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Abstract
We prove that ( (s )) + \S(C(l S)) # 0 for every R(s) € (0,3)

12
and (s) € R*, where ¢ is the Riemann Zeta function. In the end of
the paper, we give a discussion about the Riemann hypothesis.

Keywords: Riemann functional equation, Zeta function.

1 Main result

Consider the representation of the Riemann Zeta function ¢ defined by the
Abel summation formula [[I], page 14 Equation 2.1.5] as

“+oo
((s) == —3/0 t{li}sdt R(s) € (0,1), S(s) € R, (1)

and where {t} is the fractional part of the real ¢. We prove in this paper the
following Main result

Main Result. Consider the function ¢ defined by Equation (). Then

%(g(%—r+i7)) _%<C(%+r—|—i7)

%—T—l—iT %—H‘—i—zﬁ-

) £0, Vre (o,%), Vr € R,
2 Main Proposition

Notation 1. Let be m € N and ¢ € N*. We denote A7* as the set of
g-combinations of the set {0,1,...,m};

:{{ll,...,lq}C{O,l,...,m}: L # Ly, v1§j7éj’§q}.
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In order to simplify the notation, we denote

1
ar =3 +ir, V1T EeR".

Notation 2. For every r € (0,%) and 7 € R* denote

C(aT - 7") _ C(aT + 7") .

Qr — T Qr +r

o7 (r) :=

We have the following Main proposition

Proposition 3. For every 7 € R* and n € N we have

L ) = e, ey ]
(27’L+1)!d7"2n+1 T = 2017— = (j2,n.)2(n+1)
+o0o
1
k ' .
- Z (—1) [Z W] Z Hjea(ar + )
k=n+2 JEZ* AGAEIZI;G”)

3 Main Lemma

Lemma 4. We have
t
3 1 1 1
1>d =t—— — + = — ij2mt), vVt > 0,
/1 ({v} +1)dv 5~ 13 + 5 ]gz:* Tk exp(ij2nt),Vt >

and

P S S S
e < — m > 2.
iz (j2m)2m+1) = 2m (2m)!’ -

Proof. The function v — {v}+1 is 1-periodic, then there exists a continuous
1-periodic function p : R — R such that

/t({v} + 1)dv = t/l({v} + 1)dv + p(t), VteR.
0 0
Since . \

| oy v =

we get

/t({v} + 1)dv = tg +p(t), VteR.
0



The function p is a piecewise C°°, continuous on R and 1-periodic. By
Dirichlet Theorem, the Fourier series

n
n— Z ay exp(ik27t),
k=—n

converge uniformly on Ry to the function t — p(t), where (ay)r C C are the
Fourier coefficients of the function p.

t
/ ({v}+ 1)dv = t; + g aj exp(ij2mt),Vt > 0.
0 ,
JjEZ

By definition of the Fourier coefficients we have

aj = /01 exp(—ij2mu) ( /Ou({v} + 1)dv — ug)du

1 1
= —/ exp(—ij2ru)u(u — 1)du =
0

2

and

2 12

Now prove the second item of the present Lemma. Let m > 2 and consider
the 1-periodic function g, : R — R defined as

e 1
aoz—/ u(u —1)du = ——
0

11

Gm(t) == Ei(tz —t)™, Vte|0,1].

The function g, is a piecewise C*°, continuous on R and 1-periodic. By
Dirichlet Theorem,

gm(t) =Y am,; exp(ij2mt),Vt > 0, (2)
jeZ
where the Fourier coefficients satisfies

11

1
Upm,j = ﬁi/o exp(—ij2mu)(u? — u)™du.

Use a successive integration part formula, to obtain

1

Am,j = W, vYm > 0,
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and replace its in Equation (2)) , we get

1 .
gm(t) = Z (ij2nyT exp(ij2nt), Vt>0,

JEZ
Then
t 1 )
/0 gm(u)du = Z (ij2n e (exp(zﬂﬂt) - 1),Vt >0,
jeZ
implies

/ /gm Ydudt = Z(U%)m+2,\ﬁzo,

By definition of g,, we get

Z(]QW ot T) ‘/ /ggm dudt‘

1 11 1
< - 1—-t)"dudt < -——-—+ > 2.
_2(2m)!/0( ) SSmEmy M=

O

Lemma 5. Let be n € N and 7 € R*. For every k > 0 define the function
Vir(n,u) : R—C as

d
Vor(n,u) .= u"exp(—azu), Viyi.(n,u) = exp(—u)%Vkﬁ(n,u), Vk > 0.
Then
Vir(n,0) =0, Vke[0,n—1], V,-(n,0)=nl
and

Viir(n,0) = n!(=1)F™" > Mca(or +j), Vk>n+1.
AeAk—1

where we recall that Ag:i 18 defined in the Notation[d. In addition,
Yk > 2.

1|ar

+o0
/ ‘ d Vir(n,u ‘du < —— max{|a;|, 1}k
0 du k:




Proof. Let be n € N and 7 € R*. By recurrence, for every k > 0 there exists

a polynomial Pg(n,u) such that
Vk,ﬂ'(na U) = exp(—(aT + k)u)Pk(na U)

We have

d
Vierr,r(n ) = exp(—u) = | exp(—(ar + k)u) P (n,u)] .
Then p
Pk—i-l(nvu) = @Pk("%u) - (OéT + k‘)Pk(TL,’LL)
Write

ch,j (n,T) o(n u),

and replace it in Equation (),

d dj+1
E Cit1,5(n, T) chm (n,T) T ——Py(n,u)

&’
- (aT + k) ]2220 Ck,j(an)wPO("%u)'

Since Py(n,u) = u™ then n,jHPo(n,u) =0, we get

d dJ+1
ZCI,H_L] (n,7) ZC’W (n,7) S ——Py(n,u)

dJ
—(ar +k) JZ_:O cr,j(n, T)wPo(n, u),

which can be written as

= @’ d
ZCk.i_l’jw (n,u) ZC’W 1(n,7) Po(n u)
=0

dJ
—(ar +k) JZ:;] cr,j(n, T)wPo(n, u).



6 W. OuKIL

Implies

Ck—i—l,O(n’ T) Ck,O(”) T)
c n,T cei(n, T
k() | (Cn = (ar + W)1dy) ol 7)

ck—l—l,n(naT) Ck7n(n,7'),

where Id,, is the n x n identity matrix and where C,, is the n x n matrix

defined as

o0 --- 00

1 0 --- 0 O

Cn = . ..

0 0 1 0

Then

Cit1,0(n, T) co,0(n,7)
Ch n,T co1(n, T
+1,1.( ) _ [anzo (Cn - m)Idn>] 0 1(. )
Ck-i-l,n(an) CO,n(an)

By definition of Py(n,u) (Resp. Viy1,(n,u)) in Equation (&) (Resp. Equa-
tion ([B])) we have Py(n,u) = u™, we get

ck+1,0(n, T) 1
Ck-i-l,l(nv 7_)
) = [anzo (C’n — (ar + m)Idn)}
Cht1,n (N, T) 0
By Equation (3)), and (B), for all u > 0 we find
‘%Vk+1,7(nau)‘

1
< n!max{|a,|, 1} [Hﬁlzl ar + mH exp(—(g +k+ Du)u”,

Since
n

too 1 1
(4 k+ DAy - — "
/0 exp( (2 +k+ u)u"du (% Tk Dl
Then
max{|a-|,1} [H’fnzl ar + mH

(3 +k+ 1)t

too 4
/0 ‘@Vkﬂj(n,u) du <n



Use the fact C), is a nilpotent matrix of degree n, we get ¢, n(n,7) = 1 and

Vier(n,0) = Pr(n,0) = nlegn(n,7) =n! D (1) "Mea(ar + j).
AeNyT)

4 Proof of the Main Proposition

Lemma 6é Let be 7 € R*. Consider the function ¢, defined in the Notation
[2. Then j—r% +(0) =0 for alln >0 and

2n+l +o0
W¢T(O) = 2/0 w1 exp(—aru)({exp(u)} + 1)du, ¥n > 0.

Proof. Let be z € (0,1) and 7 € R*. From Equation (IJ), we have

(atin) /+°0 {1}
0

T+ T tl-i-:c-i—ir

dt

+oo
= —/0 exp(—iT ln(t))tgi}x dt

1 +oo
= _/0 exp(—iq-ln(t))tlwdt—/l exp(—iTln(t))t{li}wdt

Use the change of variable, ¢ — exp(—u) for the integral

1
1
/ exp(—i7In(t))—dt,
0 tr
and t — exp(u) for the integral

“+oo
/1 exp(—iT ln(t));%dt,

we obtain
. +Oo
% = /0 exp(—iTu) exp(—(1 — z)u)du

+00
_ /0 exp(—iTu) exp(—zu){exp(u)}du.
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Implies

Qr—r oo
Clar —7) :/0 exp(—iTu) exp(—(% + r)u)du

+ 1
— / exp(—iTu) exp(—(§ —r)u){exp(u)}du,
0

and
ar +r teo
C(a:—:_r ) = /0 exp(—iTu) exp(—(% —r)u)du
+00
— /0 exp(iTu) exp(—(% + r)u){exp(u) }du.
We get
+oo
6,0 == | explirulexp(~(5 + 7)) = exp(—( — r)u)ldu
“+oo
+ [ explimnlexn(( 4+ - espl(G = el

Implies
or(r) =2 /0+00 exp(—a,u) sinh(ru) <{exp(u)} + 1) du.

Since r € (0,1) then

d2n +o0o
d%qﬁT(r) = 2/ exp(—a,u)u?™ sinh(ru) <{exp(u)} + 1) du.
0
implies %qﬁT (0) =0 and
d2n+1 +oo
ng(r) = 2/ exp(—aru)u? ' cosh(ru) ({exp(u)} + 1) du,
0
implies

d2n+1 400 _—
W¢T(O) = 2/0 exp(—a;u)u" <{exp(u)} + 1)du.



Proof of the Proposition[3. Let ben >0 and 7 € R*. By Lemmall, we have

d2n+1

o =2 [ exp(am{ )} + 1,

Then

d2n+1 5 +o0 _— J
) »-(0) = /0 U exp(—a,u)du

+00 1
+ 2/ P exp(—au) | {exp(u)} — 5] du
0

we get

d?ntl (2n +1)!
dr2n+1 ¢T( ) 3 aT2n+1

+2 /0+0<> ™ exp(—a u) [{exp(u)} - %} du

In order to simplify the notation, denote for every m € N,

+o00 1
Inr = 2/ u?" exp(—a,u) [{exp(u)} = 5} du
0

Then
d2n+l

dr%ﬂ@( ) = —=32n+ Dla, 2"t + 2, . (6)

Use the integration part formula,
+o00 1
Iy = 2/ " exp(—(ar + 1)u) exp(u) [{exp(u)} - 5] du
0
+oo g exp(u) 1
_ Il 2n+1 _ _ -
= 2/0 o [u exp(—(ar + 1)u)} [/0 ({v} 2)dv} du.

By Lemma [4]

e g 1 .
Jpr = —/0 T [ 2L exp(— (o + 1)u)] Z ——5 exp(ij2m exp(u))du

Use the fact

1
Z (2n 2 exp(ij2nt) = 2 Z 5 cos(2jmt), Vt€R,
JEZ* J jGD\I*



10 W. OuKIL

Use a successive integration part formula, by induction we deduce that

Jor ==V s Vo 20 £ 1.0) 4 Re(m), (7)

: 2(k+1
pt 5. (j2m)2e D
where
Vor (20 + 1,u) i= 12" exp(—(ar + 1)u),
d
Vk-l—l,T(Zn +1, ’LL) = eXp(_u)@Vk,‘r(2n +1, u)v Vk > 0, (8)
and where
+oo d
R p(m) = /0 [%VQ(mH),T(Qn + 1,u)}pm(u)du,
where )
m = _— 172 .
b (U) []gz:* (,L'j2,n.)2(m+2) eXp(Z] WeXp(U)):|
By Lemma @]
1 11
N > 2.
Z (j2m)2m+2) = 2m 2m!’ vm 2

JEZ*
and by Lemma [5]
LRTnOnﬂ <@n+nil t Inax”afhl}{nggflaf'kju
’ 2m (2m)! (2(m + 1))2(+1)
ar +2m+ 1‘
C(m + D

1 1
=(2n+ 1)5 max{|a,/, 1}E

2 1

We have
2 J

where [% + 72 — 1] is the enter part of % + 72— 1. Then

1 1
Vi> 0 == 4121 +1: F?+J¢<1+f

145 1 :
f7:——20n+2)ﬁﬁga+rél—]

2(m+1)
11 ‘ 9. 1

Qr 2
i, + 1‘ < I35,

g
< HLZ(m +2)
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Then
L 2(m+2) aT—I—Zm—I—l‘
‘RT’"(m)‘ = C"’TE (2(m + 1))2+1) 7
where ) N
Chr = (2n+ 1)20 [He — + 1H max{|a,|, 1}.

Since n > 0 we deduce that lim, 4 \RTn(m)\ = 0. Equation () , can be
written as

—+00
Jnr == [ 3 g a0 4 1.0
k=

jez*

In order to simplify the notation denote

1
Pauks)) = D Ty
& (G2m)2ry

Then
= - Z ) pa(i+1) Va1, (20 + 1,0)

By Equation (§) and Lemma

Inz ==+ 1)1(=1)"papni1)

+oo
—@n+)! Y (Drpoperny Y, (D ea(ar + ).
k=n+2 AGASI(Cngn)
By Equation (@)
1 d2n+l 3 —2n—1 n
2n + 1), dr2nii ¢-(0) = —5047 - (=1 P2(n+1)

- Z ) paii1) Z (—=1)** e a(ar + )

k=n+2 2k+1
nt ANy
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5 Proof of the Main result

Proof of the Main result. Let be 7 € R* fixed. By the Proposition 3], we have

1 d2n+1 3 on_1 1
0) = —Sa 2 ()| Y s
(2n + 1) dr2ntl ¢r(0) 2 =1 ];Z:* (j2m)2n+)
+o0 . 1 .
- > D [ > (g)w} > Wealar +35).
k=n+2 JEZ* Jem Ac 2R+l
AL h—n)
By Lemmaf] , we havet
o0
1 d2n+1 —
6(r) = 2 2n+ 1)! gt or O
n=0
Then
3w - 1
b (r) = -3 Zr2n+la7_—2n—l _ Z(_l)nr2n+1 [ Z e
n=0 n=0 JEZ* Jem
+
> Y Y ] X eato
‘ (j27.r)2(k+1) JeANET ’
n=0 k=n+2 JEZ* AcA2k+1
2(k—n)
implies
3 — - 1
(br(r) __° Zr2n+la7—2n—1 _ Z(_l)nr2n+1 |: Z : - - ]
2 n=0 n=0 JEZ* (‘727T) ()
(o] n
1 .
= [ Y ] X Tieatar+)
n=0 k=0 jez- Y AcAZH
since a, = % + ¢7 and since
, r 1,
Z Mjea(ar +j) = Z (5 +J+ZT)(§ + 5" +i7),
A€A3n+3 0<j5#j'<2n+3
we get
3 L2y
S(Tr>:7'r[— 4 — r],
ér(r) 2(2—r2)242(2 —r2)r2 4+ 74 vir)
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where
1 — 72 ) 1 ,
e S IO S )
JEZ* n=0 0<m#m’'<2n-+3
We have
2(n+1)
o (U4mAm)=2m+2)+ > 2n+3-m)m
0<m#m’<2n+3 m=1
=2n% +3n — 1
Since the sequence
(1—r")

2
G (202 +3n-1), n>1,

is positive and decreasing for every r € (0, %), then

ZZ 327T12(;+7; )(2n2+3n—1><0, VTG(O,%).

]EZ* n=0

We deduce that 75 <¢T(r)) > 0 for every r € (0,1) and 7 € R*.

6 Discussion about the Riemann hypothesis

Consider the representation of the Riemann Zeta function ¢ defined by the
Abel summation formula [[I], page 14 Equation 2.1.5] as

+oo
((s) == —3/0 t{li}sdt R(s) € (0,1), S(s) € R, 9)

and where {t} is the fractional part of the real ¢t. Define the 7.-non trivial
zeros of the function ¢ in the following sense

Definition 7. Let be s € C. We say that s is a non trivial zero of the
function C if

((s)=0 and R(s) € (0,1), (s)eR".

By the Riemann functional equation [[I], page 13 Theorem 2.1|, the non
trivial zeros of the function ¢ are symmetric about the line R(z) = % By the
Main result, the non trivial zeros s € C symmetric about the line R®(z) = 2

2
satisfies R(s) = 3.
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