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Abstract
We prove that ( (s )) + \S(C(l S)) # 0 for every R(s) € (0, %)
and (s) € R*, where ( is the Riemann Zeta function. At the end of
the paper, we give a discussion about the Riemann hypothesis.

Keywords: Riemann functional equation, Zeta function.

1 Main result

Consider the representation of the Riemann Zeta function ¢ defined by the
Abel summation formula [[I], page 14 Equation 2.1.5] as

+oo
((s) == —3/0 t{li}sdt R(s) € (0,1), S(s) € R, (1)

and where {t} is the fractional part of the real t. We prove in this paper the
following Main result

Main Result. Consider the function ¢ defined by Equation (). Then

1 , 1 -
g(w) _g<w) £0, Vre (0,%), V7 € R*.

% +r+iT 53— T+t
2 Main Proposition

Notation 1. In order to simplify the notation, we denote

1
ar =g +ir, V7 €ER".
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For every r € (0, 3) and 7 € R* denote

C(a'r + T) _ C(a'r B T) .

ar +r Qr — 7T

o (1) =
For every n > 1 we denote
Zy,:={jez |jl<n}.

We have the following Main proposition

Proposition 2. For every 7 € R* and r € (0,3) we have

¢r(r) = lim ¢ (r,n),

n——+o0o

where
—3r

(1—a;)2—1r2

* 1 (u1+af—7“ - u1+a7—+7’> jgz: ﬁexp(1j2ﬂu)du.

br (T7 n) =

3 Main Lemma

Lemma 3. We have
t({}+1)d —t§+zi< (152 t)—l) vt >0
; v v = 5 P G2 exp(ij2m , > 0.

Proof. The function v — {v}+1 is 1-periodic, then there exists a continuous
1-periodic function p : R — R such that

/t({v} + 1)dv = t/l({v} +1)dv +p(t), VteR.
0 0
Since
! 3
| oy v =

we get

/t({v} + 1)dv = tg +p(t), VteR.
0



The function p is a piecewise C°°, continuous on R and 1-periodic. By
Dirichlet Theorem, the Fourier series

n
n— Z ay exp(ik2nt),
k=—n

converge uniformly on Ry to the function ¢ — p(t), where (aj)r C C are the
Fourier coefficients of the function p.

t
/ ({v}+1)dv = t; + E aj exp(ij2mt),Vt > 0.
0 ,
JjEZ

By definition of the Fourier coefficients we have

aj = /01 exp(—ij2mu) ( /Ou({v} + 1)dv — ug)du

1! 1
2/0 exp(—ij2mu)u(u — 1)du ek jeZz",

and

4 Proof of the Main Proposition

Proof of the Proposition[2. Let be r € (0%) and 7 € R*. We have

—3r
¢r(r) = A=) -1

oo 1 1 1
+/1 (ul—i-aT—T’ B ul-l—oc-r—i-r) ({u} B §)du

Use the integration part formula,

—3r
¢r(r) = A—a?—r2

T e (e
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By Lemma B3]

—3r
¢r(r) = A—a?—r2

T l4+ar—r l4a,+r exp(ij2mu
+ / ( witor —p  g2tartr ) > ?;2;)2 L.
1 jez*

Then
¢r(r) = lm o¢-(r,n),

n—-4o0o

where

—3r
¢r(r,n) = - 212

o lt+a+r l+ar—r exp(z’j27ru)d
f Came ) e
J€Zn

Use the integration part formula, we get

QS(TTL) ( )_Tg

1 i g
/ u1+aT—r o u1+a7—+r> EZZ: ﬂ—ﬂeXp(zﬂwu)du.
J€Ln

5 Proof of the Main result

Proof of the Main result. Let be 7 € R* fixed. By the Proposition 2]

¢r(r) = lm o¢-(r,n),

n——+o0o

where

QS(TTL) ( )_Tg

1 i g
/ ul—l—aT—r o u1+a7+r> Z ].2—7T6Xp(23277u)du.

JE€EZn




Denote for ever T' > 1,

—3r
(1—a;)?—1r2

T .
1 1 Z ..
+/1 (uHOlT—T’ B u1+a7—+7’) jgz: j27 exp(ij2mu)du.

¢T(r7 n, T) =

Use the Taylor formula

—3r
(1—a;)?—r2

. o T
i 1o & k—l—or+ k—l—a,—
+ E o kg_l H(Z]27‘(’) /1 (u R TA R T)du.

¢T(T7 n, T) =

JEZy
implies
—3r
T\ 7T = 7T 9 9
0 Z'k-i-l T
+ Z o |: Z (jzﬂ_)k—l] / <uk—1—a.,—+r - uk—l—a.,——r) du
=1 ' jeZa !
Since Ejezn(j277)2k_1 = 0 for every k > 1 we get
—3r
T\ 7T = 77 2 9
(b(Tn ) (1_a7_)2_7,,2
o i (_1)k Z (j27T)2k /T (u2k—o¢7+r _ u2k—a7—r>du
|
k=0 (2k + 1)t JEZn !
Then
—3r
¢r(r,n,T) = a2 —r Yo (r,n, T) + s (r,m, 1), (2)

and where for every T' > 1 the function T+ 1, (r,n,T) is defined as

0 (_1)k(j2ﬂ.)2k T2k+1—a7—+r
=\ 7T =
Yr(r,n,T) ZEZ: Qk+ 1) 2k+1-ar+r

Z i (_1)k(j2ﬂ.)2k T2k+1_O‘T_T
(2k+1)! 2k4+1-—a,—1
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We have

S(¥r(r,n,T)) := cos(7In(T))V;(r,n,T) + sin(r In(T))W,(r,nT),  (3)

where
S 2k+1
j27T T
Z T)
(r,m, TJEZZ:];) 2k+1 DY
S j271' T2k+1
Tjgz:nkzo 2k+1 12k 4+ 1 —ay — 7|2’
and where
S 1
‘727T 2k+1 2/€+1—§_|_7«
Ww.. T) ,
o JGZZ:kZ;) 2’€+1 2k +1—atrP

1 F2m)* ok 2kl g
T

3 ZZ 2/<;+1 12k +1—a—r]?

Thanks to Equation (2]), we obtain

-3
S(¢r(r,n, T)) = T aT)gT_ 7 + Vi (r,n,1)

—cos(7In(T))Vy(r,n,T) — sin(7 In(T))Wr(r,nT). (4)

We have

T4k+1

T > (j27r)4k
VT s 7T =
T S v oX - M L

N T Z Z ]271’ 4k+3 T4k+3
T3+ g (4k + 3)! [4k +3 —a —r|?

T4k+1

j27T
4k+1 |4k +1—a —7r]?

J€Zn k=
4k+3 T4k+3

T (j2m)
T3~ GZZ:kZ (4k + 3)! [4k +3 — a +7|?’




which can be written as

(j2m)4k " d T
T):= VT s d
Ve(ryn T) =7 ZZ (4k + 1)1 /Tdu]4k+1—a+u]2u

]EZkO

(j2m)** 4k+2/r d ™
- @ d
T\/_ZZ (4k + 3)! _Tdu|4k7—|—3—oz—u|2u

JE€EZp k=0

Since

d T 1 In(T)((4k + & +u)? +72) + 24k + 3 + )

duldk+1—a+ul2  Tv ((4k + 1 +u)? + 72)2 ’

and
d T ~exp(uln(T)) In(T)
duldk +3—a—ul2 ((4k+2+%)2+72>
2exp(uln(T))(4k +2 + & — u)
(Mk+2+%ﬁ+rﬂ2 |

Then V;(r,n,T) < 0 for every T' > 1, by continuity V;(r,n,1) < 0. There
exists a sequence (ty,)r — +oo such that limy_, 4ty = 400 and such

that
WT(T7 n, tk,n)

VT(T7 n7 tk,n) .

By Equation @), we get (- (r,n,t; ) = 0 for every k > 0. By Equation
@) we get

cot(7In(tg,)) = —

—3rT
C—a” =P

S(pr(r,n,trn)) = + Vi(r,n,1), Vk>0.

Since limy_, 4 o g, = +00, then

-3
S(-(m) = 17—y o + Ve 1),

Since (- (1)) = limy— 400 S(@7(r,n)) we get

—3rT

S(6r(1) < [T a2

< 0.
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6 Discussion about the Riemann hypothesis

Consider the representation of the Riemann Zeta function ¢ defined by Equa-
tion (). Define the non trivial zeros of the function ¢ in the following sense

Definition 4. Let be s € C. We say that s is a non trivial zero of the
function C if

C((s)=0 and R(s)e (0,1), (s)eR"

By the Riemann functional equation [[I], page 13 Theorem 2.1|, the non
trivial zeros of the function ¢ are symmetric about the line R(z) = % By the
Main result, the non trivial zeros s € C symmetric about the line R(z) = %
satisfies R(s) = 3.
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