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Abstract

In this manuscript, we show that the Riemann zeta function satisfies(
ζ(s), ζ(1 − s)

)
≠ (0, 0) for any s in the critical strip, except on the

critical line. This still holds even when the fractional part function is
replaced by a function satisfying a specific Rotation Number Hypothesis.
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1 Introduction

Denote by Bloc([1,∞),C) the set of bounded and locally integrable functions
from [1,+∞) to C. We consider the following Rotation Number Hypothesis :

∃ρ ∈ C∗ : sup
t≥1

∣∣∣ ∫ t

1

(
η(u)− ρ

)
du

∣∣∣ < +∞. (H)

The complex number ρ is called the rotation number of η. Notice that if ρη
exists, then it is unique; this can be proved by contradiction. Denote by L[η]
the following transformation

L[η](t) :=
∫ t

1

(
η(u)− ρη

)
du, ∀t ≥ 1.
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Notation 1. Let C+ denote the right half-plane {w ∈ C : ℜ(w) > 0}. For
every η ∈ Bloc([1,∞),C), let µη : C+ → C be defined as:

µη(w) = −1− (1− w)

∫ +∞

1

u−1−wη(u) du, ∀w ∈ C+.

The function µη is well-defined on C+ since η is bounded and the integral
converges absolutely for ℜ(w) > 0. The Rotation number hypothesis implies
that L[η] ∈ Bloc([1,∞),C). Hence, the function µL[η] is defined on C+.

Denote by B the critical strip, excluding the critical line and the real axis:

B :=
{
w ∈ C : ℜ(w) ∈ (0, 1), ℜ(w) ̸= 1

2
, ℑ(w) ̸= 0

}
.

In [3] we have the following results

Theorem 2. Let η ∈ Bloc([1,∞),C) satisfy the Rotation Number Hypothesis
(H). Suppose that the functions µη and L[η] satisfies:

∀x ∈ R∗ : µη(1 + i x) ̸= 0 and µL[η](1 + i x) ̸= ρη − ix

1 + ix
− 1

|1 + i x|2
.

Then, for every s ∈ B, we have(
µη(s), µη(1− s)

)
̸= (0, 0).

Remark 3. Note that

|1 + i x|2

ix

[ρη − ix

1 + ix
− µL[η](1 + i x)− 1

|1 + i x|2
]
= lim

r→>0
µη(r + i x),

is the analytic extension of the function µη to the line ℜ(z) = 0. Consequently,
the condition of the previous theorem is equivalent to

∀x ∈ R∗ : µη(1 + i x) ̸= 0 and µη(i x) ̸= 0.

2 Application to the Riemann ζ Function

The fractional part function η∗(t) = {t} is bounded and locally integrable.

Proposition 4. The function η∗(t) = {t} satisfies hypothesis (H) with ρ = 1
2
.
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Proof. The function p(t) =
∫ t

1
(1/2 − {u})du is 1-periodic and vanishes at

integer values. Thus, it is bounded for all t ≥ 1.

From the integral representation of the Riemann zeta function (Titchmarsh,
[2], page 14, Equation 2.1.5):

∀w ∈ C+ \ {1} :
1− w

w
ζ(w) = µη∗(w). (1)

We have ζ(1 + iτ) ̸= 0 for τ ∈ R (Hadamard, 1896, [1]), then µη∗(1 + iτ) ̸= 0.
Use the Riemann functional equation and Remark 3,

1− iτ

iτ
ζ(iτ) := µL[η∗](1 + i τ)−

1
2
− iτ

1 + iτ
+

1

|1 + i τ |2
̸= 0, ∀τ ∈ R∗.

In fact,

ζ(iτ) = i 2iτπ−1+iτ sinh
(πτ
2

)
Γ(1− iτ)ζ(1− iτ) ̸= 0, ∀τ ∈ R∗.

By Theorem 2, for s ∈ B we have(µη∗(s), µη∗(1 − s)) ̸= (0, 0). Implies
(ζ(s), ζ(1− s)) ̸= (0, 0).
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