Fast method of trigonometric tabulation of 2^m points in arbitrary precision for the calculation of FFT

This is a simple, non-iterative, exact method that generates very little truncation. The principle is an incremental calculation of new values made from those already tabulated, not based on the prior calculation of an argument.

Here is the establishment of the basic formulas: From the well-known equations (1) and(2) 1. cos( p+h)=cos( p)⋅cos(h)-sin( p)⋅sin(h) 2. cos( p-h)=cos( p)⋅cos(h)+sin( p)⋅sin (h) we infer: 3. cos( p+h)+cos( p-h)=2.cos ( p )⋅cos (h) then :

4. cos( p)= cos( p+h)+cos ( p-h) 2. cos(h) Starting from (1) we successively infer: 5. cos(2⋅h)=cos (h)

2 -sin (h) 2 6. cos(2⋅h)=2⋅cos(h) 2 -1 7. cos(h)+1=2⋅cos(h /2) 2
And finally :

8. 2⋅cos (h /2)= √ 2⋅cos(h)+2
We therefore propose to tabulate the cosine function on the interval [0, PI/2] the rest of the tabulation will be inferred by symmetry. For the calculation of 2^m values the method breaks down into m stages. The principle is to double at each stage the number of tabulated values by interleaving, inserting new values equidistant from those already present. At each stage, the new values will be calculated using formula (4) whose denominator 2.cos(h) is constant throughout the stage. And the transition from one stage to the next will be carried out by calculating the new value of the denominator by the formula (8). That is to say by the implicit dividing by 2 of the step h of the table. At stage 0 the table has two well-known cosine values 1 and 0 and the initial (unused) value of 2.cos(h) is 0.

During stage 1 the implicit value of h changes to PI/4 and formula (8) gives the value √2 for the value of the denominator. We can then calculate the new point of the table by the formula (4). Next stage will add two new values. The number of tabulated values is thus doubled at each stage. This method generates very little truncation, the added values being quickly close to each other as soon as h becomes small. It generates very low losses with respect to the machine resolution. Furthermore the machine cost is (very) low of:

• 2^m divisions, • 2^m + m additions, • m square roots. The square roots to be calculated of (8) being in the vicinity of 4, we can efficiently calculate them by Newton's method with an initial value of 2. Note that at no time is an approximation of PI or any other approximation used.
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