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Abstract

We prove that @ # % for every R(s) € (0, 3) and S(s) € R,
where ( is the Riemann Zeta function. In the end of the paper, we
give a discussion about the Riemann hypothesis.
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1 Main result

Let be n : R+ — R be a bounded function. We study the function
P[n] = (0,1) x R* — C defined as

“+00
Yz e (0,1), Vr e R onl(z,7) ;:/0 tlz(%dt, (1)

We focus about the function n : Ry — R satisfying the following hypotheses
Hy : 0<n(t)<1forallt>0,
Hy : the function 7 is a C'' piecewise function.

We prove in this paper the following Main result

Main Result. Consider the function 1 defined by Equation (l). Then, for
every function n: Ry — R that satisfies the hypotheses H1 and Hy we have

vr e RY, Vo e (0, %) o ez, m) = ¢ =z, 7)| # 0.
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Notation 1. Let n : R+ — R be a function that satisfies H; and Hs. For
every r € (0, 3) define the functions ¢ s h,(n,t) as

hr(n,t) := 2exp(—%t)[17(exp(t)) + 1] sinh(rt), Vt>0.

In order to simplify the notation we denote h,(t) := h,(n,t) for all ¢t > 0.

Proof of the Main result. Let be r € (0, ) and 7 € R*. Use the change of
variable, t — exp(u), in Equation (1), we obtam

+oo
It —ror) = vl 4 r =1 [ b explirs)ds]
vr € (0, ) VT e R".

Then
1

Il (2 5 —1T) =Yg

+o00
H/ sin(7s)h,(s)ds|| = 0.

Use the hypothesis Hy and the integration part formula, we get

+r7)[l =0,

implies

2nm
T

lim cos(Tu)/ hy.(v)dvdu = 0.
0

n—-+00 0

Since 7 € (0, ) there exists «, > 0 such that

u

lim hy(v)dv = ..

U——+00 0

Then

2nm
T

lim / cos(Tu)[a, — /Ou hy(v)dv]du = 0.

n—+oo Jq

In order to symplify the notation, denote

. t
hy(t) :== a, — / hy(v)dv, Vt > 0.
0

Use again the integration part formula,

2nm 2nm

im [ /0 " (o + 7 /0 " sin(ru) /0 ' e (v)dvdu] = 0. (2)



By hypothesis H; the function v — h,.(v) is positive, which implies that

un—>/ hy(v)dv,
0

is positive, increasing, concave on R; and converge. Then there exists a
sequence (t,)nen C R4 such that

o t,c [7(2"_1)7r nm) Y >0,

T T

L4 llmn—>+oo

o fg” sin(tu) [ hy (v)dvdu = 0.

Use the Cauchy mean value Theorem on Equation (2]), for all n > 0 there
exists Ny € (tn, 2"7”) such that

27% - Nr,ryn T
nggrlm [/0 hr(v)dv+/0 hy(v)dv /tn TSln(Tu)du] =0

which can be written as

2nm

2nm

lim [1+ [ 7sin(ru)du] = 0.

n——+o0o t
n

to— (22—

Contradiction with lim,_, 1 £ 0. O

2 Discussion about the Riemann hypothesis

Consider the representation of the Riemann Zeta function ¢ defined by the
Abel summation formula [[I], page 14 Equation 2.1.5] as

“+oo
C(s) = —s /0 U R e 0.1), ()R 3)

tl—l—s

and where {t} is the fractional part of the real ¢. Define the non-trivial zeros
of the function ¢ in the following sense

Definition 2. Let be s € C. We say that s is a non-trivial zero of the
function C if

((s)=0 and R(s) € (0,1), (s)eR".
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Denote 7, (t) := {t}. For every 7 € R* and every = € (0,1) we have

el r) = 9 and ] -z = —S0=8)

,  S:i=x 41T
s 1—s

Since
0<n.(t) <1, VE>0,

Then 7, satisfies the hypotheses Hy. The function 7, is C' on Ry /N. Then
7, satisfies the hypotheses Hy. By the Riemann functional equation [[I],
page 13 Theorem 2.1|, the non-trivial zeros of the function ¢ are symmetric
about the line R(z) = % By thelMain result, the 1non—trivial zeros s € C

symmetric about the line %(z) = 5 satisfies f(s) = 3.
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