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The authors of a recent paper claim that the well-known Laplace expansion of the Coulomb potential is inaccurate and incomplete. We prove here that this is not the case.

The authors of [1] are studying the expansion of the angular function cos k θ in terms of Legendre polynomials and, as an application of it, they find "two alternative multipole expansions for the electron-electron Coulomb repulsion term". The readers are warned from the Abstract that "the conventional multipole expansion of the Coulomb repulsion term is a special case for one of the expansions generated in this work". By "the conventional multipole expansion of the Coulomb potential" the authors mean the well-known Laplace expansion of the Coulomb potential (their Eq. ( 30)). In the last paragraph of their section "Results" we find the assertions "In the conventional form, the analytical function given by Eq. ( 32) is approximated to unity and the series in Eq.( 33) is truncated by considering the special case λ = l only. The approximation of the analytical function and the truncation of the expansion leads to inaccuracy and incompletness of the conventional multipole expansion of the Coulomb repulsion term". If this last assertion were true, the consistency of mathematical analysis would be questionable. We prove in this comment that, fortunately, this is not the case.

We need in our calculation the following formulas that can be found in [START_REF] Prudnikov | Integrals and Series: Special Functions, Gordon and Breach[END_REF].

Γ n + 1 2 = √ π 2 n (2n -1)!!, Γ(z + 1) = zΓ(z), Γ(n + 1) = n!, (1) 
(a) k = Γ(a + k) Γ(k) , (2) 
(a) 2k = a 2 k a + 1 2 k 2 2k , (3) 
where n, k, z are arbitrary natural, integer and complex numbers respectively, Γ is the Euler Gamma function, and the notation ( ) k stands for the Pochhammer symbol. As usual, we use * vaman@ifin.nipne.ro the generalized definition of factorial for real numbers

x! = Γ(x + 1), (4) which is the extension to non-integer numbers of the third equation in (1).

Letting aside a typo, Eq. ( 33) of [1] reads

h l (t) = (2l + 1) ∞ λ≥l,l+2 (2λ -1)!! (λ -l)!!(λ + l + 1)!! t λ (1 + t 2 ) λ+1/2 , ( 5 
)
where the summation is over λ even when l is even and over λ odd when l is odd. Considering first the l-even case, and using the first equation in (1), we have for l = 2n

h 2n (t) = 4n + 1 π(1 + t 2 ) ∞ λ=2n λ= even λ -1 2 ! (λ -2n)!!(λ + 2n + 1)!! 2t 1 + t 2 λ (6)
Changing the summation index λ → k, λ = 2k, and then k → p, k = p + n, we obtain

h 2n (t) = 4n + 1 π(1 + t 2 ) ∞ p=0 2p + 2n -1 2 ! (2p)!!(2p + 4n + 1)!! 2t 1 + t 2 2p+2n . (7) 
We further transform Eq.( 7) as follows 2p + 2n -1 2 !

(4)

= Γ 2p + 2n + 1 2

(2)

= Γ 2n + 1 2 2n + 1 2 2p (3)(4) = 2n - 1 2 ! n + 1 4 p n + 3 4 p 2 2p . (8) 
From Eqs. (1), (4) one obtains

(2n + 1)!! = 2 n+1 n + 1 2 ! √ π , (9) 
so we can write 

(2p + 4n + 1)!! (9) = 2 p+2n+1 p + 2n + 1 2 ! √ π (4) = 2 p+2n+1 √ π Γ 2n + 3 2 + p ( 

where 2 F 1 is the Gaussian hypergeometric function. We have 2n - 1 2 ! 2n + 1 2 !

(4)

Using for the hypergeometric function in (11) the formula [START_REF] Prudnikov | Integrals and Series: Special Functions, Gordon and Breach[END_REF] 2 F 1 a, a + 1

we obtain

A similar calculation performed for odd indices of h leads us to

Introducing our Eqs. ( 14) and (15) in Eq. ( 28) of [1], we obtain

where r > = max (r i , r j ), r < = min (r i , r j ), t = r < /r > . This is the well-known Laplace expansion of the Coulomb potential. Comparing equations ( 25) and (33) of [1], we find jl (r i , r j ) = jl (t) =

Introducing our Eq. (17) in Eq. ( 23) of [1], we also obtain the well-known Laplace expansion of the Coulomb potential.

We proved here that the expansions ( 23) and (28) of [1] are identical with the Laplace expansion of the Coulomb potential. So, contrary to the assertions from [1] and fortunately for the consistency of mathematical analysis, the Laplace expansion of the Coulomb potential is accurate and complete.