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Abstract

We use the Landau-de Gennes energy to describe a particle immersed into nematic lig-
uid crystals with a constant applied magnetic field. We derive a limit energy in a regime
where both line and point defects are present, showing quantitatively that the close-to-
minimal energy is asymptotically concentrated on lines and surfaces nearby or on the par-
ticle. We also discuss regularity of minimizers and optimality conditions for the limit energy.
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1 Introduction

The history of interaction between variational problems and geometry has been long and of great
mutual influence [35], starting from the geometrically motivated problem of the brachistochrone
curve [11,69], Fermat’s principle in optics [14], material science [8] to general relativity [37,57].

One particularly important problem arises when the size of geometrical objects themselves is to
be minimized leading to so called minimal surfaces [48]. A classical example is the two dimensional
soap film spanning between predefined (fixed) boundary curves, called Plateau’s problem [29,72,83].
Some solutions can be constructed explicitly [27,44] or studied through means of harmonic and
complex analysis [23, 43, 68], but a general theory was not available until the development of
geometric measure theory and its language of currents, flat chains, mass and varifolds to describe
the objects and how to measure them [4,30,31,66,85].

Another question giving rise to problems involving minimal surfaces is given by the classical
I'—convergence result of Modica and Mortola [62] (see also [60]) of a weighted Dirichlet energy and
a penalizing double-well potential to the perimeter functional. A constraint such as a prescribed
volume ensures the problem to be non trivial. The energy typically is concentrated in regions
where none of the favourable states of the potential are attained. For the limsup inequality, one
constructs a one dimensional profile that minimizes the transition between the favoured states.

Another variational problem in which geometry appears is given by the Ginzburg-Landau
model. In the famous work [13], the (logarithmically diverging) leading order term and (after
a rescaling) a limit problem have been derived. The limit energy is stated geometrically as finding
an optimal distribution of points in the plane subject to constraints coming from the topological
degree of the initial problem. This approach stimulated research which lead to a large litera-
ture [3,16, 21, 39,49, 59, 75], in particular for problems in micromagnetics [40, 47], superconduc-
tors [45,77,81] and liquid crystals [10,41,50].

Our work combines many of the before mentioned ideas to describe the different contributions
and effects that take place in our problem. For example, we use the generalized three dimensional
analogue of estimations in [13] as considered in [19,21,22,42,74] to make appear a length minimiza-
tion problem for curves. Coupled with this optimization problem, we show using a Modica-Mortola
type argument that the remaining part of the energy concentrates on hypersurfaces which end ei-
ther on the boundary of the domain or on the described line.

The main motivation for this article was the study of the formation and transition of singularities
in colloidal nematic liquid crystals, in particular the Saturn ring effect. It has been observed in
experiments that nematic liquid crystals may exhibit line and point singularities. Those can take
the form of a ring around one or several of the colloidal particles depending on the shape and
size of the particles and the strength of an external electric or magnetic field [52,53,63,67]. This
phenomenon is caused by the incompatibility between the boundary condition at the surface of
the particle where a positive topological charge is created, and the condition at infinity where an
electric or magnetic field enforces a uniform alignment of the molecules in the direction of the
field. While spheres are the most studied particles, there is also a considerable interest in defect
structures around non-spherical inclusions [7,73,84]. For the study of phenomena such as self



assembly [79,80,90] usually a large number of particles is needed. In this work however, we focus
on the simpler case of a single colloidal particle as a first step for understanding the complex
interaction that takes place in colloidal systems [33, 54, 67].

This article is the continuation of the work started in [5] where we studied a spherical inclusion,
our main theorem (Theorem 3.1) is a generalisation of Theorem 3.1 in [5] (see Remark 3.3). In
particular, our new theorem holds for an arbitrary manifold M of class C? instead of a sphere and
we remove the hypothesis of rotational equivariance of Q.

Although the applied ideas could be used to carry out a similar analysis for a larger class of
energy functionals, we place ourself in the context of the Landau-de Gennes model for nematic
liquid crystals. A common way to describe liquid crystals is by introducing a unit vector field n,
the so called director field, for example in the Oseen-Frank model. The vector n represents the
local orientation of the liquid crystal molecules. In practice, it is often not possible to distinguish
between n and —n, so that n should rather be RP%—valued, where RP? is the two-dimensional real
projective space. More generally, one can think of describing the arrangement of the molecules by
a symmetric probability distribution p on the sphere of directions. Because of the symmetry, the
first moment of p vanishes and the (shifted) second moment @ is a symmetric traceless matrix (also
called @Q—tensor), which is used to represent p in the Landau-de Gennes model. In the following
we will denote Sym,, the space of such symmetric traceless matrices. Under this identification, the
uniform distribution on the sphere corresponds to the isotropic state in which all three eigenvalues
A1 > Ao > A3 of @ are equal to zero or equivalently @ = 0. In case two eigenvalues are equal, we
call @ uniazial. More precisely, if A\; = Ay > A3 we say that Q is prolate (or positively) uniaxial,
while if A\; > Ay = Ag it is called oblate (or negatively) uniaxial. If all three eigenvalues of Q) are
distinct A\; > Ay > A3, we speak of a biazial Q—tensor. A particularly important role is played
by the set N of prolate uniaxial tensors of a given norm as they are minimizers of the ordering
potential in the Landau-de Gennes energy as we will see in Section 2.1. Elements Q € A can be
written as @ = s,(n ® n — £Id) (s, being a constant depending on the liquid crystal) and thus
allow an identification with the director field in direction +n. On the other hand, singularities
are described by situations in which one cannot identify a director field, e.g. if @ is isotropic or
oblate uniaxial. However, the analysis carried out in this paper does not discriminate between
the two different possibilities as they have asymptotically the same energetic cost in our regime.
Nevertheless, in [17] it has been proven that in some situations an oblate uniaxial defect core
surrounded by a biaxial region has strictly smaller energy compared to an isotopic core. We refer
the interested reader to [9] for a more detailed introduction to @—tensors, the Landau-de Gennes
energy and related models for liquid crystals.

As we will see later in Section 2.1, the Landau-de Gennes model in our case comprises three
contributions related to the elastic, ordering and magnetic energy. The relative strength of the
individual terms are modulated by the dimensionless parameter ¢ describing the ratio between
elastic and bulk energy, while 1 couples the elastic with the magnetic term. We are concerned with
the limit of 1,£ — 0, which can be physically interpreted as a limit of large particles and weak
magnetic fields, see [5,34]. This regime has been studied previously in [2] for a spherical particle
under the assumption that n|In(¢)| — 0 as ,£ — 0 in which a Saturn ring structure is found.
In [1] the authors treated the problem in the absence of a magnetic field, i.e. for n = co. For
& — 0 they deduce that a point defect occurs. Our work places itself in the intermediate regime
in which n|In(¢)] — B8 € (0,00) as n,§ — 0. As seen in [5] for a spherical particle, this regime
allows for incorporating different minimizing configurations, depending on the parameter 5. In a
forthcoming paper [82], we are going to develop numerical methods to calculate the minimizing
configurations around non-spherical particles based on the results in this work.

2 Preliminaries

Before we can state our results, we give a short introduction to the Landau-de Gennes model that
we use here and the concept of flat chains, stating some results that will be used later in the proof
section.



2.1 Landau-de Gennes model for nematic liquid crystals

Our article has been motivated by the study of liquid crystal colloids with external magnetic field.
Let E C R3 be a colloidal particle and let €2 := R3\ E be the region occupied by the liquid crystal.
The Landau-de Gennes energy with additional magnetic field term [71, Ch. 6, Secs. 3-4 and Ch.
10, Sec. 2.3] (see also [28, Ch. 3, Secs. 1-2]) can be stated in dimensionless form as

1 1 1
£,6@ = [ 5IVQP + 5 1(Q)+ 750(Q)+ o da, (1)
where the energy density f is given by
F@Q) = = 5u(@) - 2(@) + Su(@?)?, )

and ¢ is a function taking into account the effects of the external magnetic field in a way we
formalize a bit later in this section. The function @) : € — Sym, is a tensorial order parameter
taking values in the space of symmetric traceless matrices

Sym = {Q € R¥® : QT = Q and tr(Q) = 0} ,

equipped with the norm [|Q]|? := tr(Q?). It is used to describe the local distribution of orientation
of the liquid crystal molecules. We consider the case when the parameters 1 and £ converge to zero
in a regime where n|In(¢)| — 8 € (0,00). The constant Cy = Cy(n,&) (resp. C) is chosen such
that the energy density (resp. f) becomes non-negative.

The following properties of f are going to be used in the sequel:

1. The function f is non-negative and A’ := f~1(0) is a smooth, closed, compact, connected
manifold, diffeomorphic to the real projective plane RP2. Note that A is given by

Nz{s* <n®n—;ld) : nESQ},

for s, = 7=(b+ Vb2 + 24ac) (cf. [56]) and in particular Q is prolate uniaxial.

2. We need f to behave uniformly quadratic close to its minima, i.e. we assume that there exist
constants dg,y1 > 0 such that for all @ € Sym, with dist(Q,N) < §y it holds

Q) > mdist?>(Q.N).

3. Lastly, we need to quantify the growth of f. More precisely, we assume that there exist
constants Cq,Cy > 0, such that for all () € Sym,

2
r@za(ler-32) . prezalll -G

It can be checked that f given in (2) satisfies these assumptions [5,17,19,56]. The exponent 4 in
the last assumption is not crucial but only needs to outweigh the growth of g.

We also recall the following facts about the geometry of Sym,:
1. Elements @ € Sym, admit the following decomposition: There exist s € [0, 00) and r € [0, 1]

such that ) )
Qs(<n®n31d>+r<m®m3ld)>, (3)

where n, m are normalized, orthogonal eigenvectors of . The values s and r are continuous
functions of Q.



2. The set where decomposition (3) is not unique, is given by

C == {Q € Symg \ {0} : r(Q) =1} U{0}, (4)

i.e. C consists of the isotropic as well as the oblate uniaxial states. Another characterization
of CisC = {Q € Sym, : A\ (Q) = A2(Q)}, where the two leading eigenvalues of @ are denoted
by A1, A2. Moreover, C has the structure of a cone over RP? and C \ {0} = RP? x R.

3. There exists a continuous retraction R : Sym, \ C — A such that R(Q) = Q for all Q € N.
One can choose R to be the nearest point projection onto N. In this case, R(Q) = s.(n ®
n — 31Id) for Q € Sym, \ C decomposed as in (3).

The energy density ¢ in (1) incorporates an external magnetic field into the model. This
motivates the following assumption:

1. The function g favours @ having an eigenvector equal to the direction of the external field,
in our case chosen to be along e3. More precisely, assume ¢ is invariant by rotations around
the e3—axis and the function O(3) > R — g(R"QR) is minimal if e3 is eigenvector to the
maximal eigenvalue of RTQR. Decomposing Q as in (3) with n = e3 and keeping s and m
fixed, then g(Q) is minimal for » = 0. For a prolate uniaxial @ € N, i.e. Q = s,(n®n — %Id)
for s, > 0 and n € S? we have

9(Q) = cZ(1 —nj). (5)

The precise formula for g in (5) is not important to our analysis, but for simplicity we assume
this particular form. It would be enough to assume that g|y has a strict minimum in Q =
s«(es®es — %Id), see Remark 4.18 in [5]. Besides this physical assumption, our analysis requires
g to satisfy the following hypothesis:

2. The function g : Sym, — R is of class C? away from @ = 0 and in particular satisfies the
Lipschitz condition close to A': There exist constants d;, C' > 0 such that if @ € Sym, with
dist(Q,N') < 6 for 0 < § < §1, then

19(Q) — 9(R(Q))] < C dist(Q,N) . (6)

3. The growth of g is slower than f, namely
9(@Q) < C1+1Q"), (7)
1Dg(Q)] < C(1+1Q), (8)

for all ) € Sym,, and a constant C' > 0.

A physically motivated example that satisfies those assumptions [5, Prop. A.1] is for example
given by
2
Zs,
3

9(Q) = — Q33 9)

Under these assumptions on f and g, it has been shown in [5, Prop. 2.4 and Prop. 2.6] that ¢
acts on f as a perturbation in the following sense:

Proposition 2.1. For &,n > 0 with £ < 1, there exists a smooth manifold N, ¢ C Symy, diffeo-
morphic to N such that

2
F(@) + $39(Q) + ECo(Em) = 20 dis*(Q. N (10
for a constant v > 0. In addition, there exists a constant C' > 0 such that

2
sup dist(Q,N) < C%.
QGNmE n



Furthermore, there exists a unique Qoo ¢n € Ny e such that

1 1
Qoo.e.n = argmin — f(Q) + EQ(Q) ,

QESym, f

given by Qoo ey = 542 /2 (€3 ® €3 — %Id), where |s, 4 — s«| < Ct.

This shows that the constant Cp in (1) can be chosen to be Cy(§,n) = —E%f(Qoo,g,n) -
W%Q(Qw,ém) > 0 and it also holds true that Cy(&,n) < CE2/n*.

Since Se£2/n2 > Sx0 = S« for £,m — 0 in our regime, it is convenient to also introduce
Qoo = S«(es3®es — %Id) which minimizes £72£(Q) + 7~ 2¢(Q) among Q € N.

So far we have seen that the strong weight 5% in front of the bulk potential f (compared to 77—12
for g) favours @ to be close to the manifold A/. In other words, we expect energy related to f to
be concentrated in regions where Q is far from N. In a sense that is specified in Theorem 3.1, this
region is related to the set where @ takes values in C. In the same spirit we remark that under
prolate uniaxial constraint, g prefers the normalized eigenvector n corresponding to the biggest
eigenvalue to have a large third component njz as formalized in (5). Therefore we expect that the
energy contribution coming from g is concentrated on domains where |ng| ~ 0. More precisely, we
introduce

T ={QeSymy : s>0,0<r<1,n3=0}, (12)

where r, s, n are defined as in (3). We study properties of 7 later on in Subsection 4.3 and Section
A. Most importantly, we will show in Corollary A.3 that 97 = C. This is a consequence from the
fact that if r(Q) = 1, then @ has a two-dimensional eigenspace for the largest eigenvalue which
necessarily intersects the hyperplane {ns = 0}.

2.2 Flat chains

One of the main results of this paper is that the previously described energy concentrates on lines
and surfaces when 1, £ — 0. In order to state our main theorem, we therefore need an appropriate
framework to describe geometric objects such as lines, surfaces and boundaries which is provided
by geometric measure theory and in particular flat chains [88,89]. The very basic idea of geometric
measure theory is to represent geometric objects as elements of a vector space and therefore allows
for algebraic operations such as addition. In that respect, flat chains are such elements which in
our case are dedicated to represent surfaces and lines. In the following we give a quick overview
of the most important results that we use subsequently. For a detailed and complete presentation
of flat chains and geometric measure theory, we refer to [30-32, 66, 78].

Polyhedral flat chains. Let G be an abelian group (written additively) with neutral element
Oand |-| : G — [0,00) a function satisfying |g| = 0 if and only if ¢ = 0, | — g| = |g| and
lg + h| < |g| + |h] for all g,h € G. In this paper, we are only concerned with the easiest case
of G = Zy and | - | the normal absolute value. For n,k € N, k < n, we denote by P* the group
of polyhedral chains of dimension k£ with coefficients in G i.e. the set of formal sums of compact,
convex, oriented polyhedra of dimension k in R™ with coefficients in G together with the obvious
addition. We identify a polyhedron that results from glueing along a shared face (and compatible
orientation) with the sum of the individual polyhedra. Also, we identify a polyhedron of opposite
orientation with the negative of the original polyhedron. An element P € P* can thus be written
as

p
P =% gioi, (13)
=1

where ¢g; € G and o; are compact, convex, oriented polyhedra that can be chosen to be non-
overlapping. Note that in our case of G = Zs, the non trivial coefficients g; all equal 1 and that



the orientational aspect of the above definition becomes trivial. This reflects the symmetry of the
director field n ~ —n in the sense that around singularities we change orientation of n without
changing the physics. In other words, we can lift @ locally away from singularities to obtain a
well-defined director n, but in general it is not possible to combine those local liftings into a global
one. The boundary do of a polyhedron o is the formal sum of the (k — 1)—dimensional polyhedral
faces of o with the induced orientation and coefficient 1 under the above mentioned identifications.
Note that d(0c) = 0. We can linearly extend this operator to a boundary operator 9 : P¥ — Pk-1,

Mass and flat norm. For a polyhedral chain P € P* written as in (13), we define the mass
M(P) = >"_, |9:|H*(0;) and the flat norm F(P) by

F(P) = inf{M(Q) +M(R) : P=0Q+ R,Q € P**' Re P*}.

Obviously it holds F(P) < M(P) and F(OP) < F(P). One can show that F defines a norm on
Pk [32, Ch. 2.

Flat chains and associated measures. We define the space of flat chains F* to be the
F—completion of P*. The boundary operator d extends to a continuous operator 9 : F*¥ — FF-1
and we still denote by M the largest lower semicontinuous extension of the mass which was defined
on Pk. Furthermore, one can show [32, Thm 3.1] that for all A € F*

F(A) = inf{M(Q) +M(R) : P=0Q + R,Q € F**' Rec F*}.

For a finite mass flat chain A € F* and a measurable set X C R™, we can define the restriction ALX
via an approximation by polyhedral chains, for which the restriction coincides with the intersection
under some technical assumptions and passing to the limit. A precise definition is given in [32, Ch.
4]. To each flat chain A € F*, there exists an associated measure 14 (see [32, Ch. 4]) such that
for each pu4—measurable set X, AL X is a flat chain and p4(X) = M(AL X). The support of A
is denoted supp (A) and given (if it exists) by the smallest closed set X such that for every open
set U D X there exists a sequence of polyhedral chains (P;); approximating A and such that all
cells of all P; lie inside U. If A is of finite mass, then supp (A) = supp (pa) (see [32, Thm. 4.3]).

Cartesian products and induced mappings. In the case of finite mass flat chains A, B (or
one of the two chains having finite mass and finite boundary mass), it is possible to define the
product A x B (by polyhedral approximation), see e.g. [32, Sec. 6]. In particular, it is always
possible to define [0,1] x B. For U C R™,V C R™ open sets and a Lipschitz function f : U — V,
one can define an induced mapping fy on the level of flat chains, i.e. for a flat chain A supported
in U, f4A is a flat chain supported in V' (see [32, Sec. 5] and [31, Sec. 2 and 3]).

Generic properties and Thom transversality theorem. A property of an object (such as a
function or a set) that can be achieved by an arbitrarily small perturbation of the object is called
generic. Examples are properties that hold in an ’almost everywhere’ measure theoretic sense or
that are true on a dense subset. In this work we encounter two such properties: Two dimensional
planes generically do not contain a fixed single point (can be achieved by shifting normal to the
plane). The second one is that a smooth map f : M — N generically intersects a submanifold
S C N transversely i.e. df(T, M)+ Tp)S = TN for all points x € f71(S). The latter will be
used to apply Thom’s transversality theorem [87] in the form given in [38, Thm. 2.7].

Deformations. In certain situations it is beneficial to approximate a flat k—chain A by a poly-
hedral k—chain P. The usual way to construct P is through 'pushing’ A onto the k—skeleton of a
grid in the following way. In this paper, a (cubic) grid of size h is understood to be a cell complex in
R3 which consists of cubes of side length h. The "pushing’ operation consists of a radial projection
of A from the center of each cube onto the faces of the cubes, assuming that the center does not
lie on A. Then, on each face the projected flat chain gets again projected from the center of the
face onto the edges (as long as the projected chain does not contain any face center point). This



procedure is stopped once the projected flat k—chain is contained in the k—dimensional skeleton.
This deformation procedure is a crucial ingredient to prove that every A € F* can be written
as A = P + B+ 0C, where P € F* is a polyhedral chain, B € F* and C € F**! satisfy the
estimates M(P) < M(A) + hM(0A), M(0P) < M(0A), M(B) < hM(0A) and M(C) < hM(A),
see [88] or [32, Thm. 7.3].

Compactness. One point of importance from the perspective of calculus of variations are the
compactness properties of flat chains whose mass and the mass of their boundary is bounded. We
will use the result from [32, Cor. 7.5] which holds for coefficient groups G such that for all M >0
the set {g € G : |g| < M} is compact. This is trivially true in our case where G = Zs. Let K C R”
be compact and C; > 0. Then the corollary states that

{A e F* : supp (A) € K and M(A) + M(dA) < C;}

is compact.

Rectifiability. Another aspect of flat chains concerns their regularity and if one can define
objects originating in smooth differential geometry such as tangent spaces. It turns out that this
can be achieved a.e. provided the flat chain is rectifiable. By definition, rectifiability of a flat chain
A € F* means that there exists a countable union of k—dimensional C'—submanifolds N of R"
such that A = AL N [89, Sec. 1.2]. A rectifiable flat chain admits an approximate tangent plane
for H*—a.e. x € A [6, Thm 2.83]. Such a point x is called rectifiability point of A and we denote
rect(A) the set of all points of rectifiability of A. For finite groups G, finite mass M(A) < oo
implies rectifiability of A, see [32, Thm 10.1].

3 Statement of result

Our main result concerns the asymptotic behaviour of the energy &, ¢ for n,§ — 0. Physically
speaking, we consider the regime of large particles and weak magnetic fields, see [5,34] for more
discussion of the physical interpretation of our limit.

The liquid crystal occupies a region € outside a solid particle F, i.e. 2 = R3\ E. We assume
the boundary of the particle M := JE to be sufficiently smooth for our analysis, that is we require
M to be a closed, compact and oriented manifold of class at least C2. The regularity will be
needed to ensure that the outward unit normal field v € C! or in other words M has continuous
curvature. Furthermore, we assume that

I' = {weM: vz(w)=0}

is a C%2—curve (or a union thereof) in M and that V,v3 # 0 everywhere on I' (seen inside the
tangent bundle T M), see also Remark 3.2.

In order to make the minimization of the energy &, ¢ non trivial, we impose the following
boundary condition on M:

1
Q = s (V@V—gId) on M. (14)
Indeed, without (14) the minimizer of &, ¢ would be the constant function @, ¢ o.. We define the

class of admissible functions A := {Q € H' (2, Symy) + Q. ¢.00 : Q satisfies (14)}. It is convenient
to define the energy 5;7‘}5 for Q € H'(Q,R¥>3) + Qy ¢.00 by

+00 otherwise.

£A(Q) — {SW,S(Q) if Qe A,

We also use the notation &, ¢(Q,U) (resp. €$£(Q,U)) for the energy &, ¢ (resp. 5;,‘}5) of the
function @ on the set U. '



Theorem 3.1. Suppose that
nn(€)| — B € (0,00) asn—0. (15)
Then n 51;‘}5 — & in a variational sense, where the limiting energy &y is given by
E0(T, S) = 28, Fo(M, e3) + 4s,c. / [cos(6)| dpgt_ys + 3 52BM(S) + ds.c.M(TL Q) (16)
M
for (T,S) € Ay == {(T,S) e F>x Ft : 0T = S+ T} and where
Ey(M,es3) = / (1 —cos(6)) dw +/ (1+ cos()) dw .
{vs>0}

{vs<0}

The letter 0 is used to denote the angle between es and the outward unit normal vector v(w) at a
point w € M. The variational convergence is to be understood in the following sense: Along any
sequence Nk, &k — 0 with ni|In(&x)| — B (not labelled in the following statements):

1. Compactness and I'—liminf: For any sequence Q¢ € H*(Q,R3*3) + Q, ¢.00 such that there
exists a constant C' > 0 with

1 Ene(@Qne) <O, (17)

there exists (T, S) € Ao, functions 6/2:,/5 € C™(,Symg) with lim, ¢ 0 ||Qn.c — CZ}HHl =0,
5;7‘7‘5(@,775,33) < 577435(@77,5,33) + Cr and Y, ¢ € Sym with ||Y, ¢|| — 0 such that T, =

Qe = Vo) NT), Spe = (Qne — Yye)L(C) for T and C given as in (12),(4) are smooth
flat chains with

aTn;f = Sn,f + e (18)

and, up to a subsequence, for any bounded measurable set B C 2

n}goF(T’“f -T.B)=0, nylégo]F(S"’é —5B)=0. (19)

Here, Iy ¢ is a smooth approzimation of I' which converges to I' in Hausdorff distance and
hence also in flat norm. Furthermore, we have

lim inf 7 E1e(Qne) > &(T.S). (20)

2. T'—limsup: For any (T, S) € Ao, there exists a sequence Qp ¢ € A with ||Qp ¢|lre < \/gsn,é,*
such that (18),(19) hold and

limsup 7 &l (Qne) < E(T,S). (21)
n—0

Remark 3.2 (Assumptions in the theorem). 1. We note that due to our assumptions 8 € (0, 00),
the global energy bound (17) can be reformulated as

EA(Que) < C (&)

This reflects the classical behaviour of a logarithmic divergence of the energy close to singu-
larities as already observed in earlier works e.g. in [15].

2. If Q¢ is smooth enough (for example C?) and verifies a Lipschitz estimate as in (25) for

n~ &Y, we can choose Q¢ = Q¢ in the above Theorem. This is particularly true if Q¢ is
a minimizer of (1). Indeed, from the Euler-Lagrange equations, one can deduce the regularity
and the required estimate on the gradient [12, Lemma A.2].

3. The compactness claim holds for almost every Y € Sym, with ||Y'|| small enough. The norm
converging to zero is needed to recover the condition 0T = S + 1T, the stated energy densities
on T1_ M, and the coefficient in front of M(T Q).



4. Another possibility of introducing S, ¢ is by using the operator S defined in [20, 21]. In our
notation, this operator maps a function Q from (L> N W11)(Q,Sym,) to L'(B,-(0),F'),
where o, > 0 and B,-(0) C Symy. In other words, S allows us to define a flat 1—chain
Sy (Qn.e) for Que € (L NWE)(Q,Symg) and Y € By« (0).

5. The assumption of I ={w € M : v(w)-e3 = 0} being a C%—curve is not very restrictive. In
fact, this can already be achieved by a slight deformation of M which changes the energies
Ene and & in a continuous way. The assumption that V,vs is nowhere vanishing on T’
is used as a sufficient condition to ensure that the perturbed sets I', ¢ stay regular and in
a neighbourhood of T'. In fact, since v3 = 0 on ' the derivative vanishes in the direction
tangential to T, so the condition is only on the part of V,v3 normal to T'. In particular, the
condition is verified if the Gaussian curvature |Kaq| > 0 on T

Remark 3.3 (An alternative formulation of &). 1. We can express the energy (16) in a slightly
different way by writing pp \, = XcH? M for a mesurable set G C M and defining

F:={weM\G:vw) e>0tU{weMNG : v(w)-e3 <0}. (22)

Then, (16) reads

E(T,S) = 25*0*/

(1—cos(9))dw—|—23*c*/ (1+ cos(0)) duw (23)
F

M\F
+ gsiﬂM(S) +4s,e,M(TLQ).

The idea behind this reformulation and the definition of F is the following: Assume for
&,m > 0 that Q takes values in N such that (at least locally) we can lift Q to a director field
n. Because of the boundary condition, we can assume that for a given point w € M it holds
that n(w) = v(w). Following a ray in normal direction starting from w, n must approach
tes since far from the particle, Q must be close to Qo. If v3(w) > 0, it is energetically
favourable for n to approach +es. On the other hand, the ray intersecting T means that n
switches sign, i.e. if we start from vs(w) < 0 and cross T only once, n converges to +es.
In this sense, the set F' can be understood as the region on M in which the lifting n along
the rays starts from v and approach +es, while on M\ F the director n turns from v to
—es. Previously, the energy Eq(M,e3) describes the minimal energy concentrated on M,
i.e. n always turns in the energetically favourable direction and the integral involving L M
accounts for the additional energy caused by intersecting T. See Figure 1 for an illustration
of the different quantities appearing in (23).

2. For convex particles E, there exists an orthogonal projection 11 : Q — M. By convexity
of E, we find that Eg(ITuT,114S) < & (T, S), so that we can restrict ourselves to the case
TLQ=0=SLQ. Using (22), we find that OF =145 and (23) becomes

go(H#T,H#S) = 28*6*/
F

(1 —cos(f)) dw + 2s.cx /

(1 — cos(8)) dw + ~s2BM(IF).
M\F 2

In particular, (16) is a generalization of the limit energy & defined in [5].
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Figure 1: Illustration of flat chains 7, S and the sets F, F'“ appearing in the limit energy &.

Remark 3.4 (Physical interpretation of T and S). The line singularity observed in physical exper-
iments [52,53, 63] has its origin in the isotropic or oblate uniazial-biazial defect core of the director
field. In our mathematical framework this corresponds to the set where Q, ¢ takes values in C and
is therefore represented by Sy ¢ which tends towards S in the limit model. Note that it is a prior:
not possible to distinguish +% and —3 defect lines (see Figure 3 (left)). But since the physical
system as a whole must have a trivial topological degree, one can deduce in the situation of Figure
3 that one —G—% and two —% defect lines must be present. By symmetry the line in the middle must
be of degree —i—%.

Point singularities of the director n are represented by simply connected components of T in our
model due to the following reasoning. As illustrated in Figure 2, the set where ng = 0 attaches to
T (yellow points on the surface of the sphere) and necessarily passes through the point singularity
and creates a simply connected component. However, with this description it is not possible to
determine the exact position of the point defect on the surface T'. In the case of a minimizing T
around a spherical inclusion, T will approach the particle surface since the nematic and magnetic
exchange length become small w.r.t. the particle radius and thus T forms a half-sphere (compare
with [5, Ch. 6]). In the case of a peanut-shaped particle aligned with the magnetic field we expect
one of three different minimizing configurations, depending on 3, see Figure 3. In particular, there
ezists a mon-simply connected component of T which does mot correspond to a point defect, but
originates in the connection of two components of I'. In summary, T is a surface which connects
I’ to the singular set (lines and points).

11
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Figure 2: Tllustration of the integral lines of the director field n around a spherical inclusion and
the level set {z € Q : nz(x) = 0} representing 7. The point defect lies on 7.

7
\\

il
Il
A\

—_—
=7

Figure 3: Expected minimizers of & for 8 < 1 (left), 8 > 1 (right) and intermediate /3 (center).
For small 3 the line S has the tendency to stick to M and optimize F', thus no T" appears. Here,
S =T and F consists of two connected components bounded by the three components of S. This
configuration corresponds to three Saturn rings around the particle. For intermediate 8 one may
find a configuration as depicted in the middle, i.e. the energy is decreased by joining two parts of
S by a surface T glued to M. This leads to the disappearance of the two rings that have been
connected by T, and F contains only the part of M above S. Finally, for large 5, the last ring
disappears and we obtain a dipole configuration in which S = 0, F = () and T has two components,
see Remark 3.4. This last configuration has been observed experimentally, see [73, Fig. 2(a)-(c)].

4 Compactness

The structure of this section is as follows. We regularize the sequence @, ¢ in the first subsection.
For this new sequence Q¢ ,, we define a 2—chains T}, ¢, € F? and 1—chains S, ¢, € F' such
that 0T} ¢, = Sp¢n and we have bounds on the masses to get the existence of limit objects T
and S with 0T = S. This construction is carried out in steps in the subsections two, three and
four. We distinguish the case of @, ¢, being close to N and hence almost prolate uniaxial and
the complementary case when @, ¢ ,, is far from AV, e.g. when @, ¢,,, is isotropic or oblate uniaxial
close to the boundary S. The passage to the limit is to happen in the last subsection.
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4.1 Approximating sequence

This section is devoted to the definition of a sequence of smooth functions @, ¢ ., replacing @, ¢ in
our analysis and proving the properties required for the estimates in the following chapters. More
precisely, we need that

e the sequence Q, ¢, approximates @, ¢ in H',
e Qy.¢nlm approaches @ in C1,
o Q,¢n verifies the same energy bound 7 &, ¢(Qy¢.n) < C and

e the estimate Lip(Qy.¢,») < C n holds.

While n is introduced a regularization parameter, we will later choose n dependent on £ to obtain
a sequence which only depends on the original parameters 7, £. More explicitly, we can simply take
n = &1 as we will see later.

For technical reasons, we are going to extend @), ¢ into a small neighbourhood into the interior
of E. Since M is compact and of class C?, we can fix a small radius ro > 0 such that M satisfies
the inner ball condition for all radii r < 2ry. In particular, rq is smaller than the minimal curvature
radius of M. For z € F such that dist(z, M) < 2r¢, define

Quela) = s, (y(@@y(l«)_;m) ,

where 7(z) = v(IIp(z)), IIaq the orthogonal projection onto M, is the obvious extension of the
outward normal unit vector field v in E. Also by C?-regularity of M and given n € N, there
exists a C?—diffeomorphism ®,, : R* — R3 such that

B (x) = x x € Q with dist(z, M) > 2,
" - z— L9(x) € R3 with dist(z, M) < 1,

and |[V®,(z)] < C.

Let IIg : Symy, — Br(0) C Sym, be the orthogonal projection with \/gs* < R < o0 to be

fixed later. Furthermore, let o € C°(R?) be a convolution kernel with 0 < o < 1, o(z) = 0 if
|| > 1, [s 0(z) dz =1 and ||Vg|ls < 1. We set o,(x) = n®o(nz). Then, for n > ro !t we define

Qu.en(x) for z € 0 as the convolution

Qnen(®) = ((Hro@ngoPn)*0n) (2). (24)

Remark 4.1. 1. This definition also extends Q¢ n into the interior of E up to distance ro to
M.

2. Through the convolution, we change the boundary values of Qy ¢, i.e. Qy¢rn does not nec-
essarily satisfy (14). The diffeomorphism ®,, ensures that the regularized sequence Q¢ n
defined above approzimates the boundary data Qy in C', although at distance from M we
only have H'—convergence to Q¢ .

3. The convolution also changes that the approximations of T that we are about to construct will
not end on T, but on a set T, (which is again a line) in the neighbourhood of T'. Because of
the C'—convergence of Q¢ n|m — Qb we can use a perturbation argument to deduce that T,
converges in Hausdorff distance and in flat norm to I'. The details of this result are provided
in Section 5.3.

The following proposition shows that this sequence has indeed the desired properties.

Proposition 4.2. The sequence Q¢ defined in (24) verifies:
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1. The functions Q¢ are smooth and there exists a constant C > 0 such that

[VQyenllLe < Cn. (25)

2. We have convergence Q¢ — Qne — 0 in H' and Qpenlm — Qp in C' for n — oo and
&,n — 0 provided nn diverges in the limit n — oo, n — 0.

3. There exists R > \/gs* and constants C1,Cy > 0 such that for all measurable sets Q' C Q
with || < oo the energy of Qyen can be bounded as

1 1+R?2 1+ R?
NEne(Qnen, ) < Ci (1 +—+ 5 T 2 ) nEne (Qn,£> B.(2)Nn Q)
n n n n
1 (26)
1 1 2 1 2] n\
+ C277 ﬁ + €2n2R (1 + R )+ ng\/ﬁR + Cs n2 57]75(@7175’9 ) )

where B,.(Q)) denotes the r—neighbourhood around €Y.

Proof. The smoothness of the functions (), ¢, is clear by standard convolution arguments, since
¢ is smooth. The bound on the gradient follows from the computation

4
Vneal@] < IVealie [ 5@ c@a(w)] dy < grhn.

For the H' convergence, we note that the energy bound for @y, and Proposition 2.1 imply
that {z € Q : |Q,e(x)| > R} S %(R - 5\/%9*)*2. Hence the set on which the projection IIg
modifies @, ¢ is asymptotically negligible. Let Ur := {z € Q : |Q, ¢(2)| < R}. We can then write

2 2
1Qn.en — Qn,é”Hl(Q) < [(@nyg 0 Pn) * pn — Qn,ﬁHHl({dist(-,M)g%}mUR)
2
+1Qne * Pn = Quelli (qaise- M= 23008) (27)
+ ||Qn£,n - an”%{l(U}g) :

The last term in (27) converges to zero since the set U} vanishes asymptotically as we have seen
before. Since V&, is bounded and [|Qy¢ll31) < n~ ', the first term vanishes as well provided

n > n~!. The second term converges to zero by the standard convolution properties.

Next, we prove the C'—convergence on M. For w € M it holds that

pn(y) dy.

|Qn.en(w) — Qp(w)] < /B1 o ‘Qn,f (w -y - %%—y) - Qp(w)

Note that @), ¢ does not depend on 7,¢ here as it is uniquely defined by the extension 7. Since
Qp and U are continuous on a compact set, they are also uniformly continuous which implies
C°—convergence for n — 0. Analogously,

|van,§,n(w) - Vu@p(w)| < / ‘(van,é)(W - Y- way) (Id + %wa) = VuQy(w)|pn(y) dy,

B1(0)

and since V7 is bounded we can use uniform continuity of V,,Q to deduce C'—convergence on

M.
It remains to prove the energy bound for @, ¢ ,,. For this, we first recall that |[D®,| is bounded
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and that for z € Q with dist(z, M) > L it holds D®,,(z) = Id. This allows us to estimate

/ ‘VngmF de < / (V(Qn,e0®y)) % 0n|? dx
o Q

2

C
< / / (Va@ue)@ — y)no(ny) dy| dz+ Z|Que
'n{dist(-,M)>21} [/ B (0) n

A

|2
H(Q)

IN

Z\ |2 9 C 9
cigl [ [ N:Qu) (e = ) leP dz do - Quelf oy

cigl [P [ [9a@ne) (o= 2)| dods S 1Quellinay
B1(0) Q n n

1
01+—/ VQ,e)l? dz.
(1+3) [, o (T2

IN

Writing B1 (') = (B ()N Q) U (BL(Y) N E) and using that |V (IIx(x))| is bounded, the
integral can be further estimated by

1 C
| 5IVQuenl e < £eQue By @)+ - 29
B () n

Next, we compare the bulk energy of @, ¢, and @, ¢. To this goal, we use the triangle inequality
to get

| P@uen) = F@uo) dr < [ 1F(@uen) = @)l do+ [ FnQue) = F(@ue) do.
(29)

where we used the notation F(Q) = f(Q)+ g—zg(Q) +&2Cy. Asin [5, Prop. 4.1] we fix R such that

F(Q) > F(IIrQ) for all Q € Sym,. Hence [, f(IIrQy.c) — f(Qy,¢) dz < 0. It remains to estimate
the first integral of the RHS of (29). As before we split the integral into two parts depending on
whether the distance to M is larger or smaller than % We calculate

CR?
| 1Quen - 1.QueP ds = [ (TRQye) * 0n — TTRQuel? da +
« Q' N{dist(-,M)>2} n
1 CR?
< = I 24 (30)
< x| VR, et &
CR?

c /
< ﬁgn,ﬁ(Qn@Q )+ n
where we also used the L —bounds |Qy.¢ »|, IIrQy | < R. Applying those bounds again gives

[ 1£@ue) = £y 0l do < SHO+ R+ B) £,6Quen ) + 0 + B RY). (31

n?
It remains the estimate of g(Qy.¢.n) — g(IIrQy.¢). It is enough to consider the set Q" == Q' N{z €

2

{Q € Sym,, : |Q| € \/gs*,R]}, we find

Q : |Qpen(z) > l\/gs*}, on '\ Q" we use Proposition 4.2 in [5]. By smoothness of g on

52
/Q, 19(Qn.en) — g(IIRQy¢) dz S an,g(Qn,g,m Q) + Vgl Loy - |Qn.e.n — HrQy ¢| da

52 Q/ R2 %
S ggnﬁﬁ(Qn,ﬁ,na QI) + %&7’6(@%5’ Q/) + n :

Combining this with (28) and (31), we substract O%S,,,g(Qn,g,n,Q’) from both sides and divide
by 1 — Cg—z to get the estimate (26). O
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Having established these properties of ), ¢,», we are able to identify the size and structure of
the set where (), ¢, is close to being prolate uniaxial as stated in the next Lemma.

Lemma 4.3. There ezists a constant C > 0 such that for all 6 > 0, there exists a finite set I C )
which satisfies

1. the following inclusions

Us € |JBgl(2) C Uspa, (32)
xzel "
where Us == {x € Q : dist(Qy¢.n(z),N) > 8},
2. and
sr<o-" (o4 (33)
- n fglin g n? 7

where fO. =min{f(Q) : dist(Q,N) > 5/2}.

Proof. Let § > 0 and x¢ € Us. By Lipschitz continuity of @, ¢ (Proposition 4.2), we can deduce
that for any x € B (z0) it holds

dist(Qn.e.n(2), N) = dist(Qyen(z0), V) = [VQn.e.n

)

1) 1)
|ooi Z a
2n 2

so that x € Us/o. From this, we get that

Us C U B%(ﬂ;‘) C U5/2.
zeUs

By Vitali covering theorem, we find a subset I C Us with the same property and B
B

o (x) N

1
3

%%(xj) = () for i # j and z;, 2z, € I. Furthermore, using Proposition 4.2
C &2 C 1
o [1@oa > [ Qe (¢ )

n Q Q n n

Cle, 1 O 1
Us e f(Qn,&,n) dx_ﬁ(f +TL2> > C#I|B%‘fmm " (f +n2>

3f .
crtlon L (e 5.
n

n3 _Z

v

Y

where we used that f > fuin > 0 on Us/o. From this it follows that

n3 1
< C—— [+ = ).
#I o C77 fnlin53 <€ + n2>

O

In [5] a similar result was obtained using a regularization related to the energy and using the
Euler-Lagrange equation to derive the Lipschitz continuity. This approach would also work in the
new setting and one could obtain Lemma 4.3 with n = ¢~'. However, our new approach has two
major advantages: The first one is that the proofs are shorter and more elegant. The second (and
main) reason is that we now have control over the gradient of the approximation as well, contrary
to the approach in [5].

From (33) it follows that the volume of the union of balls in (32) converges to zero for n,£ — 0
and n ~ £~1. The same holds true for the union of the surfaces of those balls. Note however that
the sum of the diameters is not bounded and diverges like n~'. With the tool developed in [13]
and used in [5,19] it would be possible to derive a bound, namely the sum of diameters can be
shown to be bounded.
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4.2 Definition of the line singularity

The goal of this section is to define a 1—chain S, ¢ ,, of finite length which satisfies the compactness
properties announced in Theorem 3.1. The necessary analysis has already been carried out in [20,21]
but for the reader’s convenience we recall the important steps and results.

For the construction of S, ¢ ., we follow Section 3 in [20]. We recall that C is the cone of oblate
uniaxial (J—tensors which can be seen as a smooth simplicial complex of codimension 2 in Sym,,.
Evoking Thom’s transversality theorem, one can assume that, for almost every Y € Sym,, the
function Q¢ — Y is transverse to all cells of C. Subdividing the preimages of the cells under
the map Q, ¢, — Y if necessary, (Qy.¢.n — YY) (C) defines a smooth, simplicial, finite complex of
codimension 2 which we call S, ¢ ,,. Note that S, ¢, depends on the choice of Y.

The relevant estimates on 5, ¢, needed to prove Theorem 3.1 in Section 5.3 are formulated in
Theorem C and Section 4 in [21]:

Theorem 4.4. There exists a finite mass chain S such that one can choose a subsequence Sy ¢
(not relabelled) and o > 0 with

F(Spen—S) — 0 for almost every Y € B,(0).

Furthermore, for any open subset U C R? it holds

liminf £, ¢ (Quen, UNQ) > —s2BM(SLU).
£,n—0 ’ > 2

In our situation, by construction of @, ¢, and for Y € B,(0) (a small enough) it holds that
(Qnen—Y)'C) C Us € |JBu(a).
xzel

Hence supp (Sy.e.n) C U,e; B s (2) and in view of the lower bound in Theorem 4.4 we deduce that
the energy coming from Sy ¢, in U is already contained in U N, ¢, Bs (@)

4.3 Construction of 7" and estimates for ) close to N

In this subsection we carry out the first steps to define the 2—chain 7. We start by defining
T :={Q€Sym, : s>0,0<r<1,n3=0},

where 7, s,n are defined as in (3). From this we want to define T}, ¢ ,, close to Q;é o(T). As carried

out in [20] and described in Subsection 4.2, for almost every Y the set (Qy ¢, —Y)"H(T) is in fact
a smooth finite complex. In Lemma 4.6, we show that in addition for a.e. Y € Sym,, the definition

Toen = (Qn7§m*Y)71(T)

allows to control the area in regions where @, ¢, is close to N. Since both the constructions of
Sp.en and T, ¢ , are valid for a.e. Y, we can choose the same Y and hence 0T}, ¢, N2 = Sy ¢ . In
parts of 0 where @, ¢ ,, is far from N, e.g. close to S, ¢ ,,, we need to modify T;, ¢ ,. This will be
the subject of the next subsection.

At first, we recall the (intuitively obvious) result that 7 is well behaved close to A in the sense
that the level sets {n3 = s} for s small have a similar H*—volume as 7. This can be interpreted
as control on the curvature of T NN.

Lemma 4.5. There exists ag, a1, C > 0 such that for Q € Sym,, dist(Q,N) < ap and a € (0, 1)
it holds that

lim H*({Y € Bo(0) : n3(Q —Y) =s}) = HY(B.(Q)NT).

s—0
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In the smooth case this lemma follows as in [61, Lemma 3], however we give a proof here for
completeness.

Proof. The parameter ag needs to be small enough to avoid problems far from A due to the
non-smoothness of 7 at the singularity 0 € Sym,. So we choose 0 < o < gdist(0,NV). To avoid
dealing with the topology of the sets involved, we pick 0 < oy < gdiam (V). Hence, B, (Q) N T is
diffeomorphic to a 4—dimensional ball.

We define ¢(Y) = n3(Y) for Y € B,(Q) and note that B,(Q) N T = ¢~1(0). One can
calculate D¢(Q) = Dyns(Q) and by the calculations in the proof of Lemma A.4, D$(Q) is parallel
to the normal vector Ng. Hence, for ag,a; small enough rank(D¢(Q)) = 1. By the implicit
function theorem, there exists a function ¢ such that ¢(Q + y + ¥(y)Ng) = s for y € B,(0)
with y L Ng. Furthermore, DY(Q + y) = (Dns(Q + y + ¥ (y)) : No) H(Dns(Q + y + ¥(y))).
Since Dng is parallel to Ng in first order, for each € > 0 and s, > 0 small enough it holds that
1—€e< (det(DwTDz/J))% <14eon {¢ <s.}. With a change of variables this becomes for s < s,

(10 / by) dy < H(GN0) < (149 / $(y) dy.
{¢p=s} {p=s}

€) Jpoy ¥(y) dy = (1 — €)*H*(¢71(0)). Since e > 0 was arbitrary, the claim follows. O

In the limit s — 0 we obtain (1 +€) [;,_o,9(y) dy < (1 + €)?H*(¢~1(0)). Analogously (1 —

For 6 > 0, we introduce the set As C € in which @, ¢, is close to being prolate uniaxial with

norm \/gs* as
A(; = {l’ c Q . dlSt(Qn,E,n(x)w/\/) < 6} N (34)

The next lemma shows that (in average) the H*—measure of (Q,¢, —Y) (T) that lies in As is
controlled by the energy.

Lemma 4.6. There ezists ag,d9 > 0 such that for all o € (0,0), 6 € (0,dp) one can find a
constant C' > 0 such that

5 (0)H2(A5 N (Qn,&,n - Y)_l(T)}) dy < C n gn,&(Qn,é,na Aﬁ) . (35)

Proof. Let o, > 0 small enough such that for Y € B,(0), the map Q — nz(Q —Y) is smooth
on {Q € Sym, : dist(Q,N) < §}. Let As; be defined as in (34). In order for the map x —
n3(Qyen(x) —Y) to be well defined, we need to restrict ourselves to a simply connected subset of
As. For this, take g € As and r > 0 such that As N B,(zg) is simply connected. We carry out
the analysis on As N B, (x(), noting that we can cover As by such balls to find the estimate (35).
With z¢g € As and r > 0 fixed as described, we can calculate

/ H2 (B, (w0) N A5 N (Qnen(2) = V) H(T)}) dY
B, (0)

= /B © ‘DX{rGQ\ns(ani,n(ac)fy)>O}|(Br(x0)ﬂAé) iy

IA

e—0

Jim inf / / Va(he 01530 Qe — Y))(x)] dz dY
B, (0) r(zo)NAs
e—0

= lim inf/ / |h’6(n3(Qn7§7n(x) —Y))Vaons(Qnen(z) —Y) : VoQ(z)| dz dY,
B, (0) J B, (z9)NAs

where h. € C1(R,[0,1]) is an approximation of the Heaviside function, i.e. h(z) = 0 for z < 0,
he(x) = 1 for # > € and h. > 0 on (0,¢). The above inequality is then just the lower semi
continuity of the total variation. With the identity h.(n3(Qn.e.n(x) —Y))Vons(Qpen(z) —Y) =
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—Vy(heons o (Qnen(x) —Y)) and the Fubini theorem we can rewrite
Lo n(@uen() - V)Vama(@uen(e) = ¥): VaQuen(o)] da dY
Ba(0) J Br. (ﬂco)ﬁAs
< Lo Vel [ Vv (oo @uen YDl @Y o
(lo)ﬁAg
= / |VQn7g7n|/ HY{Y € Ba(0) 1 he(n3(Qpen(z) —Y)) =s}) ds da
B (:Eo)ﬁA(; 0

1
- / VQuenl / HA{Y € Ba(0) : n3(Quen(x) — V) = ho'(s)}) ds de,
B,(ZQ)OA(s 0

where we also used the coarea formula. By Lemma 4.5 in the liminf ¢ — 0 this equals

e—0

1
lim inf/ \VQW@M/ HY{Y € Bo(0) : n3(Qpem(z) —Y)=h"(s)}) ds da
B, (zo)NAs 0
= [ Vel H(Ba(Quen) N T) o
B, (z0)NAs
by translation invariance of H*. Applying the elementary inequality 2ab < a? + b? we get
/ IVQn.enl H4(Ba(Qn,€,n) NnT)dx
By (z0)NAs
1
< [ BNVl 5 BalQuen) NT) o
B (Io)ﬁAg 2 277

The Dirichlet term appears in the energy, so it remains to estimate H*(Ba(Qyen) N T)?
terms of g(Q.¢,n). We first note that 7 N Bo(Qu.e,n(z)) = 0 if dist(Qy ¢.n(z), T) > a and since
dist(Qn.e,n, N) < § we have H*(Bo(Qye.n) N T) < Csat by Proposition A.5. Hence, we get

/ 7-[4(Ba(ngm) N T)2dm < (05044)2\3,«(:30) NAsN{z e Q : dist(Qnen(z),T) < a}.
B, (z0)NAs

Forz € Asn{z € Q : dist(Qyen(z),T) < a} we can estimate

9(@nen(@)) = g(R(Quen(x))) — Codist(Qnen(x), N) = \/g(l —13(Qnen(2))) = Cyd

3
> \/;(1—0704)—095 >G>0
for o, 6 < 1 small enough. Hence,
G|By(zo) NAs N{z € Q : dist(Qnen(z),T) < a} < / 9(Qn.en) dz
By (z0)NAs
O
We remark that although Lemma 4.6 control the size for a.e. fired Y € B,(0), but degenerates

with . Hence it does not provide a uniform bound in « allowing to pass to the limit Y — 0. A
bound independent of « will be derived in the section on the lower bound.

4.4 Estimates near singularities

At points z € Q where dist(Qy¢n(x),N) > d, the estimates we derived in the previous subsection
are no longer available and we need new tools to bound the mass of T, ¢ ,,. We are concerned with
two different cases: The first case is the one of x € T}, ¢, far from the boundary S, ¢,. We can
simply "cut out" those pieces and replace them by parts of surfaces of spheres which are controlled

19



in mass. This will be made precise using Lemma 4.3. The second case is more challenging. We
will modify T}, ¢ », close to the boundary S, ¢, by using a construction similar to the one used in
the deformation theorem (see Lemma 4.8). This will allow us to express the mass of the modified
2—chain in terms of the surface of cubes and Lemma 4.3 permits us to control the number of such
cubes.

Lemma 4.7 (Deformation in the interior). Let I'™ C I be the subset of points o € I such that

dist(zo, Sp.en) > o and dist(zo, Tye,n) < 2. Then, there exists a flat 2—chain T™ with values

in w1 (N) and support in B™ = |J, ¢ jin B (x) such that

1. OT™ = 9(Ty e L BM),

2. and M(T) < 2 (€2 + ).
Proof. Since B™ Nsupp(T;,¢.») # 0 and B Nsupp(S,.¢,n) = O we know that ) # 9(T),.¢,nLB™) C
OB™. Furthermore, since 9 = 0 it follows that (T}, ¢ ,L_B™") consists of closed curves and divides
OB™ into domains. Let D be the set of ‘these domains. Now pick any subset D’ C D such that
9 (Upep U) = 0(Ty¢,n L B). We define Tt := 3", [U]. Then, by definition T}, ¢, L B™ and

Tint have the same boundary and since Tt C 9B™ we also have

ey . 2 1
M(T™t) < M(@B™) < Y M(@Bs) < #1471'% < Z(§2+nz) .

xEIi“"

O

At the boundary we cannot remove a disk without the risk of creating new boundary which
might not be controlled, so another method has to be used. The idea is the following: Take a cube
K of size % which contains a part of the singular line S, ¢, and intersects with T3, ¢ ,,. We then
modify (deform) the "surface" connecting T, ¢ , N OK and S, ¢, N K by pushing it onto a part of
OK (see also Figure 4). The result is a modified T,, ¢ ,, with the same boundary as before and the
surface inside the cube is controlled by the surface area of K and the length of the singular line.
We point out that this procedure and its proof is closely related to the deformation theorem (for
flat chains) (see [88], Chapter 5 in [31], Theorem 7.3 in [32] and Chapter 4.2 in [30]) but differs in
some details so that we give a full proof here.

Lemma 4.8 (Deformation close to the boundary). Let I°Y C I be the subset of points xo € I

such that dist(zo, Sye.n) < 2= and dist(zo, Ty en) < o. Then there exists a flat 2—chain TPy
with values in 71 (N') and support in a finite union of cubes of side length & /n called B*™ verifying
Usebary B () € B such that

L BMY S L+ ),

—_~—

2. 0T = 9(Ty ¢ n I_Bbdry),
3. and

@) 5 2 (&) (36)

n2

Proof. For the sake of readability we drop the dependences on £, 7, n in the notation of this proof

and simply write T instead of TPy, Covering S with a cubic grid of size h = % such that S is
in a general position, we can assume that the center zx of all cubes K that contain parts of S
does not intersects S or T, i.e. zx ¢ supp (T'),supp (S). Indeed, this is possible S intersects only
a finite number of cubes according to Lemma 4.3. Let G be the set of those cubes and X the set
of its centers.
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Step 1 (Construction and properties of the retraction map). Let K € G be a cube and let
xx € X be its center. Let P be the central projection onto 0K originating in zx. We define
a homotopy @ : [0,1] x (K \ {xx}) — K between the identity on K and P by simply taking
®(t,x) = (1 — t)x + tPzx. Note that by definition this homotopy is relative to 0K, i.e. ®(t,z) = x
for all t € [0,1] and z € K. Furthermore, for all z € K \ {xx} and ¢ € [0, 1] it holds

dist(®(t, x), xx) > dist(z,zx). (37)

Since |0,®(t,z)| = | — x + Pz| < v/3h and by (37) we deduce that ® is locally Lipschitz continuous
and Lip(®(t,2)) < C hdist(z,zx)~ L. Since ® is relative to 9K we can glue together all those
functions defined on the cubes K € G with the identity on cubes K ¢ G to get a function ® defined
everywhere in R3\ X.

Step 2 (Intermediate estimate). In this step we want to show that if we allow for a small
translation of the chain S, then the mass of ®.(]0,1] x S) can be bounded by M(S) times the size
of the cube h, up to a constant.

Applying Corollary 2.10.11 in [30] (or Section 2.7 in [31]) we get as in [88, Lemma 2.1]

M(@4([0,1] x 8)) < [1d - Plls / sup Lip(®(t,)) dus(x)
R3 t€[0,1]

< Ch? / dist(z, X)™* dus(z).
R3

Taking the mean over translation by a vector y € [0, 1], we arrive at

M(®4([0,1] X (T4yS)) dy = C h2/ / dist(az:,X)_1 dpr,,s(z) dy
[0,1]3 [0,1]3 JR3

=C h2/ / dist(z + hy, X) ' dus(z) dy
[0,1)3 JRr3

=C h2/ / dist(z 4+ hy, X) ' dy dpus(z)
Rr3 J{0,1]3

< Ch / dus(z)
R3
= ChM(S).
Hence, we can assume that S is in a position such that

M(®4([0,1] x S)) < ChM(S). (38)

Step 8 (Definition of T). We define
T = 9(dy([0,1] xT)) —T.

Considering a cube K € G, one can think of this construction as the boundary of the three
dimensional object created by filling the space between T and its projection onto K according
to Step 1 and then removing the original part T. Another but equivalent point of view is to take
T as all the points along the path created by projecting T'L 9K, S together with the projection
P, (T), see also Figure 4. Indeed, one can calculate for K € G

0(®x([0,1] x (TLK))) =24((0[0,1]) x (TLK))+ ®x([0,1] x (0T)L K) + ®4([0,1] x T'L (0K))
=Pyu(TLK)— (Idg)x(T)+ Px([0,1] x (SLK))+ Px([0,1] x TL (9K)).

Thus, we have the formula
TLEK = Pu(TLK) + ®4([0,1] x (SLK)) 4+ ®4([0,1] x TL (9K)).
Since Py (T K)+ ®4([0,1] x TL (0K)) C K from which we derive the bound on the mass of T

M(TLK) < M(OK) + M(®4([0,1] x (SLK))) < 6h%> + ChM(SLK),  (39)
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where we also used the estimate (38) on K of Step 2. On all cubes K ¢ G, TL K = 0, so

that we find supp (I) C Ugeg K. Defining BPY = |J{K : K is cube of the grid, 3z €
P4y with K N B (z) # @}, it is clear that T is supported in B since Ukec K C B>,
Furthermore, by definition of B*4™Y, we have the claimed inclusion |J, ¢ pary m C B4y The
measure of BPIY can easily be estimated since it is formed by cubes covering Usperpary B 2 (z), the
cubes having the same length scale % as the balls. Therefore, up to a constant only depending on

the space dimension, (33) implies that |B>d%| < h?’%(@ +L4)= %(52 + -L). Since 909 =0,
the boundary of T coincides with 7. Since all calculations in Step 3 were local and ® is relative
to the boundaries of the cubes, (36) follows from summing up (39) over all cubes K € G. O
Tk
Trenl 0K _onen @ Spem K

Figure 4: Construction near the boundary inside a cube: The newly created area (grey) is controlled
by the surface of the cube and the length of the line singularity (red).

As a direct consequence of Lemma 4.6, Lemma 4.7 and Lemma 4.8 we have the following
corollary:

Corollary 4.9. There ezists a flat 2—chain m with values in w1 (N) such that

1. 0Ty en = Sy,

2. for allzg € Q and R >0

—_—~—

My en L Ban)) S 1Ee@nem Brlan)) + 2 (€4 7). (40)

3. and

e~

n 1
F(Tyen—Toen) 5 = (€4 ) (a
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Proof. Starting from T, ¢ , and the estimate in Lemma 4.6, we can modify T}, ¢, according to
Lemma 4.7 and Lemma 4.8 in the region B™ U BP¥Y to obtain 7, ¢, without changing the
boundary S, ¢ by setting

—_~—

Tyen = TWCLB™ 4 Thdy | BYY | T, | ((B™ U BPIWY)e).

Estimate (40) is a direct consequence of the three aforementioned lemmata. Finally, by construction
Ty — Ty en is supported in Bt U B and 0(T,, ¢.n — Tye.n) = 0. Hence, F(Ty ¢ — Tpen) <
|Bint U BP4Y|from which (41) follows for n large and 7, ¢ small enough. O

In the following analysis we only work with T}, ¢ ,. In order to improve readability, we drop the
tilde in our notation from now on.

4.5 Proof of compactness for fixed Y

Let B C Q open, bounded and choose n := £~!. Then, by Lemma 4.6 and Corollary A.3, we
deduce that for o > 0 and &, 1 > 0, there exist Y, ¢ € B,(0) C Sym, such that our construction
yields a flat chain T}, ¢ ,, € F? such that 9T, ¢ ,, = Sp¢n + 'y, and

M(T, e B) < c(nsn,f<czn,g,mBR<xo>>+i) < C(’?gn,s(Qn@BR(Io))va?) 7

where we also used (26) of Proposition 4.2. In particular the energy bound (17) implies that
M(T,).¢,n L B) is bounded. Applying a compactness theorem for flat chains as stated in the prelim-
inary part ([32, Cor. 7.5]), there exists a subsequence (which we do not relabel) and a flat chain
T € F? with support in Q such that F((T, ¢, — T)L B) — 0 for £,n — 0. Extracting another
subsequence if necessary we can assume that Y;, ¢ =Y € B,(0) for n,{ — 0. We note that the T’
constructed here depends on Y (and «). In order to keep our notation simple, we only write this
dependence explicitly when necessary, i.e. when we pass to the limit ||Y||, @« — 0 in Subsection 5.3.

Since the boundary operator 0 is continuous we conclude with Theorem 4.4 that 0T = S +T.
The finite mass of T' and S immediately implies rectifiability [32, Thm 10.1].

5 Lower bound

This section is devoted to the I'—liminf inequality of Theorem 3.1. The proof necessary to deduce
the line energy has already been given in [21], so that we will only state the result for completeness
(Proposition 5.1). The energy contributions of T far from M are to be derived in Subsection 5.1.
In the remaining, we are concerned with the energy of 7" and F' close resp. on M.

The precise cost of a singular line in our setting has been derived first in [18] based on ideas
in [42,74]. In our case, the result reads as follows.

Proposition 5.1. Let B C Q be a bounded open set and U, = {z € Q : dist(z, Sye.n) < /)
Then

liminf n £, ¢(Quen, Uy N B) > ~s28M(SL B). (42)
7,60 ’ 2
Proof. See Theorem C and Proposition 4.1 in [21] for a proof of the version we used here. O

To derive the exact minimal energy for the lower bound related to T', we introduce the following
auxiliary problem:
I( b) inf / sinsl® 2(1 —n2)d (43)
r1,72,a,b) = in c;(1—nz)dr
B2 ns€H([r1,m2),[~1,1]) J,, 1 —n3 3

1

ng(ry)=a, ng(rg)=b
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for 0 <1 <ry <o0,a,be[—1,1]. It is one dimensional and only takes into account the derivative
along the integration path. Problem (43) is equivalent to minimizing [ (1]6,Q*+ ¢(Q)) dr
subject to a N —valued function @ and fitting boundary conditions. This reflects that by Lemma,
4.3, the regions where Q¢ is far from N are small. Indeed, if Q(r) = s.(n(r) ® n(r) — £1d)
for a S?—valued function n, then 9,Q = 5.((0,n) ® n + n ® (9,n)) and hence |9,Q|? = 2s2|9,n|?
since |n|? = 1 and therefore 2(9,n) - n = §,|n|?> = 0. Using again that n € S%, we can write
n = (£/1 — ngiiy, £+/1 — n3fz, ng), where it = (i1, 72) is a S'—valued function. One can then
easily calculate that |0,n|? > [\/1 — n22n30,n3|? + |9,n3|> = |9,n3]%/(1 — n3) (with equality if 7
is constant), which is the first term in (43). For the second term in (43) we note that by (5) it
holds that g(s,(n ® n — £Id)) = ¢2(1 — n3). The functional in (43) has been previously studied
in [2] and [5, Lemma 4.17] from which we need the following lemma:

Lemma 5.2. Let 0 <ry <ry < oo. Then,

1. I(ry,7me,—1,1) > 4s.c..
2. Let 0 € [0,7]. Then the minimizer n3 of I(0, 00, cos(6),1) is explicitly given by

A(0) — exp(—2c¢./547) (0) = 1+ cos(6)
A(0) + exp(—2¢i/s41) 1 — cos(6)

n3(r,0) = (44)

and

I(0, 00, cos(0),£1) = 2s,.c,(1 F cos(6)) . (45)

In this lemma, we use that g reduces to c2(1 — n3) for Q in N, as demanded in (5). However,
as pointed out in Remark 4.18 in [5], this is not necessary.

During the blow up procedure in the next subsection, we want to quantify the energy necessary
for a Q¢ ,n close to N to pass from n3(Qy.en) ~ £1 to n3(Qpen —Y) =0, ie. to intersect T} ¢ .
Since problem (43) does not take into account the perturbation made by subtracting Y € B,(0)
from @y ¢ n, we introduce for o > 0 small enough

Io(r1,7r2,a,b) == inf{I(r1,72,a,£n3(Q)) : Q € Symy, n3(Q —Y) ==b, Y € B,(0)}. (46)

Since n3(Q) and n3(Q — Y) are only defined up to a sign, it is necessary to define I, using
the infimum not only over Y but also the choice of sign. This leads to the slightly counter-
intuitive situation that e.g. I,(r1,72,a,—a) = 0 for all a € [—1,1]. As a consequence, we only
have convergence of I (r1,r2,a,b) = I(r1,r2,a,b) for a — 0 if ab > 0. In what follows, we will
only be concerned with the case b = 0 as this corresponds to a point on Tj, ¢ ,,, and hence we have
convergence of I,(r1,72,a,0) to I(ry,72,a,0) for all a € [—1,1] for « — 0.

The knowledge about the optimal profile in (45) is also used in the construction of the upper
bound, in particular the fact that |ng| — 1 and all derivatives of ng decay fast enough (here expo-
nentially) as 7 — oo. The result that for minimizers of (43), n? approaches 1 exponentially fast is
complemented by the next lemma. It states that for a bounded energy configuration on a line, n3
cannot always stay far from 1.

Lemma 5.3. There exist constants € > 0 and 5o > 0 such that for a line ¢ and Q € H'(¢,Sym,)
and K > 0 a constant such that n &, ¢(Q,€) < K < oo it holds: For § € (0,0), there exist a set
Is C ¢ and Cs > 0 such that

K+1

|\ 15| < n and |n3(Q)|>1—¢Vs onI;.

Proof. Let
gmin = min{g(Q) : Q € Symy, dist(Q,N) <6, |Q — Quo| > a6},

where a > 0 is chosen as in [5] and for § > 0 small enough. Proposition 2.5 in [5] then implies that
Jmin > 0. Then, we can estimate

K > 08 Q.0 > %gmm{:cef  dist(Qe). N) < 8} N e € £ [Q — Quel > aV3}.
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In view of Proposition 2.1, it holds that |¢\ {dist(Q,N) > §/2}| < C&?/n?. Furthermore, a

straightforward calculation shows that if [n3(Q)| <1 — 24\/553 av/d, then |Q — Q| > av/6. Hence,

K > g {xeﬁ  Ins(Q(2))] < 1 — 2—> a\/SH—cfz—chQ
= ngmm . 3 = 4\/58* 772 725 )
from which the claims follow for € := 24\/553 aand I = {z €l : |n3(Q(z)) > 1 — &V5}. O

In the following two sections, we detail how Lemma 5.2 combined with Lemma 5.3 can be
applied in the case of T'LL 2 and on the surface M.

5.1 Blow up

We define the measure p, ¢(U) = n&, ¢(Qy,¢, U) for any open set U. Since the energy n&, ¢(Q.¢)
is bounded, the measure p, ¢ converges (up to extracting a subsequence) weakly* to a measure .
Lemma 5.4. For H%2—a.e. point of rectifiability xo € Q of T it holds that

dp
dur

(zo) > 21,(0,00,0,1). (47)

Proof. Step 1: Notation and preliminaries. Recall that for a point of rectifiability xy € rect(T) it
holds

pr(Bu(wo)) _ | H(reet(T) 0 B, (w0))

}LI}%) mr2 = o0 mr2 =1
We note that for H*—a.e. point z( € rect(T’) there exists the limit
B,
lim 2B @0) (48)

r—0 7T7‘2
In the following we assume that z¢ € Q is be a point of rectifiability of T which also satisfies (48).

Let ro > 0 such that B,,(zo) C 2. Next, we introduce some notation. Let ®,(x) = (x —x0)/r
be a rescaling and define T, := (®,)4T. Note that ®,(B,(x¢)) = B1(0) =: B;. The rectifiability
ensures that there exists a unit vector v € S? such that

F(T,_B; — P,L_B;) >0 forr—0, (49)

where P, = {v}* is the two dimensional plane perpendicular to v passing through 0. Indeed, by
Theorem 10.2 in [55] we know that (7, — z¢)/r; approaches P, in a weak sense and by Theorem
31.2 in 78] we get the equivalence between the weak convergence and convergence in the F—norm
in our case of T having integer coefficients and T, 0T being of bounded mass.

Since py¢ — p and Ty ¢ — 1" w.r.t. the flat norm for n,§ — 0, it holds for almost every r that

fine(Br(20)) = p(Br(20))

F((Tyc — T)L By(x0)) = 0. (50)

We further choose a sequence (74)ren converging to zero as k — oo such that (50) holds for each
7, and

1(Br(20)) 1
_ LI+ FT, LB —P,LB)<-—. 51
M(T L B, (z)) T LB sy (51)
Given the sequence ry, we can extract a subsequence &, nx such that ny /r; < % and
teg i (Bry, (o)) — p(Br, (z0)) | _ 1
F((D®,, )4T, LB, —-T, LB < —. 52
(( 7k)# nlmék 1 Tk 1) +‘ M(TLBrk(O)) — k ( )
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Figure 5: Schematic illustration of the quantities involved in Step 2 of the blow up procedure for
T.

Step 2: Flat norm convergence. Denote Ty, := ((®r,)# Ty, ¢.)Bi. By (49) and (52) it follows
that Tj, — P, L B; in the flat norm. Hence there exist flat chains A, € F? and Az € F3 with
M(As2 ), M(A3 ) — 0 (for & — o) such that

Ty — P, By = Ay ), + 0As ;. (53)

This implies that (T} — P, L B1) = 0Ay, or in other words (T}, — As ) = (P, L B1) =01in By
since P, is the boundary of the half space H, = {p+tv : p € P,,t > 0},i.e. P,LB; = 0(H,LB;) in
B;i. This implies the existence of a flat chain W), € F3(By) such that Ty, — As ), = W), = 9(1—Wy),
where 1 € F3(By) is the flat chain associated to the set B;. Note that we can also choose the
complement set W =1 — W, since it has the same boundary in B;. From (53) we deduce that

8(Hy L By — Wk) =P,LBy— A27k + T = 6A37k .
This implies that
H,,LBl - Wk = A37k or H,,LBl - Wf; = Ag,k.

Without loss of generality we choose Wy, such that H, L By — W} = A3 and since M(As ;) — 0
as k — oo we conclude that the symmetric difference |Wj,A(H, L By)| also converges to zero for
k — oo.

Step 3: One dimensional estimates. For z € P, we define the line ¢, = {z+tv : ¢t €
R and z +tv € B }.

From Step 2 we recall that |W,A(H, L B1)|,M(As ) — 0 as k — co. This implies that for a
subsequence (not relabelled) and almost all z € P,

[WiA(H, NE)|, HO(Ag N L) — 0 for k — oo (54)

and hence for k large enough ¢, crosses 1), = OW}, + Ag k.

26



The energy in B,,(xo) can be expressed as

B, (0 1
bt B O) _ L[ 9ur o+ 2E(Qu) + T £(Qu) + i (55)
T, B1(0) 27’k Nk k
77/ 1 /
S B0QuR + ro(@u) + Q0+ Codt s (56)
,NB1 Je. k k
where we introduced the notation 7;, = I and & = % and Cj = Cy(&,,m,.). Note that

M/ € = M/ &k
This implies that by Fatou’s lemma

1 .. , 1 ,
L > 7/ hmmf/—ka 24 = k +m.CHdt dz .
™ Jp B, e 00 . D) | tQk| nkg(Qk) (gk) (Qk) NCo

In view of (47) that we want to prove, we can restrict ourselves even further to the lines £,
with

!
1
lim inf / T 10,Qu)> + —9(Qx) + /. SF(Qr) + mp,Ch dt < 214(0,00,0,1), (57)
k—oo Jp, 2 Mk (fk)

otherwise there is nothing to prove. By choosing another subsequence (which depends on z), we
can assume this liminf is a limit and therefore that the sequence is bounded.

Using the inequality A? + B? > 2AB, the bound (57) implies that

21,(0,00,0,1)

Y

/ 3tQk|\/ F(Qr) +g(Qr) + Cp dt

Y

272 /|atQk|dISt(Qk7 N ) dt,

where we also used (10) of Proposition 2.1 in the last inequality. Denoting m := min,_ dist(Q, N, ¢,.)

and M = max,, dist(Q,N;, ) we can estimate the energy necessary for switching from
(M +m)/2 to M by

M+m

/
27,(0,00,0,1) > 2750k / 0:Qi] dt > 20k (pp2 2y (58)
fk 2 &

In order to obtain a uniform convergence of dist(Qx, Ny, ¢, ), it remains to estimate m.

Again from (57) by using (10) in Proposition 2.1, we get that

2[,1(0,00,0,1) > Y2 / dlSt (Qk, Nl fk)dt > Y2

@il <£k> 3 lalm”.

In other words, m? < % (g’f) . Plugging this estimate into (58) yields
. 41,(0,00,0,1) (g’ (&)°

sup dist?(Qx, = M? < s ok D) 59

ezp Y N V2 M. 1l (59)

In view of (11) of Proposition 2.1 we can conclude that @y is uniformly close to N and converges
to zero as &, n;, — 0.

This implies together with the convergences in (54) that there exists a sequence ¢ — 0 such
that ng(Qr — Yi)(2 + trv) =0, where Qi(y) = Qupe(@o +72y) and Yy, == Y, ¢,

We now split £, into /X, where /7 = {z+tv el : t>tp}and {7 = {z+tvcl :t <t}
and show that on both rays there are points for which @y is close to Q.

Applying Lemma 5.3 for § > 0 with the bound in (57) implies that for k& large enough there
exists ¢} € (tx,1) such that |nz(Q(tf) — Y3)] > 1 — €V/5. The goal is to take § — 0. For
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this, we choose a sequence J;, depending on k such that 5 and 7, /Cs, < % converge to zero as
k — oo, where Cs, is the constant from Lemma 5.3. Similarly, there exists ¢, € (—1,%) such that

In3(Qr(ty) — Yi)| > 1 — €\/3y.

The final estimate for the integral over ¢, then follows by summing the contributions from ¢,
both in which we pass from n3(Qxr — Yx) = 0 to |n3(Qr — Yi)| = 1. Knowing that @, is uniformly
close to N, we can apply Lemma 17 in [19], the Lipschitz assumption on g in (6) and use the
definition of I, to determine the energetic cost on £F. This yields

o 1 7]’ 1 T]/
L= hmmf*/ / EIVQL? + —9(Qr) + —E= F(Qr) +n},Ch dt dz
k=oo T Jp,nBy Je. 2| | U Q) (&)? Qi)+ mCo
> 2 [ it [EVQUE + 0(Qu) + ol (Qu) +akCh at d:
™ Jpnpy koo o, 2 M (&)
1 . . ,
> = liminf [ T - - N |
> W/PmBl imin /Z 2( CllQr — R(Qr) o= (£.))IVR(Q4)| )
1
+ UTQ(R(QIC)) — C|Qk — R(Qy)| dt dz
k
1
> 7/ 21,(0,00,0,1) dz
T JP,NBy
> 21,(0,00,0,1).
O]

5.2 Surface energy

In this section we do the necessary calculations to find the announced energy contribution on
M. For this, we estimate the energy in a boundary layer around M. More precisely, we define
M = {x € Q : dist(z, M) < /n}. Then we proceed similarly to the previous section, the goal
is to apply Lemma 5.2 to the rays perpendicular to M on which @, ¢ ,, is taking values close to N.

We assume 7 small enough such that /1 < %ro, where ry was fixed in the beginning of Section
4 such that rq is smaller than the minimal curvature radius of M. For w € M and r > 0 we define

Ly, = {w+tw(Q) : tel0,r]}. (61)

We now rewrite the energy so that the line integrals over L, 5 appear. We note that for 0 <7 <1
the map M x [0, /5] — Q given by (w,r) — w + rv(w) is injective. The differential of this map
is given by Idr, s + 7 dy,v 4+ v. Using the normalized eigenvectors v, wy, Wy corresponding to the
eigenvalues 1, k1, ko with k; being the principal curvatures of M at w, i.e. the eigenvalues of the
Gauss map d,v. Then

det(Id + r dpv(w)) = (1 + k1) (1 + TR2)
and the gradient transforms as

2

1
Vol = 10:Quenl + T PerQuen P +

1
- - [ —
|1+7‘| I€2||2| wanaﬁ,n

14 7|

In order to shorten our formulas, we still use the notation VQ, ¢ . The energy can then be
rewritten as

Vi1 1 1 2
57%5(@77,{,117/\/1\/77) = /./\/l /O <2|in,§,n|2 + ?f(@n,&,n) + 7729(Qn,§,n)> H(l +rrg) dr dw.

i=1

We now distinguish two cases depending on whether the ray L 5 intersects T ¢ ,, or not.
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Case 1: Ly, s does not intersect T, ¢ ». In this case we can assume that

Vi (1 , 1 1 2
/0 <2|VQU7€7H| + ?f(Qn,&,n) + ,’729(Q77,577l)> H(l + ’I“lii) dr < IOC(O’ 00, 1, 005(9)) )
i=1
otherwise there is nothing to prove. With the same argument as in (57)-(59) we can show that
supr,, . dist(Qy,¢,n, Ny,¢) converges to zero as &, — 0. Analogously to the blow up procedure, for
d > 0 we use Lemma 5.3 to deduce that there exists a radius t,, € [0, /7] such that [n3(Qy.¢n)(w+
tov(w))] > 1 — &/, We choose a sequence §,, — 0 such that n/Cs, — 0 as n — 0. Note that
Qn,en does not verify the boundary condition (14), but a slightly perturbed version. For n,& — 0
we still obtain the right energy thanks to Proposition 4.2 and the uniform convergence therein. As
in (60) we then obtain

. 7 5 1 M /
! f 92 n n n n dt
1E—0 Lo 2|VQ"’§’ "+ ng(Q’?’f’ )+ e2 f(@n.en) +nCo
o n ,
> liminf —-(1-C -R o VR n
— n,€—0 Lo 2( ||Qk (Qk)HL (Zz))| (Qn’g’ )| (62)

1
+ EQ(R(Qn,é,n)) - C|Qn,§,n - R(Qﬂ,g,n)l de
> I1(0,00,1,]|cos()]).

Case 2: Ly, s intersects Ty ¢ n. Let t,, € (0,,/7) denote the radius of intersection between
Ly, 7 and T} ¢ . The only difference to Case 1 is that we estimate the two parts ¢ </, and t > t[,
separately.

With the same reasoning as before we can assume that the energy on the ray is bounded and
that dist(Qy,¢n, Ny,¢) is uniformly converging to zero on the ray. On L,/ we obtain just like in
Step 1 the estimate

1
I%{Ig_i}r%)f /Lw ) g|VQn,5,n|2 + EQ(Qn,g,n) + %f(Qnaé,n) +nCq dt > I14(0,00,cos(0),0). (63)

On the remaining part of the ray L, 5z we want to find the energy 1, (0, 00, 1,0). Since t/, might
be arbitrarily close to /7, we cannot apply Lemma 5.3 to conclude that n3(Qy.¢ ) is close to £1
somewhere. Extending the ray up to a distance ¢ = 2,/7 from M and repeating the above reasoning,
we can find for § > 0 and 7 small enough t, € [\/7,2,/7] such that [n3(Qy.¢n)(w + tuov(w))| >
1 — €V/6. Now we proceed again as in (62) and combine with (63) to obtain

. 1 k
lim 1nf/ ﬂ|in,5,n|2 + =9(Quen) + %f(@n,f,n) +nCq dt
7’],&—>0 Lw,Qﬁ 2 77 g

(64)
> I,(0,00,co0s(0),0) + I,(0,00,1,0).

5.3 Proof of compactness and lower bound

We now need to combine the estimates (42), (47), (62) and (64). To this aim, we use the localization
technique for I'—convergence as described for example in [15, Ch. 16]. Let U;, i = 1,2, 3 be three
pairwise disjoint sets open in ). Then it holds that

3 3
. N NS |
liminfn £,¢(Qye) = lminf ;n&;,g(QwUz) > glggggf 1 Ene(Qne.Ui)

Y

%sf,@ M(SLUy) + 21, (0, 00,1, 0)M(T L (2N Ua))
+ /M 1(0, 00,1, | cos(9)|) dlu’(l—TLM)LU3

+/ IQ(O,OO,l,O) +IO¢(O’OO’COS(9)7O) d/”LTI_(Ml’TUg) :
M
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Since the LHS does not depend on the sets U;, we can take the supremum over all pairwise disjoint
open sets. For € > 0 and by inner regularity we can approximate the measure M(S) by a compact
set A1 . C rect(S) and an open set Uy . D As . such that M(S)—M(SLA; ) < e, HZ(MNU; ) < €/2
and M(TLU; () < €/2 since the measures p15 and pp are mutually singular. Furthermore, we find
another compact set Ay . C (rect(T) N Q) \ Uy . such that M(T'|_ Q) — M(T'L Ay ) < e. Then, by
construction there exists an open set Us ¢ D Ay such that Uy N Uy = 0 and dist(M, Uz ) > 0.
Finally, taking an open neighbourhood of M disjoint from U, . and removing U; . from it, we find
a third open set Us . which satisfies H2(M\ Us,.) < e. By monotonicity we then find

liminfn &, ¢(Qne) >  sup zsiﬂ M(SL Uy) + 21,(0,00,1,00M(TL (2N Us))
1,60 Uy,Us,Us 2

+ /M 1(0, 00,1, | cos(8)]) du(l_TLM)LU3

+/ 1,(0,00,1,0) + I,(0, 00, cos(6), 0) d/‘TI_(MmU3)
M

(65)
> 21,(0,00,1,0)M(TL Q) + gsiﬁ M(S)

+ /M 1(0,00,1, | cos(6)]) divi i p
+/ 1,(0,00,1,0) + 14(0,00,c08(6),0) dppy -
M

We now want to pass to the limit &« — 0. In order to mark the dependence of T" and S on «,
we add the index « in our notation for the rest of the proof. Since I,(0,00,1,0) > s.c. > 0,
the mass of T, L Q is bounded uniformly in a and since M has finite surface area it follows that
M(T,) is bounded independent of «. Since the mass of S, and the length of the curves I',, are also
uniformly bounded, we conclude that the flat chains T, as well as their boundaries 9T, = S, + s
have finite mass. Choosing a sequence «j — 0, (65) holds and we can apply the compactness
theorem for flat chains [32, Cor. 7.5] as stated in Subsection 2.2. From this we get that there
exists a subsequence (not relabelled) and flat chains 7' € F2, S € F? such that F(T,, —T) — 0
and F(S,, —S) — 0 as k — oo. Since boundaries are preserved under flat convergence and
I'y, — T uniformly, it holds that 0T = S +I'. We note that I,, (0,00, £1,0) — I(0,00,=£1,0), and
I,,.(0,00,co0s(0),0) — I(0,00,cos(f),0) as o, — 0. Passing to the limit ax — 0 in (65) thus yields

limin y £,6(Qe) > 2[(O,oo,1,0)M(TI_Q)+gsiﬁM(S)
0,6~
+/MI(0, 00, 1, [cos(0)[) dpy gl ppy

+ / 1(0,00,1,0) + 1(0, 00, cos(8),0) dppy_ (66)
M

s, e, M(TL Q) + %sfﬁ M(S)

+ 25*0*/ (1 —]cos(9)]) dw + 45*0*/ | cos(0)] dppq aq-
M M

Combining the compactness result from Subsection 4.5 for fixed o with the above estimates, we
can choose a diagonal sequence ¢, — 0 as 1,§ — 0 such that

WEIEOF(TH’E’”’@M&’") -T)=0 n}%rgoF(Snafanyak(g,n) -8)=0

and (66) holds.

It remains to verify that 0T = S+ T as claimed by Theorem 3.1. We recall from the boundary
condition (14) that

1

Qnew) = Qp(w) = s, (V(w) ®@v(w) — 3Id) for all w e M.
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This implies that on T’
n3(Qn.e(w)) =n3(Qp(w)) = v3(w) =0. (67)

by definition. Furthermore, we assumed that the derivative of v3 on I' is non-degenerate, i.e.
Vv3(w) # 0 for all w € T'. Hence, on T' it holds

Vung(@new)) = Vors(w) # 0. (68)

Next, we consider the function F(w,n,Y) = n3(Qnen(w)+Y) for n € Nand Y € B,(0) C
Symg for 0 < v < 1. Note that we can rewrite

Flw,n,Y) = n3(Qne(w) + (Qnen(w) = Qpe(w)) +Y)
= n3(Qv(w) + (Qnen(w) = Qne(w)) +Y).

Since on M, Q¢ is by construction an approximation by convolution of @, it holds that
Quen — Qp in CT on M for n — 0. In other words, from (67) we get that F(w,o00,0) = 0.

For the rest of the proof we argue locally on M. Let (u,v) be a local parametrization on M
such that Vu is parallel to I" and Vw is in direction of the normal vector of the curve T, called vr.
We can choose (u,v) such that wg = (u(0),v(0)) € T and (u,v(0)) locally parametrizes I'. Then

OuF(w,1,Y )]wg,000 = OuF((1,v),1,Y)]0,0),00,0
= Dn3(Qu(w0))(90@b(wo) + 90 (@n.g.n(w) = Qye(w)))-
For n large enough we can assume that |[Dnsllco)l|Qn.e,n — @uellormy < 5 info, [0,n3(Qp(w))]

by Proposition 4.2. Since Dns(Qp(wo))0yQp(wo) = 0pn3(Qp(w))|w=w, it follows from (68) that
O F(w,m,Y)|wg.00,0 # 0.

The assumptions of the implicit function theorem are therefore satisfied and there exists an open
neighbourhood V' of (1(0), 00, 0) and a function o defined on V such that F'((u, 9(u,n,Y)),n,Y) =0
on V. In other words,

0 = F((u,9(u,n,Y)),n,Y) = n3g(Qnen((u,o(u,n,Y)))+Y)

So (u,o(u,n,Y)) serves as a local parametrization of the set I', y 1= {w € M : n3(Qp¢n(w)+Y) =
0}. Noting that M is of class C? and hence v € C', it holds that ¢ and T',, y are also of class C*
and in particular I'j, y has finite length.

Since ¥ — 0 uniformly as n — oo and Y — 0, it holds that n3(Qy.¢n +Y) also uniformly
converges to n3(Qp). By Theorem 3.3 in [24] it follows the Hausdorff convergence of I'y, y to T, i.e.

disty(T', T, y) = max {sup dist(w,T'p,y), sup dist(w’,F)} —0forn—ocoand Y — 0.
well welyy

Using the parametrization ¢ to link I' to I';, y, we can also build a flat 2—chain G,, y with
boundary 0G, y =I' —TI',, y. It then holds

FI —T,y) < M(Gny) < sup  H' (Tp.z)disty(T,Thy).
(w,m,Z)eV

6 Upper bound

This section is devoted to the construction of the recovery sequence of Theorem 3.1. Essentially,
there are three steps in this construction:

1. We approximate T by a sequence T, solution to a minimization problem. The advantage of
replacing T by T,, is the gain of regularity. Indeed, as we will see in Subsection 6.1, 7" and

its boundary inside Q will be of class C''!. Furthermore, by a comparison argument, we can
show that 9(7,, L M) is a line of finite length.
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2. We introduce local coordinate systems in which we can define @, ¢, and estimate its energy.

3. Choosing a diagonal sequence n(£,7) we find the recovery sequence.

6.1 A first regularity result for (almost) minimizers

In this subsection, we rewrite the limit energy & in a way that it only depends on 7"
E(T) = Eo(M,e3) +4s.c. / | cos(0)] dprp n + 4sweM(T L Q) + gszﬂM(aT -T), (69)
M

where I' € F! is given by the curve {v3 = 0} C M. For the approximation of a flat chain T € F?
we are going to study the following minimization problem:

min E(T)+nF(T —T), (70)
TeF?
for n € N. The existence of a minimum of (70) is imminent since by assumption T verifies
Eo(T)+nF(T —T) = &(T) < oo, the energy is non-negative and lower semi-continuous with
respect to convergence in the flat norm. We have the following result:

Proposition 6.1. Let T € F? with £(T) < oo. For all n € N, the problem (70) has a solution
T, € F2. The minimizer T, verifies

1. T, = T for n — oo in the flat norm.
2. T, LQ is of class C* up to the boundary O(T, L Q).
3. (0T,)LQ is of class C11.

We note that the above Proposition also holds true for n = 0, i.e. minimizers of (69) and
hence of our limit problem are of class C! up to the boundary in € which is of class C?. As we
will see later, the minimizers of & are in fact smooth (see Proposition 7.1). In order to make
this subsection more readable and simplify notation, we divide (69) by 4s.c. and redeﬁne the
parameter § to replace the constant és* B. Also, we will simply write n instead of ;;"—. Since in

this subsection we are only concerned with the regularity of minimizers, this change of notation
does not impact our results.

The proof of Proposition 6.1 makes use of a series of lemmas which we are going to state and
prove first. The main ideas for the regularity of T}, and 97T,, have already been developed in earlier
papers [25,26,64,85], so it remains to check that we can apply them in our case. For the sake of
simple notation, we drop the subscript n for the rest of this section and define S := 0T —T". We
recall from Subsection 2.2 that rect(S) is the set of all points of rectifiability of S. In particular,
for xp € rect(S) the density lim, o pus(B-(x0))/(2r) exists and is strictly positive.

Lemma 6.2. It holds that supp (S) = rect(S) and H!(supp (S) \ rect(S)) = 0.

Proof. Let’s show first that S is supported by a closed 1-dimensional set.

For this, we prove that S cannot contain subcycles of arbitrary small length. Assume that S is
a subcycle of S, i.e. M(S) = M(Sy) +M(S — S1) and 95 = 0, and that S; is supported in B,.(x¢)
for r € (0, 1ro) By (7.6) in [32], there exists a constant b > 0 and T} € F? such that S; = 9T}
and M(Ty) < bM(S;)%2. By projecting T} onto B,(x9) N Q, we can furthermore assume that T}
is supported in B, (zo) and lies within Q. Projecting onto B,.(z¢) does not affect the previous
estimate since it decreases the mass. Projecting 77 L E onto M has Lipschitz constant less than
1+ 4& and hence, the estimate stays true with an additional factor of 1 + 4&. We estimate by
minimality of T

So(T) + ’/ZIF(T - TO) S go(T + Tl) + TLF(T + T1 — To)
< &(T) +M(Th) — BM(S1) + nF(T — Tp) + nM(T1)
< E(T) — BM(S1) + nF(T — Tp) + (n+1)(1 + 4:—0)171\41(51)2 :

32



and thus SM(S;) — b(n + 1)(1 + 4&)1\41(51)2 < 0. We hence find that either M(S;) = 0 or that
M(S1) > B/(3b(n +1)).

Now, let 2o be a point of rectifiability of S and r < 8/(6b(n+1)). Assume that us(B,(z9)) < 2r.
Then, since

/0 " us(0B. (o)) ds < pus(B, (o) < 2r

we can evoke Theorem 5.7 of [32] to deduce that there exists a set of positive measure I C [0, r] such
that ps(0Bs(xg)) < 2 for all s € I. Thus, we can find radii s < r such that M(9(SL Bs(zo))) < 1.
But a bounded 1-chain cannot have just one end, so that for Sy := SL Bs(zo) we conclude that
051 = 0. In addition M(S7) < 2r by assumption. Hence, we have M(S;) < 5/(3b(n + 1)) and the
above calculation shows that necessarily M(S;) = 0. In particular, z( is not in the support of S
which is a contradiction.

Let us conclude now that S is indeed a closed set. Let rect(S) be the rectifiability set of S.
Since S has coefficients in a finite group, it is rectifiable [89] with pg = H! L rect(S). Now, take a
sequence zj, € rect(S) and assume x, — x. By the above reasoning it holds pg(B,(x)) > 2r for all
r < B/(6b(n+1)) and in the limit &k — oo also pg(B,(x)) > 2r. It follows that ug(Q\rect(S)) = 0.
From this, Theorem 2.56 in [6] allows us to conclude that H!(supp (S) \ rect(S)) = 0. O

After having established this basic property of S, we can state a first regularity result:

Lemma 6.3. The flat chain S is supported on a finite union of closed CY2 — curves.

Proof. Our goal is to prove that SL € is an almost minimizer of the length functional M and apply
Theorem 3.8 in [64] to deduce C''2 —regularity.

Let o € Q and 7 € (0, 419) such that Br(zg) C Q. Let r € (0,7). Consider 77 € F? with
supp (T'— T") C By(xg) C Q. For almost every r € (0,7), it holds that S, := SL B,(xg) is
a flat chain with boundary 95, = SLOB,(x¢). In this case, S, = 9T'L B,(xy) has the same
boundary. Hence, the flat chain A := S, + S. = 9T 4+ 9T" is a cycle, i.e. verifies 9A = 0 and is
supported inside B,.(x¢). We can construct the cone C’ with vertex xg over A. Then, 0C" = A
and M(C") < erM(A). Now, we distinguish two cases: It holds either M(S,) < M(S).) (which is
enough for our conclusion as we will see below) or M(S,) > M(S}) and hence M(A) < 2M(S,).
Comparing T to T + C’ and by minimality of T we get that

BM(S,) < BM(SL) + (n+ 1)M(C") < BM(S.) + 2c(n + 1)rM(S,) .

For r small enough we conclude that

M(S,) < <1 n % r> M(S"). (71)

In case T" is not entirely contained in Q, we need to project those parts of 7/ and of the boundary S,
onto M. Since we assumed r < 7 < 1 5T0, the Lipschitz constant of the projection can be estimated
by 1+4=-, i.e. our analysis and in partlcular (71) holds true if we replace M(S}) by (1+4:-)M(S;.).
This ShOWS that there exists a constant C' = C), gr, > 0 such that S is (M, Cr,7)— ~minimal in the
sense of Almgren. Together with Lemma 6.2, (71) allows us to apply Theorem 3.8 in [64] which
gives the C1''/2 —regularity and the decomposition of supp (S) into a finite union of curves, possibly
meeting at triple points. Finally, since our flat chains take values only in 71 (N) = {0,1}, we can
exclude the existence of triple points since they would create boundary. Hence, S is a union of
curves. O

The regularity of S in Lemma 6.3 is not optimal. The following Lemma provides us with the
smoothness we announced in Proposition 6.1:

Lemma 6.4. The flat chain S is supported on a finite union of closed C1' —curves. In particular,
the curvature of S is bounded.
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Proof. Let xy € supp (S) and take r > 0 such that B,(xg) C Q and ps(0By(z9)) = 2. Let
{z1,22} = supp (S) NIB,(xo) and define S, := SL B,(xp). We compare S, (and T'L B, (zo))
to two competitors.

The first one is the geodesic segment S, joining x; and x5 in 9B, (x¢). For the corresponding
T, we use a piece of 0B, (x¢) between T'L (0B, (x¢)) and Sy. By minimality of S, we find

AM(S,) < 2mr (B+4(n+1)r) . (72)

Our second competitor is the flat chain supported on the straight line segment joining x; to
xo which we call S’. Then S’ + S, is supported in B, (zg) and is closed, i.e. (5" + S,.) = 0. By
the construction (7.6) in [32], we get the existence of a flat chain 7" € F? supported in Q and
a constant b > 0 (depending only on the dimensions of the flat chains and the ambient space)
such that 0T = S’ + S, and M(T") < b(M(S") + M(S,.))?. Since zg € supp (S) it also holds that
M(S,.) > 2r. This, together with the minimality of S, and (72) implies that

26r < AM(S,) < BM(S') +b(n+ 1)(M(S") + M(S,))*

IN

AM(S") + b(n + 1) <M(S’) + 277 <1 + 4(”;1)r)>2 (73)

< BM(S) + Crr?,

for C1 = 2(2 + 2m)?b(n + 1) and r small enough. Hence, (73) implies (2 — (C1/8)r)r < M(S).
If we now choose r even smaller to assure r < r; := (C;)7!3, one gets even M(S’) > r, i.e. the
points x; and x2 must not be too close.

Our goal is now to show that S, is in fact close to S’ and that S’ is almost a diameter of B,.(zo),
in the sense that S, lies in a small neighbourhood of S’ and the distance between z¢ and S’ is
of order r2. Let’s denote ¢ = M(S’) = |z2 — 21|. Suppose M(S,) < ¢+ « for a a > 0 and let
p > 0 be the smallest positive number such that S, lies within a p—neighbourhood of S’. Then,
M(S,) > /2 + 4p? and hence ¢ + 4p?> < M(S,.) < (£ + «)? which yields the bound

2
p < \/%‘+% < Vora, (74)

provided a < 4r and ¢ < 2r. Applying this result to our case where a = f~1Cyr?, we get S, is
contained in a neighbourhood of S’ of radius p < 1/26-1C73.

In addition, if S, is supported in a p—cylinder around S’, there exists a T}, € 72 and a constant
¢ (depending only on the space dimension) such that M(T,) < coM(S,) and 0T, = S’ + S,. This
implies that M(S,) < £+ 87 !(n + 1)cpM(S,.). Previously, we have also shown that M(S,) <
¢+ B~1C1r? < 3r, leading to

1
M(S,) < £+ Cypr, where Cy = 3Cn; . (75)
Now, we want to iterate this procedure. Let ag = B~'C1r? as start of our induction.

1. Knowing that M(S,) < ¢+ oy (either by (73) or by induction hypothesis) and by (74) we
can deduce that S, lies in a pp—neighbourhood of S’, for p, = v/2ray.

2. Since S, lies in a pp—neighbourhood of S’, one can use (75) with p = py to obtain M(S,.) <
{4 ajy1, where agy1 = Corpy.

Throughout this iteration, oy and py verify pri1 = v/2ragr1 = v/2C2px r. Thus, pi, converges to
2C5r? in the limit £ — co. We can conclude that the distance between a point in S, and S’ is
at most 2C,r2. In particular, since xo € supp (S,), it holds that dist(zq,supp (S’)) is of order r?
which shows that the line S’ is close to being a diameter.

Let us turn now to the assertion of the lemma. For zy € supp (S) and r > 0 chosen small

enough, we denote 7,.(xo) the vector 22=%L. where z1,x9 are constructed as before. By our
’ lz2—z1]]? ’
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previous calculations, we know that the corresponding points for  are at most at distance 20,712
from the line connecting z; and z2 which gives ||7,.(zo) — 7z (x0)|| < C3r. This shows that the limit
7(20) = lim, 0 7 (x0) exists and that ||7-(z¢) —7(x0)|| < 2C5r. The triangle inequality then yields
the existence of another constant Cy > 0, depending on 8 and n, such that for z,y € supp (S) with
| — y| =: r small enough we have ||7(z) — 7(y)|| < Cyr.

O

Having reached the optimal regularity for S, we now turn to the properties of 7'

Lemma 6.5. The flat chain T is supported on a hypersurface of class C* up to the boundary.

Proof. We first discuss the regularity in the interior of T L Q. Let xqg € €, r > 0 such that
B, (zg) Nsupp (TL Q) # 0 and consider a variation T’ of T in B,(xg). Then, by minimality of T
we find

4
M(T) < M(T') + nF(T -T') < M(T') + gwnr?’.
We can then apply the result of Taylor [85], or more general Theorem 1.15 in [25] to obtain
Y —regularity in €, for some o > 0.

For the regularity up to the boundary we want to apply Theorem 31.1 in [26]. In order to do
this we need to show that on a certain scale, the boundary S is close to a straight line and T is
almost flat.

Take a point of rectifiability o € S. We define a blow-up sequence 7 N\, 0. Since S is supported
by C1:! —curves, a blow up of S converges to a straight line. We claim that a blow up of T converges
to a limit T which is a half plane. For this, we use the minimality of T to deduce for r > 0 small
enough that

M(TL By (20)) +268r < M(TL By(z)) + AM((IT) L By (x0))
M(cone(T L 9B, (x0))) + BM(cone((0T) L 0B, (x0)))

SM(TL OB, (20)) + BrV((OT) L OB, (0))

INIA

IN

gM(TI_aBT(:Eo)) +28r.

This implies that M(T L B,(x¢))/r? is monotonically increasing and thus admits a unique limit
d. We define T,, = (T — x0)/rx and by monotonicity we get for s; < so that M(7T,, L By, )/s? <
M(T,, L Bs,)/s3. For rp — 0 both sides converge to the same limit md. But this means that
M(ToL By, )/s? = M(TyL Bs,)/s3 , i.e. Tp is a cone and hence a half-plane. Since a half plane has
density %, we find d = % In particular, we have for k large enough

T, —
M(’“xOI_B1> = T o),
Tk 2

from which it follows that condition (31.6) in [26] holds and thus we can apply Theorem 31.1 on a
length scale R < ry. We remark that by convergence in the flat norm, following [58], we also verify
the condition (31.4) of Theorem 31.1 in [26]. By compactness of the boundary (0T") L 2, we find
a finite cover with balls of uniformly positive radius to which we can apply Theorem 31.1. This
allows us to conclude. O

Proof of Proposition 6.1. We have already established the existence of a minimizer of (70). The
convergence F(T,, — Ty) — 0 for n — oo is obvious since n F(T,, — Tp) < E(Tp) < oo for all n € N.

The regularity of 7,, follows from Lemma 6.4 and Lemma 6.5. O
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6.2 Construction of the recovery sequence

In this section we will use the approximation of T given by the minimizer of (70) to construct our
recovery sequence. First we establish the following Proposition which yields additional control over
O(TL M)\ 9T and its boundary which will be necessary for the final construction in Proposition
6.9.

Proposition 6.6. Let T C Q be a flat 2—chain of finite mass and S C Q be a flat 1—chain of
finite mass such that S = 0 and OT = S +1T. Then, there exist finite mass flat chains T,, € F?
of class Lip up to the boundary and S, € F' of class C*' such that

1. 39S, =0and 0T, =S, + T,
2. F(T,—T)— 0 and E(Ty) — E(T) as n — oo,

3. and there exists a constant C,, > 0 such that M(9(T,, L M) \ 9T,,) < C,, and M(9(0(T,, L
M)\ 0T,)) < Ch.

Essentially, the first two parts of Proposition are proved by Proposition 6.1, saying that the
minimizer T;, of (70) fulfils our claims. It remains to prove the last assertion i.e. that we can modify
T, to control the length of the set where the T, attaches to M. For this, we need the following
average argument stating that we can find radii r such that the corresponding sets 7, L M,., for
M, = {z €Q : dist(x, M) = r}, are of finite length.

Lemma 6.7. Let T,, be as constructed in the previous subsection. There exist a constant ¢ > 0
and a radius r € (0, 31¢) such that

4eM(T;,)

M(T, L M,) <
Io

(76)

Proof. Assume that M(T,,L M,) > %E)T") for all r € (0, 2r9) and some ¢ > 0. This implies

1'0/2
/ pr, (My) dr > 2¢M(T,) .
0

Now, there exists a constant ¢ > 0 such that for(’/Q pr, (M) dr < eM(T,,) (see (5.7) in [32]).

Hence, the lemma is proved. O

Now, we can modify T, by replacing a small part close to M by a projection to control the
boundary of T,, L M which is not included in S.

Proof of Proposition 6.6. We construct T,, as in Proposition 6.1. To ensure the additional estimate,
we choose a radius r and a slice M,. as in Lemma 6.7. With the same argument as in Lemma 6.7 for
S,, one can choose r € (0, 2rg) for which additionally M(S,LM,.) is finite. Let II : Q,; — M be the
projection onto M. We define ® : M,. x [0,1] — Q by ®(z,t) := (1 —t)z +tIlz. Then, by [31, Sec.
2.7], [30, Cor. 2.10.11], M(®x (T, L M, x [0,1])) < CrM(T,, L M,.) and also M(I1x(T,, L M,)) <
CM(T,,LM,). Again by the same argument, we get M(0ILy(T,,L.M,)) < CM(9(T,,LM.,.)). This
procedure can be applied to almost every r € (0, %ro), in particular, we can choose a sequence
rn, — 0 as n — co. Replacing T, close to M with these projections, we get the desired estimates.

The convergence of the energy & (T},) to £ (T) is a consequence of the convergence statements
in Proposition 6.1 and the fact that T,, L M approaches T'L M. O

The recovery sequence @, ¢ for our problem will be constructed around the regularized sequence
of T'. The gained regularity permits us to define @, ¢ directly and without the need to write T" as
a complex and ’glue’ together the parts of (), ¢ on each simplex.

Before starting, we need one final ingredient as stated in the following lemma stating that the
normal field on M can be extended to . It will be used to fix choices of orientation consistently
across 2. The only crucial point is that the gradient of the extension must be bounded in order
for our estimates to work out.
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Lemma 6.8. Let M be a closed compact manifold of class C2. Then, there erists a Lipschitz
continuation v of the outward normal field v on M to Q with the same Lipschitz constant.

Proof. Since M € C?, the outward normal v is Lipschitz continuous. Then, the existence of a
Lipschitz extension with the same Lipschitz constant is a direct consequence from Kirszbraum’s
theorem [46] (see also Theorem 7.2 in [55] or in full generality Theorem 1.31 in [76]). O

Proposition 6.9. There exists a recovery sequence Q. ¢ for the problem (21).

The construction relies on the approximation and regularisation made in the previous subsec-
tion. We will construct @, ¢ step by step: The straightforward parts are the profile on £ and
M\ F away from OF, as well as the transition across 7. In order to be compatible with the latter,
we have to adjust the construction made in [5] for the singular line S. The profile of the part of
S that approaches the surface M can be chosen as in [5]. Last, we need to connect OF \ S to the
profile of T" already constructed. This last part is a bit subtle since the OF \ S does not appear in
the energy. The control we obtained in Proposition 6.6 is artificial and indeed we do not control
the length of OF \ S. Hence, we will choose n depending on 7, £ in a way to allow this length to
slowly grow to infinity while the energy contribution of @, ¢ in this region vanishes.

Proof. From now on we choose n depending on &,7 such that M(9(T,, L M)), M(9(0(T,, L M) \
0T,)) < C|In(n)| and that the curvature of S, is bounded by C/,/n. Indeed, if the constant C,,
in Proposition 6.6 is bounded in n, then for n small enough this condition is trivial. If C,, — oo
for n — oo (choosing a subsequence we can furthermore assume that C,  o0), we can define
n(n) = sup{m e N : C,,, < —In(n)}. Since —In(n) — oo for n — 0, it also holds that n(n) — oo
and the bound M(9(T, ) L M)), M(O(O(T () L M) \ 0T},(ry))) < C|In(n)| holds.

Furthermore, whenever this doesn’t lead to confusion, we drop the subscript parameters 7, &
and n in order to make the construction more readable.

Step 1: Adaptation of the optimal profile. The goal of this step is to construct a one dimensional
profile close to the optimal one in Lemma 5.2, but where the transition takes place on a finite length
and which gives the correct energy density (45) for n — 0. To this goal, we introduce the "artificial"
length scale 7Y for v € (3,1) and define

s.(nE(t/n,0) @ nE(t/n,0) — +1d) te0,n7],
7 (t,0,v) = { s.(nF(n7/n,0) @ nF(17/n,0) — 11A)(2n7 —t) + (t —17")Qu L€ (77, 21"]
(377’Y - t)Qoo + (t - an)Qn,E,oo te (277’Ya 3777

I,

(77)
with n* = (y/1 — n3(v1, v2), £n3), where n3(t, 0) is the optimal profile from (44) and (v, v2) € S*.
The choice of 7” permits us to conclude that n* (1Y /n) — +es for n — co. On the other hand, 7

is large enough to verify (17)%?/n — 0 which ensures that undesired energy contributions vanish,
as we will see in the following steps.

Step 2: Construction on F and F°. Let w € F3,y == {w € F : dist(w,0F) > 3n"} C M and
let 0 <r<3n’ < %ro. We define

Que(w+rv(w)) = &% (r,0,v(z)) where § = arccos(v(w) - e3). (78)

Since |Vu| is bounded, one can then easily calculate

3n”
1606@ue Foar) = [ [T (U@ + E1(@u)+ 20(@ne +nCo)H Lo ) dr d
F3,y i=1

IN

2
[ (Bo.@ue + 2010y T+ s ar s 0
Fany i=1

/ I<O U cos(@),+1> dw +0(1),
Fyv n
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where Fyv g i={z € Q : v =w+rv(w), w € Fa,v, 7 € [0, R]} for R > 0. Note that % — oo for
1n — 0 since we chose v € (%, 1). Analogously, we can define ), ¢ on F° away from OF by using
®~ and estimate its energy. Note that this construction may already create the part of T that
attaches to the surface M in the limit 7, — 0. Indeed, if a point w is contained in F' although the
energy density corresponding to F'° would be lower, the profile constructed passes trough ng = 0

within a distance n” from M and hence is included in the limiting 7.

Step 8: Construction on T. Let x € T, := {x € supp (T) : dist(z, M) > 30 and dist(z, S) >
3n7}. For each connected component of T' (and thus of T},) we can associate a sign depending on
the sign of the degree of the singularity line S (if the component of T" has such). This must be
compatible with the part of T that reaches M and already has been constructed in Step 2. The
compatibility corresponds to the choice of the signs of ¢,jf and of the distance function, viewing T},
as a boundary, locally. Assuming that in Step 2 we chose ®;% whenever dist(-,7,) > 0 and @, for
dist(-, T},,) < 0, we define

Quen(@) = @F(dist(e,T), 7, v(a)).

Since |Vv| is bounded, and writing 7, ; = {z € Q : dist(z,T),) = dist(z,T) and dist(z, T;,) < t}
for ¢ > 0 we can estimate by Lemma (5.2) and the coarea formula

7 n 1
/ §|VQném 2+ S [(Quen) + =9(Qnen) +nCo dz
Ty 37 3 n

<),

n,nY

— 2s.c. / Inf (dist(z, T,) /)| d + Cy M(T)
T,

n,nY

n”
— e [ (/)| ds + o(1)
0 Ty, ny N{dist(-,T)=s}

e / " HE(T, O {dist(- T) = s}l (s/n)] ds + o(1)
0

1
31VQueal’ + L0(Quen) du+ CMIT)

IN

25,4 (2M(T) + o(1)) /O?7 [n5(s/n)| ds + o(1)
= 4s.cifns(n” /m)| M(T) + o(1),

where we also used that H?(T,,,» N {dist(-,T) = s}) = 2M(T) for s — 0. Note that |n3(t)| — 1 as
t — oco. Hence, for n,£ — 0 we end up with

. 7 7 1
lim sup / N9Quenl? + L F(Quen) + ~9(Quen) +1Co da
n6—=0 JT, 3,7 2 ¢ n

< 4s.e.M(T3,) .

Step 4: Construction on S|_<2. Following the notation we used in Step 2 and 3, we introduce
the region

Sgpr = {z € Q : Jy € T with dist(y, S) < 3n” and dist(z,T) = ||z —y|| <317} (79)

around the singular line S (see also Figure 7). We will construct @, ¢, as follows: Depending on
the sign attributed to the connected component of 7" in Step 3 or the change between F' and F*
in Step 2, we place a singularity of degree —% (resp. %) as in Lemma 5.2 in [5] in the center of
Ssnv. We do so by setting @ = 0 in a disk of radius £ (perpendicular to S) and oblate @) uniaxial
with director field (sin(¢/2),0,cos(¢/2)) on the annulus between the radii 2¢ and 7, interpolating
linearly in radial direction between these two regions. From the circle of radius n to the boundary
of the region (79), we use the profile <I>$ to make a transition to (), along Vdist(-,T"). By doing

so, we get the compatibility between the construction made for T and S.
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More precisely, we define as in [5](Lemma 5.2, Step 3, Equation (55))

0 re€0,¢),
Qu(r.9) == { (:-1)Q0) rele29),
Qo) r € [26,n),
where r € [0,7), ¢ € [0,27) and
sin(¢/2)
Q@) = s (n(@) @ n(e) - 310) with n@) = (0
cos(¢/2)

We use this to define @, ¢ on a small n—neighbourhood of S as follows. For 7 small enough, we can
assume that the n—neighbourhood is parametrized by the projection onto S, the radius dist(-,.S)
and an angle ¢.

Modifying T close to S if necessary, we can furthermore assume that on each (small) plane disk
perpendicular to S, the restriction of T to this disk is given by a straight line segment. Indeed, as
in Lemma 6.7 we can select a radius r € (1, 2n) and a slice T;. of T at dist(-, S) = r such that T;. is

of finite length. One can then replace T by a T' inside the tubular neighbourhood {dist(z, S) <}
where T is defined by the straight lines connecting S to 7). on each disk perpendicular to S.

Consider xg € S. By applying rotations if necessary, we can assume that a normal vector of T;,
in xg is v = e3 and the outward normal vector of S seen as boundary of T verifies vs = e;. We
then set

an,n(x) = QB(diSt(I,S),¢($)),

where

XT— I M r—T
arccos (VS . Hm*irgl\) if vp - m >0,

¢(z) =

27 — arccos (1/5 . ﬁ) otherwise.

Note that if ¢(z) € (%, 2F), then dist(z,T) < dist(z, S) and thus we can also write

d(a) = arccos(dist@,T)) .

dist(z, S) 2"

It remains the transition from the set {dist(-,S) = n} to the boundary of (79). Let II be
the projection along Vdist(-,7) onto {dist(-,S) = n} U (T N {dist(-,S) > n}). The function
Qn,¢ is already defined on the first set in the union, for the second we simply pose @, ¢(z) =
s5+((v(2),0) ® (v(x),0) — 1d) in order to be compatible with Step 3. For z € S3, \ ({dist(-, S) <
n} U (T N{dist(-,S) > n})) we then define

Qne(a) = @7 (|lz — Iz]|, O(z), v(2)),

where 0(x) is the angle between e and the director field that we have already constructed in Iz,
ie. O(z) = arccos(n(¢(z)) - e3) or O(x) = arccos(v(Ilz) - e3) depending on which set contains Ilx.

It is easy to see that since f, g and C are uniformly bounded and the curvature of S is bounded
by Lemma 6.4, we get

1
SV Queal? + 257 (@nen) + 1 0(@nen) +1Co do

52

n " )
= 2 /25 /{dist(.ﬁ):r} |VQ<¢($))| dr + Cn (1 + Ks) M(S)

n n 2 IPYE ist(- 1 4,3 st (-
< 2[25 /{dist<.,5)_r}IVQ(¢(x))| dr + CoH*({dist(-, S) < 2¢}) + C 5 ({dist(-, S) < 7})
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TLO

Figure 6: Schematic view of the different parts of T" and S that are constructed in Step 2 to 6

Estimating the gradient at distance r := dist(-, S) € [2£,n) yields

1 52 2
§|VC,)(<zﬁ(ﬂc))|2 = s2|Vn(¢(2)? < =

= | Loun(o() V()

r

2
S*
+ 7 10m(@)]* + C( Vsl + [Vus|?)

s2

< X .
S 2 (1+Cr)+C

Hence, we get

s2m 71
5 M(S) /25 - dr +o(1)

< S| n()M(S) + o(1).

IN

n " .
2 /25 /{dist(.,s)_r} IVQ(é(x))[” dr

For the remaining part of the domain defined in (79) we get that

1 1 1 7)2
1[5Vl + 550(@en) + 50(@nen) + Cods < Crllna(s) + o).
1

1 2y—1
2

Since we chose v >
the limit.

we get that n — 0 as 7 — 0 and the energy contribution vanishes in
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T,
7775»71 Qn’é"oo

Qn,é,oo

Figure 7: Sketch of the construction for @, ¢, in Step 5 in the region Ss,» defined in (79) (grey
shaded area). Dashed lines indicate the direction of the projection II.

Step &: Construction on SL M. The domain
S0,y = {z € Q : dist(x, S) <317, dist(z, M) < 3n” and dist(z, (T L M)\ oT)) > 31"}

can essentially be treated in the same manner as in Step 4 or as in [5, p.1444, Step 3]. To give some
more details, we can reuse the profile Qg from the previous step (assuming a +%fsingularity) for
defining @), ¢ in a ball of radius 7 centered in zg in the middle of Sy 3,7, seen as family of plane
sets perpendicular to S. Note that @, ¢ has already been defined on the boundary on each of those
plane sets. Thus, a simple two dimensional interpolation of the phase angle along Vdist(-, zs) as
in [5, eq (56-64)] shows that the energy contribution is

(n")?
n?

Vs
Ene(Qne,Sozp) < (14 CTI)§S?«| In(§)[M(SLM)+C

Step 6: Construction on OF \ S. Tt remains to fill the "gaps" left by the Steps 2 to 5. The
important part is the transition between the part of T' that approaches M (and which was con-
structed in Step 2) and the part that stays bounded away, including the region where S detaches
from M. At distance larger than 37" from M, we set Q¢ = Q.00 for all points where we
haven’t defined @, ¢ so far. Note that this is compatible with the previous constructions.

Let’s consider the set Y3,y = {z € Q : dist(z,d(TLM)\9T) < 3" and dist(z, d(O(TLM)\
0T)) > 3n7}. Considering the slices of T3, orthogonal to and parametrized by 0(T'L.M), we note
that Steps 2 to 5 ensure that @, ¢ takes values in A whenever meeting the boundary of the slice and
Q@y,¢ having trivial homotopy class. For an arbitrary Q € N, we can define ), ¢ := @ on a disk of
size 7 in the middle of the slice and again by linear interpolation of the phase towards the boundary
of the disk. We thus get a function Q, ¢ € H' (Y 3,7,N) respecting the previous constructions
and Q = Q, on M. Furthermore, the interpolation allows us to estimate |VQ|?> < C((n?)2+n~2)
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and since g is bounded, f(Q) = 0 (because @ takes values in A/) the energy contribution can be
estimated

1 1
1ol (G +5+)

< CMO(TLM)\IT) (n + (":])2 + n(n”)Q) :

77577,5(@, T0,3m)

IN

which vanishes in the limit 1, — 0 due to our hypothesis about the size of (T’ L M) \ OT.

It remains the region where S detaches from M or in other words Yi 3, = {z € Q
dist(x, 0(0(T'LL M)\ S)) < 3n7}. We can also use interpolation to construct @, ¢ and estimate its
energy but we need to be a bit more careful since this time f(Q,¢) cannot be chosen to be zero.
This is due to the isotropic core of our construction around S. So we connect the ’core’ parts from
Step 4 and 5 where we defined S in 2 and close to M that is the profile @Qp which has been used
in both steps. Around this tube, we can again apply the previous idea of linear interpolation of
the phase, this time on slices perpendicular to the tube. We end up with

gn,E(Qm& Tlﬁn”) < C"MO(A(TL M)\ dT)),

which vanishes in the limit n — 0 in view of the bound M(9(9(T |- M) \ 9T)) < C|1In(n)|. O

7 Regularity and optimality conditions for the limit problem

Let us first state an improved regularity results for minimizers of the energy &y:

Proposition 7.1. Let T be a minimizer of (16) and S = 9T —T'. Then each component of T
is an embedded manifold-with-boundary of class C*°.

Proof. The main work has been already carried out in the proof of Proposition 6.1 for n = 0.
The higher regularity can be obtained by Schauder theory. For details we refer to Theorem 2.1
in [65]. O

Next, we give a characterization of minimizers of the limit energy. Because of the regularity
given by Proposition 7.1, we can take variations of T'L 2 and S in the classical sense to derive
the optimality conditions. Furthermore, we can obtain a version of Young’s law [70,86]

Proposition 7.2. Let T be a minimizer of (16) and S = 0T —T'. Then T'L ) has zero mean

curvature and S L Q) is of constant curvature %g—*ﬁ_l. Furthermore, Young’s law holds

Va(rnQ) - Vort+ = Um-e3 on d(TLQ)\S,
i.e. T meets M in an angle 0 = arccos(vpq - €3).

Proof. The first claim is a well known fact since the variation of M(T'|_ Q) along a smooth vector
field = in Q yields [51, Proposition 2.1.3]

MITLQYE) = [ HrE-vr)de + / (= vor) dz, (80)
TN o(TNQ)

where Hrp is the mean curvature of T', vr is a normal vector of T' and vgr is the inward normal
vector of (T'L Q) in the tangent space of T. With the same argument and since 95 = 0, we get
that

(M(S))(E) = /S Ks(E-vs) de, (81)
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where Kg is the curvature of S and vg is the normal vector of S in R®, such that the plane for
the circle of maximal curvature is spanned by vg and a tangent vector to S. This yields for the
boundary that

0 = /E (4S*C*V5T+gS§6KSV5) dz,
s

from which we deduce vor = +rvg and Kg = i%g—iﬁ_l. In particular, the circle of maximal
curvature for S lies in the plane spanned by the tangent space of T'. Finally, taking variations on
M we get

(L&1$CMWMM)%E)= LFJ1$“M®)G'%FHdw-

Since vgp- = —vgp-, we hence get

/
</ 1 —cos(f) dw +/ 1+ cos(9) dw) (5) = —/ 2co8(0)(E-vop+) dw. (82)
L - oF+
As in the proof of Theorem 19.8 in [55], (80) and (82) combine to

0 = / =2 (4sscavr|pm — 4swcs cos()vgp+) d.
OF+
If we take a variation with Z - vy = 0 and write
= - VT|M = =- ((UaT . V6F+)V6F+) + =- ((1/T|M -T)T)
where 7 is a unit tangent vector to M, perpendicular to vyp+, we get
E-((wor-m)t) =0 and Vor - Vgp+ = cos(f).

The first equality is automatically true since vgr - 7 = 0 (vgr can only have a component in
direction vgp+ and one in direction va) and the second one implies that

vorT * Vogp+ = VM - €3.

A The complex T

In this section, we collect and prove all results in connection to the structure of 7 as defined in
Section 4.3. Recall that

T:: {Qesymo . S>0,O§r<17n320}'

Our first result is a characterization of 7 that provides us with a more accessible parametriza-
tion.
Proposition A.1. Every matriz Q € T can be written as

Q=XXn®n—-R/MR,),

where A > 0, n = (n1,n9,0) € S2?, Ry is the rotation around n A es, such that Ryn = ez and

0

!

M:M 0
00 O

with M' € R?*2 symmetric, tr(M') = 1 and (M'v,v) > —1 for all v € S*. The matriz Q is oblate
uniazial if and only if M’ = 11d.
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Proof. A matrix @ of the above form Q = A\(n ® n — R] M R,,) has n as an eigenvector to the
eigenvalue A and n3 = 0 by definition. Furthermore, since min, g1 (M’v,v) > —1 the eigenvalue
A is strictly bigger than the other eigenvalues, thus r < 1 and @ € 7. Conversely, we can write
every () € Sym, as

Q = An®n+mm+ \3pRp,

with A\; > Ay > A3 and n,m,p € S? pairwise orthogonal eigenvectors of Q to A, A2, \3. By
definition of 7, ng = 0 as required for our parametrization and clearly we can identify A = A;.
Setting M = —Rn()‘—Qm R m + i—ip ® p)R,., it is obvious that M is of the above form and that

A1 n>
Q@ € T can be written as claimed.

If M’ = 11d then
1
Q = \mn®n—RIMR,) = ;A(n@)nfgId),

i.e. Q is oblate uniaxial. The reversed implication follows similarly, since the matrices R/, R, are
invertible.

O

Remark A.2. Given a vector u € R® as azis of rotation and an angle 0, then this rotation is
described by the matriz R with

cosf + u3(1 — cos ) ujug(l — cosf) —uzsin®  ujuz(l — cosf) + us sin b
R=[uwuz(l —cosh) +uzsind  cosh+u3(l—cosf)  wuouz(l—cosf)— uysind
urug(l — cosf) —uasin®  uguz(l — cosf) + uq sinf cos @ + u3(1 — cos6)

Corollary A.3. T is a four dimensional smooth complex and 0T = C.

Proof. From the characterization in Proposition A.1, it is clear that one can use the map Q +—
(A\,n,m11,m12) to make T a four dimensional manifold with a conical singularity in @ = 0. In
particular, 7 is a smooth complex.

Proposition A.1 furthermore implies that the boundary of 7 consists of matrices of the form
A = 0 (from which follows directly @ = 0) or M’ has the eigenvalue —1 (which corresponds to
r = 1). In particular, the matrices with » = 0 are not included in 97 as one may think from
the definition in (12). This implies the inclusion 97 C C. For the inverse inclusion, take Q € C
with orthogonal eigenvectors m,p € S? associated to the biggest eigenvalue A\; = Xo. So in
fact we have a two dimensional subspace of eigenvectors to this eigenvalue spanned by m and p.
Since the hyperplane defined through {n3 = 0} is of codimension one, there exists a unit vector
n € {ng = 0} Nspan{m, p} which we were looking for. The unit eigenvector orthogonal to n in the
plane span{m, p} requires M’ to have the eigenvalue —1 or in other words min,eg: (M'v,v) = —1,
so that Q € 9T. O

Lemma A.4. Let Q € T NN. Then, the normal vector Ng on T at Q is given by
3 0 0 n1
Ng = 5)\ 0 0 nolf,

ny ng 0

where n = (ny,n2,0) € S? is the eigenvector associated to the biggest eigenvalue ).

Proof. We are going to prove a slightly more general result by first considering @ € 7 and calcu-
lating the tangent vectors to 7 in (). We use the representation from Proposition A.1 and vary
A,n,mq1, Mo one after another.

e First, we can easily take the derivative with respect to A and obtain T; = (n®n— R M Ry,).
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e Second, we vary the parameter n. So, let’s consider n = (ny,n2,0) € S2. Without loss of
generality we assume that ny # 0 and write n(t) = (n1+¢,no— 31t). Then In(t)|? = 1+0(t?)
and

n(t) @n(t) = n@n+ tDagn + O(t?), Dngn = |n, =2 —2p; 0

The derivative of the second term RI( t)M Ry(1) can be calculated using Remark A.2 with the

axis nt(¢) = n(t) A es. Since n(t) L ez we can write
—2n1ng fng + n% —No

Row = Bn+tDg, +0(t*),  Dp,=—|-n3+n? 2nny m

n
2 %) —nNnq 0

The second tangent vector T is thus given by Ta = A(Dngn — Df; MRy — R MDg,,).

e Third, we can take the derivative with respect to mi;. This is straightforward and we obtain

1 0
Ts=AR] [0 -1 Ry .
0
e Last, varying mqo we easily calculate
0 1
T,=AR] |1 0 Rn.
0

Before proceeding, we want to calculate a fifth vector by varying n3. As it will turn out later, this
is indeed the normal vector.

e Writing once again n = (ny,ny,0) and defining n(t) = (n1v1 —t2,n2v/1 —12,t) we can
express

n(t)®@n(t) = n®n+t(n®@es+e3®@n)+O(t?).

As for the second tangent vector, we use Remark A.2 and the rotation around n'(t) =
n(t) A es. Unlike previously, n(t) is no longer orthogonal to e3 for ¢ # 0, namely 6 =
arccos((n(t), es)) = t. Substituting this our expression of the rotation matrix we get

1-— n% ning 0
Rn(t) = Rn + th —+ O(tQ) y D3 = ning 1-— n% 0
0 0 1
Adding the two partial results, we get

N = AMn®e3+e3®@n— Dy MR, — R MDj).

It remains to show that {T, Tq, T3, T4, N} are pairwise orthogonal if @ is oblate uniaxial. Indeed,
then it follows that N is a normal vector, since it is orthogonal to TgT.

It is easy to see that since the trace is invariant by change of basis and since R, = R;!

w2 ) - e ((4 ) -
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Noting that n ® nR| M R,, = 0 for M € Sym, with m;; =0if i =3 or j = 3, we get

1 0

(T, T3) = /\tr((n@)n—RIMRn)(RI 0 -1 R,,))

0
1 0 mi1 —Mmi2
= )\tI‘(M 0 -1 ) = )\tI'( mi2 —1MmM9o2 ) = )\(2m11—1).
0 0
With the same argument we also find
0 1
(T1,Ts) = Atr((n@nfRIMRn)(RI 10 Rn))
0
0 1 mi2 M1
= )\tr(M 1 0 ) = /\tI‘( Moo M1 ) = 2)\77112.
0 0

Furthermore, we claim that
(T1,T2) = Mr((n®n — R, MRy)(Dngn — Df;, MR, — Ry MDg,)) = 0.
Indeed, one can check that

tr(n ® nDypgn) = 0 tr(m®nDj, MR,),
tr(n®nR. MDg,) = tr(R MRyDngn) ,
tr(Ry MRyD}j, MR,) = 0 = tr(RyMRyR,MDp,).

|
o
|

This implies that
(N,T;) = /\Qtr((n ®es+es®n— DI MRy — RIMDs)(R! [0 -1 Rn)) =0,

since again the traces of all cross terms vanish. Similarly,
(N,T4) = 0.
Next, we have the equality

(T3, T3) = —4\2712
n2

This follows since tr(DpgnT3) = 0 and tr(DsMR,T3) = 22’—212 The latter fact is evident if one

1 0 mi1 —mi2 0 71/712 1
calculates M |0 —1 = | mizg —magy and R,D; = |1/ny 0 —n1/n2
0 0 -1 ni/ne 0
This also permits us to derive
(T, Ty) = on22mu—1
n2
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Again, we simply calculate the traces of all cross terms. For example

tr(n ® egDpgn) = 0,
tr(n@egR;lrMDRn) =0,

trtn® e3Df, MRy,) = @(n% —n2) —ni(2my; — 1),
miin 1
tr(Dg, MRyDngn) = 2 ;Ll L ﬁ(n%(an —1)+my1),
2 2

n1mi2 1

tr(Dp MRyRMDp,) = —2 —+— (3(miy +miy) — (L4 ni)(2mi1 — 1)) ,
2 2
2
te(Df, MRoD}, MRy) = 271M22 £y

We end up with

6A2m12(nt — n3)

(N, Ty) = —6\%ny(2my — 1).

n2
Another straightforward calculation shows that
<N, T1> = /\inmlg(n‘;’mlg — Qn%ngmu — Qn?mu — Qn%ng’mu + 3n?n2m11
— 2”%?’12 — nln%mm +nimia + n‘;’mn — NoMi1 — 277/3 + 2’112) .

After these calculations, it is apparent that for prolate uniaxial @ € Sym, (and in particular
QeN) ie M = %Id all inner products vanish. In order to form a basis, we must prove that the
vectors themselves never vanish. We find

IT? = 2(m3, —my +mis + 1),
2

HT2||2 = ﬁ(ﬁn%(l — 2m11) — 6myaning + 5m%1 — 2mq1 + dmqg + 2) ,
2

IT3)|> = 227,

ITa]* = 2X°,

HNH2 = )\2(12m11n% — Gn% + 12mqaning + mel — 8mq1 + meQ +8),

and thus for M’ = 11d it holds that |T1]|? = &, | T2|> = $A%n; % and |[N||2 = 2.

This concludes the proof that {T7, T2, T3, T4} form indeed a basis of T 7T, and since N is
orthogonal to T) 7, the result follows. O

Proposition A.5. There exists C,ap > 0 such that for all « € (0,ap) and Q € N it holds

HY(Bo(Q)NT) < Cat.

Proof. As seen before, 7 has the structure of a smooth manifold around A. By invariance of N/
under rotations, it is enough to show that the claim holds around one @ € A. The Ricci curvature
x of N is bounded so that we can choose oy > 0 small enough such that B, (Q) N T is contained
in the geodesic ball in T of size 2« around @ for all a € (0, «p). Furthermore, if needed, we can
choose ay > 0 even smaller such that 1 — ﬁ < 2. Theorem 3.1 in [36] then implies that

HY(Ba(Q)NT) < volr(B2a(Q)) < 167%at.
O
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