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Abstract—Many algorithms from digital signal processing,
including digital filters or discrete transforms, require the
multiplications with several constants. These can be efficiently
implemented multiplierless by using additions, subtractions, and
bit-shifts. Finding a multiplierless solution with minimal cost is
known as the multiple constant multiplication (MCM) problem.
Usually, not the full precision is required at the output. The state-
of-the-art approaches consist in finding an MCM solution first,
and truncating it in a second step. In this work, we solve the
MCM problem with minimal number of full adders for truncated
outputs. By combining the two steps into a global optimization
problem, modeled through mixed-integer linear programming,
we are able to reduce the number of full adders by 60% in
best cases and by 12% on average. Our method has shown its
efficiency on more than 80 instances from literature and permits
a fast improvement of state-of-the-art results in most of the cases.

Index Terms—Multiple constant multiplication, digital arith-
metic, circuit optimization, full adders

I. INTRODUCTION

The multiple constant multiplication (MCM) is a frequently-
used operation present in many numerical algorithms. It often
appears in digital signal processing, in particular when evalu-
ating digital filters, or in the parallel inference of deep neural
networks, for instance as a part of dot-product evaluation.
One common and efficient way of performing fixed-point
(FxP) multiplications by constants is to transform them into
additions/subtractions and bit-shifts. Moreover, internal data
sharing is possible: for example, when computing both 49x
and 51x, the value 49x can be reused for both outputs (see
Fig. 1a). We refer to the resulting MCM shift-and-add circuits,
illustrated in Fig. 1, as adder graphs in the following.

To minimize the cost of the implemented hardware, most
previous methods focused on searching for an adder graph that
minimizes the number of adders [1]–[10]. The optimization
problem behind is conjectured NP-hard [11] and has been tack-
led with heuristics [1], [5], [6], [12] and optimal approaches
[7], [8], [13]. While giving a good idea on the actual resource
consumption, counting adders is a high-level metric: different
solutions having the same minimal number of adders often
have different actual hardware cost. This can be refined by
counting the total number of full adders (FA), or even half
adders (HA) required for additions [14]–[19].

The number of full adders gives a much finer-grain low-
level metric. For example, in Fig. 1 we see two solutions for
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(a) Requires 23 FA/HA
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+
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3x
<latexit sha1_base64="poi3RXQPPvKCEVNXZ0rBgOf8mZk=">AAAB6XicbVDLTgJBEOzFF+IL9ehlItF4IrtgokcSLx7RyCOBDZkdemHC7OxmZtZICH/gxYPGePWPvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1FjpvvrUK5bcsjsHWSVeRkqQod4rfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7plJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dukzxUyI8aWUKa4vZWwIVWUGRtOwYbgLb+8SpqVslctV+4uS7XzLI48nMApXIAHV1CDW6hDAxiE8Ayv8OaMnBfn3flYtOacbOYY/sD5/AFRjY0h</latexit>

x
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<latexit sha1_base64="cFaA8i73wruhouRA+t7CngPQyIk=">AAAB9XicbVDLTgJBEOzFF+IL9ehlI9F4IrtookcSLx4xkUcCK5kdZmHC7MxmpldCCP/hxYPGePVfvPk3DrAHBSvppFLVne6uMBHcoOd9O7m19Y3Nrfx2YWd3b/+geHjUMCrVlNWpEkq3QmKY4JLVkaNgrUQzEoeCNcPh7cxvPjFtuJIPOE5YEJO+5BGnBK302BFK9gWLkGitRt1iySt7c7irxM9ICTLUusWvTk/RNGYSqSDGtH0vwWBCNHIq2LTQSQ1LCB2SPmtbKknMTDCZXz11z6zScyOlbUl05+rviQmJjRnHoe2MCQ7MsjcT//PaKUY3wYTLJEUm6WJRlAoXlTuLwO1xzSiKsSWEam5vdemAaELRBlWwIfjLL6+SRqXsX5Yr91el6nkWRx5O4BQuwIdrqMId1KAOFDQ8wyu8OSPnxXl3PhatOSebOYY/cD5/ABn8ktA=</latexit>4
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<latexit sha1_base64="iGU7kvOVfS2T1ZwxG59H2Xq6zr0=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYFA8hd0YUG8BLx4jmgckS5id9CZDZmeXmVkxhHyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXkAiujet+Oyura+sbm7mt/PbO7t5+4eCwoeNUMayzWMSqFVCNgkusG24EthKFNAoENoPhzdRvPqLSPJYPZpSgH9G+5CFn1FjpvnL91C0U3ZI7A1kmXkaKkKHWLXx1ejFLI5SGCap123MT44+pMpwJnOQ7qcaEsiHtY9tSSSPU/nh26oScWqVHwljZkobM1N8TYxppPYoC2xlRM9CL3lT8z2unJrzyx1wmqUHJ5ovCVBATk+nfpMcVMiNGllCmuL2VsAFVlBmbTt6G4C2+vEwa5ZJ3USrfVYrVsyyOHBzDCZyDB5dQhVuoQR0Y9OEZXuHNEc6L8+58zFtXnGzmCP7A+fwBzsmNZQ==</latexit>

51x
<latexit sha1_base64="v36xslZKGTuONpJZjwwW0botdac=">AAAB6nicbVDLTgJBEOzFF+IL9ehlItF4Iruo0SOJF48Y5ZEAIbNDL0yYnd3MzBrJhk/w4kFjvPpF3vwbB9iDgpV0UqnqTneXHwuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLV8qlGwSXWDTcCW7FCGvoCm/7oZuo3H1FpHskHM46xG9KB5AFn1Fjp/tJ76hVLbtmdgSwTLyMlyFDrFb86/YglIUrDBNW67bmx6aZUGc4ETgqdRGNM2YgOsG2ppCHqbjo7dUJOrNInQaRsSUNm6u+JlIZaj0PfdobUDPWiNxX/89qJCa67KZdxYlCy+aIgEcREZPo36XOFzIixJZQpbm8lbEgVZcamU7AheIsvL5NGpeydlyt3F6XqaRZHHo7gGM7Agyuowi3UoA4MBvAMr/DmCOfFeXc+5q05J5s5hD9wPn8AxCeNXg==</latexit>

+
<latexit sha1_base64="VfTrjtnzfexpkjAzWaSKt3e/nMQ=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMiCGE3CnoMePGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9cteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhrT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0qyUvatypX5dqp5nceThBE7hAjy4gSrcQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB2pnjJc=</latexit>
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F
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F
<latexit sha1_base64="FRVr9OSrdJyWXJY/yMH31japVc4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh71sFgETyWpBz0WBPHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvpn5D0+oNI/lvZkk6Ed0KHnIGTVWat72yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5odOyblVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmX5MBV8iMmFhCmeL2VsJGVFFmbDYlG4K3/PIqadeq3mW11qxV6qd5HEU4gTO4AA+uoA530IAWMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AY+xjKY=</latexit>

(b) Requires 9 FA/HA

Fig. 1: MCM solutions computing 51x and 49x with 3 adders.
Horizontal arrows indicate left shifts.

multiplication by 49 and 51, both using 3 adders. However, the
solution in Fig. 1a requires 23 FA and HAs, while the solution
in Fig. 1b needs only 9 FA and/or HA, for a 3-bit input.

Moreover, in practical applications, the output is often trun-
cated to a certain word length (WL), e. g., in digital filter eval-
uation. Since there is no sense in computing unnecessary bits,
further resource optimizations can be achieved by introducing
truncations in intermediate operations. Naturally, the rounding
errors due to truncations are propagated and combined to
the output and should be constrained to the user-given “error
budget”. And again, some adder graph topologies are better
suited for truncations than others. Hence, the truncations and
the corresponding error quantities should be incorporated into
the overall MCM model.

Previous works solve this problem only partially: [7], [8],
[13] only considers MCM problem but solves optimally; the
work in [19] optimizes truncations optimally but only for a
fixed adder graph; the authors of [14]–[16] consider MCM
with FA metric but solve only heuristically.

In this paper we optimally solve the general truncated
MCM problem including FA metric in one step: given a
set of constants and an a priori accuracy of the result, we
produce an adder graph describing the shifts, the adders and
truncations that result in minimal number of FAs. We present
a Mixed-Integer Linear Programming (MILP) model that can
be efficiently solved using any generic solver.

Fig. 2 illustrates a graphical representation of the variables
of the MILP model. Our first contribution is the in-depth
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Fig. 2: Classic (left) and proposed (right) adder models.

modification of the classic MCM model (left) to handle the FA
metric. A second contribution is the extension of our model
to handle truncations and error propagation (right) in order to
gain more FAs by allowing for topology modification as we
search for a solution. Our new approach yields adder graphs
that reduce the FA count by 12%, on average, and up to
60% in the best case, w. r. t. the state-of-the-art MCM design.
The complete MILP model is available with the open-source
implementation1.

II. A NEW MILP MODEL MINIMIZING FULL ADDERS

A. Problem Formulation
The inputs of this MCM problem with an FA metric

(MCMFA) are: the target constants, the maximum acceptable
error of the outputs (which is usually derived from the output
format) and the input format in terms of the most and the least
significant bits (MSB and LSB), msbin and lsbin, respectively.
The maximum WL of the internal constants can be given
as an input too or inferred from the output coefficients. For
simplicity in MILP modeling, in the following we consider
that the LSB of the input is equal to 0, such that all quantities
related to FxP formats are positive.

At output, the MCMFA produces an adder graph with
the minimal number of FAs. Each constant multiplication is
defined as a sequence of shifts and adds, where each adder
also bears the information on the truncation of its inputs.

We limit ourself to the minimization of full adders and do
not distinguish between specialized half adders or even single
gates as done in some previous work [14]–[16]. This distinc-
tion is trivial in the model but would make the presentation
and comparison more complex. Instead, we indicate where the
changes should be done in the model.

The key ingredients for the MCMFA model are:
• Constraints for the adder graph topology;
• Modeling the count of FAs, for each adder;
• Modeling the truncations in intermediate adders as the

FA gain and the impact of the induced truncation error.
In the following we give a general overview of these three

key ingredients.

B. Constraints for General MCM
Kumm proposed an ILP model [13], centered on finding the

values of intermediate adders and possible shifts as illustrated
in Fig. 2a. These adders are constrained by the equation

ca = (−1)φa,l 2sa,lca,l + (−1)φa,r 2sa,rca,r (1)

1https://gitlab.com/filteropt/mcmfa

that links an adder, a, with its inputs in the adder graph, where
φ, s and c correspond to the sign, the bit shift and the adder
value at the left (l) and (r) inputs, respectively. Equation (1)
can be linearized, either using indicator or big M constraints in
order to be used as part of an ILP model. Indicator constraints
are special constraints of the form

x = y if z = 1, (2)

in which a binary variable z controls whether or not a specified
linear constraint is active. It can be rewritten in linear form
by using the so-called big M constraint

y − (1− z)M ≤ x ≤ y + (1− z)M , (3)

for a sufficiently large M . Indicator constraints are directly
supported by many MILP solvers and are numerically more
robust compared to so-called big M constraints but are typi-
cally slower due to weaker relaxations [20].

The linearization of (1) is done by introducing as many
variables as there are possible shifts ϕa,i,s, signs φa,i and input
sources ca,i,k for all possible combinations of target adders a
and source adders k, of the inputs i ∈ {l, r} and shifts s.

This linearization is described in detail in [13] and serves
as a base for our MILP model.

C. Defining FA Metric

It should be first emphasized that FA metric is not equivalent
to WL optimization. The number of FA necessary to perform
an addition of two FxP numbers depends not only on the WLs
but also MSB positions of the operands. In a general case, a
result of addition of two n-bit numbers requires n FAs and a
potential carry can increase the output WL. For that reason,
computing the MSB of every adder is necessary. The number
of full adders for each adder relies on multiple variables:

• FAa ∈ N corresponds to the number of FA of adder a;
• msba ∈ N is the MSB position of the output of adder a,

it corresponds to the maximum MSB of the inputs;
• ga ∈ N corresponds to the number of full adders that can

be saved with respect to the full-precision of adder a;
• ψa ∈ {0, 1} corresponds to the presence of a necessary

full adder for computing the result’s MSB. For subtrac-
tions, the MSB of the adder is obtained from the last full
adder for which the carry is known to be zero. In general,
for additions, the value stored at the MSB is obtained with
the carry of the last full adder. However, in some cases, a
last full adder, for which the carry is known to be equal
to zero, is necessary, as illustrated in Fig. 3a.

These variables are linked together as follows:

FAa = msba − ga + ψa, ∀ adder a, (4)

where ga is equal to the left shift if the right input is
nonnegative, 0 otherwise. The value of ga can be increased
when an output error is allowed and truncations are involved.
This potential gain is discussed in the next section.

As shown in Fig. 3b, in some rare cases it could be possible
to totally remove full adders. It would require a small data path

https://gitlab.com/filteropt/mcmfa
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(a) An additional half adder H is
needed to compute the MSB.
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(b) The adder inputs do not over-
lap and no FA is used.

Fig. 3: Corner cases when counting full adders

compared to the constant’s WL. This is only the case for very
low WLs, thus we left that outside of the scope of our model.

In our overall model we want to minimize the total number
of full adders. The absence of objective in the initial MCM
model permits to include the objective without effort:

min
∑
a

FAa. (5)

Finally, it is important to note that, during the solving pro-
cess, the smallest MSB will be preferred over an unnecessarily
large MSB as the model minimizes FAa and, thus, msba. For
that reason it is sufficient to ensure that the MSB of each adder
is large enough to hold the result, which can be done with a
single constraint

msba ≥ log2
(
2msbinca

)
. (6)

This constraint has to be linearized to avoid logarithm, to do
so, we first exponentiate and obtain

2msba ≥ 2msbinca, (7)

where 2msbin is a precomputed constant and ca is the unknown
coefficient corresponding to the adder in question. The expres-
sion 2msba can be linearized in a similar way as explained in
Section II-B. The challenge here is that the range for msba
can be large. To speed up the resolution, we propose to relax
the constraint for the intermediate integer variable designating
2msba and use a continuous variable instead.

D. Modeling Truncation Error

In Fig. 2b, the position of truncations, ta,i, and the flow
of the error is represented for a given adder a. Truncations
permits to decrease the number of full adders. This gain is
modeled through the use of variables ga in (4) and its value
is defined similarly to [19] as:

ga =


max (ta,l + sa,l, ta,r) if sa,l ≥ 0 ∧ φa,l = φa,r
ta,l + sa,l if sa,l ≥ 0 ∧ φa,l = 1
ta,r if sa,l ≥ 0 ∧ φa,r = 1
0 otherwise

(8)
where variables φa,i handle the sign of each input as exposed
in (1) and ta,i correspond to the truncations. These variables
are closely linked to the error propagation constraints. Because
of the maximum and the conditionals, (8) can be linearized
using indicator or big M constraints. Note that (8) in com-
bination with (4) can be similar defined to account for the

number of half adders or gate level metrics. Then, their cost
can be considered by trivially extending the objective (5) by
weighting their area contribution.

The error computed after the addition corresponds to the
sum of input errors which are either determined by previous
errors in the circuits or by truncations. Error propagation
constraints and truncations can be summarized as

εa = max
(
2sa,lεa,l, 2

ta,l+sa,l − 1
)

+max
(
2sa,rεa,r, 2

ta,r+sa,r − 1
)

(9)

where sa,l, sa,r, ta,l and ta,r are variables for the bit shift
and truncations, and require a linearization. The variables εa
correspond to the error at adder a and, εa,l and εa,r are
the error of the left and right inputs, respectively. These last
variables are closely linked to the adder graph topology and
they are linked to the right value using the constraint

εa,i = εk if ca,i,k = 1 ∀a, i and k . (10)

In a similar way, variables sa,i from (9) can be fixed to the
right values with a constraint that uses ϕa,i,s.

Our goal is to gain as many bits as possible, for example
by increasing the error as much as possible. To avoid an error
too large, user given constants εj are necessary to bound the
output errors. In the classical MCM, binary variables oa,j are
equal to 1 if adder a is used for producing output j and 0
otherwise. Reusing this variable permits to bound the error:

εa ≤ εj if oa,j = 1 ∀a and j. (11)

Outside of the error propagation, the only constraint on
errors is an upper bound. For that reason, the error propagation
constraints have to ensure that the error is not underestimated.
Thus, equality on (9) can be replaced by a greater or equal
relation. This allows a straightforward linearization of the max
function using intermediate variables. The linearization of the
powers of two is done in the same way as for the classic MCM
constraint involving shifts.

III. EXPERIMENTAL RESULTS

We applied our model to benchmarks from image pro-
cessing (11 instances) that have been used previously for
MCM [9], [21] and to benchmarks from the FIRsuite project
(60 instances) [22]. Models were implemented using the mod-
eling language JuMP [23] and solved with Gurobi [24], with
a time limit of 30 minutes and 4 threads from 1.1GHz CPUs.

Our implementation allows to directly solve the model for
a given set of target constants or to give an initial solution to
the solver to optimize from (which is called warm start in the
following). The initial solution relies on the fast RPAG [12]
heuristic and an MILP model that counts the number of full
adders. We consider the time for using heuristics and counting
the number of full adders as negligible.

Because of big M constraints, there exists a risk of invalid
solutions, due to numerical issues in the solver. For instances
using WL strictly greater than 12 the solver might return



TABLE I: Results and comparison of the proposed MCM with FA metric. Inputs are 8-bits, and truncated outputs are 8-bits.

#FA, no truncations #FA, with truncations

Benchmark WL #coeff. #adders MCM [13] Proposed % gain MCM [13] + trunc. [19] Proposed %gain

GAUSSIAN_3 8 3 4 47 40 14.89% 33 24 27.27%
GAUSSIAN_5 11 3 5 57 57∗ 0.00% 27 27∗ 0.00%
HIGHPASS_5 7 4 4 46 39 15.22% 34 20 41.18%
HIGHPASS_9 7 5 5 54 47 12.96% 35 25 28.57%
HIGHPASS_15 9 12 12 142 105∗ 26.06% 106 42∗ 60.38%
LAPLACIAN_3 7 3 3 34 31 8.82% 22 19 13.64%

LOWPASS_5 7 5 6 73 60∗ 17.81% 60 42∗ 30.00%
LOWPASS_9 9 12 13∗ 152∗ 128∗ 15.79% 91∗ 84∗ 7.69%

LOWPASS_15 11 25 27∗ 306∗ 250∗ 18.30% 158∗ 131∗ 17.09%
UNSHARP_3 7 3 4 37 32 13.51% 25 20 20.00%
UNSHARP_3 11 3 5 67 49∗ 26.87% 45 26∗ 42.22%

∗heuristic solution; no optimality could be proven within timeout

invalid adder graphs. Our tool checks the result a posteriori
and ensures that only valid solutions are returned.

Due to the lack of space, we only report the results from the
image processing benchmark [13] in TABLE I. The complete
results, including the full FIRsuite benchmark, are available
on the project’s git.

A. MCM at Full Precision with FA Metric

In the first experiment, we evaluate our method using the
full output precision without truncations (see “no truncations”
column in TABLE I). As reference, we used the optimal
ILP-based MCM [13]. When [13] could not provide an op-
timal solution within the timeout, we compared to the RPAG
heuristic [12]. Finally, we computed the number of FAs in the
reference solutions similarly to [19].

When using a warm start, in mere seconds our tool improves
the starting state-of-the-art solution, in most cases. The rest of
the time until the timeout, improvements were more rare or
absent. For example, it took less than 5 seconds to obtain an
objective value of 105, when solving HIGHPASS_15, and all
the remaining time has been spent trying to improve it or to
prove its optimality.

In many cases, using a warm start was necessary to simply
the finding of a solution within a few minutes. In extremely
rare cases, if the warm start solution is not of a good quality,
e.g., the number of adders is large and non optimal, the design-
space is too large and the solution after timeout could even
be slightly worse than the state-of-the-art. In general, though,
when not improving the reference result we usually prove that
it is already optimal. We demonstrated, that in 9 cases out
of 10 optimizing for the number of adders is non optimal
and we could improve the FA count, on average, by 15%
for the image processing benchmark and 12% for the whole
benchmark including FIRsuite. In the best cases, we could
achieve an improvement of more than 26%.

B. Truncated MCM vs. 2-step optimization

A second experiment consisted in comparing our approach
to the state-of-the-art in presence of truncations, as long as a
faithful rounding to the output format is guaranteed. The ref-
erence 2-step optimization is based on the optimal MCM [13]
(or RPAG [12]) followed by optimal truncations [19]. For the

image processing benchmark, we consider that the input WL
matches the output WL, and is equal to 8 bits. In other words,
the output accuracy requirement is that all 8 bits of the output
are correct, except perhaps for the last bit.

It has been already observed in literature that allowing for
truncations greatly decreases the number of FAs, compared to
computing a full precision output. Indeed, TABLE I demon-
strates that applying [13] + [19] on the image processing
benchmark results in a 34% reduction in number of FAs, on
average. With our approach, the improvements are pushed even
further and an average FA reduction is around 43%.

When comparing our approach to [13] + [19], we observe a
substantial improvement in the FA count: in the best cases we
decrease the number of FAs by 60% and on average by 26%,
and by 13% for the whole benchmark, including FIRsuite.
Indeed, searching directly for an adder graph that allows for
the best truncations, similarly to the example in Fig. 1, gives an
optimal, or at least a better, result when compared to first fixing
the adder graph topology. In our observations, the reduction
degree really depends on the coefficient values, and not on
the filter length or WL. Similarly to the experiment without
truncations, good improvements were mostly obtained in the
first few seconds using a warm start.

IV. CONCLUSION

With this work we proposed for the first time an optimal
approach for the solution of the truncated MCM problem with
the minimum number of FAs. In contrast to previous works,
we consider both the FA metric and the truncations as part of
the MCM optimization. Our work experimentally confirmed
that large reductions are achievable, compared to a two-step
approach consisting of the optimally solving the MCM [13]
first and then optimally truncating [19]. Tests on the FIRSuite
benchmark confirm the efficiency of our approach even on
large instances. Even though some of the instances could
not be solved optimally within 30 minutes, they nevertheless
usually showed improvement in FA count.

The future work will focus on the digital filter design
problems, for which the optimal MCM has been already used
as a basic block. In particular, we plan to incorporate our new
truncated MCM into the FIR filter design problem, extending
the work in [25].
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