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Non symmetry of the function & (Q>

W. Oukil
Laboratory of Dynamical Systems, Faculty of Mathematics.
University of Science and Technology Houari Boumediene,
BP 32 EL ALIA 16111 Bab Ezzouar, Algiers, Algeria.

July 17, 2022

Abstract
We prove that ( (s )) + \S(C(l S)) # 0 for every R(s) € (0,3)

and S(s) € R*, where ¢ is the Riemann Zeta function. In the end of
the paper, we give a discussion about the Riemann hypothesis.

Keywords: Riemann functional equation, Zeta function.

1 Main result

Consider the representation of the Riemann Zeta function ¢ defined by the
Abel summation formula [[I], page 14 Equation 2.1.5] as

“+oo
C(s) := —s/o t{li}sdt R(s) € (0,1), S(s) € R, (1)

and where {t} is the fractional part of the real . We prove in this paper the
following Main result
Main Result. Consider the function ¢ defined by Equation (). Then
1 . 1 .
5 — 5 1
%(4(12 T‘+.’LT)) _ %<C(12 +r—|—.z7')) £0, Vre(0,2), Vre R
53— T+t 5 +r 4T 2

More precisely, for every r € (0, %) and T € R*, we have

C(%—r—i—iT)_i_C(%—FT—i-iT)_ 5 1 r
%—r—i—iT %—i—r—kzﬁ- 6
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2 W. OuKIL

2 Main Proposition

Notation 1. In order to simplify the notation, we denote

1
po:=3, and pg:= Z W7 VEk > 1.
JEZ*
and we denote

1
o = 3 +ir, V1T eR".

For every r € (0, %) and 7 € R* denote

C(aT _ 7") . C(aT + 7") .

Qr — T Qr +r

o (r) =

We have the following Main proposition
Proposition 2. For every T € R* and r € (0, %) we have
d2n+1 1
Wébr(o) = (2"+1)!(3+2P1)m' (2)

Qr

where (py)k are given in the Notation [l

3 Main Lemma

Lemma 3. We have

t 31 1
=t—- — — [ ¥ >
/0 <{v} + 1) dv t2 G + jEEZ* G2 exp(ij2mnt), vVt > 0,

Proof. The function v — {v}+1 is 1-periodic, then there exists a continuous
1-periodic function p : R — R such that

/t({v} + 1)dv = t/l({v} +1)dv +p(t), VteR.
0 0
Since . \

| oy v =3

we get

/t({v} + 1)dv = tg +p(t), VteR.
0



The function p is a piecewise C°°, continuous on R and 1-periodic. By
Dirichlet Theorem, the Fourier series

n
n— Z ay exp(ik2nt),
k=—n

converge uniformly on Ry to the function ¢ — p(t), where (aj)r C C are the
Fourier coefficients of the function p.

t
/ ({v} + 1)dv = t; + g a;j exp(ij2mt),Vt > 0.
0 ,
JjEZ

By definition of the Fourier coefficients we have

aj = /01 exp(—ij27ru)</0u({v} + 1)dv — u%)du

1! 1
2/0 exp(—ij2ru)u(u — 1)du ek Vj e
and

e 1
a = 3 /0 u(u — 1)du 15

Lemma 4. For every k > 0 define the function Wi(u) : Ry — R as

Wo(u) = /1u({v} _ %)dv, Wi (1) = /lu Wi (v)dv, Wk > 0.

Then for all k > 1 and u > 1 we have

P1 P1

(Wk(u) + D 1)’@‘ < D

Proof. By Lemma [3]

/1u({v} - %)dv =) (2jl7r)2 (exp(z‘j27rt) — 1>7

JEZ*

where we recall that

1 1
12 2 (ij2m)2’

JEZ*
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Let be £ > 1 we have

/ / / Z 232 (exp (ij2mu) — 1>dudu1,...duk_1,

JEZ*

Implies

u Uk —1 ul
u):—pl/ / / lduduy, . .. dug_1.

up
/ / / Z 5 exp(ij2muy )duy, . .. dug
zy2
1

jez
= —plg(u — 1)k
/ / / Z (exp (ij2mug) — 1>du2,. cdug_q.
’L]27T
jez
By induction

k-1
Z pm“ (u— D" 4 fu(w), Yu>1, (3)
m:O

wjere

Use the fact
1
fre(u) = Z W(exp(iﬂﬂu) — exp(ij27r)),
JEZ*
an use the Taylor formula, for every u > 1 we get

k—1

1 ij2m)™ uk 1
‘fk(u) B Z (ij2m)tk (Jm!) (u = 1)m‘ =% Z j
j jez

which can be written as




by the notation of p;, is the Notation [, that is equivalent to

k—1
1
‘fk ZEU—l Pl+1— m‘< u, Yu > 1,
m=1
in other word
k—1 ) )
k—m 1 k
‘fk(u)—m:1m(u—l) pm-i—l‘ SHU s Vu21

From Equation (3)), we deduce that

‘Wk(u) + —(u— 1)kp1‘ < %uk, Yu > 1.

O

Lemma 5. Let be n € N* and 7 € R*. For every k > 0 define the function
Vir(n,u) : R—C as

Vor(n,u) == u" exp(—(a, + 1)u),
Viet1,-(n, u) = exp(—u

There exists - > 0 such that

. Vk > 4.

ar

Proof. Let ben € N* and 7 € R*. By recurrence, for every k& > 0 there exists
a polynomial Pg(n,u) such that

d
%Vk;(n, u) = exp(—(ar + k + 1)u) Py (n,u). (4)
We have
d d? d
%Vk,r(n,u) = exp(—u)(du2 Vi—1,-(n,u) — %Vk_lﬁ(n,u)),
Then
V(. 0) = exp(—u) - exp(—(ar + k)) Py (m, )]
du kT, U) = eXpl—u du exp ar u)Pr_1(n,u

—exp(—(ar +k+ Du) P (n,w). ()
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Implies
d
Pr(n,u) = @Pk_l(n,u) —(ar + k+1)P_q1(n,u). (6)
Write
ch,j (n,T) o(n u), (7)
and replace it in Equatlon @),
n dHl
Zc;w-(n,T)d ch 1,;(n,T) T ]HPO(n,u)
j=0
dJ
—(ar+k+1) Z ci—1,5(n, T)wPo(n, u).

=0

Since Py(n,u) = nu""! — (a + 1)u™ then dn,iHPo(n u) =0, we get

n & d]-l—l
Zc;w-(nﬂ')w ch 1,;(n,7) 70 ]HPO(n,u)
j=0
d7
—(ar +k+1) ch 1,;(n T)d 5 Py(n,u),
7=0
which can be written as
- & @’
Zcmw ch 1j— 1n7'd - Py(n, u)
§=0
d7
—(ar+k+1) ch 1,;(n T)d 5 Py(n,u).
7=0
Implies
Ck,O(an) Ck_170(’l’L,T)
ck1(n, T Ck—1,1\N, T
)| _ (Cn = (ar +k+1)1d, ) L)
Ck,n(naT) Ck—l,n(nyT)a

where Id, is the n x n identity matrix and where C}, is the nilpotent n x n
matrix defined as

00 --- 00
10 0 0



Then
cr,0(n, 7) co,0(n,T)
cpiln, T Co,1\N, T
k,l(- ) [an:1<0n—(a7—|—m+1)ldn>] 01(. )

Cepn(n, T) con(n,T)

By definition of Py(n,u) (Resp. Vk+1 +(n,u)) in Equation (7)) (Resp. Equa-
tion (@) we have Py(n,u) = nu""" — (a+ 1)u", we get

CkO n,T) 1
cea(n, T

) — (ay +m+ 1)Id, )}
Ckn’I’LT 0

By Equation (), for all u > 0 we find

d 1
—Vi T(n,u)‘ <nl! [antll or + mH exp(—(= + k + 2)u)u", (8)
du ™ 2
Since p
Vi (n,0) = exp(—0) 3 Vi o (n, ),
then
d 2 d
Vi () = exp(—u) (55 Vet (n,w) = Vi s (), (9)
implies
d d? d
—Viee1,r () = exp(—u) (T3 Vo (1) = = Vieoo,r(n,u) )
replace in Equation (@), we get
%Vk;(n,u)
3 d2 d
= exp(=2u) (5 Vimar (0, 1) = 325 Vo () + 22 Vi (m.w)) ).

Since the last Equation is satsfied for every k > 2, we obtain for every k > 4
the following equality

d
%Vk—z,r(m U)
3 2

= exp(~20) (g Ve, 0) = B Vi) + 2V, w) ).
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By Equation (8]) there exists wr, > 0 such that

d
_Vkﬂ'(n7 ’U,)‘ < n!w'r,n {Hk_jl

1 n
o A F mH exp(—(z + k+ 2)u)u”,

2

Since
t+00 3 92\ n+1
/ exp(—=u)u"du = n! (—) ,
0 2 3
we deduce that

+oo d
| e et explhudn < vt
0 du k] k]

ar +mj,

where o\ ni1
- N2 <_ "
Ve = n-(n!) 3) .

4 Proof of the Main Proposition

Lemma 6. Let be 7 € R*. Consider the function ¢, defined in the Notation
[l Then j:—;;qﬁT(O) =0 for alln >0 and

2n+1 +o0
W¢T(O) = 2/0 w1 exp(—aru)({exp(u)} + 1)du, ¥Yn > 0.

Proof. Let be z € (0,1) and 7 € R*. From Equation (IJ), we have

Cl+ir) /*“’ {t}
0

T +ir Hltz+ir

+o0
= —/0 exp(—iT ln(t))tii}x dt

1 400
== /0 eXp(—ifln(t))t%dt— /1 exp(—mn(t))ti}mdt

Use the change of variable, ¢ — exp(—u) for the integral

1
1
/ exp(—i7 In(t))—dt,
0 ¢
and t — exp(u) for the integral

+0o0
/1 exp(—it ln(t))i%dt,



we obtain
; j ZZTT /0 " exp(—iru) exp(—(1 — 2)u)du
/Om exp(—iTu) exp(—zu) {exp(u) }du.
We get
6r(r) = — /0+o<> exp(—zm[exp(_(% ) — exp(—( % )l
+ /0+°° exp(—iTu) [exp((% + 7)u) — eXp((% — )] {exp(u) V.

Implies

or(r) =2 /0+00 exp(—a,u) sinh(ru) ({exp(u)} + 1) du

Since r € (0, 1) then
d2 +00
2n —5- 7 (1) = / exp(—a,u)u®" sinh(ru) ({exp(u)} + 1> du
0
implies gz—:(bT(O) =0 and

2n+1 [e8)
Z%; o (r) =2 /0+ exp(—a,u)u®" ! cosh(ru) <{exp(u)} + 1) du

implies

d2n+1

J2n+1 79 (0) =2 /0+°° exp(—aTu)uzn'H <{exp(u)} + 1) du
O

Proof of the Proposition[d. Let ben > 0 and 7 € R*. By Lemmal[dl, we have

d2n+1 400
W(JST( ) = 2/0 " exp(—aru) ({exp(u)} + 1) du.

Then

7d2”+1 oo 2n+1
dr2n+l ¢-(0) = 3/ U exp(—a,u)du

o

+2 /0+00 u?™ M exp(—aru) <{exp(u)} - %)du
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we get

d*n+l (2n +1)!
dr2ntl ¢r(0) =3 o, 2(n+1)

+2 /0+oo ™ exp(—a u) <{exp(u)} - %) du.

In order to simplify the notation, denote for every n € N,

+o0 1
Jnr = / u2ntl exp(—a,u) ({exp(u)} — —>du.
) 0 2
Then

d2n+1

i 9-(0) = 3(2n + Dla, 2"t 427, . (10)

Use the integration part formula,
o0 1
Tor = [ exp(—(a, + Duyexp(w) ({exp(w)} - 3)du
0

[ B[ [~

Vo,r(n,u) == u2ntl exp(—(ar + 1)u),

where

Use a successive integration part formula, we get
Jn,T

=_ /0+OO [exp(—u)%voj(n,u)} [exp(u) [/loxp(m({v} — %)dv”du

_ /0 +°° [%VLT(n,u)] [ /1 o /1 "y — %)dvul}du,

where

d
Vir(n,u) = eXp(—u)%VOJ(n, u)

by induction we deduce that

+o00
Jur = (—1)FH /0 [, )| Wi(exp(u)du (1)



where
Vo,r(n,u) = u*" " exp(—(ar + 1)u),
Vig1,7(n,u) = exp(—u)%Vk,T(n,u), vk >0,
and where

Wo(u) = /lu({v}—%)dv, Wi (u /Wk \dv, Yk > 0.

By Lemma [l Equation (III), can be written as

k! du

I = U [ b0 enp) = 1)+ (),

‘Rﬂn(k:) < %/ ‘d Vir(n u)‘exp((k‘—k 1u)du.

11

(12)

(13)

Using the backward chaining technique, a successive integration part gives

in Equation (I3)),
—+oco
Jn,T =P / ‘/0,7'(77‘7 u) eXp(u)du + RTvn(k)
0

+o0
= / u? L exp(—azu)du + R (k)
0
= (2n 4 1D)lp1a 20D L R (k)

By Lemma [3]

pl’YTn Pl’an
] < 25

aT—i-m‘ Hk 2( +1‘

We have ] 1
Vi> 0= 72— =] 2 (O‘—T+1(<1+—.
2 J J

where |72 — 1] is the enter part of 72 — 1. Then
j+1 k-1
=3 ‘ 1‘ <24 - = :
i e R

Then Equation (IH), implies

(14)

(15)
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where

L pl’yﬂ',n 6,.—1 (073
Chr = 5 (szo ‘7 +1‘>.

Since n > 0 is fixed, we deduce that limy_, o |R-, (k)| = 0. Equation (I4)
can be written as

1
JTL,T = (2n + 1)'p1m
Or
Thanks to Equation (I0), we get
d2n+1 1

Qr

5 Proof of the Main result

Proof of the Main result. Let be 7 € R* fixed. By the Proposition 2, we have

d2n+1 1

21 @r(0) = 2n+ 13 + 2P1)W

By Lemmal], we havet

0 1 d2n+1

0:0) = 2, Gy g O
0

Then

6 Discussion about the Riemann hypothesis

Consider the representation of the Riemann Zeta function ¢ defined by the
Abel summation formula [[I], page 14 Equation 2.1.5] as
ti+s

+oo
C(s)::—s/o W R e 0.1), S(s) e R (17)

and where {t} is the fractional part of the real ¢. Define the 7.-non trivial
zeros of the function ¢ in the following sense
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Definition 7. Let be s € C. We say that s is a non trivial zero of the
Sfunction ¢ if

((s)=0 and R(s) € (0,1), (s)eR".

By the Riemann functional equation [[I], page 13 Theorem 2.1|, the non
trivial zeros of the function ¢ are symmetric about the line R(z) = % By the

Main result, the non trivial zeros s € C symmetric about the line R(z) = %

satisfies R(s) = 3.
References

[1] E.C. Titchmarsh, The Theory of the Riemann Zeta-Function (revised
by D.R. Heath-Brown), Clarendon Press, Oxford. (1986).



	Main result
	Main Proposition
	Main Lemma
	Proof of the Main Proposition
	Proof of the Main result
	Discussion about the Riemann hypothesis

