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Differential equations properties and the Riemann
hypothesis

W. Oukil

Faculty of Mathematics. University of Science and Technology Houari Boumediene,
BP 32 EL ALIA 16111 Bab Ezzouar, Algiers, Algeria.

February 20, 2022

Abstract

Using the differential equations properties, we prove that any non-
trivial zero of Riemann’s zeta function is of real part equal to % In
other words, we prove that the Riemann hypothesis is true.

Keywords: Riemann hypothesis, Zeta function, Abel summation formula.

1 Introduction

We consider the representation of Riemann’s zeta function [[1], page 14 Equa-
tion 2.1.5] defined for all s € C such that R(s) > 0 by the Abel summation

formula as . "
> It
((s) = —s /0 1 ar, (1)

where {t} is the fractional part of the real ¢. In this paper, we focus on the
non-trivial zeros of the function ¢, defined by Equation (), in the following
sense

Definition 1. Let be s € C. We say that s is a non-trivial zero of the
Sfunction ¢ if

((s)=0 and R(s) e (0,1), (s)eR"
The following theorem affirms the Riemann hypothesis.

Main Result. Consider the function ¢ defined by Equation (). Suppose
that s € C is a non-trivial zero of the function ¢ then R(s) = %
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2 Main proposition

The Equation () can be written as

+00
C(s) = —8/1 t;_s + %}sdt, WseC, R(s) € (0,1).

By a change of variable, t — exp(u) we get
Vs:=x+ireC, xz€(0,1), 7€R":

+o0
C(s) := —3/0 exp(—(1 — s)u) + exp(—su){exp(u) }du.

For every 7 € R*, define the function ¢, : (0,1) x Ry — R as

or(z,t) = — /Ot [exp(—(l —x)u) — exp(—xu){exp(u)}] sin(tu)du.  (2)

Denote
Ve (0,1): ¢r(x)= lm ¢, (x,t).

t—+00

By identification, for every 7 € R* and every x € (0,1), we have
or(x) = S(Lj)) where s := x + i7 and we have

((z+it) =0 = ¢(z) =0. (3)

Proposition 2. Let be 7 € R*. Then,

1

Vre(0,5): bilg —r)# el 4 )

Lemma 3. Let be 1 € R* and z > 0. Let be s > v > 0, then

/8 exp(—zt){exp(t)} sin(7 In(t))dt — [w(z,s) — w,(z,v)]| < h:(z,v,s),

where h.(0,v,8) = s —v and h-(z,v,5) =1+ L for every z > 0 and where

11—z z
—2 2 2y 7'2] exp((1 — 2)t) cos(7t)

[ 1 1
(1—2)2+72 22472

wr(z,t) = —% [(

} exp((1 — 2)t) sin(rt), vt > 0.



Riemann hypothesis 3

Proof. Without loss of generality, we prove the present Lemma for s := In(n)
and v := In(m) where n,m € N* and n > m. By Abel summation formula,

In(n) n—1
/1 . exp(—zt){exp(t)} exp(itt)dt = % Z exp((—z +i7)In(k + 1))
n(m k=
______E_____Df
it(1—z+iT)

~Zexp(it1In(n)) — m' =% exp (it In(m))].

Then

In(n) n—1
/1 exp(—zt){exp(t)} sin(7 In(t))dt = —% Z (k+1)"%cos(tIn(k + 1))

n(m) =
1-=2 _, .
+ A= 2217) {nl cos(r1n(n)) — m'=* cos(t ln(m))]
+ A=t 2 [nl_z sin(7In(n)) — m'~*sin(r ln(m))} )
We have
n—1 "
‘ Z (k+1)*cos(tIn(k+1)) — / t™% cos(T ln(t))dt‘
k=m m
n—1

k+1
/k [(k4+1)"*cos(tIn(k + 1)) —t % cos(T ln(t))]dt‘

- ‘g;n
n—1 k41 pk+1
= ‘ kg;l/k /t s *[—zcos(TIn(s)) + sin(r ln(s))dsdt‘

n—1 k+1 n
<142 / t=* e = (14 z)/ =t
k

k=m m

Then if z = 0 we get

n—1

‘ Z cos(7In(k + 1)) — /mn cos(T ln(t))dt‘ < ln(ﬂ),

m
k=m

if z >0 we get

n—1 n
‘ Z (k+1)*cos(tIn(k+1)) — / t™* cos(T ln(t))dt‘ < ! —,Iz_ :

k=m m
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Use the fact

/ "% cos(r In(t))dt = R /

m m

n

t—Z+Z’Tt:|

= #27_2 [nl_z cos(tIn(n)) — m! = cos(r ln(m))]
- % [nl_z sin(7 In(n)) — m' =% sin(r ln(m))] ,
2247
to deduce the Lemma. O

In order to simplify the notation, denote
A:={t>0, t#1In(n), Yn>2}.
Lemma 4. Let be 7 € R*. There exists a squence (t,), C Ry such that

lim ¢, = +o0,

n—-+oo
and such that
ton ton41
nggrloo ; {exp(t)} sin(7t)dt = — nllgloo ; {exp(t)} sin(7t)dt = +o0.

Proof. By Lemma [3]
1 In(n) 1
n~+oo = - / {exp(t)} sin(7t)dt ~ ;wT(O,ln(n)).
0

Since

%wT(O,ln(n)) A —% . 4_17_2 cos(T1ln(n)) + [

1 17 .
m — §:| SIH(T ln(n)),

using the fact 7 # 0 and the fact lim,_, ;o In(n+1) —In(n) = 0, there exists
a sequence (N, )m C N* such that

lim n, =+c0 and lim sin(rn,,) =0,
m——+00 m——+00
and such that
lim  ——w, (0,In(ngm)) = — lim ——w. (0,1 )
m—1>I—I|—loo Nam w'r( , 1 n2m) - m—l>1—ll}oo Nomi1 wWr(Y, n(n2m+1 )
1
71472
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Lemma 5. Let be 7 € R* and r € (0,1

For every n € N, let t — éT(r,n,t) be a continuous function satisfying the
following differential equation,

). Let (vp)n C Ry be a sequence.

%H;(T,n,t) = (% — )0, (r,n,t) — [1 + {exp(t)}] sin(7t),

O-(r,n,v,) =0, te€A t>u, (4)

For every sequence (sp)n C Ry such that

nil}l}_loo Sp = +00, nEI—Eoo Sp — Uy, = +00 and nEI—Poo sin(7sy) = 0,
we have,
nll)]grloo 10, (7,m, 8,)| = +00.
Proof. In order to simplify the notation, denote z, := % — r. Integrate

Equation (@) and use the fact 0.(r,n,v,) = 0, we get

0 (r,n,s,) = /vsn exp (xT(sn - t)) [1+ {exp(t)}] sin(rt)dt.

Then
On(r,m,50) =~y | @xp (2, (50 — vn)) sin(ron) — sin(7s,)|
~ | P (2 (s — ) cos(ron) — cos(rs,)]
i / exp (r(sn — 1)) {exp(t)} sin(rt)dt.
By Lemma 3]

)

/U:n exp <:1:r(sn - t)) {exp(t)} sin(7t)dt — exp(z,sp)[wr(Tr, $p) — Wi (Tf, Vy)]

< ( )3 —2r
X —_—
= eXP(TrSp 1—or
Since
lim s, = +o0 and lim s, — v, = 400,
n—+o0o n—+o0o
then

n/~ 400 — exp(—sn)éT(r,n, sn) ~ w7($m Sn)a
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where

1—=x, Ty

1—z)2+72 22+ 72
1

(1—z)24+72 22+72

Wr (X, 8p) 1= [( | cos(Tsy)

=

| sin(7sy,).

By hypothesis of the present Lemma we have

nggrloo sin(7sy) = 0,

since z, € (0, 3), then

nll}gl_l@\&(r,n, Sp)| = +o0.

U
Lemma 6. Let be r € (0,3) and t — 0.(r,t) be a continuous function
satisfying the following differential equation,

iHT(r, t) = (% —1r)0-(r,t) — [1 — exp(—2rt)][1 + {exp(t)}] sin(7t),

0.(r,0) =0, tc A (5)

sup |0 (r, t)] = +o0.
>0

Proof. By contradiction, suppose that there exists r € (0, %) and w, > 0
such that

sup |0, (r, t)| < wy. (6)
t>0

Since t +— 0(r,t) is a continuous function, integrate Equation (Bl to obtain

0-(r,t) = (% —7“)/0 0-(r, 5)ds

t
_ / 1 — exp(—2rs)|[1 + {exp(s)}] sin(rs)ds. (7)
0
By Lemma @] there exists (¢,), C R4 such that

lim ¢, = +o0,
n——+0oo
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and such that

ton ton+1
nEI—Poo ; {exp(s)} sin(7s)dt = — nil}l}_loo ; {exp(s)}sin(7s)dt = 4o0.
Then
ton
lim [1 — exp(—2rs)|[1 + {exp(s)}]sin(7s)ds
n——+0o 0
tant1
=— E}grl [1 —exp(—2rs)|[1 + {exp(s)}]sin(rs)ds = 0.
n o 0

By hypothesis (@) and Equation (), we obtain

ton ton41

lim 0(r,s)ds = — lim 0. (r,s)ds = 4o0.

n——+o00 0 n——+o0o 0
Implies, there exists a sequence (vy,), C Ry such that

lim v, = 400, (8)

n—-+o0o

and such that
0-(r,v,) =0, VYn>D0.

For every n € N, let ¢ — éT(T,n,t) be a continuous function satisfying the
following differential equation,

%éT(r,n,t) _ (% =) (rmt) — 1+ {exp(t)}] sin(rt),

O.(r,n,v,) =0, teA t>u,. 9)

By Lemma 5] for every sequence (sy,), such that

nllﬁloo Sp = +00, ngl}rloo Sp — U = +00 and ngl}rloo sin(7sy,) = 0.
we have
ngglm |0 (r,n, sp,)| = +00. (10)

Denote n;(x,n,t) := 0,(r,t) — 0.(r,n,t). By Equations (Bl and (@),

%m(x, n,t) = (% —r)n(x,n,t) + exp(—2rt)][1 + {exp(t)}] sin(7t),
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where t € A and ¢t > v,,. Integrate,

- (x,n,t)] < 2exp(—2vn)exp((% — r)t)/ exp(—(% —r)s)ds

_ 2 rexp(—2vn)[exp((% )=o) —1].

L
2
1
ey, )] < =5 [exp((5 = P)(t = va) = 2v) — exp(—20,)]
For
Sp € [Unyvn + 1—2'071]7
35—
we get
2
sup [n-(z,1, $p)| < 5
n>0 53— T

By Equation (8)), we have lim,, 4o v, = +00. Then we can choose (sp)n
such that

lim s, = +o00, lim s, —v, =+o0 and lim sin(7s,)=0.
n——+o0o n——+00 n——+00

and since 0 (z,n,t) := 0-(r,t) —0,(r,n,t), use Equation (I0) to deduce that

lim |0,(r,t,)] = +o0.

n—-+o0o
Contradiction with the hypothesis ({)). O

Proof of Proposition[2 . Equation (2], implies that V¢ > 0 we have

ng(% +rt) = —/0 exp(—%u) [exp(ru) — exp(—ru){exp(u)}]sin(Tu)du,

1

¢T(§ —rt)= —/0 eXp(—%u) lexp(—ru) — exp(ru){exp(u)}] sin(ru)du.

Denote
1 1 1 1
yr(r1) = exp(5t) [9r (5 +1.0) = 9r (5 — )], Vr e (0,5), W20,

Then

yr(r,t) = —2 exp(%t)/o exp(—%u) sinh(ru)[1 + {exp(u)}] sin(ru)du. (11)



Riemann hypothesis

The function t — y,(r,t) is a continuous function and satisfies the following
differential equation

d 1
L YT 7t Y
dty (r,1)

2yT(r t) — 2sinh(rt)[1 + {exp(t)}] sin(1t), Vt € A. (12)
By contradiction, suppose that there exists r € (0, %) such that
br(5 = 1) = Brl5 +7)
T 9 = @7 9 .
Then

implies

400 1
/0 exp(—iu) sinh(ru)[1 + {exp(u)}] sin(ru)du = 0,

/ exp(—%u) sinh(ru)[1 + {exp(u)}] sin(ru)du
0

Then

+00 1
— /t exp(—iu) sinh(ru)[1 + {exp(u)}] sin(ru)du.

2 1 2 1
exp(—(= —r)t) + exp(—(= +7)t), Vt > 0.
T (5~ )+ el 7))

2|/0 exp(—%u) sinh(ru)[1 + {exp(u)}] sin(7u)dul

<

Denote 6,(r,t) := exp(—rt)y,(r,t). By the last Inequality and Equation
(D), we get

2
sup |6, (r,t)| = sup | exp(—rt)y,(r,t)| < T (13)
>0 >0 i—r
By Equation (2], The function ¢ + 6,(r,t) is a continuous function and
satisfies the following differential equation

d 1
EQT(T, t) = (5 — )0 (r,t) — [1 —exp(—2rt)][1 + {exp(t)}] sin(7t), t € A.
By Lemma [ we have sup;s |0-(r,t)| = 4+00. Contradiction with Equation
(I3). Then

1

vr e (0, =)

1
)i ol

9 —) 7é¢'r(% + 7).
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3 Proof of the Main result

Proof of the Main result. Suppose that there exist 7 € R* and r € [0, %) such
that

C(%—T—l-iT):O,

by Equation (3], we get

(bT(% —7r)=0.

Using the Riemann’s functional equation [[1], page 13 Theorem 2.1], the non-
trivial zeros of the function ¢ are symmetric about the line R(s) = % We
get

C(%+r—|—i7):0.

By Equation (3]) we obtain

(br(% +7r)=0.

By Proposition 2l we obtain r = % O
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