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W. Oukil
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Abstract

Using the differential equations properties, we prove that any non-
trivial zero of Riemann’s zeta function is of real part equal to % In
other words, we prove that the Riemann hypothesis is true.

Keywords: Riemann hypothesis, Zeta function, Abel summation formula.

1 Introduction

We consider the representation of Riemann’s zeta function [[1], page 14 Equa-
tion 2.1.5] defined for all s € C such that R(s) > 0 by the Abel summation

formula as . "
> It
((s) = —s /0 1 ar, (1)

where {t} is the fractional part of the real ¢. In this paper, we focus on the
non-trivial zeros of the function ¢, defined by Equation (), in the following
sense

Definition 1. Let be s € C. We say that s is a non-trivial zero of the
Sfunction ¢ if

((s)=0 and R(s) e (0,1), (s)eR"
The following theorem affirms the Riemann hypothesis.

Main Result. Consider the function ¢ defined by Equation (). Suppose
that s € C is a non-trivial zero of the function ¢ then R(s) = %
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2 Main proposition

The Equation () can be written as

+oo
((s) = s/l t21—8 - t{l%dt, VseC, R(s)e€(0,1).

By a change of variable, t — exp(u) we get
Vs:=x+ire€C, xz€(0,1), 7€R":

+oo
((s) == —3/0 exp(—(1 — s)u) + exp(—su){exp(u) }du.

For every 7 € R*, define the function ¢, : (0,1) x Ry — R as

or(z,t) = — /Ot {exp(—(l —x)u) — exp(—xu){exp(u)}] sin(tu)du.  (2)

Denote

Vee (0,1): ¢r(x)= lm ¢, (x,t).

t—+00

By identification, for every 7 € R* and every z € (0,1), we have
() = %(%s)) where s := x + i7 and we have

((z+it) =0 = ¢r(x) = 0. (3)

Proposition 2. Let be 7 € R*. Then,

1

Vre(0,5): by —r) # 6.5 + )

Lemma 3. Let be 7 € R* and z > 0. Then there exists 3, > 0 such that
for all s > v >0 we have

‘ /S exp(—zt){exp(t)} sin(rt)dt — [w,(z,s) — w,(z,v)]| < h(z,8,v,5),

where
1
2224712

h-(z,B,v,8) = B+ | exp(—(1 + 2)s) + exp(—(1 + z)v)|, Vs > v.

wr(z,t) := exp(—zt)[z sin(7t) 4+ 7 cos(7t)], Vt >0,
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Proof. In order to simplify the notation, denote
I-(z,8,0) = / exp(—zt){exp(t)} sin(rt)dt.

Use the change of variable exp(t) = u we get

exp(s)
(2 5,0) == / ) tliz{t}sin(ﬂn(t))dt.
exp(v

Since the function u — {u} is 1-periodic function and since

1
1
/tdt:—,
0 2

Then there exists a 1-periodic function ¢ — p(t) such that

/t{u}du = %(t —s)+p(t) —p(s), Vt>s>0.

Since the function u +— {u} is continuous on R/Z then the function ¢ — p(t)
is continuous on R, and C* on R/Z. Use the integration part formula,

1 [ees) 1
IT(Z,S,’U):§ o) tl?sm(Tln(t))dt (4)

+ exp(—(1 + z)s) sin(7s)(p(exp(s)) — p(exp(v)))

exp(s)
+ / o) v (2 D (p(exp() — plexp(v))r,

fr(z,t) = (1 + 2)sin(7In(¢t)) 4+ 7 cos(7 In(¢)).
Since the function function ¢ — p(t) is 1-periodic, there exists a > 0 such

that

sup |p(t) — p(s)| < o
t>s>0

By Equation (), we get

1 el 1
I(z,8,v) — E/exp(v) e sm(Tln(t))dt‘

exp(s)
Safop(-(4 20+ 4zt [ o

exp(v)

=]

< Br | exp(—(1 4+ 2)8) + exp(~(1 4 2)0)]
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where

Br,‘r = Oé[l +

Use the fact

exp(s) 1 exp(s) '
/ ﬂ? SiH(T ln(t))dt =g [/ tl—z-i-rrdt

xp(v) xp(v)
1

22 4 72
n 1

Z2 + T2

exp(—=zs)[zsin(7s) + 7 cos(7s)]
exp(—zv)[z sin(7v) 4+ 7 cos(Tv)],
to deduce the Lemma. O
In order to simplify the notation, denote
A:={t>0, t#1In(n), Yn>2}.

In order to simplify the notation we denote on all this Section,

Lemma 4. Let be 7 € R* and r € (0,5). Let (ex)n, (V)ns ($n)n C Ry be a
sequences such that

o limy, s oofen — 5[5 exp(—itv,)]] # 0,

o lim, oSy, = limy 100 vy = limy, 1 o0 S — Uy = +00,

o sp < 20y,

For every n € N, let t — A, (r,n,t) be the continuous function satisfying the
following differential equation,

%AT(T’, n,t) =z, Ar(r,n,t) — [1 + {exp(t)}] sin(rt),

Ar(ryn,v,) =€, tE€A t> vy, (5)

Then,

ngl}_lw AL (r,n, 8p)| = +00.
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Proof. Integrate Equation (H) and use the fact A, (r,n,v,) = €,, we get
Ar(ryn,s,) = exp <$T(Sn - vn))en (6)
+ /Sn exp (xr(sn — t)) [1 + {exp(t)}]sin(rt)dt
e (#r(sn = vn) )en
+ /sn exp (xr(sn — t)) sin(7t)dt
+ /sn exp (xr(sn — t)) {exp(t)} sin(rt)dt.

By Lemma 3]

/Sn exp(—x,t){exp(t)} sin(rt)dt — [wr(zy, $p) — wr(Tr, V)]
é hT(’Z7 ﬁv Unv STL)7

where

1 1

wr(zt) = 5

exp(—zs)[zsin(rs) + 7 cos(7s)], Vt >0,
7]

1+ 2

e (2 B,0,8) 1= Br | exp(=(1+ 2)s) + [L + 7] exp(=(1 + 2)v)]

By hypothesis of the present Lemma we have

TpSp < 22,0, < (22, 4+ 1)v,, and lim s, = lim wv, = +o00,
n—-+4o00 n—-4o0o

then
lim exp(z,(sn — vn))hr (2, B,Vn, 5,) = 0.

n—-+0o0o

Use the fact
/ exp(—x,t) sin(7t)dt = 2[w, (zy, $n) — wr (T4, vn)]]
We have

ngl—}-loo eXp(_xr(Sn_Un)) |:AT (Ta n, Sn)+eXp(‘TTsn)[wT (xT’v Sn)_wT(x“ U")]] =0.
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We have
eXP(ern)[w—r(l’r, Sn) - w'r(xry 'Un)]
1 1 .
=5 exp(—x,(8n — vn)) [z sin(7sy,) + 7 cos(7sy,)])
T

1

S22 [, sin(Tvy,) + T cos(Tuy)].
T

By hypothesis of the present Lemma we have limy, 10 Sp, — v, = +00 and

1 1
a(r,r) = nll)r}rloo[en 2J[azr = exp(—iTvy)]] # 0,

thanks to Equation (@), we get

lim exp(—x,(sn — vp))Ar(r,n,s,) = a7, 7) # 0,

n——+o0o

since limy, 1 o S5, — vy, = +00, then

lim |A-(r,n,s,)| = +oo.
n—-+4o0o

O

Lemma 5. Let be v € (0,%) and t — 0.(r,t) be the continuous function

satisfying the following differential equation,

%97—(7’, t) = x,0-(r,t) — [1 — exp(—2rt)][1 + {exp(t)}] sin(Tt),

0-(r,0) =0, teA. (7)

Then,

sup |0 (r, t)] = +o0.
>0

Proof. By contradiction, suppose that there exists r € (0, %) and w, > 0
such that

sup |0, (r,t)| < wy. (8)
>0

Prove that there exists a sequence (vy,), C Ry such that

lim v, = +oo, 9)

n—-+00

and such that

tim_[0-(r,v,) - %%[

n—-+00

i eXp(—iTUn)]] # 0. (10)
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By contradiction, suppose that

: T, 1 . B
t_l}gloo [97(7", t) — 5\5[% = exp(—m't)]] = 0. (11)

Since t +— 6,(r,t) is a continuous function, integrate Equation (7)), we obtain
for all s >t > 0 the following equality

O (r,t) —0:(r,s) = xr/ 0 (r,u)du
- / (1 — exp(—2rw)][1 + {exp(w)}] sin(ru)du. (12

By the hypothesis (II), for every sequences (up)n, (i), C Ry such that

sup |uy, — ty| < 400 and  lim w, = 400,

we find

lim [g7 (7, upn) — g7 (7, Un)]

n—-4o0o
Un

= nEIJIrloo [T = exp(=2ru)][1 + {exp(u)}] sin(ru)du.

where the C'*° and 277T-periodic function s +— g,(r, s) is defined as

T — 1T,

- _ > 0.
P P exp(—its)|, Vs >0

1
gr(r,s) = 5%[
Contradiction. We deduce then Equation (@) and (I0).

Now, for every n € N, let ¢ — A,(r,n,t) be the continuous function
satisfying the following differential equation,

%AT(T, n,t) =z, Ar(r,n,t) — [1 4+ {exp(t)}] sin(t),

Ar(r,n,vy) =0-(r,v,), teA t>uv,. (13)

Denote n,(x,n,t) := 0,(r,t) — A (r,n,t). By Equations (7)) and (3],

%m(:ﬂ,n,t) =z, (z,n,t)+exp(—2rt)|[1+{exp(t) }] sin(7t), n,(x,n,v,) = 0.
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where t € A and t > v,. Since t — n;(x,n,t) is a continuous function,
integrate,

t
s (2,7, )] < 2 exp(—2un) exp(,) / exp(—,5)ds
Un

- x%exp(—%n) {exp(xr(t —tn)) = 1} '

[exp(x,(t — vy) — 2vy,) — exp(—2vy,)].

4
‘777(1'7 ,n‘?t)‘ S 1 _ 2T

For

Sn € [Umvn + _2Un]7
Ty

we get

2
sup |n-(x,n, s,)| < —. (14)
n>0 Ty

By Equation (@), we have lim,, 4o v, = +00. Then we can choose (sp)n
such that

o lim, oSy, = limy 100 Sy — U = 400,
o s, < 2vu,.

By Equations (I0), (I3) and by Lemma [ we obtain

lim |A-(r,n,s,)| = +oo.
n——+o0o

Since 0, (z,n,t) = 0-(r,t) — Ar(r,n,t), thanks to Equation (I4) we find,

lim |0,(r,t,)| = +o0.

n—-+00
Contradiction with the hypothesis (g]). O

Proof of Proposition[d . Equation (2]), implies that V¢ > 0 we have

ng(% +rt)= —/0 exp(—%u) lexp(ru) — exp(—ru){exp(u)}] sin(ru)du,

ng(% —rt)= —/0 eXp(—%u) [exp(—ru) — exp(ru){exp(u)}] sin(ru)du.

Denote
1 1 1 1
yr(r,t) = exp(5) [0 (5 + 1) = 9r (5 — 1 8)], ¥ e (0,5), ¥ =0,
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yr(r,t) =

—2/0 exp(%(t —u)) sinh(ru)[1 + {exp(u)}] sin(ru)du.  (15)

The function ¢ — y,(r,t) is a continuous function and satisfies the following
differential equation

d 1
E%(T’ t) = 53/7(7' t) -2 Sinh(rt)[l + {exp(t)}] SiH(Tt),
yr(r,0) =0, Vt € A. (16)
By contradiction, suppose that there exists r € (0, %) such that
1 1
(257(5 —r) = ¢T(§ +7).
Then

+o00 1
/ exp(—gu) sinh(ru)[1 + {exp(u)}] sin(ru)du
0

—0,
implies
/ exp(—%u) sinh(ru)[1 + {exp(u)}] sin(Tu)du
0
+00
= —/t exp(—%u) sinh(ru)[1 + {exp(u)}] sin(7u)du.
Then
2]/0 exp(—%u) sinh(ru)[1 + {exp(u)}] sin(ru)du|
< T ep(—(5 — 1))+
2

1
—(=+1)t), Vt>0.
e . e

Denote 0(r,t) := exp(—rt)y-(r,t). By the last Inequality and Equation
@), we et

sup |6, (r,t)| = sup | exp(—rt)y,(r,t)| <
>0 >0

17
% _ 7"2 ( )
By Equation (I8]), The function t — 6,(r,t) is a continuous function satisfies
0,(r,0) = 0 and satisfies the following differential equation
d 1 .
aHT(r,t) = (5 —1)0-(r,t) — [1 — exp(—2rt)][1 + {exp(t)}] sin(7t), t € A.
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By Lemma [l we have sup;s |0-(r,t)| = 4+00. Contradiction with Equation

(7). Then
1 1

vr € (0, 5) : ¢T(§ —r)# gbr(% + 7).

3 Proof of the Main result

Proof of the Main result. Suppose that there exist 7 € R* and r € [0, %) such
that

C(%—T—l-iT):O,

by Equation (3], we get

(bT(% —r)=0.

Using the Riemann’s functional equation [[1], page 13 Theorem 2.1], the non-
trivial zeros of the function ¢ are symmetric about the line R(s) = % We
get

1
C(§+r—|—i7') =0.
By Equation (3) we obtain

(bf(% +7r)=0.

By Proposition Bl we obtain r = % U
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