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ON QUOTIENTS OF BOUNDED HOMOGENEOUS DOMAINS BY UNIPOTENT
DISCRETE GROUPS

CHRISTIAN MIEBACH

ABSTRACT. We show that the quotient of any bounded homogeneous domain by a unipotent
discrete group of automorphisms is holomorphically separable. Then we give a necessary
condition for the quotient to be Stein and prove that in some cases this condition is also suffi-
cient.

1. INTRODUCTION

Given a Lie group of holomorphic transformations of a Stein space X, one would like
to have a complex quotient space whose holomorphic functions are the invariant holomor-
phic functions on X and which is again Stein. In the case that the Lie group is compact, it
is possible to average holomorphic functions over this group and to construct in this way
an invariant-theoretic Stein quotient space, see [Hei91]. On the other hand, when an infi-
nite discrete group acts properly by holomorphic transformations on a Stein space, then the
orbit space is again a complex space. However, in general there is no averaging method in
order to construct holomorphic functions on this quotient space. In fact, it is not hard to
find examples where the quotient space is compact, hence where all invariant holomorphic
functions are constant.

There are numerous results in the literature where certain quotients of Stein manifolds
by proper actions of infinite discrete groups are shown to be holomorphically separable or
Stein. In [dFIO1] the authors showed that quotients of the unit ball B, C C" by proper
Z-actions are Stein, which was then generalized to simply-connected bounded domains of
holomorphy in C? (IMO09]), to arbitrary bounded homogeneous domains in C" ([Miel0a]),
and to Akhiezer-Gindikin domains ([Vit14]). Quotients of the unit ball and Akhiezer-Gindi-
kin domains by discrete groups that act cocompactly on a real form of these domains are
shown to be Stein in [BS76, Proposition 6.4] and [BHHO03, Corollary 7], respectively. An anal-
ogous result is shown in [Loe85] for quotients of complex solvable Lie groups by discrete
subgroups that act cocompactly on a real form having purely imaginary spectrum. Quo-
tients of complex Olshanski semigroups by certain discrete groups were studied in [ABK04]
and [MielOb]. In [Chel3] actions of discrete groups on Kadhler-Hadamard manifolds and
their quotients are investigated. In [MO18] Schottky group actions on the unit ball having
Stein quotients are constructed. Most of these results strongly rely on Lie theory.

In this paper, we are concerned with the action of a unipotent discrete group I' of holo-
morphic automorphisms of a bounded homogeneous domain. To state the main results, let
D C C" be a bounded domain and recall that its automorphism group Aut(D) is a real Lie
group that acts properly on D, see [Car35]. Let G be the connected component of Aut(D)
that contains the identity. The domain D is homogeneous if Aut(D) and hence G act transi-
tively on it. Let us fix a base point pg € D. Its isotropy group K := Gy, is a maximal compact
subgroup of G and there exists a decomposition G = KR where R is a simply-connected split
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2 CHRISTIAN MIEBACH

solvable Lie group, see [Kan67] and [Vin61]. Consequently, R is isomorphic to a semi-direct
product A x N where N is the nilradical of R and A = (R>?)".

Let D C C" be a bounded homogeneous domain and let G = KAN be the decomposition
of G = Aut’(D) introduced above. A discrete subgroup of G will be called unipotent if it is
conjugate to a subgroup of N. The research presented in this paper was motivated by the
following result.

Proposition 1.1. Let D C C" be a bounded homogeneous domain and let " be a unipotent discrete
group of automorphisms of D. Then the complex manifold D /T is holomorphically separable.

It is therefore natural to ask under which conditions the quotient manifold D /T is Stein
for unipotent discrete I'. Suppose from now on that I is a discrete subgroup of N. It is
well known that the simply-connected nilpotent group N admits a unique structure as a
real-algebraic group such that its Zariski closed subgroups are precisely its connected Lie
subgroups, see [Vin94, Chapter 2.4.2]. Hence, we can define the Zariski closure Nr of I in
N. Then Nr is again a simply-connected nilpotent Lie group such that Nt /I is compact.

We have the following necessary condition for D /T to be Stein.

Proposition 1.2. Let I' € N be a discrete subgroup with Zariski closure Nr. If D /T is Stein, then
all Nr-orbits in D are totally real.

Since R = A x N acts simply transitively on D, we can identify its Lie algebrat = a®n
with T, D = C" and thus obtain a complex structure j € End(tr). Let Nr be the Zariski
closure of a discrete subgroup I' C N and let nr be its Lie algebra. The orbit Nr - pg is totally
real if and only if ny N j(nr) = {0}, in which case we call nr a totally real subalgebra of n. We
have the following sufficient criterion for D /T to be Stein.

Proposition 1.3. Let I' € N be a discrete subgroup with Zariski closure Nr. If nr is contained in a
maximal totally real subalgebra of n, then D /T is Stein.

The methods and results described above allow us to prove the main result of this paper,
which in particular answers the question raised in [Chel3, Remark 7.6] in the negative.

Theorem 1.4. Let D be the unit ball or the Lie ball and let T be a unipotent discrete group of
automorphisms of D having Zariski closure Ny C N. Then D /T is Stein if and only if nr is totally
real.

Let us outline the structure of this paper. In Section 2 we review some parts of the struc-
ture theory of bounded homogeneous domains and prove Propositions 1.1, 1.2, and 1.3.
Sections 3 and 4 contain the proves of Theorem 1.4 for the unit ball and the Lie ball, respec-
tively. In the last section 5 we are going to present an example that shows that Theorem 1.4
does not hold for arbitrary bounded homogeneous domains.

2. RESULTS FOR ARBITRARY BOUNDED HOMOGENEOUS DOMAINS

We begin by reviewing the structure of the automorphism group of a bounded homo-
geneous domain, its unbounded realization as a Siegel domain, and its associated normal
j-algebra. As main references we refer the reader to [Kan67] and [PS69]. We then show
that the quotient of a bounded homogeneous domain by a unipotent discrete group I' of au-
tomorphisms is always holomorphically separable, and prove the necessary and sufficient
conditions for D /T to be Stein.
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2.1. Bounded homogeneous domains and normal j-algebras. Let D C C" be a bounded
homogeneous domain with base point pg € D and consider the decomposition G = KR
where G = Aut’(D) and K = Gp,- The elements of the Lie algebra g will be viewed as
complete holomorphic vector fields on D. Since the group R is split solvable, we have R =
A x N where N is the nilradical of R and the adjoint representation of the Abelian group A
on n is diagonalizable over R, compare [Kan67, Proposition 2.8].

It is well known that every bounded homogeneous domain D C C" is biholomorphic to
a Siegel domain of the second kind D c C", see [VGP63].

Example. The unit ball B,, C C" is biholomorphically equivalent to
B, = {(z,w) € C x C""}; Im(z) — ||w|?® > 0},
the Lie ball IL,, C C" is biholomorphic to
L, = {z € C"; Im(z4)* — (Im(z1)* + - - - +Im(z,-1)?) > 0},
and the Siegel disk S, C Sym(n, C) may be realized as Siegel’s upper half plane
S, = {Z € Sym(n,C); Im(Z) is positive definite }.

The split-solvable group R = A x N acts by affine transformations on D. In particu-
lar, this R-action extends to the whole of C". It follows from the explicit description of its
affine automorphism group, see e.g. [Kan67, Chapters 2 and 3], that N and hence N€ act
algebraically by affine transformations on C" and that every transformation in N has Jacobi
determinant equal to 1.

Since R acts simply transitively on D, we may identify its Lie algebra v = a ® n with
Tp,D = C" and thus obtain an integrable complex structure j € End(t).

In order to show that (t,j) is a normal j-algebra we need to prove existence of a linear
form A € ¢* such that for all x,y € t we have

M), j)] = Alx,y] and Afj(x),x] > 0if x £0,
see part (III) of the definition in [PS69, p. 51].

In [Kan67] and [PS69] existence of this linear form A € t* is deduced from [Kos55]. Let
us explain here how A can be constructed from the Bergman metric of D via a moment
map. It is shown in [Ish06] that there exists an R-equivariant holomorphic embedding of D
into Siegel’s upper half plane §n. Since the domain S,, is symmetric, the group AutO(Sn) is
semisimple and thus there exists an equivariant moment map for the action of Aut’(S,) on
S;.. Pulling back this moment map to D we obtain an R-equivariant moment map y: D — t*
with respect to the Bergman metric w of D. Note that u is a diffeomorphism onto its image,
an open coadjoint orbit. Moreover, y is a symplectomorphism with respect to the Kostant-
Kirillov form on this coadjoint orbit, i.e., we have

(2.1) wpy (x(p0), y(po)) = p(po)[x,y]
for all x,y € v, see [GS84, Equations (26.2) and (26.8)]. In other words, we can take A :=

#(po) € t* in the definition of the normal j-algebra associated with D. For the structure
theory of normal j-algebras we refer the reader to [PS69, Chapter 2].

Remark. For a connected closed subgroup R’ of R the orbit R’ - py is totally real if and only
if  Nj(+/) = {0}. In this case, we call v/ a totally real subalgebra of t. Note that every
isotropic orbit (with respect to the Bergman metric) is totally real. Moreover, every orbit of
an Abelian subgroup of R is totally real since j(po) [x,j(x)] > 0 holds for x # 0. This last
statement is also a consequence of the fact that D is Kobayashi-hyperbolic, since an Abelian
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group of automorphisms that is not totally real would yield a non-constant holomorphic
map C — D.

Conversely, every abstract normal j-algebra is the normal j-algebra associated with some
bounded homogeneous domain, see [PS69, Appendix].

2.2. Quotients by unipotent discrete groups are holomorphically separable. Let D C C”"
be a bounded homogeneous domain and let I be a unipotent subgroup of G = Aut’(D).

Proof of Proposition 1.1. Any discrete subgroup I' C G acts on D x C by

7 (2,1) == (7(2) tdetdy(z) 1),

hence we have the quotient manifold L := D xr C := (D x C)/T. Moreover, the projection
onto the first factor D x C — D is I'-equivariant and the induced map L = D xr C —
D/T defines a holomorphic line bundle on D /T. Holomorphic sections in the k-fold tensor
product L®F can be constructed via Poincaré series for k > 2 and separate the points of D/T
in the following sense. For every pair of elements p,q € D/T with p # g there exist k > 2
(depending on p and q) and a holomorphic section s in L®¥ such that s(p) = 0 and s(q) # 0,
see [PS69, Lemma 3.4.1]. We will finish the proof by showing that for unipotent I' the line
bundle L, and thus all of its powers, are holomorphically trivial.

To do so, let ¢: D — D be a I'-equivariant biholomorphic map to a Siegel domain of
the second kind on which I' acts by affine transformations such that every o € T verifies
detdy(z) = 1forall z € D. We define s: D — C* by s(z) := detdg(z). Then the chain
rule shows that s induces a holomorphic section of the line bundle L — d/I" without zeros,
hence that L is indeed holomorphically trivial. O

2.3. A necessary condition for Steinness. In this subsection we prove Proposition 1.2.

An important ingredient of this proof is the following result of Loeb. Let I' C G be a
discrete group of unipotent automorphisms of D. After conjugation we may suppose that
T is contained in N. Let Nr be the real Zariski closure of I' in N and let Nf-: be its univer-
sal complexification. Then the complex homogeneous space Nf /T is Stein due to [Loe85,
Théoréme 1].

Recall that the complexification N is a unipotent complex algebraic group and its action
on the Siegel domain D extends to an algebraic action on C". In particular, the orbits of any
algebraic subgroup of N€ are closed in C", see [Bor91, Proposition 4.10].

Lemma 2.1. The orbit Ny - z is totally real in D if and only if the isotropy group (NF), is trivial.

Proof. For this, let x + iy € nr & iny = n¥ be a holomorphic vector field on D and consider
x(2) + juy(z) € T.D where j, is the complex structure of T,D for some z € D. Suppose that
Nr - zis totally real. Then x(z) + j;y(z) = 0 implies x(z) = y(z) = 0, and since Nr acts freely
on D, we obtain x = y = 0. Consequently, the isotropy (NF), is discrete. Since NF acts
algebraically and has no finite subgroups, we conclude that (NF); is trivial.

If Nr - z is not totally real for some z € D, then there are x,y € nr such that x(z) = j.y(z).
Thus the vector field x — iy € n‘Lrj vanishes at z, i.e., N%t does not act freely. O

We are now in position to prove Proposition 1.2.

Proof of Proposition 1.2. Suppose that D/T is a Stein manifold. In the first step we are going
to show that Nt has at least one totally real orbit in D.

Since D/T is Stein, the domain D admits a I'-invariant smooth strictly plurisubharmonic
function p that is exhaustive modulo I'. We may assume that 0 is a global minimum of p.
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Since Nr/T is compact, we can suppose without loss of generality that p is invariant under
Nr and an exhaustion modulo Nr, see [Loe85, Lemme 2.1]. Let Nr - z be an orbit lying in the
minimal set of p. Then Nr - z is totally real due to [HW73].

Due to Lemma 2.1, it is enough to show that Nf; acts freely on N}: .D c C". Todo this,
let z € D and consider the algebraic subgroup H := (Nf), of NF. Since NF - z is closed
in C", the intersection Q) := D N (N§ - z) is an Np-invariant Stein open neighborhood of
Nr-eH = Nrin NF/H 2 CF such that Q/T is Stein. Applying [HW73] and [Loe85] again,
we see that Nr - eH must be totally real in NF/H and hence that H = {e}, as was to be
shown. 0

Remark. Every orbit lying in the minimal set of p is isotropic with respect to the Kdhler form
iddp. In general, it is not isotropic with respect to the Bergman metric of D.

2.4. A sufficient condition for D /T to be Stein. In this subsection we are going to prove
Proposition 1.3.

As above, letI' C N be a discrete group of unipotent automorphisms of a bounded homo-
geneous domain D and let Nt be its Zariski closure in N. We realize D as a Siegel domain

of the second kind D C C" such that N acts by affine transformations on D.

Proof of Proposition 1.3. By assumption, there exists a maximal totally real subalgebra nr C n
which contains nr. On the group level we thus find a connected subgroup Nr C N contain-
ing Nr such that Nr- po is maximally totally real.

Consider the complexifications Nt C ZQIQ C N€ as well as their algebraic actions by affine
transformations on C". Since f\7r - po is maximally totally real, the orbit N}: * po is open in
C" and the N| C-istropy at p is trivial, see Lemma 2.1. Since Z/\\IE po is also closed in C", we
obtain N - pg = C". In other words, NE acts freely and transitively on C”.

It follows that N acts freely and properly on C" = N NE and that C" / NF = C™. Therefore
the corresponding holomorphic principal bundle is holomorphically trivial which implies
together with [Loe85, Théoréme 1] that C" /T = (Nf£/T') x C" is a Stein manifold. Since
D/T is a locally Stein domain in C" /T, the quotient D /T is likewise Stein by [DG60]. O

Remark. The proof of Proposition 1.3 shows that, if nr is contained in a maximal totally real
subalgebra of n, then all Nr-orbits are totally real in D.

Remark. Under the hypotheses of Proposition 1.3, N}: = N%: -D = C" is the universal glo-
balization of the induced local Nfc-action on D in the sense of [Pal57].

3. THE CASE OF THE UNIT BALL

In this section we consider the unit ball B,, C C". First we illustrate Theorem 1.4 by two
examples that can be analyzed by ad hoc methods. Then we review the structure of the
normal j-algebra b, of B, which will be used to show that every totally real subalgebra of
b, is contained in a maximal totally real one.

3.1. Two examples. We identify the unit ball B, with its unbounded realization
B, = {(z,w) € C x C"}; Im(2) — ||w|* > 0}.

For an explicit description of the vector fields belonging to its normal j-algebra b, as well as
of the corresponding one-parameter groups we refer the reader to [Miel0Oa, Table 1, p. 341].

First, let us present an example of a nonabelian discrete group I' such that B3 /T is Stein,
thus answering the question raised in [Chel3, Remark 7.6] in the negative. Note that 3 is the
smallest dimension in which such an example can exist.
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Example. Let us consider the complete holomorphic vector fields x; := 21'@0138—Z + aiwl/ X2 1=
2(w1 + wy) % +1 % +1 %, and x3 := % on Bs. Since their only non-vanishing Lie bracket is
[x1, x2] = 4x3, they generate a three-dimensional subalgebra in the nilradical of b3, isomor-
phic to the three-dimensional Heisenberg algebra. Moreover, this algebra is defined over Q
and therefore the corresponding connected subgroup admits a cocompact discrete subgroup
I', which justifies the notation Nr = exp(IRx; @ Rx, @ Rx3). One verifies directly that every

Nr-orbit in B is maximally totally real. This implies that the universal globalization of the
local Nf-action on B3 is isomorphic to NF with left multiplication. Since NF/T is a Stein
manifold which contains ]Eg /T as a domain, we see that B3 /T is Stein while I is not Abelian.

Secondly, we present an explicit example of a unipotent discrete group I' where B, /T is
non-Stein but admits a (singular) Stein envelope.

Example. Let I be the discrete group consisting of the automorphisms
(z,w) = (z+2(n+im)w +i(m? +n?) + 2k, w + m +in) =: o miin(z,0),

where m,n,k € Z and (z,w) € lﬁz. Although we do not need this fact, let us remark that the
Lie algebra nr of the Zariski closure of I' coincides with the nilradical of b;.

In order to determine the quotient lABz /T, we consider first the action of the normal sub-
group Ig := {@o0; k € Z} <T. The map p: B, — C* x C given by p(z,w) = (¢, w) is
I'p-invariant and yields

B, /T = p(By) = {(zzw) e C* xC; |z]| < e_”‘w|2}.
The induced action of Z ®iZ =T /T is
(m + 171) . (Z, w) — (eiﬂ(Z(l’l-‘rim)w—i-i(mz—i-nZ))Z, Wt m zn) '

It follows that the action of Z @ iZ on BB, extends to a proper action on the whole of C2 and
that the equivariant map C x C — C, (z,w) — w, induces a holomorphic line bundle L :=
C2/T — E = C/(Z ®iZ). We see that B, /T embeds into L as a Kobayashi-hyperbolic open
neighborhood of the zero section minus this zero section. Since a]ﬁz is strictly pseudoconvex,
L is negative in the sense of Grauert and hence the zero section can be blown down to
yield a Stein space Y with an isolated singularity containing B, /T as a neighborhood of this
singularity minus the singularity. Consequently, B, /T" is holomorphically separable but not
Stein.

3.2. The normal j-algebra of the unit ball. The automorphism group of the unit ball B, is
G = Aut(B,) = PSU(n,1). Let G = KAN be an Iwasawa decomposition with maximal
compact subgroup K = G, = U(n) for pg = 0. It is well known that G is of real rank 1, i.e.,
that dim A = 1. Moreover, we can rewrite the moment map condition (2.1) as

(3.1) (%, y](po) = wpo (x(p0), ¥(po))(po)
for all x,y € n, compare [PS69, p. 52]. This means that n is the Heisenberg algebra of di-
mension 2n — 1 with center IRZ which is associated with the symplectic form w), induced
by the Bergman metric of B,. As we shall see in the following subsection, it is this close
relation between the geometry of (B,, w) and the structure of N that enables us to prove
Theorem 1.4 for the unit ball.

Recall from [Miel0a, Section 4.2] that the normal j-algebra b, = a & n can be written as

n—1 n—1

a=Ra and n=PRESEPRE BRE,
k=1 k=1
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where the only non-zero Lie brackets are

8k, &) = ¢ [, 8] = =Gk, [0, &) = =8}, and [a, (] = =20

forall 1 < k < n —1, and where the complex structure j: b, — b, is given by

j(¢) = wand (k) = &

foralll <k<n-1.

3.3. Proof of Theorem 1.4 for the unit ball. Let b, = a @ n be the normal j-algebra of B,. In
this subsection we are going to show that every totally real subalgebra of n is contained in a
maximal totally real subalgebra, which generalizes [Miel0a, Lemma 4.1]. Consequently, we
can apply Proposition 1.3 in order to prove Theorem 1.4 for B,,.

Proposition 3.1. Every totally real subalgebra v of n is contained in a maximal totally real subal-
gebra w' of n. Moreover, if v is Abelian, then W' can also be chosen to be Abelian.

Proof. Let ®: n — n - pg be the linear isomorphism given by ®(x) := x(po). Let V. C n- po
be a real vector subspace. The following is a direct consequence of equation (3.1).

(a) The preimage ®~1(V) is an Abelian subalgebra of n if and only if V is isotropic with
respect to wy,.

(b) The preimage ®~!(V) is a nonabelian subalgebra of n if and only if V is not isotropic
and contains {(po).

Now suppose first that n’ is Abelian. Then n’ - py is not only totally real but isotropic, and
by basic symplectic linear algebra there exists a Lagrangian subspace V of n - pg that contains
n’ - pg. As we have noted above, the preimage #' := ®~1(V) is an Abelian subalgebra of
maximal dimension of n that contains n’.

In the case that n’ is not Abelian, we choose any maximally totally real subspace V of n - pg
that contains n’ - py. Since n’ - py contains {(py), the same holds for V. Hence, it follows that

=/

' := & 1(V) has the required properties. O

4. THE CASE OF THE LIE BALL

In this section we describe first the structure of the normal j-algebra [, of the Lie ball I,
in order to establish in particular the existence of a holomorphic submersion from IL,, onto
the unit disk B; whose fibers are biholomorphic to B,,_1. Since Proposition 3.1 does not hold
for I, this submersion is crucial in the proof of Theorem 1.4 for IL,,.

4.1. The normal j-algebra of the Lie ball. The n-dimensional Lie ball is biholomorphically
equivalent to the tube domain over the symmetric cone

Q:={peR"; p;— (pi+---+pi_1) >0,p, >0}

For n = 1 this is just the upper half plane H", while for n = 2 we get H* x H. Therefore,
we will concentrate on the case n > 3.

In the notation of [HelO1, Table V, Chapter X] the Lie ball IL,; corresponds to the item BD I
with p = 2 and g = n. Its connected automorphism group is isomorphic to G = SO°(2,n)
and the subgroup of affine automorphisms is G(Q) x R" with G(Q) = R>°S0°(1,n — 1),
see [FaK094, Chapter X.5].

In order to describe the normal j-algebra [, = a ® n of the Lie ball, it is sufficient to find
a maximal triangular subalgebra of so(1,n — 1) and to apply [Kan67, Proposition 2.8]. By
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doing so, we can choose the basis of n given by the vector fields

gk:aik (1<k<n—2),
, d d
Cp = (Zn—Zn_l)aiZk +Zkﬂ +Zk£ (1<k<n-2),
0 0
gz aZn,1 +£’
9 d
L R

The only non-vanishing Lie brackets are

8k, 8] =C and [n,G] =28

for all 1 < k < n — 2. In particular, we see that IR7 is the center of n and that the Abelian Lie
algebran’ = GBZ;% R¢y @ R is its derived algebra.

A basis of a is given by
0 0 .
0:=z1— +---+z,=— (the Euler field), and
0z 0z,
n:i=z +z i
M9z, "oz,

The action of a on n is determined by

[(51 gk] = _gk/ [5/ C] = _C/ [5/ 77] = -1
forall1l <k <n—2and by

[, 6] = =& [0l =-C [unl=7

foralll <k<n-2. R
To obtain the complex structure j: [, — [, let us fix the base point pg = ie, in L, =
R"™ 4 iQ). This yields

](‘Zk) :Czlu ](C) =a+0=u1, ](17) =0—a=:a
foralll <k<n-2.

4.2. The equivariant fibration of IL,,. It follows directly from the bracket relations described
above that the subalgebra
n—2 n—2
by—1:=Ra; ® PREG D EPRE ®RE
k=1 k=1

is a j-invariant ideal in [,, isomorphic to the normal j-algebra of the (n — 1)-dimensional unit
ball. Moreover, the quotient by = [,,/b,,_; is isomorphic to the j-subalgebra Ra; & Ry of [,,.
In other words, I, decomposes into the semi-direct product [, = b,_1 @ b;. Let

L, =B,_1X By

be the corresponding decomposition on the group level.
Geometrically, this corresponds to the L,-equivariant holomorphic submersion 7r: IL,, —
C given by n(z) = z, — z,_1. In fact, an elementary argument shows that for z € L,
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we have z, —z,.1 € H" and z,, + z,_1 € H". Moreover, fora := z, —z,.1 € H" and
W=z, +2z,_1 € H", we obtain

! (a) = { (z1,...,2n_2,w) € C" Y Im(w) > Im(z1)%+ -+ +Im(z,-2)? } /

Im(a)
which is a realization of the (n — 1)-dimensional unit ball as an unbounded tube domain.
Hence, all 7r-fibers are isomorphic to B,,_1.

Remark. Since the Lie ball IL,, is irreducible for n > 3, the holomorphic submersion 7t is not
holomorphically locally trivial unless n = 2.

4.3. Proof of Theorem 1.4 for the Lie ball. Let T be a discrete subgroup of Aut’(LL,) such
that ' C N. Let Nr be the Zariski closure of I' in N and suppose that nr is totally real, i.e.,
that nr N j(nr) = {0}.

We start by giving an example that shows that Proposition 3.1 does no longer hold for the
Lie ball.

Example. Let us consider the normal j-algebra I3 = a @ n of the three-dimensional Lie ball.
We claim that the totally real subalgebra IR¢} C n is not contained in a maximal totally real
subalgebra of n.

Since b3 is 3-dimensional and not totally real, a maximal totally real subalgebra of n must
contain an element x = ag; + b} + ¢ + dy with a,b,c,d € R and d # 0. Thus it also must
contain

&) = al +2d5 and [[x,&],¢] = 24¢,

and therefore ¢ and ¢; = —j({}), too, which is impossible.

The following proposition is weaker than Proposition 3.1 but will still allow us to prove
Theorem 1.4 for the Lie ball.

Proposition 4.1. Let ' be a totally real subalgebra of the nilradical w of l,,. If v’ is not contained in
b,,—1, then there exists a maximal totally real subalgebra w' C n which contains n'.

Proof. Since by assumption n’ is not contained in b,_1, there exists an element

Xg = Zukﬁk + Zbl(?; +cl+n € n.
Moreover, we have dim(n’ N b,_1) = dimn’ — 1.

We claim that n’ is totally real if and only if n’ N b,_; is so. To see this, suppose that
n' N b,_; is totally real, the other implication being trivial. Let x € n’ N j(n’) and write
x = x1 + txo with x; € W' Nb,_1. From j(x) = j(x1) 4+ tj(x9) € n’ we deduce t = 0, hence
x = x1 € 0 Nby,_1. Since the latter is assumed to be totally real we obtain x; = 0, as was to
be shown.

In the next step we observe that if { ¢ v/, then n’ & IR{ is again a totally real subalgebra,
for the following reason. If ¢ n/, then n’ N b,_; is Abelian. Therefore, (n' N b,_1) ® R{ is
also Abelian, hence totally real, which due to the previous step implies that n’ @ IR{ is totally
real.

Consequently, we may assume that { € n'. Let us consider the projection 7t: b,_1 — b,_1
onto @y RE, @ RE with kernel ; IR¢;. If the restriction

ﬂ’n’ﬂbn,l N b1 — @ IR(;Ik D Rg
k

is surjective, then dim(n’ Nb,_1) > n — 1, hence dimn’ = n, and we are done.
Therefore suppose that ¢, ¢ 7(n' Nb,_1) for some ko. Note that in particular j, ¢ n'.
From { € v’ it follows that (n’ N b,_1) ® R, is a subalgebra of n’ @ b,,_1. Since moreover,
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1 and ¢y, commute, we see that n’ @ R{, is a subalgebra of n. We claim that n’ & Ry, is
totally real. For this it is sufficient to show that (n’ Nb,_1) ® R{y, is totally real. This follows
from the fact that [xo, j(Cx,)] has a non-zero contribution from ;.

Iterating this procedure we eventually construct a maximal totally real subalgebra of n
that contains n’, as was to be shown. Il

Proof of Theorem 1.4 for the Lie ball. We shall prove that IL,,/T" is Stein where I satisfies the
conditions stated at the beginning of this subsection.

Let us assume first that nr is not contained in the j-ideal b,,_;. Due to Proposition 4.1 there
exists a maximal totally real subalgebra i C n that contains nr. Then the result follows from
Proposition 1.3.

If nr is contained in b,,_;, we find a maximal totally real subalgebra nr of b,,_; that contains
nr, see Proposition 3.1. The holomorphic submersion 7: I, — H" is Np-invariant and
extends to a Nf;—invariant holomorphic submersion 7: K]f; -IL, — H*. It follows that the
fibers of 7T are precisely the ﬁf-:-orbits, isomorphic to C"~!. In other words, 77 defines an
I/\\IF -principal bundle, which then must be holomorphically trivial. This implies that

(Nf-L,)/T = (NF/T) x H*

and hence ]tn /T are Stein. O

5. THE CASE OF THE SIEGEL DISK

In this section we present an example that shows that Theorem 1.4 and Proposition 4.1 do
not hold for arbitrary bounded homogeneous domains. This example will be constructed
on a 5-dimensional bounded homogeneous subdomain of the Siegel disk S3. Therefore we
describe in a first step the normal j-algebra s, of S,,.

5.1. The normal j-algebra of Siegel’s upper half plane. Recall that the Siegel disk 5, can
be realized as Siegel’s upper half plane which is the symmetric tube domain associated
with the cone of positive definite real symmetric matrices. The automorphism group of S, is
isomorphic to the symplectic group Sp(n, R) and S,, corresponds to the hermitian symmetric
space of type C I in [Hel01]. For n = 1 Siegel’s upper half plane is the usual upper half plane,
while for n = 2 it is isomorphic to the 3-dimensional Lie ball.

The linear automorphism group of the symmetric cone of positive definite real symmetric
matrices is GL(n,R) acting by ¢- A := gAg', see [FaKo%4, p. 213]. Hence, the normal j-
algebra s, of 5, can be determined as before using [FaKo94, Proposition X.5.4] and [Kan67,
Proposition 2.8]. Our description of s,, follows [Ish06].

Let us denote by u,, the solvable Lie algebra of lower triangular real n X n matrices. We
have the decomposition u, = a, @ u), where a, is the Abelian Lie algebra of diagonal matri-
ces in R"*". The normal j-algebra of Siegel’s upper half plane can be realized as

Sy 1= { <1§ —]ilt>‘ Acu, Be Sym(n,]R)} .

Note that ¢: u, — Sym(n,R), p(A) = A+ A?, is a linear isomorphism. The complex
structure j: s, — s, is given by
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The linear form A € s;, corresponding to the Bergman metric is given by

A (6‘ _’it> — T(B).

One verifies directly that the subspace of s, consisting of all matrices A = (aj) and
B = (by) such thatay; = by = 0forall 1 < k,I < n—1is a j-invariant ideal isomorphic
to b,, while the subspace consisting of all matrices where a,; = b,; = 0 for all [ is a j-
invariant complementary subalgebra isomorphic to s,,_;. Consequently, s, decomposes as a
semi-direct sum s,,_1 @ b,,. Geometrically, this decomposition corresponds to the equivariant
fibration 77: S, — HT, 1(Z) = z11.

In the following we will concentrate on the case n = 3. Here we have s3 = b3 @ by @ by
where b3 is a j-ideal in s3 and b, is a j-ideal in s, = by @ by. For the rest of this section let
D := 7t~ !(i) be the 5-dimensional bounded homogeneous (non-symmetric) domain corre-
sponding to the normal j-algebra b3 @ by. Let us consider the bases (a3, {31, 32, 851, Chpr (3)
of by and (ay, &1, §§1, (2) of by. Let us realize these elements explicitly as matrices as well as
vector fields in the coordinates of the entries of Z = (zy;) € Sym(3,C):

_(Es O d _ ~(0 Es ., 0
DC3 —_ < 0 —E > ’—>ZZ33%, €3 —_ 2 (0 0 |—> 2%,

0 Eiz+Es J + _ (Ea 0O d J J
G31 = ( 0 ) = 921’ Ga = < 0 —Ep =z 1la -I-lea -~ +2Z138233,

0 Ex+Es d , En O 0 0 )
et - 2 -
<0 0 ) = 632 < 0 _E23 Tz aZ 13 + 22 a + 8233 !

_(En 0 9 . (0 Ex 9
062—<0 —E, >}—>22228222, gz— 2(0 0 — 28222’

0 Ep+Exn J r _ (Ex O d d d
o1 = ( 0 > = 9215’ & = 0 —FEp '—>2118 +221za + 213 e

8223 !

The representation of b, on b3 is defined by

a2, 832] = Ca2 a2, &3] = —C%
621, C31] = —Ga2 621,83 = —Ca
[5&11531] = 532 [‘351/@32] = —éél
(02, 85] = 2832,

all other brackets being zero.

5.2. A counterexample. We present an example that shows that Proposition 4.1 and the
implication Theorem 1.4 do not hold for D.
Let n denote the nilradical of b3 @ by and consider the elements x1, x2, x3 € n given by

x1:= 84 + {3+ Cn, X2 := —&x + &y, X3:= {3+ (o

Since [x1, x2] = x3, they generate a Lie subalgebra nr := Rx; & Rx; & Rxj3 that is isomorphic
to the 3-dimensional Heisenberg algebra and projects surjectively onto the nilradical of b,.
Moreover, the corresponding group Nt of automorphisms of D admits a cocompact discrete
subgroup, which justifies the notation nr.

We shall see that all Nr-orbits in D are totally real, while nr is not contained in any max-
imal totally real subalgebra of n. This shows that Proposition 4.1 does not hold for the
domain D, even under the stronger assumption that all Nr-orbits are totally real in D.
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Remark. A subalgebra of codimension 1 in a nilpotent Lie algebra is automatically normal.
We apply this result in the following way: If y € n is an element such that nr ® Ry is a
subalgebra, then y normalizes nr.

Let us prove first that nr is not contained in a maximal totally real subalgebra of n. For
this, we write down the basis elements of nr as vector fields:

xXp = J +z J +z J +2(z —1)i
1= 5 11 921s 125 13 PR
0 0
x3=-2-2 2%

8222 8233 )

A direct calculation shows that the normalizer of nr in n is given by

Na(nr) =nr @ Réz @ R = R(E5; + &1) ® R(—31 + &) ® RE3z @ Rz  RE».

A maximal totally real subalgebra of N, (nr) containing nr is given by nr & Ry, with

9 9 )
%—ng#—rég—%—%% (t € R¥).

Observing that y. centralizes nr, one obtains
Nn(nr @ Ry”[) - Nn(ﬂr),

which is not totally real. Hence, nr is not contained in a maximal totally real subalgebra of
n, i.e., Proposition 4.1 does not hold for the domain D.

Let Nt be the connected Lie group having Lie algebra nr @ Ry;. Since y, centralizes nr,
the group Nr admits cocompact discrete subgroups. We will show that the quotient of D
with respect to any cocompact discrete subgroup of Nr is not Stein, hence that Theorem 1.4
does not hold for D. For this it is enough to find an Nr—orbit in D which is not totally real.
Note that this implies again that nr @ Ry, cannot be contained in a maximal totally real
subalgebra. Indeed, for every a > (1 + 72) 2 the matrix

i T+i

L 1412 0
Zy = 12;12 ix 0

0 0 1

belongs to D, and one sees without difficulty that Nt - Zg is not totally real.

Nevertheless, we shall prove in the rest of this subsection that D /T is a Stein manifold
where I' is any cocompact discrete subgroup of Nr. Using the description of the elements of
s, as matrices, we can realize N¢ as the matrix group

100 0 a b \
b 10 a -2 -7
2 2
(.1) NC={|a 01 —b 5 20ato) || 4 cec
000 1 —b  —a
000 0 1 0
000 0 0 1
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The action of NF on Sym(3,C) is given by

Z = (ziy) —
Zn Z12 + bz11 +a Z13+az11 — b
(le + bz +a Zoo + 2bz1p + b2211 +ab —2c 23 + az1p + bzyz + abzqy + a25b2 )
Z13 +az11 — b zp3 + azyp + bziz + abzy + # z33 + 2az13 + 112211 —ab — 2((1 + C)

It is not difficult to verify that N acts freely on Sym(3, C), which in particular implies that
Nr has only totally real orbits in D, see Lemma 2.1.

In the following we will show that N& acts properly on Sym(3, C) with quotient manifold
Sym(3,C)/N§ =2 C3. It then follows that the principal bundle Sym(3,C) — Sym(3,C)/C?
is holomorphically trivial. Consequently, Sym(3,C) /T and D /T are Stein.

In order to prove that the NS-action is proper we shall use the following lemma.

Lemma 5.1. Let G be a Lie group acting smoothly and freely on a manifold M and let H be a closed
normal subgroup of G. Then G acts properly on M if and only if H acts properly on M and G/H
acts properly on M/ H.

Proof. Suppose first that G acts properly on M. Since H is closed in G, the H-action on M is
proper and we get a smooth action of G/H on the quotient manifold M/H. Properness of
this latter action was shown in [Pal61, Proposition 1.3.2].

Conversely, suppose that the actions of H on M and of G/H on M/ H are proper. Let (g,)
and (pn) be sequences in G and M, respectively, such that (g, - pn, pn) converges to (4o, po)-
We must show that (g, ) has a convergent subsequence.

For this, note that (g,H - [pu], [px]) converges to ([q0], [po]) in M/H x M/H where [p] €
M/H denotes the class of p modulo H. Thus (g,H) has a convergent subsequence. To
simplify the notation we shall assume that g,H — goH. Hence, there is a sequence (1) in
H such that h,'g, — o in G, from which we conclude that

(hu - (B gn - pu) By - ) — (40,80 * Po)-

Since H acts properly on M, it follows that (h,) and hence (g,) have convergent subse-
quences. O

We apply Lemma 5.1 first to the action of the center of Nt on Sym(3,C). The center of
NF is given by all matrices of the form (5.1) having a = b = 0 and acts on Sym(3,C) by

211 212 Z13 211 212 213
c-|z12 2z 2z | =|z12 zZ2—2c Z73 .
213 223 Z33 213 223 Z33 — 2C

Hence, the corresponding C-principal bundle is holomorphically trivial and given by
m: Sym(3,C) — C°, 7t(z) = (z11, 212, 213, 222 — 233, 223

The induced action of C> = Nf /Z(NF) on C° is given by

21
Zo +bz1 +a
(a,b) -z = z3+az; —b

z4 + 2bzy — 2az3 + (b* — a?)zy + 2ab + 2a
z5 + azy + bzz + abzy + (a®> — %) /2



14 CHRISTIAN MIEBACH

In the next step we consider only the action of the one parameter group C, of elements
(a,0). A direct calculation shows that the C,-action on C5 becomes a translation in the first
coordinate after conjugation by the biregular map ®: C> — C x C*,

2
z v+ (2,21,23 — 2122, 24 + 22023 — 22125 — 227,25 — 225).

It follows that C, acts properly on C° and that the corresponding C,-principal bundle
C°> — C°/C, = C* is holomorphically trivial. Moreover, the induced Cj-action on C* is of
the form

w1
wy — b(w? 4+ 1)
w3 — 2bw,
wy — 2bw, + b*(w? + 1)

Note that the projection onto the first three coordinates is equivariant; therefore we ob-
tain a free algebraic C-action on C> of the form t - w = (w1, wp + tf (w1 ), w3 + tg(w1)) where
f(w1) = —(w? +1) and g(w;) = —2w;. Due to a result of Kaliman, see [Kal04], every free
algebraic C-action on C? is conjugate under a biregular map to a translation. Hence, it fol-
lows that C;, acts properly on C* and thus on C* as well as that C*/C;, = C3. Consequently,
Lemma 5.1 applies to show that Nt acts properly on Sym(3,C) with quotient C>.

Remark. In our case it is possible to give an elementary proof of Kaliman’s result which
applies in a slightly more general setup. For this, let f,g € O(C) be two entire functions
and consider the holomorphic C-action on C> given by t -z = (21,22 +tf(z1),23 + tg(zl)).
This action is free if and only if f and ¢ have no common zeros. In this case, there exist entire
functions ¢, € O(C) such that ¢f + g = 1, see [Hel40]. Then the biholomorphic map
®: C3 — C3 given by
1 0 0 21
P(z) = (0 f(z:1) g(=z1)] |2
0 —(z1) ¢(z1)) \z

transforms the C-action into a translation.

5.3. Open problems and concluding remarks. Let I' C N be a discrete subgroup with
Zariski closure Nr. As we have seen, in general the condition that only one Nr-orbit is
totally real in D does not imply that D/T is Stein. It is natural to ask, however, whether
D/T is Stein if all Nr-orbits in D are totally real. In this case, we obtain a free algebraic
action of N§ on the domain Nf - Dccn

Since it seems impossible to apply Proposition 1.3 for general D, one could try a direct
approach like the one in the previous subsection, which poses two major problems. First of
all, one has to show that N{ acts properly on NF - D c C". Secondly, if NF does indeed act
properly, one must prove that (NF - 13) /N§ is a Stein manifold. These questions are far from
being trivial, bearing in mind that there is an example of a proper algebraic C2-action on C°
by affine-linear transformations such that C®/C? is quasi-affine but not Stein, see [Win90].
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