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Abstract

We prove that | ζ(s)
s

− ζ(1−s)
1−s

| 6= 0 for every ℜ(s) ∈ (0, 12 ) and

ℑ(s) ∈ R∗, where ζ is the Riemann Zeta function. At the end of

the paper, we give a discussion about the Riemann hypothesis.
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1 Main result

Consider the representation of the Riemann Zeta function ζ defined by the
Abel summation formula [[1], page 14 Equation 2.1.5] as

ζ(s) := −s

∫ +∞

0

{t}

t1+s
dt, ℜ(s) ∈ (0, 1), ℑ(s) ∈ R

∗, (1)

where {t} is the fractional part of the real t. We prove in this paper the
following Main result

Main Result. Consider the function ζ defined by Equation (1). Then

∣

∣

∣

ζ(12 + r + iτ)
1
2 + r + iτ

−
ζ(12 − r + iτ)

1
2 − r + iτ

∣

∣

∣
6= 0, ∀r ∈ (0,

1

2
), ∀τ ∈ R

∗.
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2 Main Proposition

Notation 1. In order to simplify the notation, for every r ∈ (0, 12) and
τ ∈ R∗ denote

φ(τ, r) :=
ζ(12 + r + iτ)

1
2 + r + iτ

−
ζ(12 − r + iτ)

1
2 − r + iτ

.

For every r ∈ (0, 12) denote

fr(u) := {u}u−
3

2 (ur − u−r), u > 0. (2)

By Equation (1) we have

φ(τ, r) =

∫ +∞

0
u−iτfr(u)du,

The aims is to studies the differential equation of solution the function

t 7→ tiτ
[

z +

∫ t

0
u−iτfr(u)du

]

, t > 0, z ∈ C.

We focus only on the solutions that converge to zero. More precisely, the
strategy to prove the Main result, is to prove that the above function converge
to zero when t→ +∞ implies that |z| 6= 0 (the initial condition). We deduce
that φ(τ, r) 6= 0.

For every τ ∈ R∗ and r ∈ (0, 12) we consider the following differential
equation

d

dt
x =

iτ

t
x+ fr(t), t ∈ R+/N, x(0) = 0, x : (0,+∞) → C. (3)

Lemma 2. For every τ ∈ R∗ and r ∈ (0, 12) there exists a unique continuous

solution ψτ,r(t) : [0,+∞) → C of the differential equation (3). Further,

ψτ,r(t) = tiτ
∫ t

0
u−iτfr(u)du, ∀t > 0,

and

ψτ,r(t) =
t
1

2
+r

−iτ + 1
2 + r

−
t
1

2
−r

−iτ + 1
2 − r

, ∀t ∈ (0, 1).
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Proof. Since 0 ≤ fr(u) ≤ 1

t
3

2

(ur − u−r) for every u > 1 and

fr(u) =
1

u
1

2

(ur − t−r) for every u ∈ (0, 1) then the function

t 7→ tiτ
∫ t

0
u−iτfr(u)du,

is continuous and C1 on R+/N. The Equation (3) is a non-
homogeneous linear differential equation, then unique continuous solution
ψτ,r(t) : (0,+∞) → C such that [ψτ,r(0)| = 0, is given by

ψτ,r(t) = tiτ
∫ t

0
u−iτfr(u)du, ∀t > 0.

Since fr(u) = t−
1

2 (tr − t−r) for every t ∈ (0, 1), then

ψτ,r(t) =
t
1

2
+r

−iτ + 1
2 + r

−
t
1

2
−r

−iτ + 1
2 − r

, ∀t ∈ (0, 1).

Proposition 3. For every τ ∈ R∗ and r ∈ (0, 12) the unique continuous

solution ψτ,r(t) : [0,+∞) → C of of the differential equation (3) satisfies

lim
t→+∞

|ψτ,r(t)| 6= 0.

Notation 4. Denote

p(t) =

∫ t

0

(

{u} −
1

2

)

du, ∀t ≥ 0,

where we recall that {u} is the fractional part of the real u. Denote

ω := 2 max
t≥[0,1]

|p(t)|.

Lemma 5. The function p is a continuous 1-periodic function.

Proof. The function u 7→ {u} is 1-periodic, then there exists a continuous
1-periodic function p : R → R such that

∫ t

0
{u}du = t

∫ 1

0
{u}du+ p(t), ∀t ≥ 0.
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Since
∫ 1

0
{u}du =

1

2
,

we get
∫ t

0
{u}du = t

1

2
+ p(t), ∀t ≥ 0.

Lemma 6. Let τ ∈ R∗ and r ∈ (0, 12). Let ψτ,r(t) : [0,+∞) → C be the

unique continuous solution of the differential equation (3). Suppose that

lim
t→+∞

|ψτ,r(t)| = 0.

Then

lim
t→+∞

t
1

2
−rψτ,r(t) = −

1

2

1
2 − r

(12 − r)2 + τ2
+ i

1

2

τ

(12 − r)2 + τ2
.

Proof. By Lemma 2

ψτ,r(t) = tiτ
∫ t

0
u−iτfr(u)du, ∀t > 0.

Suppose that
lim

t→+∞
|ψτ,r(t)| = 0.

Then
∫ +∞

0
u−iτfr(u)du = 0,

implies
∫ t

0
u−iτfr(u)du = −

∫ +∞

t

u−iτfr(u)du, ∀t > 0.

We get

ψτ,r(t) = −tiτ
∫ +∞

t

u−iτfr(u)du, ∀t > 0. (4)

Consider the function p given in the Notation 4. Use the integration part
formula in Equation (4),

ψτ,r(t) = −
1

2
tiτ

∫ +∞

t

u−iτ− 3

2 (ur − u−r)du

+ tiτ
∫ +∞

t

hτ,r(u)
(

p(u)− p(t)
)

du,



5

where

hτ,r(u) :=
d

du

[

u−iτ− 3

2 (ur − u−r)
]

= (−iτ −
3

2
+ r)u−iτ− 5

2
+r − (−iτ −

3

2
− r)u−iτ− 5

2
−r.

Since
|p(u)− p(t)| < ω, ∀u ≥ 0,

where ω is given by the Notation 4, we obtain

∣

∣

∣
ψτ,r(t)+

1

2
tiτ

∫ +∞

t

[u−iτ− 3

2
+r − u−iτ− 3

2
−r]du

∣

∣

∣

< 2ω(|τ |+
3

2
+ r)

∫ +∞

t

u−
5

2
+rdu =

2ω(|τ |+ 3
2 + r)

3
2 − r

t−
3

2
+r.

We have

tiτ
∫ +∞

t

[u−iτ− 3

2
+r − u−iτ− 3

2
−r]dv =

1

−1
2 − r − iτ

t−
1

2
−r

−
1

−1
2 + r − iτ

t−
1

2
+r,

Then,

lim
t→+∞

t
1

2
−rψτ,r(t) =

1

2

1

−1
2 + r − iτ

,

in other words

lim
t→+∞

t
1

2
−rψτ,r(t) = −

1

2

1
2 − r

(12 − r)2 + τ2
+ i

1

2

τ

(12 − r)2 + τ2
.

Lemma 7. For every r ∈ (0, 12) there exists tr > 0 such that

d

dt

[1

t

∫ +∞

1

t

fr(u)du
]

< 0, ∀t ∈ (0, tr).

Proof. We have

d

dt

[1

t

∫ +∞

1

t

fr(u)du
]

= −
1

t2

[

∫ +∞

1

t

fr(u)du−
1

t
fr(

1

t
)
]
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As in the Proof of the Lemma 6, using the integration part formula, we have

∫ +∞

1

t

fr(u)du =
1

2

[ t
1

2
−r

1
2 − r

−
t
1

2
+r

1
2 + r

]

−

∫ +∞

1

t

hr(u)
(

p(u)− p(
1

t
)
)

du,

where p given in the Notation 4 and where

hr(u) :=
d

du

[

u−
3

2 (ur − u−r)
]

= (−
3

2
+ r)u−

5

2
+r − (−

3

2
− r)u−

5

2
−r.

Since

|p(u)− p(
1

t
)| < ω, ∀u ≥ 0,

Then

lim
t→0

t−
1

2
+r

∫ +∞

1

t

fr(u)du =
1

2

1
1
2 − r

> 1.

Since

lim
t→0

t−
3

2
+rfr(

1

t
) < 1,

Then there exists ǫr > 0 such that

d

dt

[1

t

∫ +∞

1

t

fr(u)du
]

< 0, ∀t ∈ (0, ǫr).

Proof of the Proposition 3. Let be r ∈ (0, 12) and τ ∈ R∗ fixed. By contra-
diction, suppose that

lim
t→+∞

|ψτ,r(t)| = 0. (5)

In order to simplify the notation, denote

Ψτ,r(t) :=

∫ 1

t

0

1

u
ψτ,r(u)du, ∀t ∈ (0,+∞).

Equation (3), implies

d

dt
Ψτ,r(t) = −

1

t
ψτ,r(

1

t
)du = −

iτ

t
Ψτ,r(t)−

1

t

∫ 1

t

0
fr(u)du, (6)
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In order to simplify the notation, denote

w(t) := ℜ
(

Ψτ,r(t)
)

and v(t) := ℜ
(

Ψτ,r(t)
)

, ∀t > 0.

By Hypothesis (5) and by Equation (3), we have

w(0) = 0 and v(0) =
1

τ

∫ +∞

0
fr(u)du. (7)

Equation (6) can be written as

d

dt
w(t) =

τ

t
v(t)−

1

t

∫ 1

t

0
fr(u)du, v(0) =

1

τ

∫ +∞

0
fr(u)du, t ≥ 0,

d

dt
v(t) = −

τ

t
w(t), w(0) = 0, t ≥ 0.

By Lemma 7 there exists tr > 0

d

dt

[1

t

∫ +∞

1

t

fr(u)du
]

< 0, ∀t ∈ (0, tr).

Then there exists ǫτ,r > 0 such that

d

dt
w(t) < 0, ∀t ∈ (0, ǫτ,r),

in other words

ℜ
(

ψτ,r(
1

t
)
)

> 0, ∀t ∈ (0, ǫτ,r),

But by the hypothesis (5) an Lemma 6, we have

lim
t→+∞

t
1

2
−rψτ,r(t) = −

1

2

1
2 − r

(12 − r)2 + τ2
+ i

1

2

τ

(12 − r)2 + τ2
.

We obtain a contradiction.

3 Discussion about the Riemann hypothesis

Consider the representation of the Riemann Zeta function ζ defined by Equa-
tion (1). Define the non trivial zeros of the function ζ in the following sense

Definition 8. Let be s ∈ C. We say that s is a non trivial zero of the

function ζ if

ζ(s) = 0 and ℜ(s) ∈ (0, 1), ℑ(s) ∈ R
∗.
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By the Riemann functional equation [[1], page 13 Theorem 2.1], the non
trivial zeros of the function ζ are symmetric about the line ℜ(z) = 1

2 . By the
Main result, the non trivial zeros s ∈ C symmetric about the line ℜ(z) = 1

2
satisfies ℜ(s) = 1

2 .

Theorem 9 (Riemann hypothesis). Let s ∈ C be a non-trivial zero of the

function ζ. Then ℜ(s) = 1
2 .

Proof. By contradiction, suppose that there exists a non-trivial zero s∗ ∈ C

of the function ζ such that ℜ(s∗) 6=
1
2 . Then

ζ(s∗)

s∗
= 0.

The Main result implies
ζ(1− s∗)

1− s∗
6= 0. (8)

But the Riemann functional equation implies that the non-trivial zero of the
function ζ are symmetric about the line ℜ(z) = 1

2 . In other words,

ζ(1− s∗) = 0.

We obtain a contradiction with the Equation (8). We deduce that ℜ(s∗) =
1
2 .
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