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Abstract
We prove that ( (s )) + \S(C(l S)) # 0 for every R(s) € (0, %)
and (s) € R*, where ( is the Riemann Zeta function. At the end of
the paper, we give a discussion about the Riemann hypothesis.
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1 Main result

Consider the representation of the Riemann Zeta function ¢ defined by the
Abel summation formula [[I], page 14 Equation 2.1.5] as

+oo
((s) == —3/0 t{li}sdt R(s) € (0,1), S(s) € R, (1)

where {t} is the fractional part of the real t. We prove in this paper the
following Main result

Main Result. Consider the function ¢ defined by Equation (). Then

1 , 1 -
g(w) _g<w) £0, Vre (0,%), V7 € R*.

% +r+iT 53— T+t
2 Main Proposition

Notation 1. In order to simplify the notation, we denote

1
ar =g +ir, V7 €ER".
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For every r € (0, 3) and 7 € R* denote

C(aT +—T)__ C(aT —-T)'

Qr +r Qr — T

o (r) =

For every n > 1 we denote
Zy,:={jez |jl<n}.
We have the following Main proposition

Proposition 2. For every 7 € R* and r € (0,3) we have

—2r T .
¢r(r) = Ao )1 + o + nggrlm¢7(r,n),
where
_ [Tt 1 i y
¢r(r,n) = ! <u1+a7—7‘ - u1+ar+r) Z o exp(ij2mu)du.

JE€ELn

3 Main Lemma

Lemma 3. We have

/lt ({v} - %)dv = Z (j217r)2 (exp(z’j27rt) — 1)7 vt > 0.

jez*

Proof. The function v — {v}— % is 1-periodic, then there exists a continuous

1-periodic function p : R — R such that
1

/1t ({U} - %)dv = (t— 1)/0 ({v} — %)dv +p(t), VteR.

/01 ({v}— %)dv =0,

/j <{v} - %)dv =p(t), YVteR.

Since

we get

The function p is a piecewise C'°°, continuous on R and 1-periodic.

Dirichlet Theorem, the Fourier series

n
n— Z ay exp(ik27t),

k=—n

By



converge uniformly on Ry to the function ¢ — p(t), where (aj)r C C are the
Fourier coefficients of the function p.

t
1
/ ({v} - §>dv = E ajexp(ij2nt), Vt>0.
0 -
JjEZ

By definition of the Fourier coefficients we have

a; = /01 exp(—ij27ru)</0u <{v} - %)dv) du

e 1
2/0 exp(—ij2mu)u(u — 1)du ek jeZz",

and

1! 1
aop 2/0 u(u —1)du 13

4 Proof of the Main Proposition

Proof of the Proposition[2. Let be r € (0, %) and 7 € R*. We have

1 +oo
1 1 1 1 1
¢-(r) = /0 (ua—_ - W)du + 5/1 <u1+ar—7‘ - u1+a7+r>d”

+oo 1 1 1
+/1 (ul-i—a-r—r - ul-l—oc-r—i-r) <{u} - §)du

Use the integration part formula,

—2r r

QST(T) = + D) 3

TSR
T ltar—r l4ar+r u 1
+/1 ( w2tor—r g 2+artr ) |:/1 <{U} - E)dv} du.

By Lemma [3]

—2r r

¢T(r) = + 3

(1—a;)2=1r2 a2-—

T l4+a,—r l4a-+r exp(ij2mu
T / ( wtar g g2tartr > Z ?;2;)2 )du'

r2




4 W. OuKIL

Then 9
—2r T .
Prlr) = (1—a;)?—r? * a2 —r? + ngrfoo@(r,n),
where
T A4t ar4+r 14a;—r exp(i)2mu)
ng(r,n) = /1 < u2tar—r - u2tortr > Z Wdu

JE€ELn

Use the integration part formula, we get

too 1 1 i .
¢r(r,n) = 1 <u1+ar—r - u1+ar+r) Z o exp(ij2mu)du.

JE€EZn

5 Proof of the Main result

Proof of the Main result. Let be T € R* fixed. By the Proposition 2]

—2r r
(257(7’) = (1 _aT)Q _,r,2 +

i
oz 2 T ¢ (1, n),

where

oo 1 1 i y
¢r(r,n) = 1 <u1+ar—r - u1+ar+r) Z o exp(ij2mu)du.

JE€EZn

Denote for ever T' > 1,

T .
1 1 ( iy
¢r(r,n,T) = /1 (u1+a7—r — u1+a7+r) E e exp(ij2mu)du.
JE€ELn

Use the Taylor formula

(r,n,T) Z Z 1 (ij2m) / <uk_1_o‘f+r — uk_l_O‘T_r)du.

JEZn

implies

or(ryn, T) = N ZT[ Z (Jgﬂ)k 1] /T (uk—l—a7+r _ uk—l—aT—r) du
: 1



Since Zjezn(j277)2k_l = 0 for every k > 1 we get

o0

2k 2k—ar+r _ , 2k—or—1
¢r(ryn,T) = 22k+1'232w /( U >du
k=0 S Zn
Then
¢T(T7 Tl, T) - _wT(Ta TL, T) + 1/’7(7"7 Tl, 1)7 (2)

where for every T' > 1 the function T+ v (r,n,T) is defined as

_ Ny (DG
Yr(rn, T) = ) z_: (2k+1)! 2k+1—a; +r

T2k+1—a7— +r

0 -1 k i 2k T2k+1—a7——r
B Z Z( )" (52m)

(2k+1)! 2k4+1—oa,—1
We have

S(r(r,n,T)) := cos(7In(T))V;(r,n,T) + sin(r In(T))W,(r,nT),  (3)

where
o0 .
T (—DF(2em)* T
Vi(r,n,T) = 1_, ZZ 2k+1)! 2k+1—a+7r?
27" je7, k=0 ’
o WVl N
T3+ €2y k=0 2k+1)! 2k+1—ar—r[*
and where
o 1
]27‘( 2k11 2]€+1—§+7’
W, (r,n,T) T
(r,n, ,,JEZZ:];) 2k+1 12k +1—a+rf?

1
1 Zi F(j2m)** p2k+1 2k+1-5-r
3 2k+1 12k +1—a—r|?

Thanks to Equation (2]), we obtain

S(¢r(r,n, T)) = —cos(rIn(T)) Vi (r,n, T) — sin(7 In(T) )W, (r,nT)
+ Vi (r,n,1). (4)
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We have

T o (j27T)4k T4k+1
VT s 7T =
(r.n. 1) ; ZZ(4]{:—|—1)!|41{:—|—1—0¢+7"|2

T Z ]27T 4k+2 T4k+3
Por L @R+ 3) [k + 3 —a—rP

j27T Tak+1

41<:+1 |4k +1 —a —7]?

5TT
2 ez k=
4k+2 T4k+3

T (j2m)
T3~ gz:kz (4k +3)! |4k +3 —a+r|?’

which can be written as

]27T " d T
T) := — d
Vo(rm, T\/_ZZ /_Tdu\élk—i-l—oz—i-u\? “

jGZkO

_ (j2m)* 4k+2/ ™
T\/_ZZ (4k + 3)! du|4k+3—a—u|2

jE€Zy k=0

Since

d T 1 In(T)((4k + 5 +u)? +72) + 2(4k + § + u)

duldk +1—a+u2 ~  Tv ((4k + 1 +u)2 4 72)2 ’

and

d ™ B exp(uln(T")) In(T)
du |4k + 3 — o — u|? <(4k+2—|—%—u)2—|—72>
2exp(uln(T))(4k +2 + 1 —u)

((4k+2—|—%—u)2+7'2)2

Then 7V, (r,n,T) < 0 for every T > 1, by continuity 7V;(r,n,1) < 0. There
exists a sequence (t;,)r — +oo such that limy_, ot = 400 and such

that
WT(T7 n7 tk,n)

V‘I’ (T, n7 tk,n) '

By Equation @), we get I(¢-(r,n,t; ) = 0 for every k > 0. By Equation
M) we get

cot(TIn(tg ) = —

S(QST(Tv n, tk,n)) = VT(Ta n, 1), vk > 0.



Since limy_, 4 o0 tg,n, = +00, then

73(dr(r,n)) = 7Vr(r,n,1) <O0.

Since
—2rT —rT
% _ : o
J((bT(T)) - ’(1 — 047-)2 — 7,2’2 + ‘0472_ — 7,2’2 + nllg—loo J(¢T(T, n))7
we get
’ —27’7’2 —7‘7'2

x < .
T\f(¢r(7‘)) — ’(1 _ a7)2 _ 742‘2 + ‘0472_ _ 7«2‘2 <0

6 Discussion about the Riemann hypothesis

Consider the representation of the Riemann Zeta function ¢ defined by Equa-
tion (). Define the non trivial zeros of the function ¢ in the following sense

Definition 4. Let be s € C. We say that s is a non trivial zero of the
Sfunction ¢ if

((s)=0 and R(s) € (0,1), (s)eR".

By the Riemann functional equation [[I], page 13 Theorem 2.1], the non

trivial zeros of the function ¢ are symmetric about the line R(z) = % By the

Main result, the non trivial zeros s € C symmetric about the line R(z) = %

satisfies R(s) = 3.
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