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Abstract
(B _ -s) 1
We prove that | —| # 0 for every R(s) € (0,3) and

S(s) € R*, where ¢ is the Riemann Zeta function. At the end of
the paper, we give a discussion about the Riemann hypothesis.
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1 Main result

Consider the representation of the Riemann Zeta function ¢ defined by the
Abel summation formula [[I], page 14 Equation 2.1.5] as

“+oo
C(s) ;:—3/0 W ws)e0,1), 3(s) e R, (1)

t1+8

where {t} is the fractional part of the real t. We prove in this paper the
following Main result

Main Result. Consider the function ¢ defined by Equation (). Then

CE+r+ir) (3 —r+ir)
%—l—r—kzﬁ- %—T-i-iT

#0, Vre(0, %), V1 e R*.
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2 Main Proposition

Notation 1. In order to simplify the notation, for every r € (0, %) and
7 € R* denote

o(rr) = ((g+r+in) C(1% —rti)

1 . .
T4r+ir I—r+ir
For every r € (0, ) denote

frlw) :={u}= (" —u™"), u>0. (2)

IS
wles| ™

By Equation ({l) we have

+o0 .
o(r,r) = /0 w7 fr(u)du,

The aims is to studies the differential equation of solution the function
. t .
t—t"7 {z +/ u_”fr(u)du}, t>0, zeC.
0

We focus only on the solutions that converge to zero. More precisely, the
strategy to prove the Main result, is to prove that the above function converge
to zero when t — 400 implies that |z| # 0 (the initial condition). We deduce
that ¢(r,r) # 0.
For every 7 € R* and r € (0, %) we consider the following differential
equation
d iT
pria + fr(t), teRL/N, z(0)=0, z:(0,400)—=C. (3)

Lemma 2. For every 7 € R* and r € (0, %) there exists a unique continuous

solution . ,(t) : [0,+00) = C of the differential equation (3)). Further,

t
Yrp(t) = t”/ u_”fr(u)du, vt >0,
0

and
1 1
E§+T E§_T

—iT—i—%—H‘ —iT—i—%—T

Yrp(t) = , Vte(0,1).



Proof. Since 0 < fo(u) < L(u" — u") for every u > 1 and
t3

fr(u) = ui%(u" —t7") for every u € (0,1) then the function

t
t— t”/ ' fo(u)du,
0

is continuous and C!' on R, /N. The Equation (@) is a non-
homogeneous linear differential equation, then unique continuous solution
e r(t) 1 (0,400) = C such that [¢),,(0)] =0, is given by

t
7;[)7',7“(75) = tiT/ U_inr(’LL)d’LL, Vi > 0.
0

Since fr(u) = t_%(tr —t7") for every t € (0,1), then

vVt e (0,1).

O

Proposition 3. For every 7 € R* and r € (O,%) the unique continuous

solution 1, (t) : [0, +00) — C of of the differential equation (3) satisfies

lim_ [ty ()] 0.

t—+o00
Lemma 4. For every r € (0, %) we have
+oo

fr(v)dv < 0.
0

Proof. We have

/0+°° fr(u)du = /01 fr(s)ds + /1+OO £(s)ds.

Use the change of variable s +— % for the first integral, we get

oo to 1 1 +oo
/0 fr(u)du:/l ﬁfr(a)du—F/l fr(S)dS.

By definition of f, we have

Frlu) = {uu=2 (" —u™").
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In particular

Then
+oo +oo +o0
/ £ (u" —u"")ds +/ fr(u)du
1 1

0

Proof of the Main Proposition[3. Let be r € (0, %) and 7 € R* fixed. By
contradiction, suppose that

Equation (3) implies
+o0o 1 +oo
Uralt) = i [ Lbedu [ fwdu, w0, (5)
t t

In order to simplify the notation, denote

“+oo
o (1) ;:/t lzp”( Jdu, Vit 0.

Equation (&) implies

d

1 1 [To°
a\PT’T = Z.T;\PT,T‘ + ;/t fr(u)du, Vit > 0,

which is a non-homogeneous linear differential equation. Integrate, for every
t' >t > 0 we have
+00

v ) = (7 o0+ "yl

t u ulf,

fr(v)dv} du] . (6)

By the hypothesis (@) and Lemma [2 we get

+00 )
/ u_m—fr(u)du =0,
0



then
t . +oo )
/ uT fo(u)du = — / w7 fr.(u)du, Yt > 0.
0 ¢
implies
+oo
7 ()] < / | £ (w)|du, Yt > 0.
¢

By definition of ¥, , and f, we get
lim |U, () =0.

t'—+o0

Equation (6) implies that for every ¢ > 0 we have

. +m . +m
V.. (t) = —t”/ u_”_l[ fr(v)dfu] du.
t u

In order to simplify the notation, denote

wrp(t) = /;roo u—iT1 [/u+00 f,,(v)dv] du, Vt>0.

Then

1 1 [T
\I’T,r(t) = ——T[) ,r(t) - E/ fr(u)du, vVt > 0,
t
By Lemma 21
1 1
1 ta3tr 27"
Uop(t) = - [—— - —
wl=ar+5+7r —T+5—7T
1 [t

- — fr(w)du, Vte (0,1).

T Jy

Use the fact fr(u) = w2t — 2t for all u € (0,1), we obtain

1 1

tatr ta~ "

\IlTﬂ“(t) = _._|: X 1 - X 1 }
—T+5+r ST+ 5 -7

1 [t—§+’“ t2r

], vt e (0,1).
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By Equation (8)),

(
1, (3 —r)cos(TIn(t)) + 7sin(r In(t))
7+ G -G -7

and

i (% + 7)sin(7In(t)) — 7 cos(7 In(t))
(T4 (3 +m)7)(+7)
(5 —r)sin(r1n(t)) — 7 cos(71In(t))

P+ G-rPG 1)
+o0o
. cos(T ln(t))/ fr(v)dv, Vte (0,1).
0

T

In order to simplify the notation, denote

2
R, = §R<w7',r(tn))a tn 1= €exp ( - g>a
2
I, = %<WT,T(3n))7 Sn = €xp ( - 2l> Vn e N.
T T
Then for every n € N we have
1 2nmw 1
Ry =exp (= (5 +1)72)
exp (2 ) T 7'2—0-(%—1-7“)2
1 2nm 1
—exp(—(g—r) T )7’2—}—(%—7‘)2’
and
1 2nm 0w 1
o= e (~ b anET 4 1)
op (G T m ey
1 2nw 0w 1
~exp (- 5 A 7)) 24+ (5 —r)2
Implies

Rn-i—l - Rn + In-i—l - In
1 2nm

= e (- I Yoy e (02T



where
arri= (1=ep (=G +07)) (e (- (G +050) 1)

o= (-0 (- G =02 (o0 (- -0 E) 1) o

Since 7 € (0, %), thenthere exists n,, > 0 such that
Rn+1 — Rn + In+1 — In > 0, Vn > Nrpr. (9)

By Equation (), for every n € N we have

“+00

tn
Royjy1—Ry+ Iy — I, = /t cos(T ln(u))% {/ fr(v)dfu] du
Sn +o0
—/ sin(Tln(u))%[/ fr(v)dv} du
= /tn cos(T ln(u))lhm(u)du (10)
tntl U
where o o
hryp(u) := fr(v)dv +/ fr(v)dv.
u uexp(—g5-)

Since fr(u) == w et — 2 for all u € (0,1) then

d

Tt () = = f(u) — exp(—g0) fr(wexp(—52) > 0, Vu € (0,1),

2T

and

d? d m,d T
WhT,T(u) - _%fr(u) - eXp(_2Z)%fr(ueXp(_Z)) < 07 Vu € (07 1)7

By Lemma[] there exists ¢,, € (0,1) such that
hrp(u) <0, V(0,tr,),

2nm

Since t, = exp ( — T) — 0 then there exists n,, > 0 such that the
Equation (I0) implies

Ryy1 — Ry +1+1 -1, <0, Vn>n.,.

We have obtained a contradiction with Equation (3. O
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3 Discussion about the Riemann hypothesis

Consider the representation of the Riemann Zeta function ¢ defined by Equa-
tion (). Define the non trivial zeros of the function ¢ in the following sense

Definition 5. Let be s € C. We say that s is a non trivial zero of the
function C if

C((s)=0 and R(s)e (0,1), (s)eR"

By the Riemann functional equation [[I], page 13 Theorem 2.1|, the non
trivial zeros of the function ¢ are symmetric about the line R(z) = % By the
Main result, the non trivial zeros s € C symmetric about the line R(z) = %
satisfies R(s) = 3.

Theorem 6 (Riemann hypothesis). Let s € C be a non-trivial zero of the
function (. Then R(s) = 1.

Proof. By contradiction, suppose that there exists a non-trivial zero s, € C
of the function ¢ such that R(s,) # 3. Then

((s)
Sx
The Main result implies
¢1-s.)
O . 11
1— s, 70 (11)

But the Riemann functional equation implies that the non-trivial zero of the
function ¢ are symmetric about the line (z) = % In other words,

(1 —s4)=0.
We obtain a contradiction with the Equation (II). We deduce that
R(s.) = 3. O
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