N

N
N

HAL

open science

¢(s)

Non symmetry of the function >
W Oukil

» To cite this version:

¢(s)

S

‘ W Oukil. Non symmetry of the function

. 2022, hal-03581978v17

HAL Id: hal-03581978
https://hal.science/hal-03581978v17

Preprint submitted on 5 Oct 2022 (v17), last revised 26 Nov 2023 (v25)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-03581978v17
https://hal.archives-ouvertes.fr

¢(s)

Non symmetry of the function >

W. Oukil
Laboratory of Dynamical Systems, Faculty of Mathematics.
University of Science and Technology Houari Boumediene,
BP 32 EL ALIA 16111 Bab Ezzouar, Algiers, Algeria.

October 5, 2022

Abstract

We prove that |@ - %| # 0 for every R(s) € (0,3) and
S(s) € R*, where ¢ is the Riemann Zeta function. At the end of
the paper, we give a discussion about the Riemann hypothesis.
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1 Main result

Consider the representation of the Riemann Zeta function ¢ defined by the
Abel summation formula [[I], page 14 Equation 2.1.5] as

+oo
C(s) ;:—3/0 W sy e0.1), Ss) R, (1)

tl-i—s

where {t} is the fractional part of the real t. We prove in this paper the
following Main result

Main Result. Consider the function ¢ defined by Equation (). Then
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Notation 1. For every r € (0, %) and 7 € R* denote

CE+r+ir) (3 —r+ir)
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For every r € (0, ) denote

fr(u) = {u}

(" —u™"), u>0.

IS
wles|

By Equation ([l) we have

+o0 )
o(r,r) = /0 w7 fr(u)du,

The aims is to studies the differential equation of solution the function
. t .
t—t"7 {z +/ u_”fr(u)du}, t>0, zeC.
0

We focus only on the solutions that converge to zero. More precisely, the
strategy to prove the Main result, is to prove that the above function converge
to zero when ¢t — +oo implies that |z| # 0 (the initial condition). We deduce
that ¢(7,7r) # 0.

Lemma 2. For every 7 > 0 and r € (0, %), the unique continuous solution
rr(t) 1 [0,400) = C of the of the following differential equation

d .
e (®) = T () + (), tERLN, P (0)=0,  (2)
is defined by
t
¢T,r(t) = tiT/ u_”fr(u)du, Vit > 0.
0

Proof. Since 0 < fr(u) <
0< fr(u) < i%(tr —t7") for every
t

ti%(" — t7") for every t > 1 and
t € (0,1) then the function

t
t— tiT/ w7 o (u)du,
0

is continuous and and C* on Ry /N. The Equation (&) is a non-homogeneous
linear differential equation, the unique continuous solution is given by

t
Prp(t) = tiT/o T fo(u)du.



Lemma 3. Let be r € (0,3) and 7 € R*. Let 1;,(t) : [0,+00) — C the

unique continuous solution of Equation [2)) . Suppose that

]‘lm ’wT,T(t)’ = 0

t—+00
Then
lim 5T (1) = — 2 Al S
t—+o0 ’ 2(3-r2+72  2(3-r)2+72

Proof. By Lemma

t
7;[)7',7‘(75) = 757;7—/ U_inr(’LL)d’LL, Vi > 0.
0

Suppose that
lim |¢,,(t)| = 0.

t—+o00
Then
400 )
/ u™"" fr(u)du =0,
0
implies
t ) +o0 )
/ u™" fr(u)du = —/ w7 fr(u)du, Yt > 0.
0 t
We get

Vrnt) = —£7 /t W f () du, Yt 0. (3)

The function v — {v} is 1-periodic, then there exists a continuous 1-periodic
function p : R — R such that

t 1
/ {v}dv = t/ {v}dv +p(t), Vt>0.
0 0

Since

we get
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Use the integration part formula in Equation (3)),

2

1, [T .1
Ve () = ——t”/ v T —= (" — v ")dv
t V2

0 [ ) (p0) - 500
where

hry(v) : d [v_”%(vr — v_’")]

g % .
ol 1 1 (s +r 3-r
= _iTU_ZT<5— B )) + U_ZT<25— —2 5 )
v2 " w24 v2 T 2T
Since p is a periodic function then it is bounded:
da >0, |[p(v)—pt)|<a, VYv>0.
We obtain
1, [T 1 1
¢T’T(t)+§t /t [,U%—r+i7— N U%+r+ir]dv
3 oo 20(r+3547) 1
<2a(7’—|———|—7")/ —dv = (3 2 )3 .
2 tn 02" 2 T 2"
Since
. [T 1 1
t”/ [ 3 T T3 ; ]d?}
¢ ,UE—T‘—l—ZT U§+r+m-
B 1 1 1 1
_—%—r—iTt%‘H“ —%—I—r—iTt%—?“’
Then,
. 1_, 1 1
dm 820 = 5 —34r—ir’
equivalent to
I tl_r¢ ) 1 %—7’ +,1 T
111 2 T - — = 1= .
t—+00 o’ 2(% —r)2 472 2(%—7’)24-7'2



Definition 4. Let h : Ry — R be a continuous and piecewise C'' function.
Let be z € Ry. We say that x is a regular zero of the function h if

.« 240,
e h(x)=0,
e de>0: h(t)h(s) <0, Vte (x—¢€x), Vs (x,x+¢).

We denote A(h) the cardinal of the set of all regular zeros of the function h.

Proof of the Main result. Let be r € (0, %) and 7 € R* fixed. The Main
result is proved if we prove that ¢(7,7) # 0. We have

+o0o )
o(r,r) = / u™" fr(u)du.
0
By Lemma 2, we have
lim |¢r,(t)] = o(7,7),

t—+00

then main result is proved if we prove that lim; 1 17, (t)| # 0. In order
to simplify the notation, denote

w(t) := &E(QﬂT,r(t)) and o(t) := S(?ﬂT,T(t)), vt > 0.

By Lemma Bl we have

lim v(t) > 0.
t—4o00
We have
T 1 T :
vie[0,1]: o(t)= st — g3
[0, 1] v(t) (%4—7‘)24—7'2 (%—7‘)2—1-7'2
implies
u(t) <0, Vte(0,1]. (4)

Then there exists a finite odd number of regular zeros (in the sense of the
Definition @) of the function v in (0, +00);

dneN: A(v)=2n+1.

By Lemma 2 the function v is given by

u(t) = sin(Tln(t))/O cos(TIn(u)) fr(u)du (5)

— cos(T ln(t))/o sin(7 In(u)) fr(u)du, Vt > 0.
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Since limy—, { oo v(t) > 0, then there exists k. € N such that

exp(227)
/ sin(7In(w)) fr(u)du < 0, Vk> ke, keN.
0

and
(2k+1)7 )

exp(
/ sin(7 In(w)) fr(uw)du >0, Vk>k,, kel
0

By Equation (@) and (Bl), we have

1
/0 sin(7 In(w)) fr (u)du > 0.

We have fr(u) > 0 for every u € (1 + 00). Using the variation, for every
k € N* the function

tn—>/0 sin(7 In(w)) fr(u)du,

admits a even number of regular zeros on [exp(Z), exp(w)]. Then there
2k

T

number of solution ¢ € (1, exp(w)] that satisfies

exists a even number of solution t € (1,exp(=)] or there exists a even

fg cos(T ln(u))fr(u)du'
fot sin(7In(u)) fr(u)du

cot(71In(t)) =

By the explicit Equation (), there exists a even number of regular zeros of
the function v on (0, exp(%T”)] or there exists a even number of regular zeros
of the function v on (0, exp(w)]. By the hypothesis lim;_, y v(t) # 0,
we deduce that there exists a finite even number of regular zeros of the
function v,

dmeN: A(v)=2m.

We obtain a contradiction. We deduce that ¢(7,r) # 0 for every r € (0, %)
and 7 € R*.

a

2 Discussion about the Riemann hypothesis

Consider the representation of the Riemann Zeta function ¢ defined by Equa-
tion (). Define the non trivial zeros of the function ¢ in the following sense



Definition 5. Let be s € C. We say that s is a non trivial zero of the
Sfunction ¢ if

((s)=0 and R(s) € (0,1), (s)eR".

By the Riemann functional equation [[I], page 13 Theorem 2.1|, the non
trivial zeros of the function ¢ are symmetric about the line R(z) = % By the

Main result, the non trivial zeros s € C symmetric about the line R(z) = %

satisfies R(s) = 3.

Theorem 6 (Riemann hypothesis). Let s € C be a non-trivial zero of the
function (. Then R(s) = %.

Proof. By contradiction, suppose that there exists a non-trivial zero s, € C
of the function ¢ such that R(s,) # 1. Then

(s
Sk
The Main result implies
((1—s)
— . 6
1 — s, 70 (6)

But the Riemann functional equation implies that the non-trivial zero of the
function ¢ are symmetric about the line R(z) = % In other words,

C(1—s4)=0.
We obtain a contradiction with the Equation (@). We deduce that R(s.) = %
O
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