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ON QUOTIENTS OF BOUNDED HOMOGENEOUS DOMAINS BY UNIPOTENT
DISCRETE GROUPS

CHRISTIAN MIEBACH

ABSTRACT. We show that the quotient of any bounded homogeneous domain by a unipotent
discrete group of automorphisms is holomorphically separable. Then we give a necessary
condition for such a quotient to be Stein and prove that in some cases this condition is also
sufficient.

1. INTRODUCTION

Given a Lie group of holomorphic transformations of a Stein space X, one would like
to have a complex quotient space whose holomorphic functions are the invariant holomor-
phic functions on X and which is again Stein. In the case that the Lie group is compact, it
is possible to average holomorphic functions over this group and to construct in this way
an invariant-theoretic Stein quotient space, see [15]. On the other hand, when an infinite
discrete group acts properly by holomorphic transformations on a Stein space, then the or-
bit space is again a complex space. However, in general there is no averaging method in
order to construct holomorphic functions on this quotient space. In fact, it is not hard to
find examples where the quotient space is compact, hence where all invariant holomorphic
functions are constant.

There are numerous results in the literature where certain quotients of Stein manifolds
by proper actions of infinite discrete groups are shown to be holomorphically separable or
Stein. In [9] the authors showed that quotients of the unit ball B, C C" by proper Z-actions
are Stein, which was then generalized to simply-connected bounded domains of holomor-
phy in C2 ([26]), to arbitrary bounded homogeneous domains in C" ([24]), and to Akhiezer-
Gindikin domains ([35]). Quotients of the unit ball and Akhiezer-Gindikin domains by dis-
crete groups that act cocompactly on a real form of these domains are shown to be Stein
in [4, Proposition 6.4] and [3, Corollary 7], respectively. An analog result is shown in [23] for
quotients of complex solvable Lie groups by discrete subgroups that act cocompactly on a
real form having purely imaginary spectrum. Quotients of complex Olshanski semigroups
by certain discrete groups were studied in [1] and [25]. In [6] actions of discrete groups on
Ké&hler-Hadamard manifolds and their quotients are investigated. Recently, quotients of the
unit ball by certain convex-cocompact discrete groups were studied from the viewpoint of
complex-hyperbolic geometry in [7]. In [27] Schottky group actions on the unit ball having
Stein quotients are constructed. Most of these results strongly rely on Lie theory.

In this paper, we are concerned with the action of a unipotent discrete group I' of holomor-
phic automorphisms of a bounded homogeneous domain. In order to state the main results,
let D C C" be a bounded domain and recall that its automorphism group Aut(D) is a real
Lie group that acts properly on D, see [5]. Let G be the connected component of Aut(D) that
contains the identity. The domain D is homogeneous if Aut(D) and hence G act transitively
on it. Let us fix a base point pg € D. Its isotropy group K := Gy, is a maximal compact
subgroup of G and there exists a decomposition G = KR where R is a simply-connected
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2 CHRISTIAN MIEBACH

split solvable Lie group, see [20] and [32]. Consequently, R is isomorphic to a semi-direct
product A x N where N is the nilradical of R and A = (R>?)".

Let D C C" be a bounded homogeneous domain and let G = KAN be the decomposition
of G = Aut’(D) introduced above. A discrete subgroup of G will be called unipotent if it is
conjugate to a subgroup of N. The research presented in this paper was motivated by the
following result.

Theorem 1.1. Let D C C" be a bounded homogeneous domain and let I' be a unipotent discrete
group of automorphisms of D. Then the complex manifold D /T is holomorphically separable.

It is therefore natural to ask under which additional conditions on I" the quotient manifold
D/T is Stein. Suppose from now on that I' is a discrete subgroup of N. It is well known that
the simply-connected nilpotent group N admits a unique structure as a real-algebraic group
such that its Zariski closed subgroups are precisely its connected Lie subgroups, see [33,
Chapter 2.4.2]. Hence, consider the Zariski closure Nr of I' in N. Then Nr is a simply-
connected nilpotent Lie group such that Nr /T is compact.

We have the following necessary condition for D /T to be Stein. Note that to the best of
my knowledge it is not known whether this condition is also sufficient.

Proposition 1.2. Let I' C N be a discrete subgroup and consider its Zariski closure Nr. If D /T is
Stein, then all Nr-orbits in D are totally real.

Since R = A x N acts simply transitively on D, we can identify its Lie algebrat = a®n
with T, D = C" and thus obtain a complex structure j € End(t). Let Nr be the Zariski
closure of a discrete subgroup I' C N and let nr be its Lie algebra. The orbit Nr - py is totally
real if and only if np N j(nr) = {0}, in which case we call nr a totally real subalgebra of n. If
nr is totally real and if the real dimension of nr coincides with the complex dimension of D,
then we say that nr is a maximal totally real subalgebra of n. We have the following sufficient
criterion for D /T to be Stein.

Proposition 1.3. Let I' C N be a discrete subgroup and consider its Zariski closure Nr. If nr is
contained in a maximal totally real subalgebra of n, then D /T is Stein.

The methods and results described above allow us to prove the main result of this paper,
which in particular answers the question raised in [6, Remark 7.6] in the negative.

Theorem 1.4. Let D be the unit ball or the Lie ball and let T be a unipotent discrete group of
automorphisms of D having Zariski closure Nr C N. Then D /T is Stein if and only if nr is totally
real.

The proof of Theorem 1.4 relies in part on the fact that for the unit ball and the Lie ball the
necessary condition given in Proposition 1.2 is indeed sufficient as well.

Let us outline the structure of this paper. In Section 2 we review some parts of the struc-
ture theory of bounded homogeneous domains and prove Theorem 1.1 as well as Propo-
sitions 1.2 and 1.3. Sections 3 and 4 contain the proves of Theorem 1.4 for the unit ball
and the Lie ball, respectively. In the last section 5 we present an example that shows that
Theorem 1.4 does not hold true for arbitrary bounded homogeneous domains.

Acknowledgments. I would like to thank Karl Oeljeklaus for helpful discussions. Financial
support by the ANR-project QuaSiDy (ANR-21-CE40-0016-01) is gratefully acknowledged.

2. RESULTS FOR ARBITRARY BOUNDED HOMOGENEOUS DOMAINS

We begin by reviewing the structure of the automorphism group of a bounded homo-
geneous domain, its unbounded realization as a Siegel domain, and its associated normal
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j-algebra. As main references we refer the reader to [20] and [30]. We then show that the
quotient of a bounded homogeneous domain by a unipotent discrete group I' of automor-
phisms is holomorphically separable, see Theorem 1.1, and prove Propositions 1.2 and 1.3.

2.1. Bounded homogeneous domains and normal j-algebras. Let D C C" be a bounded
homogeneous domain with base point pg € D and consider the decomposition G = KR
where G = Aut’(D) and K = Gp,- The elements of the Lie algebra g will be viewed as
complete holomorphic vector fields on D. Since the group R is split solvable, we have R =
A x N where N is the nilradical of R. Moreover, the adjoint representation of the Abelian
group A on n is diagonalizable over IR, compare [20, Proposition 2.8].

It is well known that every bounded homogeneous domain D C C" is biholomorphic to
a Siegel domain of the second kind D c C", see [34].

Example. The unit ball B, C C" is biholomorphically equivalent to
B, = {(z,w) € C x C""}; Im(z) — ||w|? > 0},
the Lie ball I, C C" is biholomorphic to
L,= {z € C"; Im(z4)* — (Im(z1)* + - - - + Im(z,—1)?) > 0, Im(z,) > 0},
and the Siegel disk S, C Sym(n, C) may be realized as Siegel’s upper half-plane
S, = {Z € Sym(n,C); Im(Z) is positive definite }.
In Helgason’s notation, see [16, Table V, Chapter X], the unit ball, the Lie ball and the Siegel

disk correspond to the Hermitian symmetric spaces of types AIII(p = 1,9 = n), BDI(p =
2,9 = n) and CI, respectively.

The split-solvable group R = A x N acts by affine transformations on D. In particular,
this R-action extends to the whole of C". It follows from the explicit realization of its affine
automorphism group, see e.g. [20, Chapters 2 and 3], that N and hence N act algebraically
by affine transformations on C" and that every transformation in N has Jacobi determinant
equal to 1.

Since R acts simply transitively on D, we may identify its Lie algebra v = a @ n with
Ty, D = C" and thus obtain an integrable complex structure j € End().

In order to show that (¢, j) is a normal j-algebra we need to prove the existence of a linear
form A € ¢* such that for all x,y € ¢t we have

Ali(x) jw)] =Alxyl and  Afj(x),x] > 0if x #0,
see part (III) of the definition in [30, p. 51].

In [20] and [30] existence of this linear form A € t* is deduced from [22]. Let us explain
here how A can be constructed from the Bergman metric of D via a moment map. (Recall
that the Bergman metric of a bounded domain D C C" is an Aut(D)-invariant Kdhler metric
on D. For its definition we refer the reader to [21, Chapter 4.10].) It is shown in [18] that
there exists an R-equivariant holomorphic embedding of D into Siegel’s upper half-plane S,.
Since the domain S, is symmetric, the group Aut’ (Sn) is semisimple and thus there exists an
equivariant moment map for the action of Aut’(S,,) on S,,. Pulling back this moment map to
D we obtain an R-equivariant moment map u: D — t* with respect to the Bergman metric
w of D. Note that y is a diffeomorphism onto its image, an open coadjoint orbit. Moreover,
p is a symplectomorphism with respect to the Kostant-Kirillov form on this coadjoint orbit,
i.e., we have

(2.1) wpy (X(po),y(po)) = (po)[x, vl
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for all x,y € «, see [13, Equations (26.2) and (26.8)]. As a consequence, we can take A :=
#(po) € t* in the definition of the normal j-algebra associated with D. For the structure
theory of normal j-algebras we refer the reader to [30, Chapter 2].

Remark. For a connected closed subgroup R’ of R the orbit R’ - py is totally real if and only if
¢ Nj(v') = {0}. In this case, we refer to t’ as a totally real subalgebra of t. Note that every
isotropic orbit (with respect to the Bergman metric) is totally real. Moreover, every orbit of
an Abelian subgroup of R is totally real since j(po) [j(x),x] > 0holds for x # 0. This last
statement is also a consequence of the fact that D is Kobayashi-hyperbolic, since an Abelian
group of automorphisms that is not totally real would yield a non-constant holomorphic
map from C to D.

Conversely, every abstract normal j-algebra is the normal j-algebra associated with some
bounded homogeneous domain, see [30, Appendix].

2.2. Quotients by unipotent discrete groups are holomorphically separable. Let D C C"
be a bounded homogeneous domain and let T be a unipotent subgroup of G = Aut’(D).

Proof of Theorem 1.1. Any unipotent discrete subgroup I' C G acts freely and properly on
D x C by
Y- (2,8 = (7(2), tdetdy(z) ),

so that we have the quotient manifold L := D xr C := (D x C)/I'. Moreover, the projection
onto the first factor D x C — D is I'-equivariant and the induced map L = D xr C — D/T
defines a holomorphic line bundle on D/T’. A holomorphic section in L corresponds to a
I'-equivariant holomorphic function from D to D x C. Holomorphic sections in the k-fold
tensor product L can be constructed via Poincaré series for k > 2 and separate the points
of D/T in the following sense. For every pair of elements p,q € D /I’ with p # g there exist
k > 2 (depending on p and g) and a holomorphic section s in L®¥ such that s(p) = 0 and
s(q) # 0, see [30, Lemma 3.4.1]. We will finish the proof by showing that for a unipotent
discrete subgroup I' the line bundle L admits a non-vanishing holomorphic section. It then
follows that L, and thus all of its powers, are holomorphically trivial.

In order to do so, let ¢: D — D be a T-equivariant biholomorphic map to a Siegel domain
of the second kind on which I' acts by affine transformations having Jacobi determinant 1.
In other words, we have ¢ o ¢y = 7 o ¢ where detd¥y(z) = 1forall z € D. Then, the chain
rule implies

detdg(v(z)) = detdy(z) ' - detd(poy)(z)
= detdy(z) ! - detd(Y o ¢)(z) = detdy(z) ! - detde(z).

Consequently, the holomorphic map s: D — D x C* given by s(z,t) = (z,detdg(z)) is
I'-equivariant and thus defines a non-vanishing holomorphic section in L, as desired. O

2.3. A necessary condition for Steinness. In this subsection we prove Proposition 1.2.

An important ingredient for the proof is the following result of Loeb. Let I' C G be a
discrete group of unipotent automorphisms of D. After conjugation we may suppose that
I' is contained in N. Let Nt be the real Zariski closure of I' in N and let N}: be its universal
complexification. Then the complex homogeneous space Nl‘?/ I' is Stein, see [11] and [23,
Théoréme 1].

Recall that the complexification N€ is a unipotent complex algebraic group and its action
on the Siegel domain D extends to an algebraic action on C". In particular, the orbits of any
algebraic subgroup of N C are closed in C", see [2, Proposition 4.10].
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Lemma 2.1. The orbit Nt - z is totally real in D if and only if the isotropy group (NE), is trivial.

Proof. For this, let x + iy € nr & iny = n¥ be a holomorphic vector field on D and consider
x(z) + j.y(z) € T,D where j, is the complex structure of T, D, for some z € D. Suppose that
Nr - z is totally real. Then x(z) + j.y(z) = 0implies x(z) = y(z) = 0, and since Nr acts freely
on D, we obtain x = y = 0. Consequently, the isotropy (NF), is discrete. Since NE acts
algebraically and has no finite subgroups, we conclude that (NF); is trivial.
Conversely, if Nr - z is not totally real for some z € D, then there are x,y € nr such that
x(z) = jzy(z). Thus the vector field x — iy € n§ vanishes at z, i.e., N& does not act freely. [

We are now in position to prove the Proposition 1.2.

Proof of Proposition 1.2. Suppose that D /T is a Stein manifold. As a first step we are going to
show that Nt has at least one totally real orbit in D.

Since D/T is Stein, the domain D admits a I'-invariant smooth strictly plurisubharmonic
function p that is exhaustive modulo I We may assume that 0 is a global minimum of p.
Since Nr/T is compact, we can suppose without loss of generality that the function p is
invariant under Nr and is an exhaustion modulo Nr, see [23, Lemme 2.1]. Let Nt - z be an
orbit lying in the minimal set of p. Then Nr - z is totally real due to [14].

Finally, due to Lemma 2.1, it is enough to show that NE acts freely on N¢ - D  C". In
order to do this, let z € D and consider the algebraic subgroup H := (NF), of NE. Since
NE - z is closed in C”, the intersection Q) := D N (NS - z) is Stein and Nr-equivariantly
biholomorphic to an Nr-invariant Stein open neighborhood Q) of Nr - eH = Nr in N{? /H=
Ck. As D/T is Stein by assumption, Q/T is also Stein. By applying [14] and [23] as above,
one sees that Nr - ¢H is totally real in Nt /H. Then, the analog argument as in the proof of
Lemma 2.1 shows that H is trivial, as wished. O

Remark. Every orbit lying in the minimal set of p is isotropic with respect to the Kahler form
iddp. In general, it is not isotropic with respect to the Bergman metric of D.

2.4. Asufficient condition for D /T to be Stein. In this subsection we prove Proposition 1.3.
As above, let I' C N be a discrete group of unipotent automorphisms of a bounded ho-
mogeneous domain D and let Nr be its Zariski closure in N. Realize D as a Siegel domain

of the second kind D C C" such that N acts by affine transformations on D.

Proof of Proposition 1.3. By assumption, there exists a maximal totally real subalgebra nr C n
which contains nr. At the group level we thus find a connected subgroup Nr C N containing
Nr such that f\7r - po is a maximal totally real submanifold of N - po.

Consider the complexifications N C N}: C NC€ as well as their algebraic actions by affine
transformations on C". Since Ny - py is maximally totally real, the orbit Nﬁ: - po is open in
C" and the ng-istropy at po is trivial, see Lemma 2.1. Since Nf-: - po is also closed in C", we
obtain N}: - po = C". In other words, ﬁ%: acts freely and transitively on C".

It follows that N acts freely and properly on C" = N}E and that C"/NF = C™. There-
fore the corresponding holomorphic principal bundle is holomorphically trivial. Together
with [23, Théoreme 1] this implies that C"/T = (Nf£/T') x C™ is a Stein manifold. Since
D/T is a locally Stein domain in C" /T, the quotient D /T is likewise Stein by [8]. O
Remark. The proof of Proposition 1.3 shows that, if nr is contained in a maximal totally real

subalgebra of n, then NF acts properly and freely on C". Hence, all Nr-orbits are totally real
in D. Note that this follows also from Proposition 1.2.
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Remark. Under the hypotheses of Proposition 1.3, ZV}: = N}: -D = C" is the universal glo-

balization of the induced local NE-action on D in the sense of [28], see the proof of Proposi-
tion 1.3.

3. THE CASE OF THE UNIT BALL

In this section we consider the unit ball B, C C". Firstly, we illustrate Theorem 1.4 by
two examples that can be analyzed by ad hoc methods. Then we review the structure of the
normal j-algebra b, of B,, which will be used to show that every totally real subalgebra of
b, is contained in a maximal totally real one.

3.1. Two examples. We identify the unit ball B,, with its unbounded realization
B, = {(z,w) € C x C""}; Im(2) — ||w|]* > 0}.

For an explicit description of the vector fields belonging to its normal j-algebra b, as well as
of the corresponding one-parameter groups we refer the reader to [24, Table 1, p. 341].

First, let us present an example of a nonabelian discrete group I' such that B3 /T  is Stein,
thus answering the question raised in [6, Remark 7.6] in the negative. Note that 3 is the
smallest dimension so that a similar example can be constructed.

Example. Let us consider the complete holomorphic vector fields x; := Ziwlaa—z + %01’ X 1=
2(w1 + ws) % +i % +1 %, and x3 := % on Bs. Since their only non-vanishing Lie bracket is
[x1, x2] = 4x3, they generate a three-dimensional subalgebra in the nilradical of b3, isomor-
phic to the three-dimensional Heisenberg algebra. Moreover, this algebra is defined over

Q and therefore the corresponding connected subgroup admits a cocompact discrete sub-
group T, which justifies the notation Nr = exp(Rx; & Rx & Rx3). One verifies directly that

every Nr-orbit in B3 is maximally totally real. This implies that the universal globalization
of the local Nf; -action on Bj is isomorphic to N}: and the Nr-action on B3 corresponds to left

multiplication on NE. Since NE /T is a Stein manifold which contains B3 /T as a domain, we
see that B3 /T is Stein due to [8] while I is not Abelian.

Secondly, we present an explicit example of a unipotent discrete group I' where B, /T is
non-Stein but admits a (singular) Stein envelope.

Example. Let I be the discrete group consisting of the automorphisms
(z,w) — (z42(n+im)w +i(m* + n*) + 2k, w + m +in) =: Qo myin(z, W),

where m,n,k € Z and (z,w) € B,. Although we do not need this fact, let us remark that the
Lie algebra nr of the Zariski closure of I' coincides with the nilradical of b,.

In order to determine the quotient ]ABz /T, we first consider the action of the normal sub-
group Tp := {@a0; k € Z} <T. The map p: By — C* x C given by p(z,w) = ("™, w) is
I'p-invariant and yields

B, /Ty = p(B,y) = {(zzw) e C* xC; |z| < e’”‘w|2}.
The induced action of Z @ iZ = T /T, on p(B,) is given by
(m + 17’1) . (Zr ZU) — (eiﬂ(Z(n-‘rim)w—i-i(mz—i-nZ))ZI wm ZTZ) '

It follows that the action of Z @ iZ on p(]ABz) extends to a proper action on the whole of
C? and that the equivariant map C x C — C, (z,w) — w, induces a holomorphic line
bundle L := C?/(Z ®iZ) — E = C/(Z ®iZ). We see that B,/T = p(B,)/(Z @ iZ)
embeds into L as an open neighborhood of the zero section minus this zero section. Note
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that B, /T is Kobayashi-hyperbolic since B, is so, see [21, Theorem 3.2.8(2)]. Since 9B, is
strictly pseudoconvex, the zero-section in L has a strictly pseudoconvex neighborhood and
hence is negative in the sense of Grauert, see [12, Satz 1]. It follows that the zero section
of L can be blown down to yield a Stein space Y with an isolated singularity containing
1132/ I' as a neighborhood of this singularity minus the singularity. Consequently, ]B2/ I'is
holomorphically separable but not Stein.

3.2. The normal j-algebra of the unit ball. The automorphism group of the unit ball B, is
G = Aut(B,) = PSU(n,1). Let G = KAN be an Iwasawa decomposition with maximal
compact subgroup K = G,, = U(n) for pg = 0. It is well known that G is of real rank 1,
i.e.,, that dim A = 1. Moreover, under the identification T,;B, = a & n we can rewrite the
moment map condition (2.1) as

(3.1) [x, ¥l (po) = wp, (x(p0),y(p0)) ¢ (po)

for all x, y € n, compare [30, p. 52]. This means that n is the Heisenberg algebra of dimension

2n — 1 with center IR defined by the symplectic form w,, induced by the Bergman metric of

B,,. As we shall see in the following subsection, it is this close relation between the geometry

of (B, w) and the structure of N that enables us to prove Theorem 1.4 for the unit ball.
Recall from [24, Section 4.2] that the normal j-algebra b, = a @ n can be written as

n—1
a=Ra and n—@lRék@@lRCk@]RQ'
k=1 k=1

where the only non-zero Lie brackets are

8k, 81l = 0, [, &k] = =8k, [, 8] = =G, and [, (] = =20

forall 1 < k < n — 1, and where the complex structure j: b, — b, is given by

j(¢) = wand j(Gx) = &k
foralll <k <n-1.

3.3. Proof of Theorem 1.4 for the unit ball. Let b, = a @ n be the normal j-algebra of IB,,.
In this subsection we are going to show that every totally real subalgebra of n is contained
in a maximal totally real subalgebra, which generalizes [24, Lemma 4.1]. Consequently, we
can apply Proposition 1.3 in order to prove Theorem 1.4 for B,,.

Proposition 3.1. Every totally real subalgebra v of n is contained in a maximal totally real subal-
gebra ' of n. Moreover, if v is Abelian, then W can also be chosen to be Abelian.

Proof. Let ®: n — n - pg be the linear isomorphism given by ®(x) := x(pg). Let V. C n- pg
be a real vector subspace. The following is a direct consequence of equation (3.1).

(a) The preimage ®!(V) is an Abelian subalgebra of n if and only if V is isotropic with
respect to wyp,.

(b) The preimage ®!(V) is a nonabelian subalgebra of n if and only if V is not isotropic
and contains {(po).

Now firstly suppose that n’ is Abelian. Then n’ - p is not only totally real but isotropic, and
by basic symplectic linear algebra there exists a Lagrangian subspace V of n - py that contains
n’ - pg. As we have noted above, the preimage #' := ®~1(V) is an Abelian subalgebra of
maximal dimension of n that contains the totally real subalgebra n’.

In the case that n’ is not Abelian, we choose any maximally totally real subspace V of n - py
that contains n’ - pg. Since n’ - py contains {(po), the same holds for V. Hence, it follows that

=/

' := & 1(V) has the required properties. O
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4. THE CASE OF THE LIE BALL

In this section we first describe the structure of the normal j-algebra [, of the Lie ball I,
in order to establish in particular the existence of a holomorphic submersion from IL,, onto
the unit disk B; whose fibers are biholomorphic to B,,_;. It turns out that this submersion is
crucial for the proof of Theorem 1.4 since the analogon of Proposition 3.1 does not hold true
for [,.

4.1. The normal j-algebra of the Lie ball. The n-dimensional Lie ball is biholomorphically
equivalent to the tube domain over the symmetric cone

Q= {y eR% v, — (i + - +¥s1) > 0,ya > 0}.

For n = 1 this is just the upper half-plane H", while for n = 2 we get H" x H™. Therefore,
we will concentrate on the case n > 3.

In the notation of [16, Table V, Chapter X] the Lie ball IL,, corresponds to the item BD I
with p = 2 and g = n. The connected component of its automorphism group is isomorphic
to G = SO°(2,1) and the subgroup of affine automorphisms is G(Q) x R" with G(Q) =
R>%S0%(1,n — 1), see [10, Chapter X.5].

Remark. Since the group G(Q) acts by matrix multiplication on C", the vector field cor-
responding to an element x of the Lie algebra of G(Q2) can be obtained by computing

4 . exp(tx)z forz € C".
In view of [20, Proposition 2.8], in order to describe the normal j-algebra [, = a @ n of the
Lie ball, it is sufficient to find a maximal triangular subalgebra of so(1,n — 1). By doing so,

we can choose the basis of n given by the vector fields

= — <k<n-—
d
I (o 7 7 — <k<n-—
G = (2zn Zn—l)azk +Zkazn_1 +Zkazn (1<k<n-2),
0 d
A PR
_ 9 0
= 0z, 0Z,_1

The only non-vanishing Lie brackets are

kG ] =C and [n,G] =28

for all 1 < k < n — 2. In particular, we see that IR is the center of n and that the Abelian Lie
algebran’ = @Z;lz RSy @ R{ is its derived algebra.
A basis of a is given by

0= 21i 4+ -+ zni (the Euler field), and

024 0z,
d
N = Zniazn_l —+ Zn_liazn .

The action of a on n is determined by

6,8kl = —Ck [0,8]=-C, [6n]=-7n
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forall1 < k <n—2andby
[0‘/ Cl/c] = _Cllw [“r C] = _C/ [0‘/ ’7] =71

foralll <k<n-—2. R
To obtain the complex structure j: [, — [, let us fix the base point py = ie, in L, =
R"™ 4-i€). This yields
) =¢C jQ)=a+é=n1, j(n)=06—-a=:a
foralll <k <n-2.

4.2. The equivariant fibration of IL,,.. It follows directly from the bracket relations described
above that the subalgebra

n—2 n—2
by—1:=Ra; & PREG D P RE @RS
k=1 k=1

is a j-invariant ideal in [,, isomorphic to the normal j-algebra of the (n — 1)-dimensional unit
ball. Moreover, the quotient by = [,,/b,,_1 is isomorphic to the j-subalgebra Ra, @ Ry of [,.
In other words, I, decomposes into the semi-direct product [, = b,_1 @ b;. Let

L, = Bn—l X Bl
be the corresponding decomposition at the group level.

Geometrically, this corresponds to the L,-equivariant holomorphic submersion 7: IL,, —

C given by 71(z) = z, — z, 1. In fact, an elementary argument shows that for z € L,
we have z, —z,_1 € H' and z,, + z,_1 € H". Moreover, fora := z, —z,_1 € H" and
W=z, +z,_1 € H", we obtain

1 (a) = { (21,...,2n_2,w) € C" 1| Im(w) > Im(z)? + - -+ +Im(z,_2)? } ’

Im(a)

which is a realization of the (n — 1)-dimensional unit ball as an unbounded tube domain.
Hence, all 7t-fibers are isomorphic to B,,_;.

Remark. Since the Lie ball IL,, is irreducible for n > 3, the holomorphic submersion 7 is not
holomorphically locally trivial unless n = 2, as follows from [31].

4.3. Proof of Theorem 1.4 for the Lie ball. Let T be a discrete subgroup of Aut’(IL,,) such
that I' C N. Let Nt be the Zariski closure of I' in N and suppose that nr is totally real, i.e.,
that nr N j(nr) = {0}.

We start by giving an example that shows that Proposition 3.1 does no longer hold true
for the Lie ball.

Example. Let us consider the 6-dimensional normal j-algebra I3 = a @ n of the 3-dimensional
Lie ball. We claim that the totally real subalgebra R} C n is not contained in a maximal
totally real subalgebra of n.

Since b < [3 is 4-dimensional and not totally real, a maximal totally real subalgebra of n
must contain an element x = aéy + b&} + c{ + dy with a,b,c,d € R and d # 0. Thus it also
must contain

[x,61] =al +2d¢ and [[x,&1],81] = 2dC.
Therefore it contains { and ¢; = —j(¢}) as well, which is impossible.
The following proposition is weaker than Proposition 3.1 but will still allow us to prove

Theorem 1.4 for the Lie ball. For its statement and proof we decompose the nilradical n of [,
as n = n,_1 ® Ry where the ideal n,_; := b,_1 N nis isomorphic to the nilradical of b,,_;.
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Proposition 4.1. Let v’ be a totally real subalgebra of the nilradical n = n,_1 @ Ry. If v’ is not
contained in w,_1, then there exists a maximal totally real subalgebra v’ of n which contains v'.

Proof. Since by assumption n’ is not contained in n,,_1, there is an element of the form

xo =Y mlr+ Y bl +cl+1

which belongs to n’. Moreover, we have dim(n’ Nn,_1) = dimn’ — 1.

As a first step, we claim that v’ is totally real if and only if ' Nn,_; is so. In order to
see this, suppose that n’ N n,_1 is totally real, the other implication being trivial. Choose an
element x € n’ N j(n') and decompose it as x = x7 + txg where x; € n’Nn,_q and t € R.
By assumption, we have j(x) = j(x1) + tj(xo) € n'. Then, from j(17) = a, we deduce t = 0,
hence x = x1 € ' Nn,_1. Since the latter algebra is assumed to be totally real we obtain
x = 0, as was to be shown.

Next, observe that if { ¢ n’, then n’ @ IR{ is again a totally real subalgebra, for the follow-
ing reason. If { ¢ n/, then n’ Nn,_; is Abelian. Therefore, the Lie algebra (n’ Nn,_1) ® R{ is
also Abelian, hence totally real, which due to the previous step implies that n’ ¢ IR is totally
real.

Consequently, we may assume that { € n’. Let us consider the projection 77: n,,_1 — 1,1
onto @y R&, & RE with kernel @, IR¢;. If the restriction

7T|n’ﬁn,,,1 ' N n, 1— @Rék D ]Ré
k

is surjective, then dim(n’ Nn,_1) > n — 1, hence dimn’ = 1, and we are done.

Therefore, suppose that i, ¢ 7(n’ N n,_1) for some ky. Note that in particular g, ¢ n’.
From { € v’ it follows that (n’ N n,_1) ® R, is a subalgebra of n’ ® n,_;. Since moreover,
1 and &y, commute, we see that n’ & Ry, is a subalgebra of n. We claim that n’ @ R¢y, is
totally real. In order to see this it is sufficient to show that (n’ Nn,_1) @ R, is totally real.
This, however, follows from the fact that [X(], j(& ko)] has a non-zero contribution from gy, .

Iterating this procedure we eventually construct a maximal totally real subalgebra of n
that contains n’, as was to be shown. O

Proof of Theorem 1.4 for the Lie ball. We shall prove that IL,,/T" is Stein where I satisfies the
conditions stated at the beginning of this subsection.

Let us first assume that nr is not contained in the j-ideal b,,_1. Due to Proposition 4.1 there
exists a maximal totally real subalgebra ny C n that contains nr. Then the result follows from
Proposition 1.3.

If nr is contained in b,_1, we find a maximal totally real subalgebra it of b,_; that con-

tains nr, see Proposition 3.1. Let Nr- be the corresponding closed subgroup of Aut’(LL,,). The
holomorphic submersion 7: L, — Htis Np-invariant and extends to a N}:-invariant holo-
morphic submersion 77: Nf-: .L, — H". Then, Nfc acts freely and properly on Nf-: .L,,, and
the fibers of 7 are precisely the N%j-orbits, isomorphic to C"~!. In other words, 77 defines an

N}E -principal bundle. Since H* is contractible, this ﬁ}:-principal bundle is holomorphically
trivial, i.e., we have

(NE-L,)/T = (NF/T) x H*.

Since I/\\IfC /T is Stein due to [23, Théoréme 1], the same is true for (IVF . I/[:n) /T. Hence, the
theorem of Docquier-Grauert [8] implies that I, /T is Stein as well. O
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5. THE CASE OF THE SIEGEL DISK

In this section we present an example that shows that the analoga of Theorem 1.4 and
Proposition 4.1 do not hold true for arbitrary bounded homogeneous domains. This exam-
ple will be constructed on a 5-dimensional bounded homogeneous domain holomorphically
embedded in the 6-dimensional Siegel disk S3. Therefore we describe as a first step the nor-
mal j-algebra s, of S,,.

5.1. The normal j-algebra of Siegel’s upper half-plane. Recall that the Siegel disk 5, can
be realized as Siegel’s upper half plane which is the symmetric tube domain associated
with the cone of positive definite real symmetric matrices. The automorphism group of S, is
isomorphic to the symplectic group Sp(n, R) and S,, corresponds to the hermitian symmetric
space of type C I in [16]. For n = 1, Siegel’s upper half-plane is the usual upper half-plane,
while, for n = 2, it is isomorphic to the 3-dimensional Lie ball.

The linear automorphism group of the symmetric cone of positive definite real symmetric
matrices is GL(n,R) acting by ¢ - A := gAg!, see [10, p. 213]. Hence, the normal j-algebra
s, of S, can be determined as before using [10, Proposition X.5.4] and [20, Proposition 2.8].
Our description of s, follows [18].

Let us denote by u,, the solvable Lie algebra of lower triangular real n X n matrices. We
have the decomposition u, = a, & u;, where a, is the Abelian Lie algebra of diagonal matri-
ces in R"*". The normal j-algebra of Siegel’s upper half plane can be realized as

A B
S, 1= { (0 —At>‘ Ac€u, B ESym(n,]R)}.

Note that ¢: u, — Sym(n,R), p(A) = A+ A, is a linear isomorphism. The complex
structure j: s, — s, is given by

(@ 2)-(3 )

The linear form A € s;, corresponding to the Bergman metric is given by

A (‘6‘ jv) — Tr(B).

The elements of the solvable Lie group S, are of the form (’3 ( A%—l ) where A is lower

triangular and B is symmetric. An element of the form (’3 ( AP)—] ) actson S, by Z — AZA!

while the elements of the form ( IO” Ilz ) act by translation. The vector field induced by x € s,

is given by 4 ’0 exp(tx)-Zfor Z € S,,.

One verifies directly that the subspace of s, consisting of all matrices A = (ay) and
B = (by) such thatay = by = 0forall 1 < k,I < n—1is a j-invariant ideal isomorphic
to b,, while the subspace consisting of all matrices where a,; = b,; = 0 for all [ is a j-
invariant complementary subalgebra isomorphic to s,,_1. Consequently, s, decomposes as a
semi-direct sum s, @ b,,. Geometrically, this decomposition corresponds to the equivariant
fibration 77,,: 5, — S,,_1 where 77,(Z) is the submatrix of Z consisting of the first  — 1 lines
and columns.

In the following we will concentrate on the case n = 3. Here we have s3 = b3 © by ©
by where b3 is a j-ideal in s3 and b is a j-ideal in s, = by @ b;. The composition of the
two equivariant fibrations is the map 7 := 7 o 713: S, — HT given by 71(Z) = z1;. For
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the rest of this section let D := 717!(i) be the 5-dimensional bounded homogeneous (non-
symmetric) domain corresponding to the normal j-algebra b3 @ by. Let us consider the bases
(a3, 831, E32, €41, Chos C3) Of bz and (a2, €21, &y, {2) Of by. Let us realize these elements explicitly
as matrices as well as vector fields in the coordinates of the entries of Z = (zj) € Sym(3,C):

0 Ess 0 Es3 0 d d d
- 2 % = 2 4o
& (0 0 ) ~ ;o < 0 —E33> e I

_ (0 Eiz+Es 9 _(E; O 0 0 9
C31—<0 0 )'—>8213, 1=\ 0 —Eps =z 11al +lea +223az33

0 Exs+ Es J , E» O ) 0 0
—= _— = 2
o (0 0 ) ~ 0223 622 < 0 —Ezs) I 0213 Ty 0223 +emy 0z33"

0 EZZ d E22 0 d d d
=2 i = B PR
8 (0 0 ) — P an < 0 —E,) 70 9713 + 2z pr + 23— I

_ (0 Enp+En J y _ (Ex O d J d
@21—(0 0 )Hazlzl 2=\ 0 —Ep '—>2118 +2128 24-213(-9223-

For instance, in order to find the vector field belonging to ¢4, we calculate

1 0 0 1 0 ¢ Z11 Z12 Z13 + tz11
exp(tégl) -Z=10 1 0)Z[0 1 0] = Z12 Z72 Z93 + 1217
t 01 001 z13 + tz11 zos +tzin z33 + 2tz13 + 213

and then derive with respect to t.
The representation of b, on bj is defined by

(a2, G32] = C32 a2, &) = G2
[Go1,85] = —Cn [Go1, 8] = —Can
[5&11531] 532 [5&11‘3&2] = _gél
(G2, G52] = 2832,

all other brackets being zero.

5.2. A counterexample. We present an example that shows that the analoga of Proposi-
tion 4.1 and Theorem 1.4 do not hold true for D.
Let n denote the nilradical of b3 @ by and consider the elements x1, x2, x3 € n given by

x1:= 831 + {3+ 8o1, X2 1= =31 + &y, X3 := {3+ o

Since [x1, x2] = x3, they generate a Lie subalgebra nr := Rx; & Rx; & Rux;3 that is isomorphic
to the 3-dimensional Heisenberg algebra and projects surjectively onto the nilradical of b,.
Moreover, the corresponding group Nr of automorphisms of D admits a cocompact discrete
subgroup, which justifies the notation nr.

We shall see that all Nr-orbits in D are totally real, while nr is not contained in any max-
imal totally real subalgebra of n. This shows that the analogon of Proposition 4.1 does not
hold true for the domain D, even under the stronger assumption that all Nr-orbits are totally
real in D.

Remark. A subalgebra of codimension 1 in a nilpotent Lie algebra is automatically an ideal.
We apply this result in the following way: If y € n is an element such that np © Ry is a
subalgebra, then y normalizes nr.

Lemma 5.1. The Lie algebra nr is not contained in a maximal totally real subalgebra of n. Hence,
the analogon of Proposition 4.1 does not hold true for the domain D.
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Proof. Suppose for a moment that nr is a maximal totally real subalgebra of n with np C nr
and let y € Air \ nr. Writing
y = a3+ aln + a185 + 383 + 3ls + bl + b8y + 2l

we find

[y, x1] = ah8a1 + (a) — b1)Ex + a0z — V10> and  ([[y, x1],x1] = a5Cs.

If a/, # 0, then nir would contain 3 and {, and consequently %, + ¢21 = —j(x2) as well, thus
contradicting the fact that nir is totally real. Hence, we must have a} = 0.
It follows that the elements

[y, x1] = (a1 —b1)s + s — b1g2  and
v, x2] = —(a1 +b1) 832 + 2103 + 012
belong to nr. Consequently, nr contains also the element
(11 + )y, x1] + (@) = b))y, x2] = (a] — by + arby +af) s — (b7 — ajby + ab + b)) (.
As above, since nr is totally real, neither {3 nor ¢, belong to nr. This gives
a? — aiby + arb} +a = —b3 + ajby — arb) — b?,
which is equivalent to
(a1 4+ b))* + (a}) — by)? = 0.
Hence, we obtain a; = —b and 4} = b;. In summary, this yields

y = a1(Cx — &y1) + a2832 + a1 (E3 + 8a1) + €383 + c20o.

In particular y normalizes nr.
Adding a;x, — ajx1 — c2x3 to y, we conclude that iir \ nr contains an element of the form

(5.1) Yo i=C3 + T(3

for some T € R. Observe that y, centralizes nr and that nr @ Ry, is a totally real subalgebra
of n.

According to the above remark, nr & Ry, must be a normal subalgebra of nr. Therefore,
we calculate its normalizer and find

NMa(nr ® Ry:) = nr & Rz DR = R(E%; + E1) B R(—E31 + &) D Rézp & R D RE,.

Since the normalizer is 5-dimensional, it must coincide with fir. This however contradicts
our assumption because the normalizer is not totally real. O

Let Nr be the connected Lie group having Lie algebra nr © Ry where y. is defined in
Equation (5.1). Since y. centralizes nr, the group Nr admits cocompact discrete subgroups.
We will show that the quotient of D with respect to any cocompact discrete subgroup of Nr
is not Stein, hence that the analogon of Theorem 1.4 does not hold for D. For this it is enough
to find an Nr-orbit in D which is not totally real. Note that this implies again that nr @ Ry
cannot be contained in a maximal totally real subalgebra. Indeed, for every a > (1 + 72)~2
the matrix

i T+i
1412
Zy = lrjrlz ix 0
0 0 1

belongs to D, and one sees without difficulty that Nr - Zp is not totally real.
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Nevertheless, we shall prove in the rest of this subsection that D /T is a Stein manifold
where I' is any cocompact discrete subgroup of Nr. Using the description of the elements of
s, as matrices, we can realize N}: as the matrix group

1 00 O a —b
b 10 a -2 —4F
2 bZ
(52) qu; — a 01 —-b %2 ‘; —2(5[ + C) a, b,C cC
0 00 1 —b —a
000 O 1 0
000 0 0 1 )
The action of NF on Sym(3,C) is given by
Z = (zi) —
Z11 z1p +bz11 +a z13+azy1 — b
zip+ bz +a  zoo + 2bzyp + b%z91 +ab — 2c Zp3 4 azip + bzyz + abzy + #
2 2
z13 +azy; — b zo3 +azqp + bziz +abzy + % z33 + 2azq3 + a’z1y — ab — 2(a +¢)

It is not difficult to verify that N{ acts freely on Sym(3,C), which in particular implies that
Nr has only totally real orbits in D, see Lemma 2.1.

In the following we will show that N{ acts properly on Sym(3,C) with quotient man-
ifold Sym(3,C)/NE = C3. It then follows that the principal bundle Sym(3,C) — C3 is
holomorphically trivial. Consequently, Sym(3,C) /T and D/T are Stein.

In order to prove that the Nf-action is proper we shall use the following lemma.

Lemma 5.2. Let G be a Lie group acting smoothly and freely on a manifold M and let H be a closed
normal subgroup of G. Then G acts properly on M if and only if H acts properly on M and G/H
acts properly on M/ H.

Proof. Firstly, suppose that G acts properly on M. Since H is closed in G, the H-action on M
is proper and we get a smooth action of G/H on the quotient manifold M/H. Properness
of this latter action was shown in [29, Proposition 1.3.2].

Conversely, suppose that the actions of H on M and of G/H on M/ H are proper. Let (g,)
and (p,) be sequences in G and M, respectively, such that (g, - pn, pn) converges to (4o, po)-
We must show that (g,) has a convergent subsequence.

For this, note that (g, H - [px), [pu]) converges to ([q0], [po]) in M/H x M/H where [p] €
M/ H denotes the class of p modulo H. Thus (g, H) has a convergent subsequence. Without
loss of generality we assume that g,H — goH. Hence, there is a sequence (h,) in H such
that 1, ! gn — o in G, from which we conclude that

(- (' g pu) by g - pn) — (90,80 Po)-

Since H acts properly on M, it follows that (h,) and hence (g,) have convergent subse-
quences. ]

We first apply Lemma 5.2 to the action of the center of N}: on Sym(3,C). The center of
NF is given by all matrices of the form (5.2) having a = b = 0 and acts on Sym(3,C) by

211 Z12 713 211 212 213
c-|z12 2z 2z | =|z12 Z»—2c Z73 .
Z13 223 Z33 Z13 223 Z33 — 2C
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Hence, the corresponding C-principal bundle is holomorphically trivial and given by
m: Sym(3,C) = C°,  7(zu) = (211,212, 213, 222 — 233, 223)-
The induced action of C2 2 NF/Z(NF) on C? is given by

21
Zo +bz1 +a
(a,b)-z= z3+az; —b

z4 + 2bzy — 2az3 + (b* — a?)zqy + 2ab + 2a
z5 + azy + bzz + abzy + (a®> — %) /2
In the next step we consider only the action of the one parameter group C, of elements
(a,0). A direct calculation shows that the C,-action on C5 becomes a translation in the first
coordinate after conjugation by the biregular map ®: C> — C x C*,

Z > (zz, 21,23 — 2122,24 + 22923 — 22125 — 222,2% — 225).

It follows that C, acts properly on C° and that the corresponding C,-principal bundle
C°> — C°/C, = C* is holomorphically trivial. Moreover, the induced Cj-action on C* is of
the form

w1
. wy — b(w% + 1)
b-w= w3 — wal

wy — 2bwy + b*(w? + 1)

Note that the projection onto the first three coordinates is equivariant; therefore we obtain
a free algebraic C-action on C? of the form t-w = (wy, wp + tf(w1), w3 + tg(w1)) where
f(w) = —(w?+1) and g(w1) = —2w;. Due to a result of Kaliman, see [19], every free
algebraic C-action on C? is conjugate under a biregular map to a translation. Hence, it
follows that C; acts properly on C> and thus on C*. Moreover, we have C*/C, = C3.
Consequently, Lemma 5.2 applies to show that NF acts properly on Sym(3, C) with quotient
C3.

Remark. In our case it is possible to give an elementary proof of Kaliman’s result which
applies in a slightly more general setup. For this, let f,g € O(C) be two entire functions
and consider the holomorphic C-action on C° given by t -z = (z1, 22 + tf(21), 23 + tg(z1)).
This action is free if and only if f and g have no common zeros. In this case, there exist
entire functions ¢, € O(C) such that ¢f + g = 1, see [17]. Then the biholomorphic map
®: C® — C® given by
1 0 0 Z1
P(z) = (0 f(z1) g(=z1)] |2
0 —9(z1) ¢(z1)) \z

transforms the C-action into a translation.

5.3. Open problems and concluding remarks. Let ' C N be a discrete subgroup with
Zariski closure Nr. As we have seen, in general the condition that only one Nr-orbit is
totally real in D does not imply that D /T is Stein. It is natural to ask, however, whether
D/T is Stein if all Nr-orbits in D are totally real. In this case, we obtain a free algebraic
action of N§ on the domain Nf - Dccn

As we have observed in the above examples, even if all Nr-orbits are totally real in D,
the hypothesis of Proposition 1.3 does not need to hold true. Then, in order to answer
the above question, one could try a direct approach similar to the one carried out in the
previous subsection. This, however, poses two major problems. First of all, one has to
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show that NF acts properly on Nf - D c C". Secondly, if NF does indeed act properly,
one must prove that (NF - 15) /NEF is a Stein manifold. These questions are far from being
trivial, bearing in mind that there is an example of a proper algebraic C?-action on C® by
affine-linear transformations such that C®/C? is quasi-affine but not Stein, see [36].
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