE GLOBAL WEAK SOLUTIONS

We use in this section the precompactness results given in the previous section to prove
that the limit (h,u) given in Lemma 5.1 is a weak solution of (2.1).

Let (h® — h,u®) be the solution given in Theorem 4.1. Then, from Lemma 5.3, Lemma
5.7, Lemma 4.6, (3.4) and (5.13) we have that

(P, Q% ug, hy) = (P.Qug,hy)  in L, ((0,00) x R), (6.1)
[P @) o, PNy~ [P0
for any p € [2,3) and compact set 2 C (0,00) x R. This implies that
(P%, Q% us,hs) — (ﬁ, Q, um,hx) in L7 ((0,00) x R). (6.2)
Using Lemma 4.6 and Lemma 5.1 we obtain that for all p € [2,3), we have
(15, 1) = (e, o) in L7,.((0,50) x ). (63)

Now, using (4.63) and taking the weak limit ¢ — 0 in (4.3a) we obtain (2.1a). Applying
Lpe on (4.3b) and multiplying by ¢ € C2°((0,00) x R) we obtain

/]R+ RHU? +outul + 3y (W) PR {hT e — (W) hip, — L (h°) @ua} + §ut F}dudt
X
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_ /+ oo {67 + F(h) — L2 us o + 1 (xo(P7) + xo(Q))} dudt.
R+t xR
From (6.2) and Lemma 5.1 we obtain the following convergence as ¢ — 0
{hFe = () hs 00 = 5(0°) ua} — Lnp in Lig((0,00) x R).
Using again (6.2), Lemma 5.1 and also (6.3) obtain the convergence
{uf + v ul +3v(h) 2Ry} — {w + uuy + 3yh?h,}  in L7 ((0,00) x R).

We suppose that supp(y) C [t1,%e] X [a,b], then using the energy equation (4.12) and
Lemma 4.4 we obtain

/ 0z (h)? us @Z° da dt
Rt xR

Following the same argument we obtain

/ pu® oy dedt| < eC.
R+txR

C’HS% (h°)? ||4zf ||L1 ([t1t2l L ([a,b])) S eC.

HLOO( t1 tg] L2 [a b]

Then, taking ¢ — 0, using Lemma A.2, (4.60) and (6.2) we obtain (2.8). Doing the proof of
(5.15) for any tg, we obtain that (h—h,u) € C,(R*, H'(R). Lemma 4.5 implies (2.13). The
inequality (2.11) follows from Lemma 4.6, (6.1) and (6.3). Finally, the energy inequality
(2.12) follows from (5.17).

7. STABILITY

The goal of this section is to prove the existence and the stability of the semigroup. For
that purpose, we consider (hg, ug), (po,v0) € © and €,0 > 0. Let j. be a Friedrichs mollifier
and

def . def - . T def . def T . -
us = ugkjo,  hS = (ho—h)*xj. +h,  v) = wxis,  py = (po—h)*xjs + h

We consider now (h®,uf), (p°,v?) the solutions given by Theorem 4.1 of

hi + [hFu®], = °[h°,u°],, (7.1a)
ui + utus +3v(h°) P = —L£,10, {C[hF, ] + F(h)} + B[S, (7.1b)
u®(0,2) = ug(x), he(0,x) = hg(x), (7.1c)
and

o+ [P°°], = 0., (7.22)
p o+ 0 +39(0°) Py = LS9, {0 + F(p)} + B’ 0°],  (T.2b)
(0,2) = vo(x),  p(0,2) = pyla), (7.2c)

where

Aa,b] ¥ *{4;;/3;2 ( (ab - V37ya” 2%) — Xe (ab + V3ya” 2ax> )},

#la,b) Lo {-Loa,b),) + £700, {5 a% b, % a,b), )
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— % L;lax {a <Xe (abz — ma_% ar) + Xxe (abw + ma_% am)) } ,
%la, b oo 2’02 — 3qal.
for any two functions a and b such that a > 0. We define
PP R = By (h) ks @ T + By ()RR,
T Pl — By ()R VI Pl By ()l
We define also the energies
&5 L 1nF ) + Lo (F—h)" + L) (wd)? + Lo (hS), (7.3)
&= L) + Lg (PP —h) + L) () + Ly () (7.4)
In order to obtain the stability, the following estimates are needed.
Lemma 7.1. For all T > 0 there exists a positive function fr : (0,e0] — RT satisfying
fr € CY((0,&0], RT), fr(e) <0, li_I)I(l)€fT(€) = 00, (7.5)
such that for all t € [0,T] we have
[P =77 = V) o < (fr(e) + frOD [(h° = 0" u = )|, (7:6)

H(L;& - L;ﬁ) 3 < Cllgllz ||h5 = 2] » (7.7)

|(c = 2,0 9], < Cligls 11 = £l (73)

|eio. Fue) = £ 0, F()|| | < cHha - pﬂ\m, (7.9)
HL,;}@%W U £10, €1’ v H Fr(@) + fr@) || (h = P ou = %), (7.10)
= (P) = x ( T‘S Ny < (fre) + (5>)(H(’f—ﬂ =) ||y +1e = 4d]), (7.10)

X (@) = x5 (V)| < (Frle) + fr(8)) (|[(B° = 67,0 =) [[ o + e = 01) , (7.12)

| 7°[p*,u’) — °10°, 00 || o < (fr(e) + f(0)) (|| (h* = p°,us — ) ||, + e = 0]), (7.13)
|27 (0%, u) = B[ 0%)|| o < (fr(e) + fr(0) (|| (h* = 0%, uf — ) ||,y + e = 0]) . (7.14)

Remark 7.2. By fr we mean a function satisfying (7.5). It can be a different function for
such inequality.

Proof. Step 0. Since [, &5(z)dz < E and [ &8 (z)dz < E, we can prove using (4.52),
(4.54), (4.55), (4.57) and (4 58) that

10 = ) g € N0 = ) s < f0) (7150)
H(p o hU HL°°W20<> S H )||L°°H3 < fr(9), (7.15b)

where fr do not depend on the initial data and L3X o L>([0,T], X (R)).



WEAK SOLUTIONS OF SERRE-GREEN-NAGHDI EQUATIONS 37
Step 1. Using the definitions above we obtain
pPe =T = hhu, — poup + \/37(/)5)‘% Pe — V37 (hs)‘% he

€ (€ l € thihe_pe
= B =) 0 = ) ¢ VAT -+ R

Doing the same with Q% — V% we obtain
@ V= W) ¢ () VBT B
Using (7.15) we obtain directly (7.6).
Step 2. Using the definition £;- we have
0 (L3 = £,1) g = L3 (L — L) £, 0rg
= 0, L};l (,0‘S — ha) 5;51 0rg + %890 L,;lé?x ((h‘a)3 — (,05)3) Oy Lp}l 0: 9.
Using (4.16), (4.20) we obtain
1 _ € 6\3
(gt = 67) 0co]|, < o]0 A (PR T M
Using the Cauchy-Schwarz inequality, the embeddlng H1 — L, (4.16), (4.19) with (4.20)

we obtain
T ('C’}:EI - L;(Sl) T

Doing the same with <L,;1 - L;(;l> 0,g we obtain (7.7). Similarly we can prove (7.8).

VBT (00— )
N R

o< COllgllz||p° = 0| -

Step 3. Using the triangular inequality we have
Hﬁl;lamF(hE) —L;S@xF(p‘S)Hng H(L;j - L;}) axF(pﬁ)HH1+ 1£520: (F(h%) = F(0") || 11 -
Using (4.20) we obtain
Jeiio. (F) ~ F ) < € 1F0) ~ F, < Cllie — o]
Using (7.7) and (A.7) we obtain
| (et = &) or Fon)],

Summing up, we obtain (7.9).
Step 4. Using the triangular inequality we have

lerto. et u) — 0.6 1| | < enton (1, w] — €10%))

+ H(L,;l - L;}) 8x‘5[p5,v5]‘

L S CIE 2 187 = Al < CllA = 2l

Using (7.7) and (7.15) we obtain
|(eit = ) ol ol < (Frle) + £ @) | = ' = o)
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Using (4.19) we obtain
€500 (5 (h)* (u5)* — 3 (h)* = 5(°)° (v2)* + 37(02)*) |
< O @) = 2y = 2P0 + 2y (]
< (frle) + 2O | — ot — ).

Summing up the inequalities above we obtain (7.10).
Step 5. Since |x.(C)] < 2I¢| we obtain that |x.(C) — x-(€)| < C(I¢] + [¢[)I¢ — €| Then,
using (7.6) we obtain

Pl

Ix: (P%) = xe (T2 < (fr(e) + fr(@) |[(h° = p°,us — 0°)]| 0 - (7.16)
Now, we can suppose without loss of generality that § > e > 0. Then, we have
0, T > —1/6 > —1/e,
Xe (T%) — x5 (T°) = { = (T°+1/¢)*, —1/6>T° > —1/e,
(T2 +1/8)° = (T° +1/)*, —1/6> ~1/e > T°
Then
0, T° > —1/5 > —1/¢,
IXe (T°) — xs (T°)| < < (1/e—1/6)°, ~1/6 = T° > —1/e,

—(21° +1/e +1/6) (1/e = 1/8), —1/6 > —1/e >T°
The energy equation (4.12) implies that for all £ > 0
{=, T°(t, x) < -1/6}| < €&
Then, we can directly obtain
| x: (T°) = x5 (T°) > < (fr(e) + fr(8)) e = 4.

Summing up with (7.16) we obtain (7.11). The proof of (7.12) is the same.
Step 6. Using the Young inequality, (7.11) and (7.12) we obtain

7 ((P) = @) = e () = (V)

e[, 0) = 1 )| e < ©

(he)1/2
< (fr(e) + fr(0) ([[(h* = ", u" =) [ + 1o = 0).

L2

This is (7.13).
Step 7. Using (4.12) and Lemma 4.4 one can check that

w7 [h% W e+ (| (B9 wg (0%, ]| e+ 1B (e (PF) = X(@D)ll a2 < fr(e).

Then, using (7.7), (7.8)

| (i =) {=dwr el ] + 0, {3 ()2 s 00 w] = 3507 (e (PF) = (@)} ]
e) [|h* = ||,y - (7.17)

one obtains

Hl
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On another hand we can prove that

[uf 7 [hF, ] — o L0 || o < (fre) + fr(8)) (|(B° = % 0w =) || + 1 = 6])
17 Xx-(P%) = 0° xs(TO)|| o < (fr(e) + fr(8) (|| (hF = p° 0" = o) || )y + e = 0])
|2% xe( Qa) — 0’ xs V‘s)HL2 < (fr@e) + fr(8)) (|| (h* = p°, uf —1)6)HH1 +le—=4]),

H ha 2 s%a ] (p6)2 6£{6[p ’U(S]HLz
< (fr(e) + fr(8)) ([[(h7 = 2% u = 0°) || o + | = 4l) -
(

Then, using (4.20) with (7.17) we obtain (7.14). 0
Now we can state the stability result of the systems (7.1) and (7.2).

Lemma 7.3. Let (h¢,uf), (p°,v°) be the the solutions of (7.1) and (7.2) given by Theorem
4.1, then

05 = 0 =) e < @)+ @) (05— s — w8l + I 01) - (728)

Remark 7.4. Since lim._,o fr(e) = oo, the stability is not uniform on € and §. However, we
prove below that (7.18) is sufficient to obtain the stability result of Theorem 2.8.

Proof. In order to prove (7.18), we define
B (1, ) S [ (0= )+ =) (b= )+ G (us - )]
R

which is equivalent to H (h€ — % U — v‘;)

Hip From (7.1a) and (7.2a) we have
(h" = p"), = 9" (0" =), + 0" (0" = 1), + w5 (0" = 1) + 15 (0" =)
+ [ ], — 0[P, 0, (7.19)
Multiplying by 2 (h6 — p5), integrating with respect to z, using the Cauchy—Schwarz in-
equality and (7.13) we obtain

jt (15— ) de < (fr(e) + f2(0)) (E (15,05, 00 0) + Je—6P).  (7.20)
Differentlatmg (7.19) with respect to x we obtain
(he = ph), = 0" (v = i), + o (v =), + 02 (0" = B°), + o (ol = I5),
+ g, (0" = h7) + g (o — hE) + B, (v —wf) + B (v — ug)
b A e — O[,0)e
Multiplying by 2 (h px) integrating over R, using (7.13) and some integrating by parts

we obtain

d

< (he PV Az < (fre) + fr(0) (E (b5, 05, p°,0%) + | — 6]%)

- 2/ p° (v) —ug) (hS — ,ofg):C dz. (7.21)
R
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From (7.1b) and (7.2b) we have

(us =), =0° (v) —ug) + (v‘S —u) + 3y (p") 2 (P — h) + 37 (};2::);2 he (b = p°)
+Lla{<5 |+ F(p")} — £,20, {€[h°,w] + F(h°)}
+ B°[h°, ] — %6[p5,v5}. (7.22)

Multiplying by 2 (uE — 1)5), integrating with respect to x, using (7.9), (7.10) and (7.14) we
obtain

% R(vf—v‘s)z dr < (fr(e) + fr(8)) (B (.05, p° ) + |e = 3]?) . (7.23)

Differentiating (7.22) with respect to x we obtain

(= 18), = (uF ) (of =)+ o8 (uf = ), + o, (08 — ) — 6 (5F) 68 (4 — )
+ 39 (0°) % () = BS), + 3 {(’I—j% hx} (- p°) + 37(’;%;% ha (h = p2)
+ 0, L5 0, {C[0°,0°] + F(p")} — 9, L300, {€[h",w] + F(h7)}
+ B[R ], — BP0,

Multiplying by 2(p°)* (u5 — v3) /(37), using some integration by parts with (7.9), (7.10)

T

and (7.14) one obtains
%7—1 (p6)3 d / (ug . Ug)Q da < (fT(E) + fT(é)) (E (ha7ua7p5,vé) + |E o 5'2)

dt
+ 2/ p° (v) —ug) (hE — pi)m dz. (7.24)
R

Using (7.2a) we obtain that

v (0°)? 0} /}R(ufg—vi)2 dz < (fr(e) + fr(0)) E (A%, uf, p°,0°) . (7.25)

Summing up (7.20), (7.21), (7.23), (7.24) and (7.25) we obtain that

d

2 (b us, p°,0°) < (fr(e) + fr(0)) (B (b5, uf, 0%, 0%) + | —6]%).
Then, Gronwall inequality implies

€ , € € 5 efr(e) + fr(9)
E(h u 7[)5705) < eUr@+r@)T (h u07P07U0) + W’ 5|,
which implies (7.18). O
Now, we can prove the existence of the semigroup given in Theorem 2.8. This is a direct

consequence of the following lemma.

Lemma 7.5. The limit given in Lemma 5.1 do not depend on the subsequence. i.e., letting
{en}nen aand {6, }nen two subsequences satisfying

(R = h,u™™) — (h — h,u), (R — h,u™) — (h — h, 1) in Lj5 ([0, +00) x R)
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as n — oo, with (h — h,u), (h — h,@) € H'([0,T] x R). Then (h,u) = (h, @) a.e.
Proof. Defining Q = [0,T] x [a,b] C [0,00) x R. One can check easily that

[(he = hoyug — wg)|[ o < (fr(e) + fr(9)]e — dl.
Then, using (7.18) we obtain

|(h* = B°,u — ué)HL%OHl < (fr(e) + fr(d))le — o). (7.26)
Now, we consider fr the function satisfying (7.5) and (7.26). We define
gr(e) def o Ir(e/2) 2 > o), (7.27)
Passing to subsequences, such that
Ent1 < Ep — Op, Eny1 < O0p < €5 < Op_t, Vn € IN. (7.28)
As in [14] we define
Eon = en — k/gr(ear)s Na E |(n — ) gr(ean)] + 1, (7.29)
where |-| denotes the integer part. Then, we have
ENpn < On < ENp—1ms ENp—1m — On < 1/gr(eni1). (7.30)

Then, for n large enough, (7.5) implies that gr(e,) > 2k/e,, which implies with (7.26) that
[(h%ter = A=t — )| oo < (fr(ehn) + frlen)) lexn — &nl

fT(gk,n) + fT(En)

< k
gT(5n+1)
fr(en/2) fr(en)
< "’(efT(sn/m t o )

This implies that when n — oo we have
(R — hyut) = (h—h,u)  in L®(Q), VkeN. (7.31)
On another side, we have from (7.26) that
| (RENm=tm — RO Nt — u‘;")HL%QHl < (fr(en,-1n) + f7(0n)) leN,—1n — On
fr(en,—1n) + f7(0n)

<

gT(£n+1)
e€n+1 ean+1

This implies that when n — oo we have
(hevn=tn — hyNn-tn) = (h—h,4)  in Lo(Q). (7.32)

If {N,}, is bounded, then the result follows directly from (7.31) and (7.32). We consider
now the case
lim N, = oc. (7.33)
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Defining

St € On + Ugr(Oun), My = [(en — 62) gr(0ni1)] + 1. (7.34)
As in (7.31) and (7.32) we can prove

(h‘s‘f’" — h, u‘se’") — (h—h,a) in L>(9), WVleN,
(hOMm=tn — p yPMn-tn) — (h—h,u)  in L®(Q). (7.35)

Defining
K, d:ef L% (5n - 571) QT(5n+1)J +1 < Nm Cn, dZEf L% (571 - 571) gT<5n+1)J +1 < M,.
Then, since gr(e) > 2/e, we have

5n < 5kn,n < 5Zn,n < En, (5€n,n - 5kn,n < 1/gT(€n+1) + 1/gT(6n+1) < 2/gT(5n>
From (7.28) and (7.33) we have lim,, M,, = lim,, k,, = lim,, ,, = co. Using again (7.26) one
obtains

[t = B e — )| < (fr(Ernm) + fr(Be,m) |k = el

fT(Ekrun) + fT((SEn,n) < 4fT(5n)
97(6n) h 97(6n) '

< 2

This implies that

(1t = e =)y < i e — A — )
< Hm || (AFnr — ROmn yten — yfn)|| L = 0. (7.36)
n T
From (7.32), we have
hmian(h% — o uten — u)H
k,n L>(Q)
< lim ‘(hN Nt a)HLm(m — 0. (7.37)
Using now (7.35) we obtain
liI?}}Lnf||(h6é’" = hour — U)HLOO(Q)
< lim [ (ROt — hyueste — || o0 = 0. (7.38)

Summing up (7.36), (7.37) and (7.38) we obtain that (h,u) = (fL, @) almost everywhere. [J

Lemma 7.6. Let (hg — h,u), (hon — h,up,) €D such that (hon — h, g ) — (ho — hyug)
in H' as n — oo. Then S(ho, — h,ug,) — S(ho — hyug) in L°([0,T], H(R)).

Proof. Defining (h§ — h, ug) L. (ho — h,ug), (h§, — h,uj,,) L (hon — h,up,). Then

| (7. = Mo g — ug)|l 0 < N(hom — hosuom — o)l - (7.39)
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Let S¢ be the semigroup associated to the solution of (4.3) given in Theorem 4.1. We note

(h* — hou) 55 (hg — houg),  (h5 — hyus) € 5% (hg, — hus,),
(h = hu) S (ho - ey (b — Fown) S (hom — Fotten) -
Using (7.18) and (7.39) we obtain

I(h5, = by, — u) e < fr(e) [[(RG — oy — u5) ||
< fT(g) H(hO,n - h(];uO,n - uO)HH1 . (740)

Since the function fr satisfies (7.5), then the function gr defined in (7.27) is invertible.
Defining

o def _1( 1 )
! [(hom — ho,tom — o))

IR = P = w) | e < fr(en)/gr(en),

we have

which implies that
liminf ||(RS, — A%, u;, — u5)||L%oHl < lim [[(RSr — A ui — u€")||L%oH1 = 0. (7.41)

On another hand we have from Lemma 5.1 that

liminf ||(h® — h,u® — u)||L%oH1 + liminf |[(h], — Ay, u;, — un)“L;sHl = 0. (742

Summing up (7.41) and (7.42) we obtain that (h, —h, u,) — (h—h,u) € L=([0, T], H*(R)).
U

APPENDIX A. SOME CLASSICAL LEMMAS

Here, we recall simple versions of some classical lemmas that are needed in this paper.
We start this section by the following lemma on the Young measures.

Lemma A.1. ([29]) Let € be a subset of R™ with a zero-measure boundary. For any
bounded family {v¢}. C LP(O,RN) with p > 1 there exists a subsequence denoted also {v<}.
and a family of probability measures on RY, {u,,y € O} such that for all f € CO(RN) with
f(&) = o(|€]P) at infinity and for all ¢ € C°° 0) we have

tim [ o) £ @)y = [ o) [ 76 dm(e) (A1)

| [ieran©ay < tmipt i, (A2)

Also, some other results on strong and weak precompactness are needed, then we recall.

with
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Lemma A.2. ([19]) Let 2 be an open set of R"™, assuming that f, — f in LP(Q2) with
p € (1,00), gn is bounded in LY with p € (1,00) and g, — g in L), then for any
p € L"(2) such that 1/p+1/q+1/r =1, we have

lim fn gn pdx / fgede. (A.3)
Q

n—00

Lemma A.3. ([19]) L}, .(R) € Hloc (R). In other words, for any compact set [a,b] C R, if

the sequence (f,)n is bounded in L'([a,b]), then (fn)n is relatively compact in H, '

loc *
Lemma A.4. (Lemma II.1in [17]) Let c € LY(RY, H..(R) and f € L*(R", L2 .(R)). Let
also j. be a Friedrichs mollifier, then
(cOuf) *jo — c(Ouf %jo) =20, in  L.L(R"xR). (A.4)

Lemma A.5. (Lemma C.1in [77]) Let (f,)n be a bounded sequence in L=([0,T], L*(R)).
If f,, belongs to C([0,T], HY(R)) and for any p € H'(R), the map

tr—>/ x) fu(t,x)dx

is uniformly continues for t € [0,T] and n > 1, then (f,), is relatively compact in the
space C([0,T], L2(R)), where L? is the L* space equipped with its weak topology.

Lemma A.6. (Theorem 5 in [/5]) Let |a,b] be a compact subset of R and let (f,)n be a
sequence of functions bounded in L>([0,T], H'([a,b]) and

Then (fu)n is relatively compact in L>=([0,T] X [a, b]).
Lemma A.7. (Compensated compactness [21]) Let Q be an open set of R?, let

a,b € C(,R) such that for all (x1,22) € Q we have a(x1,x3) # b(x1,29). Let also
(fn), (gn) be bounded sequences in L3 (2, R) such that f,, — f and g, — g. If the sequences

{axlfn + aﬂcz(a fn>}n7 and {aﬂﬁlgn + az2 (bgn)}n7
are relatively compact in Hl;cl (Q), then fog, — fg in the sense of distributions.

Let A be defined such that Af = (14+€2)2 f and let [A, B] < &' AB—BA be the commutator

of the operators A and B. We recall now some estimates of the H® norm of the product,
the commutator and the composition of functions.

Lemma A.8. ([70]) If r = 0, then 3C > 0 such that
1 gl < C ([ fllzee gllar + W F e lgllz=), (A.5)
A" 1 gl < C (I fellze lglla— + [ ar lgllze) - (A.6)

Lemma A.9. ([17]) Let F' € C*(R) with F'(0) = 0, then for any m € N there ezists a
continuous function F', such that for all f € H™ we have

IE e < F (L fllzoe) I f ]z (A7)
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APPENDIX B. THE ENERGY EQUATION

The goal of this section is to prove that smooth solutions of (2.1) (respectively (4.3))
satisfy the energy equation (1.5) (respectively (4.11)). Taking ¢ = 0, we notice that (1.5)
is a particular case of (4.11). We consider ¢ > 0 and (h,u®) smooth solutions of (4.3).
Then we have

Lo =) = —g(h =) (0" ), + g (0 = ) o,

t
57 (2], = =7 hs (F ),y + ghs 7 — limhs ((P7) = xe(Q7)).
Summing up we obtain
Lol (hr =)' + (0207, = g [(h =By ],
—g(h* = h) (B ), — vh (h°uf),, — 55 (Q° = P7) (xe(P7) — x=(Q°)) - (B.1)
Defining 2°¢ & &= + F(h?), from (4.3) we have
sL(h)7 (We)?], = 5 (h)* (ue)* @ — 5 (h%)* (ug)* (h*w), — 5 (h°)°wg (v ug),
v (hE)? s ((he)_2 h;):E — %ui (h%)? 0, L,;l 0, Z° + %ui (h¥)3 0, P°. (B.2)
Using again (4.3) and the definition of £ we obtain
SN )], = Sy — 3 () (B ), — B (e — B (h) 7 b
— h°uf L,;I%E he u® %°
WV (), = B (P = By () R — 2
£0, (h°)? 0, £,;1 0, Z° + %ue Oy (W) 0, BB° + %ue ((h5)2 u szf)m
8“ [h° (X:(P°) + Xs(Qs))]m
% [( £)3hs:|x o 3’}/(h€)71 us h; . [us %e]m - % [us (hs)S axL};l ax %e]m
5 (W (D)0, 2]+ 5 [u” ()G ], — g5 [u" h* (xe(P7) + xe(Q7))],
us

+
+ul 2+ tul (R)?0, L0 0, Z° — 1l ()20, 87 — L (W) (uS)*
+ 35 (P + Q) (xe(P) + x:(@7)). (B3)
Summing up (B.2) and (B.3) one obtains
L[ ), + B WE)?), = — 3y () e + g 27— () () ),
— 3 () (v us), — 5 [(w)’h7] = [u 2], — 5 [u ()’ 0, £, 0, 277
+3[u () 0 2], + 5 [ut () wl o], — ™" (x=(P) + xe(Q))],
= (h)*ug ((R) 2 h3), + 55 (P° + Qa) (X (P7) + xe(@7))- (B4)

Using (3.5) and (4.5) we obtain
g (020027 =3 (h°) 0, Ly {—5w* @} — 5 (W) g o + 35 b7 (xe(P) + xe(Q))
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v P oo e [ (50 G o — s 0P + (@) ay )
=5 (W29 — (B ug o + 5 h® (xe(P7) + x:(QY)).
Using now (3.7) and (B.4) we obtain
3107 ()], + §[(h°)° (u m)QL = =3y (K )T WS+ ug 27 — 5 (h) (ug)? (h° ),
=3 (B (), — 5 [(w)°hf], — [ 27], — [ (39 ((%)* =h%) = 3yIn (h°/D))],
+% [we (hE)? 9], — v (R ()72 h3), + g5 (P° + Q°) (xe(P?) + x=(@%)).  (B.5)
Forward calculations lead to
g(h® —h) (hFuf), + vhs (hFus),, + 3y (hS) 't hE — o
+5 (0 g (u¥ug), + v (B ug (°)7205), = 39
+1 ()P (ui)z]x + 37 v In (hs/i_z)]x + 27 [w (h)?]
Summing up (B.1), (B.5) and (B.6) we obtain
505 + 39 (5 =B)" + S () (2)? + Sy (9] +
[%(u8)3h6 o g<ha o B) A+ R+ %gua ((h5)2 o B2) o %UE (he)Z /1/15

27+ L () (),

e (e =Y,

(
+ oy [hehEul], (B.6)

x

P )+ Syl () + vt hsug]
= 5 PX(P) + 5 Qx(Q°).
This is (4.11).
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