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BROWNIAN CONTINUUM RANDOM TREE CONDITIONED TO BE
LARGE

ROMAIN ABRAHAM, JEAN-FRANCOIS DELMAS, AND HUI HE

ABSTRACT. We consider a Feller diffusion (Zs, s > 0) (with diffusion coefficient /23 and drift 6 €
R) that we condition on {Zt = a,g}7 where a; is a deterministic function, and we study the limit in
distribution of the conditioned process and of its genealogical tree as t — +00. When a; does not
increase too rapidly, we recover the standard size-biased process (and the associated genealogical
tree given by the Kesten’s tree). When a; behaves as o3?t> when # = 0 or as ae??Olt when
0 # 0, we obtain a new process whose distribution is described by a Girsanov transformation
and equivalently by a SDE with a Poissonian immigration. Its associated genealogical tree
is described by an infinite discrete skeleton (which does not satisfy the branching property)
decorated with Brownian continuum random trees given by a Poisson point measure.

As a by-product of this study, we introduce several sets of trees endowed with a Gromov-
type distance which are of independent interest and which allow here to define in a formal and
measurable way the decoration of a backbone with a family of continuum random trees.

1. INTRODUCTION

In [1], for the geometric reproduction law, and in [5], for general super-critical reproduction
laws with finite mean and some special sub-critical reproduction laws, the authors consider the
limit of a Galton-Watson (GW) process (Z,,n € N) started at Zy = 1 conditionally on Z,, = a,
as n goes to infinity, provided the event {Z, = a,} has positive probability. They also consider
more generally the local limit of the GW tree, which in particular allows to study condensation
phenomenon (on this latter subject, see [26, 25, 4]). According to the different growth rate of
an as n goes to infinity, they observe different regimes for the limiting random tree: if a,, = 0
for n large, the limiting tree corresponds to the GW tree conditioned on the extinction event; if
ay, is strictly positive but grows slowly (including the case a,, bounded), then the limit is the so
called Kesten tree, which consists in an infinite spine decorated with independent GW trees with
the initial reproduction law; if a,, grows at a moderate speed (given in the super-critical case of
finite variance by a,, ~ am™ with a > 0 and m the mean of the reproduction law), then the
limit is a skeleton given by an immigration process decorated again with independent GW trees
with the initial reproduction law; if a,, grows faster than m™ (that is lim,, ., m™"a, = 0o) then
results are known only for the geometric reproduction law (the limit exhibits a condensation at
the root, that is, the root has an infinite number of children, and then those children generate
independent trees) and for bounded reproduction laws (the limit is the regular b-ary tree, with
b the possible maximum number of children).

This work is a first step to extend those results to random real trees called Lévy trees introduced
by Duquesne and Le Gall in [18, 19] which are scaling limits of (sub)critical GW trees and can
be seen as genealogical trees for (sub)critical continuous state branching processes (CSBP); see
also [3, 20] for the extension of this latter representation to the super-critical case. We shall only
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consider Feller diffusions, which correspond to CSBPs with quadratic branching mechanism and
whose genealogy can be described using the Brownian continuum random tree introduced by
Aldous [9]. Our results belong also to the family of works dedicated to the description of limits
of conditioned random real trees, in this direction, see [29, 28, 17, 2].

We now present informally our result. We denote by 7 the rooted Brownian continuum tree
which describes the genealogy of a population started at time 0, and by Z; the “size” of the
population at time ¢ > 0. The process Z = (Z;,t > 0) is a quadratic CSBP solution to the
following stochastic differential equation (SDE):

dZt = \/ ZﬁZt dBt — 25921‘/(”, for t Z 0,

where (By,t > 0) is some standard Brownian motion, 5 > 0 and 6 € R. The CSBP is associated
with the branching mechanism
Pe(N) = B2 + 2860\

The CSBP is sub-critical (resp. super-critical) if > 0 (resp. 6 < 0). We denote by N? the
o-finite excursion measure associate with the Brownian tree 7 and the process Z, stressing the
dependence in the parameter 6, whereas the time scaling parameter ( is fixed. Intuitively, under
N?. the population starts from an infinitesimal individual which is the root of 7", and the non-zero
process Z starts from an infinitesimal mass. In the introduction, we simply denote by t; the real
tree t truncated at level t. We denote by G; the o-field generated by 7; for ¢ > 0; in particular the
process Z is adapted to the filtration (G, t > 0). Let a = (at,t > 0) be a non-negative function.
We shall consider for s > 0, the possible limiting distribution of 7Ty, conditionally on {Z; = a;}
as t goes to infinity. Let F' be any bounded continuous function defined on the set of trees (see
Section 5 for the topology on the set of rooted locally compact tree).

e Extinction case: a; = 0 for ¢ large. We have:
im N? —a,] = NI
lim N[F(T;) | 2, = a,] = NVI[F(T;))].

We recall that the measure of the non extinction event is given by N[Z;, > 0 for all t >
0] = 2max(0,—#). So the conditioning on the extinction event does not change anything
in the (sub)critical case. In the super-critical case, this result is a direct consequence
of the Girsanov transformation used in [3] to define the super-critical Lévy tree, see
also (78). This result holds in general for any compact Lévy trees (but for the above
value of the measure of the non extinction event).

e Low regime: a is positive and a; = o(t?) if § = 0 or a; = 0(e*?1?1!) if § # 0. We have
(see Theorem 6.13):

Jim N[P(T) | Ze=a] =B [P (707)].

where for ¢ > 0, 7% is a Kesten tree with parameter (53, ¢q), which is informally ob-
tained by grafting the trees (7;,i € I) respectively at levels (h;,7 € I) on an infinite
spine, where the point measure ) ;_; dp, 7; is a Poisson point measure with intensity rate
2614,501dh N?[dT]. See Section 6.2 for a more formal definition of the Kesten tree. When
conditioning instead by {Z; > 0}, this result appears already in [2] for general compact
Lévy trees.

e Moderate regime: a; ~ af?t? if § = 0 or a; ~ a(20)" 2?0t if § £ 0, where o €
(0, +00). We have (see Theorem 6.12):

i N[F(T) | 7 =) =E[r (7],
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where for ¢ > 0, 7%? is a random tree informally obtained by grafting the tree 7; at
vertex x; of a backbone tree T4, with the point measure ) ;_; 6, 7; being, conditionally
given %7, a Poisson point measure with intensity rate 25.%(dx) N?[dT], and £ (dz)
being the length measure on T“4¢. The backbone tree T%4 represents in some sense the
genealogy associated to an inhomogeneous Poissonian immigration with finite rate, see
Section 6.4 for a more precise description. Let us stress that the backbone tree does not
enjoy the branching property, as already observed by [1, 5] in a discrete setting.

High regime: lim; oot 2a; = +oo if § = 0 or limy_,ooe 2t q, = 400 if 0 = 0.
The description of the possible limit in this regime is still an open question. As in the
discrete setting studied in [1], one expects to have a condensation phenomenon at the
root. However, such limiting tree would not be locally compact (at least at the root),
and the study of such trees would require a non trivial extension of the current topology
developed for locally compact trees.

The present result on the convergence in distribution of the conditioned Brownian tree in the
low and moderate regime is given in Section 6.4. It relies on:

(i)

(i)

(iii)

(iv)

The extremal time-space harmonic functions for the process Z given by Overbeck [31].
Those harmonic functions appear in the limit when conditioning the process Z by the
events {Z; = a;} in the moderate regime, see Section 3.

A nice representation of the Doob h-transform using those extremal harmonic functions,
based on Feller diffusion with an increasing immigration rate given by an inhomogeneous
Poisson process. Roughly speaking, for # > 0 and a > 0, the local time process Z% =
(Zg,t > 0) of the tree T is a Markov process which satisfies the following SDE:

AZ® = \/2BZ& B, — 280 Z8dt 4+ 28 (S™" +1)dt for t >0, and Z§ =0,

where B = (By,t > 0) is a standard Brownian motion and $%¢ = (S™? ¢ > 0) is a Poisson
process with intensity afe*’%* dt independent of B. See the main result of Section 4 in
Proposition 4.1 for more details. Its proof, given in Section 4.2, uses a result from Rogers
and Pitman [33] for a transformation of a Markov process (which in our case amount to
not be able to distinguish the immigration S®?) to still be a Markov process.

An extension of a result from Duquesne and Le Gall [19, Theorem 4.5] on the description
of the Brownian tree 7 as a decorated sub-tree spanned by n vertices chosen randomly
at level t, see Theorem 6.8 in Section 6.3. We believe that this theorem is of independent
interest and complete the description of [20] where one chooses theses vertices at random
without condition on their level.

A transcription of the genealogy for immigration process from point (ii) above into a
backbone tree, see Section 6.1 and the combinatorial Lemma 6.1 on the distribution of a
tree built sequentially by grafting uniformly branches at random levels.

Let us mention here that there have been several works on skeletal /backbone decompositions
for (spatial) branching processes and their corresponding genealogical trees, for example see
(2,10, 12, 20, 23, 24, 27] and the references therein. In particular, in [23], coupled systems of SDEs
were established to represent the skeletal decompositions for continuous-state branching processes
(conditioned on survival), where the skeletons are determined by continuous-time Galton-Watson
processes. And we refer to [20], for reconstruction of a Lévy tree from a backbone tree, which
could be formed by leaves taking at random in a Poissonnian way from the Lévy tree according
to the so-called mass measure; see Remark 5.4 there and [18]. For representations of branching
processes (with immigrations) via SDEs, we also refer to [15] and references therein.
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To complete the outline of the paper, let us mention that Section 2 is devoted to some notations
and elementary facts for quadratic CSBP and Section 6.2 to known results on the Brownian tree.
Eventually the large Section 5 is devoted to various topological results on the spaces of trees.
The main objective of this section is to define the grafting, the splitting, as well as the decorating
of trees in a measurable way on the set of equivalent classes of locally compact rooted real trees.
An index of all the (numerous) relevant notations of this section is provided at the end of the
document.

2. GENERAL QUADRATIC CSBP

2.1. Notations. We set Ry = [0, +00), R} = (0, +o0), N={0,1,2,--- } and N* = {1,2,--- }.

For x € R, we set x4y = max(0,z) and z_ = max(0, —x), so that x = x4 —z_. We write J,
for the Dirac mass at z.

Let (E,d) be a metric space. We denote by M, (E) the space of non-negative measures on
E endowed with the vague topology. For € M, (F) and A a Borel subset of E, we denote by
pya(dz) the measure 14(x)u(dx). We write u(f) = (f,p) = [ fdp = (f,p) for the integral of
the measurable real-valued function f with respect to the measure p, whenever it is meaningful.

We say that a function from a measurable space to a measurable space is bi-measurable if it
is measurable and the image of any measurable set is a measurable set (when the function is
one-to-one this is equivalent to the function and its inverse being measurable).

2.2. Quadratic CSBP. Let 8 > 0 be fixed. Let § € R. We consider the quadratic branching
mechanism 1y given for A € R by:

1) Wo(A) = BA2 + 260

The corresponding CSBP Z = (Z;,t > 0) is the unique strong solution to the following stochastic
differential equation (SDE):

(2) dZt = \/ ZﬁZt dBt — 25921/(115 for ¢ Z 0,

where B = (By,t > 0) is a standard Brownian motion and Zy = x > 0. For ¢t > 0, let F; be the
o-field generated by (Zs,t € [0,t]). We write P? to stress the value of the parameter 6, and the
initial value of the process Z, Zy = x. We denote by N? the canonical measure of the process Z,
normalized in such a way that for A > 0:

N 1= e | =05 (),

where o = fooo Z;dt is the total size of the population under the canonical measure N? and
¥, 1(\) is the only root t to ¥(t) = A such that ¢ > 20_. In particular, the process (Z,t > 0)
under P? is distributed as the process (ZZE I Zt(i),t > 0) where ), ;0,0 is a Poisson point
measure with intensity N?(dZ). We refer to [18] for § > 0 (critical and sub-critical case) and to

[16, 3, 20] for 6 < O (super-critical case) for a detailed presentation of the CSBP process Z and
the corresponding continuum Brownian random tree 7T .

In order to recall the Laplace transform of Z;, we introduce the following positive functions
@ and & defined for t € (0,+oc) by:

20 20
0 _ ~0 __
(3) G = mer and ¢ = T
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with the convention ¢ = & = 1/pt. The functions ¢ and & are decreasing with lim; o, ¢/ =

limy_ 04 6? = 400, limy_, 1 c? =20_ and limy_, | éf = 20,. We also have for t > 0:
(4) & =cf=c+20.
Remark 2.1 (Scaling property of Z). In this remark, we write Z[%% for Z under N’ or P? in

order to stress the dependence in f > 0 and # € R. Let Y = (Y5, s > 0) be a Feller diffusion,
i.e., a CSBP with parameters § = 1 and 6 = 0; given as the unique strong solution to the SDE:

(5) dY, = /2Y,dB,, for s> 0.
Let 8> 0 and 6 € R, and define the process Y/ = (Y], s € [0,1/(20_-))) by:
1
(6) Y =2 7P with s = -
Gt

Then, we get that Y’ is distributed as (Y, s € [0,1/(26_))) under N? or PY provided Y{ = Yy =
x> 0.

We define for t > 0 and A > —&:

pYeH & &
7 (A1) = Lo 4G
@) wdt) T+r T @A
and set u?(\,0) = A for t = 0. This gives that for t > 0 and X\ > —¢&:
20
if  #£0
W) =4 (20 N)eBo—x 70,
A (14 ABt), if 9 =0.

For » > 0 and t > 0, we have that:

ue(cgv t) = c?—l—r’
We recall from the above mentioned references ([18, 16, 3, 20]) for A > 0 and by analytic
prolongation for A < 0, that for ¢ > 0 and x > 0:

(8) N’ [1 - e—*Zt} —uI(\t) and Ef [e—AZt] — o 'O for all A > &,

We denote by ¢ = inf{t > 0; Z; = 0} the lifetime of the process Z. We recall that for all ¢t > 0:
NY[¢ > t] = lim (N t) = I (t).
A—00
By considering the series in A in (7) and (8), we deduce that for all ¢ > 0 and n € N*:
9) N’ [(éth) "} = nlcd.

We now give a martingale related to the CSBP Z. Recall that & is decreasing in ¢, and
thus —c > —&%. The next lemma is an easy consequence of (8) and the following elementary
equality:

u(—¢&,,,t) = —& forallt >0 andr > 0.

T
Lemma 2.2. Let 0 € R, x € Ry, r > 0 and the quadratic CSBP (Z;,t > 0) solution of (2). The
process <e5f+fzt, te I) is a martingale under N? with I = (0,400) and under Pg with I = R,
with respect to the filtration (F¢,t > 0).
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We end this section with the computation of the densities of the entrance law ¢/ (dx) and the
transition kernel ¢/ (z,dy) of the CSBP Z under its excursion measure, where for t,s > 0, 2 > 0
and y > 0:

¢f(de) = AN’[Z, = 2, ( > 1] and  qf (2, dy) = AN’[Zpps = y| Z, = 2],

Lemma 2.3 (Entrance law and transition densities of Z). Let § € R. Let t,s > 0, x > 0 and
y > 0. We have:

—"ECG
g} (dz) = ¢! (x)dz  and ¢} (z,dy) = e " 5(dy) + ¢} (z,y) dy,

where:
(10) qf( )_ C?Cf —Cf:n7
(1) (x,y) = 2 e @HY) f—20y Z (zycddd)*

El(k +1)!

Proof. We omit the parameter 6 in the proofs. On one hand, from the definition of ¢(dx), we
get that for A > 0:

/0+OO e Mg(dz) =N [e_AZt 1{<>t}] =-N [1 - e_)‘Zt] +NI[( > t] = c(t) — u(A ).
On the other hand, using (7), we get:
/000 iy e CFNT qr = (t) — u(A, t).
Then use that finite positive measures on R are characterized by their Laplace transform to

obtain that ¢;(dx) = ¢;(z) da with ¢; given by (10).
From the definition of ¢(x,dy), we get that for A > 0:

+o0
[ atnan) = [
0

where, thanks to (7), a = z¢,¢;, and b = ¢&. Notice that:

ﬁ—l 1 a k+1_1 oo (a’y)k —by—)\yd
o= +I§(k+1)! rra)  SUteX | mrine v

Using (3), we deduce that g.(z,dy) = e™" 6o(dy) + q:(x, y) dy, with ¢:(x,y) given by (11). O

ZS = :1;‘:| = e—xu()\,t) = e_%—‘rﬁ

3. LOCAL LIMITS FOR THE PROCESS Z

3.1. Some martingales. We present in this section two martingales which will naturally appear
in the local limits for the Brownian continuum random tree (CRT). Recall # € R. Let a € R.

We define the non-negative process M®? = (Mf"e,t > 0) by:

af _ —a/cd (O‘Zt)i (i4+1)280t
(12) My = Zie t%z’!(i%—l)!e ‘
(]

Remark 3.1. Using the Bessel function I1(z) = Y ,;cn(z/2)% "1 /il(i + 1)!, we can rewrite Mf"e

as:
280t
Mta’e =/ e 2 e—a/el I <2\/0ze259t Zt) )
a
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Using the process Y’ defined in (6), which is a time change of the process Z (and which is
distributed as a CSBP with parameter § = 1 and 6 = 0), we have for ¢ > 0:

Y! (aY!)'
a,l s _—as ! —as s .
(13) M= e (2VeN) =Y e Y ey
€N
Using Theorem 3 of [31] and Remark 3.1, we immediately get the following result.

Proposition 3.2. Let a,0 € R, x € Ry. The process (Mf"e, te I) is a martingale under N°
with I = (0,+00) and under PY with [ = R,.

Moreover, for all ¢t > 0, we have, using (9) and & /c? = *%  that:
N’ [M;“v"] =1

Since u?(—20,t) = —20, see (4) and (7), and —20 > —¢&/, we deduce that (e?*?t,t > 0) is a
martingale under N’. According to [3, Section 4], we have that for § € R, ¢ > 0:

(14) N~[dZ] 7 = ¥/ N[dZ] 7,
For a,6 € R, we set M*? = (Mta’@,t > 0) with:
(15) M = 2070 vt

Using (12), we get:

- 3 Z)" .
16 Maﬂ — 7, 20%t —a )& (Oé t —(i+1)2806¢ )
(16) : re?te iezNii!(i—i_l)!e

We then deduce from Proposition 3.2 the following corollary.

Corollary 3.3. Let 0, € R. The process M*? is a martingale under N?, and for t > 0 and
any non-negative Fi-measurable random variable H;, we have:

(17) N[ H, M%) = N~ [Ht Mﬁ""] .

Remark 3.4 (The case § =0 and o = 0). Let ¢t > 0. For 6 = 0, we have:

i
ra,0 a0 —aft (aZt) .
MEP = M0 =207 A6 1 1)
€N
For a = 0, we have:

(18) Mto’e = Z,e2%% and Mto’e = 7, 20 Z=5t)

Then for a = 0 = 0, we have:

0,0 0,0
M = M0 = z,.
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3.2. Local limit. We first consider the Poisson regime, whose name is inherited from the rep-
resentation given in Proposition 4.1 based on a Poisson immigration. Let a = (a;,t > 0) be a
positive function.

Proposition 3.5 (Poisson regime). Let § € R, s > 0 and Hs be a bounded non-negative F-
measurable random variable. Let o € (0,4+00). Assume the function a is such that as t — oo
large:

e {a52t2, if 0 = 0;
«(20)2 2P0 if g £ 0.
Then we have:
NO[H, M%), if 6> 0;

1 lim N?[H,| Z; = a;) = NIl | H, Molol) = N
(19) dim N[ Hs| 2 = ai] [ . } NO[H, MY, if 0 < 0.

Remark 3.6. Contrary to Proposition 3.2, it is not possible to deduce the result for any 6 from
the result for # = 0 in Proposition 3.5, since a; is not continuous at # = 0.

Proof. Let s > 0 and Hg be fixed. For t > 0, we set:
A =N[Hy| Zyys = apys).
We omit most of the time the superscript ¢ in this proof. Thanks to (10) and (11), we have:
N [Hyqu(Zs, ars)]
Gt+s5(at4s)

CtCy

Ay =

e—at+s(ct+29—5t+s) N

HyZge 2y 7(Zsat+sctét)1 .
€N

Ct+5Ctts il(i +1)!

As t goes to infinity, we have & ¢y, ~ (20)2 e 2P0 =280 for § £ 0 and & cqy ~ (Bt) 2 for
f# = 0. Thanks to the condition on a, it is tedious but elementary to check that:
i e 5 2816l
Jim CiC/CiysCiys = € ;

) ~ . L afcs if 0 >0,
P arys(ct +20 — Gps) et atts(Ct — Crys) {oz/és if9 <0,
lim a;qsc:¢ = aePlils.

t—o00
In particular, we get lim; oo Dy = Do, where:
i

CtCy iy ZsQi45CiCy
Dt_ Zse ZéctE ( sUt+s )

Ct+5Ctts pyere i@+ 1)
i (i+1)280s 0> 0
o= 2,3 e e OZ Y
i+ 1) @025 =(1H+1)280s i § < 0,

Using the definitions of M®? and M*?, see (12) and (16), we get that:
b Jeete M2 it >0
T Ye/e MY it <.
There exists a finite constant C' such that, for ¢t large enough:

CLH_SCtét S Ce2ﬁ|9\s .
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Recall —¢; < 20 (as ¢; + 20 = ¢ > 0). We deduce that there exists a finite constant Cy such
that, for ¢ large enough:
Dy < Co (ME? + NIE?).

Since MEY and MY are integrable, we then deduce that the first equality in (19) holds using
the dominated convergence theorem. Then second equality in (19) is a consequence of (17). O

We now consider the Kesten regime, whose proof is left to the reader as it is very similar to
the proof in the Poisson regime when one takes a@ = 0 and uses (18).

Proposition 3.7 (Kesten regime). Let § € R, s > 0 and Hs be a bounded non-negative Fs-
measurable random variable. Assume the function a is positive (a; > 0) and such that as t — oo:

_ Jo(#), if 6 =0;
“w= o(e2P101t) " if 6 £ 0.

Then we have:

NO[H, M2Y), if > 0;

) 0 _ N 2810ls | — ~
(20) i N, 2, = ai] =N [H, 2,00 {NG[HSMB% ifo<0.

For completeness, we add the well known extinction case, that is the function a; = 0 for large
t, which is a direct consequence of (14).

Proposition 3.8 (Extinction regime). Let § € R, s > 0 and Hs be a bounded non-negative
Fs-measurable random variable. Then we have:

0 ; > 0

(21) tim N[, Z, = 0] = NVl = N Ub 7020

00 N77[Hg], if 6 <0.

4. h-TRANSFORM

We give a representation of the distribution of the process Z under the A-transform given by
the martingale M®?. The proof will be done for 8 = 1 and # = 0, and then use a time-change,
see (6), to get 6 € R.

4.1. SDE representation. Let > 0 and 6 € R. Let B = (By,t > 0) be a standard Brownian
motion. Let a > 0 and S“%(dt) be a Poisson point measure on R, with intensity af 2% dt

independent of the Brownian motion B. We set S;" 0 = S%9([0,t]) for t € R. We define the
process Z% = (Z2,t > 0) under P? as the unique strong solution (conditionally on S) of the
following SDE:

AZ% = \/2BZ% B, — 20 Z2dt + 2B (S*° +1)dt for t >0, and Z§ = 0.

Proposition 4.1. Let a > 0, § € R and ty > 0. The process (Zy,t € [0,t]) under N? {o Mto(;’@}
(resp. under N? {o Mto(;’e]) is distributed as the process (Z§,t € [0,to]) under PY (resp. P=9).

The proof of this proposition is detailed in the next subsection.
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4.2. Proof of Proposition 4.1. Following Remark 2.1, we first use a scaling argument to
remove the parameters 5 and 6.

Let a > 0. Let S = (Sf,t > 0) be a Poisson process with parameter « independent of the
Brownian motion B. Let Y = (Y, ¢ > 0) be the unique strong solution (conditionally on S) of
the following SDE:

(22) dY, " = /2Y,*dB; +2(S* +1)dt fort >0, and Yy =0.

Let B,a > 0 and 0 € R, and write ZI5%% for the process Z® under N’ or P? to stress the
dependence in 3 and 6. Define the process (Y'*,5') = ((Y/*,5/%),s € [0,1/(26_))) by:

a a . 1
(23) Y/ = 2P0 th’e’ I and S =Sy P with s = -
Gt

Then, it is elementary that this deterministic time change yields the following result.
Lemma 4.2. Let 3, > 0 and 6 € R. The process (Y'®,S'®) under P? (whose law depends on
(8,0) and «) is distributed as ((Y;‘J‘,Sfj),s € [0, 1/(29_))).

Let (P;,t > 0) be the transition semi-group on R, x N of the Markov process (Y%, S%).

Lemma 4.3. The semi-group (P, t > 0) is Feller, that is for allt > 0 and all bounded continuous
function f defined on Ry x N, the function Pi(f) is also bounded and continuous.

Proof. Let ((Yf’(x’s),S?’(x’S)),t > O> denote the solution of the SDE (22) starting from (z,s).
Let (X7,t > 0) be a Feller process starting from z (it is distributed as a solution to the SDE

(5)) independent of the (Y;a’(x’s), Sf"(x’s))tzo. We denote by ); the semi-group of the process X*
and recall that Q; is a Feller semi-group. By the branching property, we have the equality in
distribution for the processes:

((Y;t‘)‘v(:c,s)7 S;%(x,s)),t > 0) @ <(Y2a,(07s) + X2, S?’(O’s)),t > 0) .

Then for every t > 0, z,y € Ry, s € N and every bounded continuous function f defined on
R4+ x N, we have:

Pif(z,s) = Pif(y,s) =E f <Yta’(x’s), Sf"(m’s)) —f (YI‘/%(%S)’ S;Jz,(y,s))]
=E f (Y‘toh(oﬁ) + Xf,S?’(O’S)) —f (tha,(o,s) n Xf,S?’(O’S))]

=E Qtf(na,(o,s)ﬁ;,(o,s)) (x) = Qtf(na,w,s)’s;,(o,s)) (y)]

where f(, ) is the continuous map x + f (y + z,s). By the Feller property of the semi-group Q;
and the dominated convergence theorem, we deduce that lim,_,, P, f(x,s) — P, f(y,s) = 0. This
gives the Feller property of the kernel P;. O

We now give the density of (Y%, Sf). Recall that Y* = S§ = 0. Let N be the counting
measure on N.

Lemma 4.4. Let t > 0. The random variable (Y,*, S5*) has a density f on Ry x N with respect
to dy ® N(dk) given by:

k+1

1 oy (odtt—1
(24) f(yyk):t_zme (at+1 y), yZO,]{?GN
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Proof. Conditionally on S, by Definition (22), we can see Y¢ as a quadratic CSBP process (with
f = 1) with immigration whose rate is 2(Sf* 4+ 1)d¢. This implies that, conditionally on S¢, the

process Y% is distributed as <ZZE[ Tn,<ny Z, Z )h > 0) where } . ;6 (hi Z(-))(dt dZ) is a Poisson
point measure on R4 x C[0,R;) with intensity 2(St +1)dt N[dZ] and N is the excursion measure
of a CSBP with branching mechanism (\) =

We deduce that for A\, u > 0:

E |:e_>\)/ta_uszxi| _ E |: US fO Sa+1) [1 Athf'] dr] _ E [e—uS?—Q fot(Sg'H)Wir)A dr
where we used (8) for the last equality (with 5 = 1 and 6 = 0). Denote by (&;,7 € N*) the
increasing sequence of the jumping times of the Poisson process S, and set §g = 0. Then, we
have on {S{* = k}:

t Y k i1t Y
SY+1)————dr = + 1 / ——d
/0( )1+(t—7’))\ " ;(1 ) ¢ 1+ (t—7)A "
Sit1/t
=—> (i+1)log(l+(t—7)N)
i=0 &i
k
= log(1+ (t = &)A).
i=0
Conditionally on {S§* = k}, the random set {{i,...,&} is distributed as {tUi,...,tU;} (no-
tice the order is unimportant and is not preserved), where Uy, ..., Uy are independent random
variables uniformly distributed on [0, 1]. We deduce that:
k
Y-S (at)k etk -2 o
E [e £n } :ZTE [T+t =T)A) 7| (148
keN i=1
B (at)k e—at—uk k2
— o (L+1tN)
keN
= dy f(y, k)e vk
keN 7 R+

where for the last equality, we used the definition of f given in (24). This finishes the proof. [

Let ¢; be the distribution of Y;* for ¢ € R;. We have ¢ = dy the Dirac mass at 0, and for
t > 0, we deduce from Lemma 4.4 that ¢;(dy) has a density, also denoted by ¢;, on R} with
respect to the Lebesgue measure given by:

k., k+1

) = 2 (atHtTy) N Y :
N

We now give some properties of the conditional law of Sy given Y;.

Lemma 4.5. Lety € Ry. The law of S§* conditionally on {Y,* = y} does not depend on t. More
precisely, we get for allt >0, k € N and y > 0:

k
(25) PS¢ = k|Y* =y)=C"! )" o= Z [1,400).

Kk +1)! I(j + 1)!
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Proof. Using Lemma 4.4, we directly have (25) for ¢ > 0. Notice that for y = 0, we have C' = 1
and

_1 (ay)f _
Rk T e
As (Y§,53) = (0,0), we deduce that (25) also holds for ¢ = 0. O

We can now prove the Markov property of the process Y = (Y;,¢ > 0).

Lemma 4.6. The process Y* is Markov, and its transition semi-group (Qq,t € Ry) is the unique
Feller semi-group such that q; = q(Q; for t € Ry, with q; the distribution of Y;*.

Proof. We say a probability kernel K is continuous if for all continuous and bounded function f,
K f is also continuous (and bounded). We shall check hypothesis from [33, Lemma 1]. With the
notation therein (X = (Y¢,S%) and ¢(y, s) = y), the semi-group (P, t > 0) is Feller, see Lemma
4.3. The probability kernel A(y; dz,dk) = P(Sf* = k| Y* = y) 6,(dz) N(dk) is clearly continuous
and does not depend on t. The probability kernel ®(y, k; dz) = 6,/(dz) is also clearly continuous.
Lemma 4.5 gives exactly condition (i) in [33, Lemma 1]. We now check condition (ii) in [33,
Lemma 1], that is the one-dimensional marginal distributions of Y, (¢}, t € R, ), are determining,
that is if h and ¢ are bounded continuous functions defined on R, then E[h(Y,®)] = E[g(V,%)]
for all t € Ry implies h = g. To prove this, notice that:

fﬂEWWﬂz/e%”H@@,
R4

where H(y) = h(y) > pen % As the Laplace transform characterizes the bounded con-
tinuous function, we deduce that if E[A(Y;*)] = E[g(Y;*)] for all t € Ry, then H = G (with

k, k+1

Gy) = 9() D ren %) and thus h = g on (0, +00) and by continuity on R.

As the assumption of [33, Lemma 1] are satisfied, we deduce that Y'* is a Markov process, and
that its transition semi-group (Q,t € Ry) is the unique Feller semi-group such that ¢; = ¢{Q;
for t € Ry, with ¢; the distribution of Y. O

We now compare the distribution of Y¢ and the distribution of the Feller diffusion Y defined
in Remark 2.1, which is a CSBP with parameter 5 = 1 and § = 0. Following (13), we set for

t > 0:
Y,
MP =4/t eotp (2 aYt>.
(6

Let N denote the canonical measure of Y.

Lemma 4.7. Let o > 0. Let tg > 0. The process (Y,*,t € [0,to]) has the same distribution as
the process (Yy,t € [0,%0]) under N [ M ].

Proof. We first check the two processes have the same one-dimensional marginals. Clearly Yj* =
Yo = 0. Let ¢ > 0. According to Lemma 2.3, the entrance law of Y; under N has density
Y t=2e7Y/t, We deduce that for \ > 0:

N{ —\Y: Ma} :/ -y —at (Oéy) t_2 —y/t d

i+1

-y t_2 —(at+t=1y) o' d
/ ¢ ¢ Zi!(z’+1)! 4

R+ iEN
=FE [e_’\yfa] .
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Since the Laplace transform characterizes the probability distribution on R, we obtain that Y,*
has the same distribution as Y; under N [e M.

Using Doob’s h-transform, we get that the process (Y;,t € [0,%9]) under N [o M,ff)] is Markov.
Using that M“ is a martingale under N (see Proposition 3.2 and use that Y is distributed as
Z when =1, 0 = 0), that M is a function of Y;, and that Y is Feller under N, we get that
(Y, t €10,¢0]) under N [o M,f‘)] is also Feller. We deduce from the uniqueness property of Lemma
4.6 and the identification of the one-dimensional marginals from the first step of the proof, that
(Y, t € [0,%0]) has the same distribution as (Y;,¢ € [0,%o]) under N [o M2]. O

We can now give the proof of Proposition 4.1. Let 5,a > 0, 8§ € R and ty > 0. Using the
time changes given by (6), (13) and (23), we deduce that the process (Z®,t € [0,t0]) under P is

distributed as the process (Z;,t € [0,]) under N? [o Mf‘o’e}. Then, using Corollary 3.3, we also
deduce that the process (Z2,t € [0,%]) under P~% is distributed as the process (Z;,t € [0,to])
under N? [o Mg’e]. This finishes the proof of Proposition 4.1.

5. TOPOLOGY ON SET OF TREES

In Section 5.1, we recall the usual basic definitions and notations for rooted real trees. In
Section 5.2 (resp. Section 5.3), we consider the Polish space of equivalent classes of compact
(resp. locally compact) rooted trees with distinguished vertices endowed with the Gromov-
Hausdorff distance. We define various grafting measurable operations (denoted by ®7) of a tree
on an another tree in Section 5.4. Motivated by the fact that some random trees are obtained
as decorated backbone trees, we introduce in Section 5.5 the space of marked trees, that is of
trees with a distinguished sub-tree (or backbone tree). We also establish in this section the
measurability of various truncation maps. The short Section 5.6 is devoted to special case of
the backbone tree being reduced to an infinite spine (this is the case for the Kesten tree). In
Section 5.7, we consider specifically discrete trees which are spanned by n distinguished vertices,
and describe them as a set of branches indexed by all the possible subsets of the n distinguished
vertices. This description is then used in Section 5.8 to split (with a function Split,,) a locally
tree with n distinguished vertices as sub-trees supported by the different branches of the discrete
tree spanned by the distinguished vertices. Then, we provide in a sense the inverse construction
in Section 5.9 where (with a function Graft,,) we decorate the branches of a discrete trees with
subtrees. In Section 5.10, we describe a measurable procedure to decorate a branch with a family
of sub-trees given by the atoms of a point measure on the set of trees (the function Tree) and a
measurable procedure to describe the decoration of a distinguished branch of a tree (the function
M) through a point measure on the set of trees.

In a nutshell, the main objective of this section is to define the grafting and splitting functions,
as well as the decorating and de-decorating functions in a measurable way on the set of locally
compact rooted real trees. An index of all the (numerous) relevant notations of this section is
provided at the end of the document.

5.1. Notations and definitions for trees. We use as usual the framework of real trees to
encode the genealogy of a continuous state branching process. We refer to [21] for a detailed
introduction to real trees.

A real tree (or simply a tree in the rest of the text) is a metric space (T, d) that satisfies the
two following properties for every u,v € T":
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(i) There is a unique isometric map fy,, from [0, d(u, )] into T such that

fup(0)=u  and  fu,(d(u,v)) =v.

(ii) If ¢ is a continuous injective map from [0, 1] into 7" such that ¢(0) = v and ¢(1) = v,
then the range of ¢ is also the range of f, ,.
The range of the map f,, is denoted by [u,v]. It is the unique continuous path that links u
to v in the tree. We will write [u,v[ (resp. Ju,v], Ju,v]) for [u,v] \ {v} (resp. [u,v]\ {u},
[w, o] \ {u, v}).

A rooted tree is a tree (T, d) with a distinguished vertex denoted by o and called the root. We
always consider rooted trees in this work. For an element x of a rooted tree (7',d, ), we denote
by H(x) = d(po, ) its height, and we set H(T') = sup,ep H(x) the height of the tree T'.

The set of leaves Lf(T') of T'is {p} if T' = {p} is reduced to its root and the set of x € T'\ {p}
such that 7'\ {z} has only one connected component. The skeleton of the tree is the set Sk(7") =
T\ Lf(T"). The set of branching points (or vertices) Br(T) is the set of # € T such that 7"\ {z}
has at least 3 connected components if x # o or at least 2 components if x = p.

For a vertex x € T', we define the subtree T, “above” x as:

T,={yeT: zecloy]}

The real tree T, is endowed with the distance induced by 1" and will be rooted at =x.
We define a partial order < (called the genealogical order) on a rooted tree (7', d, g) by:

u=<v <= uc€ [p,v]

and we say in this case that u is an ancestor of v. If u,v € T, we denote by u A v the most recent
common ancestor of u and v, i.e. the unique vertex of 1" such that:

[o,u] N e, v] = [o,uAv].
The trace of the Borel o-field of T" on Sk(T') is generated by the sets [s, '], s,s’ € Sk(T) (see
[22]). Hence, there exists a o-finite Borel measure .27 on T, such that

ZLTLET)) =0 and L7 ([s,5]) =d(s,s).

This measure Z7 is called the length measure on 7. When there is no ambiguity, we simply
write & for £7T.

5.2. Set of (equivalence classes of) n-pointed compact trees. Let n € N. A rooted n-
pointed tree (T,d,v) is a tree (T,d) with a root ¢ and n-distinguished (possibly equal) vertices
V1, ...,0, € T, with the notation v = (vg = g, v1,...,0p).

A correspondence R between two rooted n-pointed trees (T,d,v) and (T',d',v’) is a subset
of T'x T’ such that for all x € T (resp. 2’ € T"), there exists 2’ € T” (resp. = € T) such
that (z,2") € R, and for all 0 < k < n, we have (vg,v},) € R, where v = (vg = ¢,...,v,) and

v = (v),=0,...,v),). The distortion of R is defined as:

dist (R) = sup{‘d(m,y) —d'(@,y)|: (x,2),(y,y) € R}

For two compact rooted n-pointed trees T'= (T, d,v) and T' = (T",d’,v'), we set:
1
A% (T, T') = inf 5 dist (R),

where the infimum is taken over all the correspondences R between (7, d,v) and (T”,d',v’"). The

function dgll){ is the so-called Gromov-Hausdorff pseudo-distance, see [30]. Furthermore, we have
n)

that , = 0 1f and only if there exists an isometric one-to-one map ¢ trom (1', d) to ,
hat d (T, T') = 0 if and only if there exi i i from (7', d) to (T", d’
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which preserves the root and the distinguished vertices (that is ¢(vg) = v}, for all 0 < k < n).

The relation dg%(T ,T") = 0 defines an equivalence relation between compact rooted n-pointed

trees. The set ']I'%" ) of equivalence classes of compact rooted n-pointed trees endowed with dgll){

is then a metric Polish space, see [30, Proposition 9]. We simply write (7, v) for (7,d,v), and
unless specified otherwise, we shall denote also by (T, v) its equivalence class. For n = 0, we
simply write Tk and dgy for T%? ) and dg% and T for (T,d, o).

For a rooted n-pointed tree (T,d,v), with v = (vg = p,...,v,), we denote the corresponding
spanned tree Span®(7,v) as:

(26) Span®(T,v) = U lo, vk].
k=1

The tree (Span®(T,v),d, o) will be simply denoted by Span®(T,v), whereas we will denote by
Span(7,v) the rooted n-pointed tree (Span®(T,v),d,v). For y € T, we also define py(y), the
projection of y on Span®(7,v), as the only point of Span®(T, v) such that:

(27) [o,y] N Span®(T,v) = [o,pv(y)]-
Let us state a technical result which will be used several times in what follows.

Lemma 5.1. Let n € N. Let (T,d,v) and (T',d’,v') be two compact rooted n-pointed trees and
let R be a correspondence between them. For every (x,z') € R with ' € Span®(T”,v'), we have:

d(z,py(x)) < gdist (R).
Proof. Let (z,2') € R with 2’ € Span®(T”",v’). First remark that there exist k,¢ € {0,...,n}
such that py(z) € [vg, ve] and 2’ € [v;, vy]. Indeed, let us set:

A= {vg: pv(z) € [o,v]} and A’ = {v,: o' € [, v;]}.
Notice that A # () and A" # (). If there exists k > 1 such that v € A and v, € A’, then one can
take £ = 0 so that vy = p and v}, = ¢’. Otherwise, take k and ¢ with k # ¢ such that v, € A and
vy, € A’ . In this case, we get vy ¢ A. Clearly we have py(z) € [vg,v/] and by a similar argument,
z' € [v},,v;]. Therefore, we have:

2d(z, pv(2)) = d(z, vi) + d(z,v0) — d(vg,ve) < d' (2, vy,) + d'(a!,v)) — d'(v),, vp) + 3dist (R).
Then, use that d'(2',v}) + d'(2/,v)) — d' (v}, v;) =0, as 2’ € [vy,v)], to conclude. O

If (T,v) and (7”,v') belong to the same equivalence class in T("), then so do Span(7, v) and
Span(T”,v') in ']I'gl). Therefore, the function (7',v) +— Span(T,v) is well defined from ']I'gl) to

']I‘%" ). A first consequence of Lemma 5.1 is that this function is Lipschitz continuous; this result
will be completed in Lemma 5.6.

Lemma 5.2 (Continuity of the map Span). Let n € N. The map (T,v) — Span(T,v) is
4-Lipschitz continuous from T%? ) to ']I‘%" ),

Proof. Let (T,v),(T’,v") be two compact rooted n-pointed trees and let R be a correspondence
between them. Let us set with obvious notations:

(28) R = {(x,pi,,(x/)): (z,2') € R, x € Span®(T, V)}

U {(pv(x),a:’) : (z,2)) €R, 2’ € Spano(T',v')}.
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Clearly, R is a correspondence between Span(T,v) and Span(7”,v’). We now compute its dis-
tortion. We consider the case « € Span(7,v), y' € Span(T",v') and (z,2'), (y,y') € R, so that
(x,pl,(2")) and (pv(y),y’) belong to R. We have:

[d(2,pv(9) = &' (P (@), )| = |d@,9) = (v pv ) = &' @) + d (& por ()

< \d(z,y) —d'(«',y")| + d(y, pe(v)) + d (2, pyr(2))

< 4dist (R),

where we used Lemma 5.1 for the last inequality. The other cases can be treated similarly. This
implies that dist (R) < 4dist (R) and thus, by definition of dgll){:

A% (Span(T, v), Span(T',v)) < 4d5h (T, ), (T',v')).

O

5.3. Set of (equivalence classes of) rooted n-pointed locally compact trees. Recall the
definition of the height H(z) = d(p,x) of a vertex x in a rooted tree (T',d,p). For a rooted
n-pointed tree (T',d,v) and t > 0, we define the rooted n-pointed tree T' truncated at level ¢ as
(re(T,v),d,v) with:

(29) r(T,v)={xeT: H(z) <t} U{Span®(T,v)},

and the distance on r¢(7T,v) is given by the restriction of the distance d. We shall simply write
(n)

r(T,v) for (ry(T,v),d,v). If (T,v) and (T", V') are in the same equivalence class of T}, so are

ri(T,v) and r(7",v'). Thus the function r; can be seen as a map from ']TE(") to itself. When
n = 0, we shall simply write r,(T") for 7.(T, ¢). The next lemma is about the continuity of r;.

Lemma 5.3 (Continuity of ;). Let n € N. For s,t >0 and (T,v),(T",v') € (" ), we have:
(30) 480 (r(Tv), e (T ) < 4dG (T, ), (T,V) +
The map (t,(T,v)) = r(T,v) is continuous from Ry x ']I'gl) to ']I'gl).

Proof. Let (T,d,v),(T",d',v') be two compact rooted n-pointed trees. Firstly, notice that
dgll){ (T’H_s (T,v),r (T, V)) < s. Secondly, recall Definition (27) of the projection py on Span®(7T,v).
For y € T, we also define the projection p;(y) on r4(T,v) as the only point of (T, v) such that:

lo,y] Nri(T,v) = [o, pe(y)]-

We first prove the analogue of Lemma 5.1. Let R be a correspondence between (T',v) and
(T",v"). Let (z,2') € R with 2’ € r,(T’,v'). By construction, we have p;(z) € [py(z),z]. If 2’ €
Span(7”,v’), then we deduce from Lemma 5.1 that d(z, p,(z)) < d(z,py(2)) < 3dist (R). If 2/
r¢(T',v")\ Span(71”,v’), then we have H(z') <t and thus H(z) = d(o,z) < d'(¢',2") +dist (R)
t + dist (R), which implies that d(z,pi(z)) < dist (R). In conclusion, we get d(z,p(z))

n)

3dist (R). Now, arguing as in the proof of Lemma 5.2, we deduce that déH (r(T,v), (T, v))
4dg}){((T, v), (T, V’)). This gives the result.

IANIATA M

O

A rooted n-pointed tree (T',d,v) is locally compact if r(T,v) is a compact rooted tree for all
t > 0. Following [6], we set for two locally compact rooted n-pointed trees (T',v) and (77,v'):

A (T, v), (T V) = /OOO et (1A dGh(r(Tv), (T V)
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Furthermore, we have that dI(ng((T,V), (T",v')) = 0 if and only if there exists an isometric

one-to-one map ¢ from (7,d) to (T’,d") which preserves the distinguished vertices. The relation

di@H((T, v), (T, v )) = 0 defines an equivalence relation. The set ']I'I(ZLC)_K of equivalence classes

of locally compact rooted trees endowed with dggH is then a metric Polish space. Furthermore,

']I‘%" ) is an open dense subset of ']I‘l(gg_K. For n = 0, we simply write Tio._k and dpag for TI(ZC)_K

and dggH We provide a short proof for the following inequalities.

Lemma 5.4 (Inequalities for dg% and di@H) Let n € N. For (T,v),(T',Vv') € ']I‘("), we have:
(31) di ey (T,v), (T'.¥)) < 1A4dE ((T,v), (T, v)).

For (T,v),(T",v') € ']I'I(ZLC)_K and s,t > 0, we have:

(32) A (re( T, ), rug(T',91)) < 4 ((T,), (T, V) + 5,

(33) dg% (re(T,v),r(T',v")) < 4¢ d(LrgH((T, v), (T',v')).

The map (t,(T,v)) = r(T,v) is continuous from Ry x (™ K to (™ K (and to ']I'gl)).

loc— loc—

Proof. Equation (31) is a direct consequence of (30) with s = 0 and the definition of dI(ng
Equation (32) follows from similar arguments, using also that ry o7, = ry o1y = Tppy. For
t < s, we have 471 dg?{ (re(T,v),re(T",v")) < dg?{ (rs(T,v),rs(T",v")). Integrating with respect
to €% ds gives (33). The continuity of the map (¢,(7T,v)) — r(T) is a direct consequence
of (32). O

We deduce from (31) and (33) that all the measurable sets of (']I'%" ), dg?{) are measurable sets of
(TI(ZC)_K, d(LTgH), and that a converging sequence in (']I‘%? ), dg%) is also converging in (']I‘l(glg_K, dggH)
We also we deduce from (31) that the restriction to ’]I‘%? ) of a continuous function defined on
(Tl(:c)—Kv dI(ng) is also continuous on (']I'%? ), dgL ) ).

Removing from v some of the pointed vertices (but the root) is continuous, see the next lemma.
For (T,v = (vg=p,...,v,)) € ']I‘("C)_K and 0 € A C {0,...,n}, we set:

lo
(34) (T, v) = (T,va) with va=(v;,i€ A).

For simplicity, we shall write II} for I when A is reduced to {0}, so that II) corresponds to
removing all the pointed vertices but the root.

Lemma 5.5 (Removing some pointed vertices is continuous). Letn € N and0 € A C {0,...,n}.
The map H;’A from Tl(:c)—K to ']I'l(fC)_K, with k the cardinal of A, is 1-Lipschitz continuous.

Proof. First, notice that the equivalence class of (T',v4) in ’]I‘l(fg

of (T,v) in its equivalence class in Tl(:c)—K‘ Thus the map 154 is well defined from ']I'l(glg_K to

']I‘l(fg_K. It is clearly 1-Lipschitz continuous since a correspondence between the trees (7', v) and

(T',v') is also a correspondence between (T',v4) and (T, v/y). O

_k does not depend of the choice

We give an immediate consequence on the continuity of the maps Span and Span®.

Lemma 5.6 (Continuity of the maps Span and Span®). Letn € N. The map (T,v) — Span(T,v)
and (T,v) — Span®(T,v) are 4-Lipschitz continuous from ']I'I(ZLC)_K to ']I'I(ZLC)_K and to Tige—K TE-

spectively.
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Proof. Notice that dI(JTgH (Span(T, v), Span(T’, V)) = dgll){ (Span(T, v), Span(T’, V)), and thus the

map Span from ']I‘l(glg_K to ']I‘l(glg_K is 4-Lipschitz continuous, thanks to Lemma 5.2. Then use

Lemma 5.5 on the continuity of II7 and the fact that Span® = II} o Span to conclude. O
Next, we check that rerooting or reordering the pointed vertices is a continuous operation. For

a vector v = (v, ...,v,) and a permutation 7 of {0,...,n}, we set v"' = (vr();- -+, Vr(n))-

)

Remark 5.7. One can see that the map (7', v) — (7', v™) is an isometry on T% . The next lemma

is an extension to locally compact case.

Lemma 5.8 (Permuting the pointed vertices is continuous). Letn € N and let 7 be a permutation
on {0,...,n}. The map (T,v)— (T,v™) defined on ']I‘I(ZC)_K is continuous.

Proof. First notice that if (T,v) and (7”,v’) are rooted n-pointed trees belonging to the same
equivalence class of ']I'I(ZLC)_K, sodo (T,v™) and (T’,v'™). Thus, the map (T, v) — (T, v™) is indeed

well-defined on Tl(:c)—K' We shall use the following notation: we denote by r; the truncation
r, when one forgets about the pointed vertices (but the root): rf = II o ry. (Take care that

ITY o7y # 1y o 115 .) To prove the continuity of the map, we consider two cases.
(n)

Ist case: No rerooting, m(0) = 0. In that case, for every ¢ > 0 and every (7,v) € T ., we

have that r{(T,v) = r{(T,v™) and thus we get that:
dggH ((T7 Vﬂ)v (T,7 V”r)) = dggH ((Tv V)7 (T/7 V,)) N
This trivially implies the continuity of the map.
2nd case: With rerooting, m(kg) = 0 for some ko # 0. Let (T,v), (T",v') € ngg_K, with
v=(v=0,...,0) and v/ = (v, = ¢,...,v},), such that dggH((T,V),(T/,V/)) < 1/2. As vy,

rrn
and v}m are always in correspondence as well as ¢ and ¢, we have, for every ¢t > 0 that:

|H (ko) — H(v,)| < 2dg% (re(T,v), (T, v")).
Multiplying by e~* and integrating yields:
LA [H (o) — H(vly)| < 2405 ((T,v), (T',¥)) < 1,

and hence:
H(U;CO) < H(vk,) + 1.
We set hg = H(vg,) + 1. Then, for every ¢t > 0, we have:

i (T,v™) C iy, (T,v) and thus (T, v") =1 (rf+h0 (T,V),V”),
and the same holds for 7. Consequently, applying Lemma 5.3, we have:

(n) m /T tee —t (n) o T o /! 1T
dy gy (T, v7), (T,v'™)) < 4 ; dte (1/\dGH<(Tt+ho(T’V)’V )s (rine (T, V), v )))

+oo
= 4/ dte™ (1 A dgll){ (Peto (T, V), Pegen (T V’)))
0
< 4 eho dgLG)H ((T7 V)v (Tlv V/))a

where we used for the second inequality that dg%((f,v“), (T’,v”r)) = dg%((f,v), (T,v’)) for
(T,v),(T',v') € ']I‘E? ). The continuity of the map follows. O
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We shall also consider the set of trees whose root is not a branching vertex:

(35) T = {(T,v) € T+ 0 ¢ Br(T)}.

)0

We shall simply write Tloc i for ']I'(n "k when n = 0.

Lemma 5.9. The set TI(ZC)’_K is a Borel subset of ']I‘lgLC_K.

Proof. For a rooted tree T', we define its diameter by diam (7") = sup{d(x,y) : =,y € T'}. Notice
that H(T') < diam (T) < 2H(T). Clearly the function diam is constant on all equivalent classes
of ']T%?) and thus of Tl(:c)—K' If diam (T) = 2H(T) < 400, then we deduce that the root is a
branching vertex. Recall II¢ for (34). More generally, we get that:

(0% = U Dy with Dy = {T € T+ diam (r, o T15(T)) = 2t1.
neN*
Since the functions diam , r; and II; are continuous, we deduce that D; is closed, and hence

']I‘l(gc) OK is a Borel subset of Ty._k. O

We now define the set of discrete trees. We say that a rooted n-pointed tree (T',d,v) is a
discrete tree if T is equal to the tree spanned by its distinguished vertices: T'= Span®(T,v). We
define the set of (equivalence classes of) discrete trees with at most n leaves as:

(36) T = {(T,v) e T, : (T,v) = Span(T,v)}.
As a direct consequence of the continuity of the map Span we get the following result.
Lemma 5.10. Letn € N. The set of discrete trees ']I'Eﬁs) is a closed subset of ']I'K and of ']Tloc K-

We end this section with partial measurability result on the number of vertices at a given
height of a tree.

Remark 5.11. Tt is immediate to check that the map (7,v) — (d(vi,vj), i,j € {0,...,n}) is

injective 1/2-Lipschitz continuous from (Tl(:c)—Kv dggH) to R(TD*(+1) endowed with the supre-

mum norm (z.e. the maximum of the distances between coordinates). It is also bi-measurable
thanks to Lusin’s theorem from [32] or [11, Exercise 6.10.54 p.60].

Let Tﬁfclf}f be the set of trees with no leaves:
Tﬂ)ocle%(f - {T € P]I‘loc K: Lf = @}
For T' € TRoleal and ¢ > 0, let Ni(T) denotes the finite number of vertices at height t of T

loc—
(37) Ni(T) = Card ({:17 eT: H(z) = t})
We have the following result.

Lemma 5.12 (Measurability of Nt). The set Tﬁfclf}f is a Borel subset of Tioe_x and the map
(t,T) = N¢(T) is measurable from Ry x Tolaf 4o N.

Proof. Let t > 0 and let ©,,(t) be the set of discrete trees such that all the pointed vertices (but
the root) are leaves at height t:

O,(t)={T € ’]I‘((i?s) : d(o,v;) =t and d(v;,vj) > 0 for all 4,5 € {1,...,n}}.

Thanks to Remark 5.11, ©,(t) is a Borel set of Tfi?s) C ']I‘&") Tl(gg k- For T € Tk, we
get that {T” € ']Tgfs) : II(T") = T} is finite. We deduce from Lusin’s theorem, see [32], that
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II¢ restricted to T((i?s) is bi-measurable. This implies that the set II7 (©,(t)) is a Borel subset of
Tioc—k. We deduce that the set of trees with no leaves, ']I'ﬁjocle%f , which is formally defined by:

Tt = () Ui (I8(0a(h)).

keN* neN

is a Borel subset of T)o._k. We also get that {T € Tn‘)loaf Nt( = n} = rt_l (H;’L (@n(t))>; this

implies that the map N; is measurable. Since ¢t — Ny(T) is non-decreasing and left-continuous,
we deduce that the map (¢,7) — N¢(T') is measurable from R x Toleal o N. O

5.4. Grafting a tree on another one. We start by recalling the grafting operation of [2] which
is slightly different from the function Graft which will be introduced in Section 5.9.

Let n,k € Nand i € {0,...,n} be given. Let (T,d,v) be a locally compact rooted n-pointed
tree with v = (v = 0,...,v,) and (T",d',v’) be a locally compact rooted k-pointed tree with
v = (v) = ¢,...,v,). We define the tree T ®; T" as the tree obtained by grafting 7" on the
i-th distinguished vertex of the tree T'. We set v ® v’ the concatenation of the vector v and the
vector (v],...,v},) which is the vector v/ where the coordinate v{, = ¢ is removed, and:

Te; T'=Tu(T"\{d}),
d(xz,z") if x,2' €T,
Vo, o' € T T', d®(z,2") = < d'(x, ") ifw,2' €T,
d(z,v;)+d(d,2') fxeT /T,

where LI denotes the disjoint union of two sets. By construction (T'®; T",d*,v ® v') is a locally
compact rooted n+ k pointed tree. It is easy to see that the equivalence class of T'®;T” in ']I‘l(:; k&

does not depend of the choice of the representatives in the equivalence classes of T' and T” and
hence the map ((T,d,v),(T",d',v')) = (T @; T',d®,v ® V') is well defined from 7™ K X Tl(fc)—K

loc—
into ']I'l(:jk) We shall simply write (T ®; T7,v ® v'), or even T ®; T", for (T ®; T',d®,v ® v').

The next lemma asserts that this grafting procedure is continuous.

Lemma 5.13 (Continuity of the grafting map). Let n,k € N and i € {0,...,n}. The map

((T,v), (T’,V’)) = (T®; T',v®V'), is continuous from Tl(oc) K X Tl(fc)_K to Tl(:jk&

Proof. Let (Th,v1),(T7,v}) € ']I‘I(ZLC)_K and (T4, va), (T5,vh) € Tl(fg k- Set T =T, @ Tp, T' =
T ®; Ty, v=v1 ® vy, and v/ = v| ® V).

First suppose that the trees are compact, that is (71, v1), (17, v}) € ']I‘&") and (Ty, va), (T4, vh) €

']I'%f ). Let Ry be a correspondence between (elements of the classes) (71, vy) and (77, v}) and

let Ry be a correspondence between (elements of the classes) (Tz,ve) and (75,v5). We set
R = Ri1 URy with g9 and g5 replaced respectively by v; and v]. It defines a correspondence
between (T, v) and (17”,v’). For every (z,2’), (y,y’) € R, we have:

if (l‘,l‘,), (yyy,) € Rb

|d1($7y) - /1 ‘
‘ if (.Z',.Z'/), (y7y/) € R27

<d
|d2(a:,y) _dl2 <d

|d®(‘rvy) - dl@(x/vy/)‘ = {
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and if (z,2') € Ry and (y,y’) € Ra, we have:
|d®($ay) - d/®($lay/)‘ = |d1(x7vi) + d2(p27 ) — d: (pl27 /) —d (l‘,,Ug)‘

< |di(z,v;) = di (2, 0])| + |d2(02,y) — dy(05,y")]
< dist (Rq1) + dist (Rg)

This gives:
(38) SR (7 ), (T ,3")) < dU (T, v1), (T3 + d%) (T, v2), (T3, V).
(n

Now consider (T1,v1), (T7,v}) € ']I‘OC) k and (Ty,va), (Ty,vh) € ']I‘l(fc)_K. Without loss of
generality we assume that H(v)) > H(v;). Remark that, for every ¢t > 0, we have, with a; =
max(a,0):

ri(T,v) = ri(T1, Vi) @i (- H(v,)), (T2, V2).-
Therefore, we have:
n+k)
dﬁJH (@), @ ¥)

dte ! 1/\dggk (re(T,v),re (T, V)))

dte ! (1 A dit ) <?“t Ty, V1) ®i T(—H (), (T2, va), (11, Vi) ®; T(t—H(vg))+(T2/’V/2))>

</ dte™?
+oo
+/0 dte (1 A dg‘?{ <T‘(t_H(Ui))+(T2aV2)7T(t—H(v£))+(T2/’V,2))>

—H(v k
< d" (v, v1), (T, ) + 4e TCD @R (T, va), (Ts,vh)) + H(v}) — H(v;)
k
< 3l (T, v1), (T1, V1)) + 4d ey (T, v2), (T3, vh),

where we used Equation (38) for the first inequality and Lemma 5.3 for the second one. We are
done. O

déH Tt (Th,v1), rt(Tl,vl)))

Remark 5.14. We shall use a version of the grafting procedure where, instead of grafting on v;,
we shall graft on the branch [p, v;] at height h provided that H(v;) > h.

Let n € N and i € {0,...,n} be given. For h € Ry and (T,v) € ']I‘%"), we denote by x;,
the unique vertex of 7' that satisfies x;, € [o,v;] and H(x;5) = H(v;) A h. Then, the map
(h, (T, v)) — (T , (v, :E,h)) is clearly continuous from R x Tl(:c)—K to ']Tl(:j Y We then define the
grafting map ®; 5, by:

(39) (R (T,v), (T' V")) » T @, T' = (T @, T',v® V'),

as the composition of
[adding the vertex z; h] (h,(T,v)) = (T,v) with v.= (vo = 0,...,v,) and v =
(V7$i,h) = (@0 =0,.. UTL — 'Unyvn+1 =T; h)

[grafting]: ((T,v),(T",v')) = (T ®p41 T',v ® V') and
[removing the (n + 1)-th pointed vertex|: (T" =T ®,11 T, v@® V') — (T",v® V).
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Since all those maps are continuous, we get that the map ®; 5, is continuous (and hence measur-
able) from R x Tl(glc)—K X Tl(gc)—K to ']I'l(;?__k%
We shall also be interested in a grafting on the left or on the right of i € {1,...,n}, which

is the same as the grafting (39), but for the order of the coordinates of the vector v &® v’. For
e € {g,d}, we define the grafting map ®; p, by

(40) (h, (T,v), (T',V')) T ® ), T' = (T ®; T' o),
where, with v = (vg = o,...,v,) and v = (v = p,...,v}), we set:
V&l = (vg = Os ey Vi1, ULy e e e Uy Uiy e+ s V)
vt = (vg = 0,..., 05, V), Uk Vi1, ).

Thanks to Lemma 5.8, we deduce from the continuity of the map ®; 5, that the maps ®; ), are
continuous.

We summarize the results from Remark 5.14 in the following lemma.

Lemma 5.15 (Continuity of the grafting maps). Let n,k € N, ¢ € {0,...,n} and € € {g,d}.
The maps (h, (T,v),(T",v")) = T @;, T" and (h,(T,v),(T",v")) = T &S, T', are continuous

(n) (k) (n+k)
from Ry x Tyo g x Tyol g to T

5.5. Set of (equivalence classes of) marked trees. We shall consider trees with a marked
infinite branch; for this reason we introduce the notion of marked trees. In this part, we do not
record an order on the marked vertices as in the n-pointed trees.

We say that (7', .59, d, o) is a marked rooted tree if (7', d, o) is a rooted tree and the set of marks
S is a sub-tree of 7" with the same root (that is p € S) endowed with the restriction of the distance
d. A correspondence between two compact marked rooted trees (T, S,d, o) and (T',5",d’, ') is a
set R C T x T" such that R is a correspondence between (7', d, ¢) and (T",d’, ¢') and RN (S x S")
is also a correspondence between (S,d, o) and (S’,d’, ¢'). Then, we set:

1
degy (T, 8),(T',8")) = inf 5 dist (R),

where the infimum is taken over all the correspondences R between (T, S, d, o) and (T7,d', 5, o).

An easy extension of [6] gives that d[é]H is a pseudo-distance, and that d[é}H(T ,T") = 0 if and

only if there exists an isometric one-to-one map ¢ from (7,d) to (T”,d’) which preserves the
root and which is also one-to-one from S to S’. The relation dg]H((T ,S), (T,8") = 0 de-
fines an equivalence relation. The set ']I'E] of equivalence classes of compact marked rooted

trees (T,S,d, o) endowed with d[é}H is then a metric Polish space. We simply write (7, 5) for
(T, S,d, p), and unless specified otherwise, we shall denote also by (T, S) its equivalence class.
Since dg]H((T, S),(T",8") > deu(T,T") V dgu(S, S"), we deduce that the map (T, S) — (T,S5)
from ’]I‘E] to (Tk)? (endowed with the maximum distance on the coordinates) is continuous. For
t > 0, we define the truncation function TE] of a marked rooted tree (T, S5,d, o) as the marked
rooted tree TE] (T,S) = (r4(T),r(S),d, 0), where we recall that r(T) = {x € T : H(x) <t}. If
(T, S) and (1", 5") are in the same equivalence class of TE], so are TE] (T,S) and TE] (T",8"); thus
(2]

the function 7, can be seen as a map from ']I'E] to itself. Similarly to (30), we have for t,s > 0
and (T, ), (T",S') € T

(41) a8 (P, 9), 7 (17,8)) < 443, ((1,9),(T,8) +
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This implies that the map (¢, (T, 5)) — 7’?} (T, S) is continuous from Ry x TE} to TE}.

A marked rooted tree (7', 5,d, g) is locally compact if TF] (T, S) is a compact marked rooted

tree for all ¢ > 0. Following [6], we consider for two locally compact marked rooted trees (T, S)
and (77,5"):

(12 (5780 = [~ etar (1nall (P s Pr.s))).

Furthermore, we have that dEéH((T, S),(T7,57)) = 0 if and only if there exists an isometric one-
to-one map ¢ from (7', d) to (1", d’) which is one-to-one from S to S’ and preserves the roots. Thus
the relation dEéH((T, S),(T",8")) = 0 defines an equivalence relation, see [7, Proposition 5.3].
The set ']I‘l[i]C_K of equivalence classes of locally compact marked rooted trees (7,5, d, o) endowed
with d[féH is then a metric Polish space. Furthermore, Tm is an open dense subset of Tl[?c K-
Similar equations to (31), (32) and (33) holds with dggH and dél){ replaced by d[LéH and d[ } . For
future use, let us give the equations corresponding to (32) and (33). For (T, 5S),(1T",5) € Tl[i}c—K
and s,t > 0, we have:

(43) A (P19, 217, 81)) < 4d ((1,9),(17,91) + 5,

(44) d2 ( 2r,8), v (T’,S’)) < e d ((T,9),(T", ).
We also we have the following result consequences of (41) and (43).

Lemma 5.16 (Continuity of the truncation map). Let n € N. The map (¢, (T, S)) — 7’?} (T,S)
is continuous from R x ']I'E] to TE} and from Ry x ']I'E]C_K to ']Tl[zc k (and to Ti2 })

We give in the next lemma an example of a TE} and Tl[i}c—K valued function.

Lemma 5.17 (Continuity of Span°®). Let n € N. The map (T,d,v) — (II3(T), Span®(T, v),d, o)

from ']I'I(ZLC)_K to ']T[O}C k (resp. from ']T(") to ']T[ ) is injective, bi-measurable and 16-Lipschitz (resp.
4-Lipschitz) continuous.

Proof. We first consider the compact case. Let (T, v) and (7”,v’) be rooted n-pointed compact
trees and let R be a correspondence between them. Recall the definition of py in (27) as the
projection on Span®(T,v) and the correspondence R from (28). We set R = R UR. By
construction R[? is a correspondence between (T, Span®(T,v)) and (T”,Span°®(1",v')). From
the proof of Lemma 5.2, we get that dist (R(?) < 4dist (R). This directly implies that:

(45) d[é}H<(T, Span®(T,v)), (T", Spano(T’,V’))> < 4dg%((T, v), (T',v")).

This gives that the map (7,d,v) — (T, Span®(T,v), d, g) from ']Ié(") to ']I‘E} is 4-Lipschitz contin-
uous.
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We now consider the locally compact case. Let (T',v) and (77, v') belong to Tl[?c_K. We have:

dEéH ((T, Span®(T,v)), (T",Span®(T",v')) >

= / e tdt <1 A dg]H (7“1?] (T, Span®(T, v)), 7"1[/2} (T", Span® (1", V/))>>
0
< 4/ e tdt (1 A dg%((rt(T, v), Span"(T,v)), (Tt(T/,V/), Span"(T/,v'))>>
0

< 16/ e tdt <1 A dgll){ (r(T, V),Tt(T/,V/)))
0
— 16 V0 ((T,v), (T', V),

where we used (41) (with 7" and S replaced respectively by r¢(T, v) and Span®(T, v) and similarly
for T" and S”) for the first inequality, and (45) (with (T, v) replaced by r(T,v)) as well as the
relation Span®(r.(T,v)) = Span®(T,v) for the second. This gives that the map (7,d,v) —
(T, Span®(T,v),d, o) from Tl(:c)—K to Tl[?c_K is 16-Lipschitz continuous.

Clearly those maps are injective and thus bi-measurable thanks to Lusin’s theorem [32]. O

Remark 5.18. Let us stress that for (7,v) a rooted n-pointed compact tree, the rooted tree
[2} (T,Span®(T,v)) = <rt( ), 7t (Span®(T, V))) and the rooted tree ( +(T), Span® (r4(T, V))) =
( +(T'), Span® (T, v)) differ if and only if ¢ is smaller than the height of Span®(T,v).

Let (T, S,d, 0) be a marked locally compact rooted tree. To simplify, we shall only write (7', .5)
for (T,S,d, 0). We define the projection of z € T on S, pg(z) € S, as the element of S uniquely
defined by:

lo,ps(2)] = [o, 2] N S.

Now, we consider the truncation of a marked tree at a given height, say ¢, of the marked sub-tree.
For t > 0 and € € {—, +}, we set:

r4(T,9) = (i (T.9),1u(S))
with:
[2},+ .
Zras)={eer: Hips(a)) <t}
A8y = {eeT: Hips) <t}u{res: H@) =t}

See Figure 1 for an instance of 7”1[/2} (T, S), where S is an infinite branch. For e € {+, —}, we also

denote by rtp]’e(T, S) the marked rooted tree (T‘F]’E(T, 9),d, g) endowed with the restriction of the
distance d and the root g. Furthermore, if (7, S) and (7", S") belong to the same equivalence class
of ']Tl[o}c K Or ']I'[ ! then so do rm’e(T S) and rtp] (T",5"). Thus the map (¢, (T, S)) — rlz}’e(T, S)

is a well defined map from R X T K to ']I‘I[O]C_K for e € {+,—1}.

loc—



BROWNIAN CONTINUUM RANDOM TREE CONDITIONED TO BE LARGE 25

\\ \\
RO

(T, S) (T, S) r (T, S)

FIGURE 1. Example of restrictions of a tree T' with a marked spine S (in bold).

Remark 5.19 (Examples). We give elementary examples. For ¢ € {+,—} and ¢ > 0, we have

that r?}’a(T,{g}) = (T,{g}) and r([)Z}’_(T,{g}) = ({g},{g}) as well as r([)Z}’JF(T,{g}) = (T, {g})
We also have for ¢ € R that r?}’a(T, T) = (re(T),r(T)).

Remark 5.20 (The map Tt[%e is not continuous). Let ¢ € {+,—} and t > 0. The function
Tt[%e is not continuous from ']I'l[i]c_K to itself. Indeed take ¢ = 1 without loss of generality and

consider T' = [0,2] and Ss = [0,4], with § € [0,2], o = 0 and the Euclidean distance. Notice
that ([0,1],[0,1]) = (S1,51) # (T,S1). Then we have that lims_,; d[é]H((T, Ss),(T,51)) = 0,
P21, S5) = (T,85) for & < 1, r(T,85) = (S1,8) for & > 1, v (T, 1) = (S1,51) and
r2(T,8)) = (T, 51).

We have the following measurability result.

Lemma 5.21 (Measurability of some truncation maps). Let e € {+,—}. The map (t,(T,S)) —
rtm’e(T, S) is measurable from R X ']I'l[i]c_K to ']I‘l[i]c_K.

Proof. Let a > 0. For a marked tree (7,5) = (T,S5,d,p), we define its partial dilatation
R,(T,S) = (T,S,d,, 0) as the marked tree with d,(z,y) = ad(:ﬂ,ps(:n)) + d(pg(:n),ps(y)) +

ad(y, ps(y ) Intuitively the distances on 1" are multiplied by a outside S. The equivalence class

of Ry(T,S) in ']I'l[i]c_K does not depend of the choice of (T',.S) in its equivalence class in ']I‘l[i}C_K;

so the map R, is well defined on ']Tl[i}c_K to itself. Notice that the map R, is continuous and

one-to-one with inverse Ry /,. It is immediate to check that, for ¢ > 0:

rt[z]’_ = hm+ Ryjq o0 rt[z] oR,.

This and Lemma 5.16 imply the measurability of the map (¢, (T, S)) — rtp]’_(T ,S). Then, notice
that limg, ri2h = Tt[2},+ to get the measurability of the map (¢, (T, S)) — rt[2]’+(T, S). O

We end this section by proving (in a very similar way) that the map TE} below, which consists
in cleaning the root, that is, in erasing the bushes at the root of a marked tree is measurable.
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For (T,S5) = (T, S,d, o) a marked locally compact rooted tree, we set:
46) (T, 8) = (rﬂ(T, S), S) with r2(7,8) = {z € T ps(x) # o} U{o}.

) *,

We also denote by rl? ](T S) the marked rooted tree (r g (T, S),d, o) endowed with the restriction
of the distance d and the root p. Furthermore, if (T, S) and (7", S”) belong to the same equivalence
class of ']I‘l[i}C_K, then so do r” (T, S) and rl2 (T",5"). Thus the map ! is well-defined from Tl[i}c K
to Tl[?)}c—K'

Lemma 5.22 (Measurability of the root cleaning map). The map 73[3] is measurable from ']Tl[?c_K

to Tl[?)}C—K'

Proof. Let a > 0. For a marked tree (T,S) = (T,S,d,p), we define its partial dilatation
R/(T,S) = (T,S,d,, o) as the marked tree with d,(z,y) = F,(t)d(z,y) if ps(z) = ps(y) with ¢t =

H (ps(x)), and otherwise d,(z,y) = F,(t)d(z,ps(x)) + ad(ps(x), ps(y)) + Fa(s)d(y, ps(y)) with
t=H(ps(z)), s = H(ps(y)), and the function F, defined for ¢ > 0 by F,(t) = tAa+a *(a—t);
if a <1, and Fy(t) = 1/Fy4(at) if a > 1. The equivalence class of Ry, (T,S) in ']I‘l[i]C_K does not

depend of the choice of (7,.5) in its equivalence class in Tl[?c_K; so the map R, is well defined

on ’]TI[O}C k to itself. Notice that the map R], is continuous and one-to-one with inverse R} Ja* It
is immediate to check that for ¢ > 0:

2 2
i = al_l)%l Rl/aori Vo R,.
This and Lemma 5.16 imply the measurability of the map TE]. O

5.6. Set of (equivalence classes of ) trees with one infinite marked branch. Let us

denote by Tp = (p,{0}) the rooted tree reduced to its root. Notice that r([)z}’Jr(T, S) ={(Tv,Tv)}
if and only if [o, ] NS = {e} implies © = p. Let T} = ([0, 00), d,0) be the tree consisting of only
one infinite branch. We consider the set (of equivalence classes) of locally compact rooted trees
with one infinite marked branch and its subset of trees whose root is not a branching vertex:

(47) TlsgériCK = {(Tv S) €T l[o]c K 2 S = Ty in Tloc K}
(48) T = {(T,8) € TE™ - 0 ¢ B(T) }.
Lemma 5.23. The sets ']I'lsgcirieK and ']I'lsgcirielf are Borel subsets of ']I‘l[iC K-

Proof. Consider the projection I: (T,S) — S from Tl[i}c—K to Tioc_K, Which is by construction

1-Lipschitz and thus continuous. As T{?™ =TI~ ({T1}), we get that T;?" is Borel.

Notice that for (7,S) € TifcmeK, then, by definition of TF]’JF, we get that the root is not a

branching vertex of (7', S) if and only if r([)z}’Jr(T, S) = (Ty, Ty). Then, the set T;?"%) = TP"

loc—
(ré2]’+)_1 ({(T(), To)}) is Borel as the map r([)2}’+ is measurable according to Lemma 5.21. O

We shall be mainly consider elements of ngﬁirﬁ? in what follows. For simplicity, we shall

write 7% = (T,5) for an element of ']I'SpmeKO . Fort > 0 and T = (7,5) in Tffci‘ﬁf , we have
rtm’Jr(T*) = (r 1{2% (T),7(S)) where the rooted tree r(S) is given by ([o,z],0) with z € S
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uniquely characterized by d(p,z) = t. We shall consider a slight modification of 7’£2}’+ on nggrﬁ’? ,
say ft[2]’+, where one keeps track only of (o, z) instead of 74(5):

1204 o 2
(49) R = (D). (0).

It is left to the reader to check that ftm " is defined on nggno Y and Tl(ig_K—Valued. Similarly to
Lemma 5.21, we get the following result.

=[2],+

Lemma 5.24. The function (t,T%) — 7, (T*) from Ry x TSmeO to TV

oo ook 18 measurable.

5.7. Another representation for discrete trees. Let n € N be fixed. Let (T,v), with
v = (vg = 0,...,v,), be a locally compact rooted n-pointed tree. We will decompose the tree
Span(T,v) as a sequence of edges. To do so, we introduce some notations. Let A C {0,...,n}
be non-empty. We set v4 = (v;,i € A). We denote by v4 the most recent common ancestor of
v 4, which is the only element of T" such that:

(50) [o,va] = (1) [o, va].
keA

Notice that vy = Ui Recall that for x € T, T, is the sub-tree of T" above x and rooted
at . Let Pl be the set of all subsets A C {1,...,n} such that A # (. For A € P}, if
Ty, NSpan®(T,v4e) # 0 with A° = {0,1,2,--- ,n} \ A, we set wa = v4, otherwise we define
wa € [o,va] as the only element of T" such that:

(51) lo, wa] = Span®(T, v 4c) N Span® (T, (o, VA)).

Equivalently w4 is the only element in [o,v4] such that wa = vaygk,y for some kg € A° and for
all k € A, we have vy € [0, wa]. Notice that wy; . 3 = 0. We also record the lengths of all
the branches [wa,val:

(52) L,(T,v) = (La(T,v), A€ P}) with £a(T,v)=d(wa,va).

FIGURE 2. A discrete trees spanned by the leaves {1,2,3}.

TABLE 1. Quantities of interest for the discrete tree from Figure 2.

LAcP [ {13 | {20 [ {3 [{n.2}[{1.3}[ {23} [{1.2,3}]
vA 1 2 3 a a b a

WA a b b a a a 0
l4 d(a,1) | d(b,2) | d(b,3) 0 0 d(a,b) | d(p,a)
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For instance, we record the quantity of interest in Table 1 for the discrete tree spanned by the
leaves {1, 2,3} from Figure 2. We can see that each branch of the discrete tree appears (through
their length) once and only once in L3(T,v).

Set v = (Vo = o, (va, A € P)) € T?", so that (T,7) is a locally compact rooted (2" — 1)-
pointed tree with the same root ¢ as T'. Notice that all the vertices in v appear in v (possibly
more than once), and that w4 also appears in v for all A € P. Recall the set of discrete trees
defined at the end of Section 5.3. The next lemma states that L,, codes continuously for discrete

trees. Set Im (L,) C Rfﬁ (with Rfﬁ = }R?:_l) for the image of L,,.

Lemma 5.25 (Regularity of the branch lengths as a function of the tree). Let n € N*. The map
(T,v) — (T,v) is well defined from ']I‘l(glg_K to ’]Tl(f:__é), and it is continuous. The function Ly, is
well defined from TI(ZC)_K to Im (L) C Ri’j and is continuous. Furthermore, Im (Ly,) is closed

and L,, is a one-to-one bi-measurable map from ']Tgils) to Im (Ly,).

Proof. Tt (T,v) and (T”,v’) belong to the same equivalence class in ']I'I(ZLC)_K, then we deduce from

(50) and (51) that (7,v) and (7”,¥') belong also to the same equivalence class. This implies
that the function (7', v) — (T,7¥) is well defined from TI(ZLC)_K to ’]Tl(g:__é). We deduce from (50)
and (51) that this function is in fact continuous on ']I‘I(ZLC)_K. We also get that the function L, is
well defined from Tl(:)—K to Ri’j.

C

We shall now precise the image of the function L, and prove its continuity. Recall z, =

max(z,0) denotes the positive part of z € R. We define the function L from RS:LH)X(nH) to

R7" by, for d = (d;;,0 < i,j < n) and A € P;:
1
LA(d) = Z mf{(d“/ + dij’ + dji’ + djj’ — 2d2] — 2di’j’)+ T4, ] € A and i/,j/ S AC} ,

where A¢ = {0,...,n} \ A. We also define the function D from RE’T to RE:LH)X(TLH) by, for
(= (la, A€ PS)andi,je{0,...,n}:

(53) Dij(0) = > La (Lgenjgay + iigageay) -
AeP;t
of ]RS:LH)X("H) satisfying

the so-called four-point condition, that is the set of all (d;;,0 < i,j < n) € ]RS:LH)X("H) such

that:

The functions L and D are continuous. Consider the closed subset Q™

dij + di’j’ < max(d; + djj’, d,’j/ + dji’) for all 4,7, ’i/,j/ € {0,...,n}.

Notice that the four-point condition is also used to characterize metric spaces which are real
trees, see Evans[?]. Then, one can check that the function L is one-to-one from Q™ to L(Q™)
with inverse D. We also get that L(Q™) is closed (indeed if (¢* = L(d¥), k € N) is a sequence
of elements of L(Q(")) converging to a limit, say ¢, then it is bounded and thus the sequence
(d*, k € N) is also bounded. Hence there is a converging sub-sequence, and denote by d its limit
which belongs to Q™ as this set is closed. Since L is continuous, we get that L(d) = ¢ and thus
¢ belongs to L(Q™), which gives that L(Q™) is closed). Since for (T,v) € ']I‘l(gg_K, we have that
L,.(T,v) = L(d(vi, vj),0 < 4,5 < n), we deduce that the function L, is continuous from Tl(:c)—K
to L(Q™).
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We now prove that Im (L,) = L(Q™) and that L, is one-to-one from T( to L(Q™). Let
¢ = (bs,A € PF) € L(QM™). Thus, there exists a sequence d = (d;;,0 S i,j < n) e Q)
which satisfies the four-point condition and such that L(d) = £. Since d satisfies the four-point
condition, we get that there exists a discrete tree (T,d,v) € ']Tgfs) such that d(v;,vj) = d;; for all
i,5 € {0,...,n}. This proves that Im (L,) = L(Q™). Then use that L is one-to-one from Q™
to L(Q™) with inverse D and that two discrete trees (T, d,v) and (T”,d’,v') are equal in Tgils)
if and only if d(v;,vj) = d'(v},v}) for all 4,5 € {0,...,n} to deduce that Ly, is one-to-one from
']I'((i?s) to L(Q™) and thus bi-measurable thanks to Lusin’s theorem from [32]. O

5.8. The splitting operator for a pointed tree. We want now to decompose the pointed
tree (T, v) along the branches of Span°(7,v). We keep notations from Section 5.7.

Let (T,v), with v = (vg = g,...,v,), be a locally compact rooted n-pointed tree. Recall
Definition (27) of the projection py on Span(T,v). For A € P;", consider the rooted 1-pointed
tree:

(54) Ta(T,v) = (Ta(T,v), (04,v4)) € T )
with root p4 = w4 and
Ta(T,v) ={z €T : py(z) €]wa,va]} U{wa}.
By construction, we have that £4(T,v) = d(0a,v4)-
Notice that £4(T,v) = 0 if and only if TA(T, v) is reduced to its root, that is, ({QA}, (04, QA)).

Notice also that £4(7,v) > 0 implies that Ty belongs to ']Tl(;gf)K, the set of trees in Tl(iz_K such
that the root is not a branching point (see Definition (35)). We also define the rooted 1-pointed

tree Ty (T,v) € T« = (Tyoy (T, v), (0, 0)) by:

Ty (T,v) = {xET Jo, z] N Span®(T',v) @}
with root ¢ and distinguished vertex also o. If (T, v) and (7", v’) belong to the same equivalence
class in ']I'I(ZLC)_K, then we get that 7' 'A(T,v) and T 'A(T",v") belong also to the same equivalent class
in ’]I‘Sg_K for A € P, = P;- U{{0}}. Thus, the map Split,, defined on ']I'l(glg_K by:

(55) Split, (T, v) = (TA(T, v),A € Pn>

2”
takes values in <’]I'82_K) . We give an instance of the function Split,, in Figure 3.

Lemma 5.26 (Measurability of the splitting map). Let n € N*. The map Split,, from ']I'I(ZLC)_K to

o\
<']TIOC K) is measurable.

Proof. The proof is divided into three steps.

Step 1: The map T{O} is measurable. Let (T,v) € Tl(:c)—K' By construction, we have that
[2} +(T Span®(T',v)) = (Tyoy(T,v),Tp). We deduce from Lemma 5.21 on the measurability of
[2}’5 , that the map (T, v) — T{O} (T (T, v), (0, 0)) is measurable.

Step 2: A measurable truncation function. Let n > 1. Let (7, v) be a rooted n-pointed tree.

Recall the definition of T4 (T, v) from (54). We set q(T,v) = Tj15.. (T, V) so that g is a map

from TI(ZC)_K to Tl(ig_K. Recall the measurable truncation functions TF]’JF and TL ] from (49) and

(46), respectively.
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-\
p T{1,2,3} (T; V)
%Q D m

o

F1GURE 3. The splitting of the left hand tree with respect to v = {p,1,2,3}. In
this instance, T 9y and 7Yy 3y are reduced to their own root.

We set: , ,
q(T,v) = TU o Tc[i(};;uu 7777 o) (T7 Span®(T, v))

Thanks to Lemma 5.17, the map (T, v) (T, Span® (T, v)) is continuous from T to T

loc—K loc—K*
Thanks to Lemma 5.25 and Remark 5.11, we get that the map (7', v) — d(g,wy,. p)) is contin-
uous from ']I‘I(ZLC)_K to R4. Then, use Lemmas 5.21 and 5.22 on the measurability of 7’?} “ and TE]

to conclude that the map ¢’ from ']I'I(ZLC)_K to T2

loc—
the map (7T, (0,v)) — (T, [o,v]) from ']I‘l(;z_K to Tl[i}c—K' According to Lemma 5.17 (with n = 1),
this latter map is injective and measurable. Hence the map ¢, which is the composition of ¢’ and
this latter map, is measurable.

k 1s measurable and it has the same image as

Step 3: Conclusion. Let A C {1,...,n} be non-empty. Notice that T4 is the image of (T, v)
by: the expansion procedure (T,v) +— (T,Vv) from the first part of Lemma 5.25, the rerooting
at wa from Lemma 5.8, the reducing procedure from Lemma 5.5 where one forgets about all
wy and vy for A” C A€, and then the function ¢ from Step 2. This implies that the function

n)

(T,v) — Ta(T,v) is measurable from Tl(oc—K to Tl(g():—K' U

5.9. The grafting procedure. Let n € N*. Let { = ({4,A € P;J) € Im(L,). According to

Lemma 5.25, there exists a unique (up to the equivalence in ']I'%? )) rooted n-pointed discrete tree
(S,v) (that is S = Span®(S,v)) such that L, (S,v) = £. Recall v4 and w,4 defined in Section 5.7
for A € P,f so that:

(56) S= | [wa,val,
AeP;f

where the sets (Juwa,va[, A € P;7) are pairwise disjoint.
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Recall that nggrﬁ’g denotes the set (of equivalence classes) of locally compact rooted trees with
one infinite marked branch such that the root is not a branching vertex. Let T* = (T}, A € P;T)
be a family of elements of equivalence classes in ']I'lsgcirieko . Then, we define the tree (7,v) =
Graft, (¢,7%), where T is the tree S with that the branches Jwa,va] are replaced by the trees

given by the first component of TZ]’JF(TZ) (where the second component has been identified to

[wa, val])-
We now provide a more formal construction of Graft, (¢,7%). Let ¢ € Im (L,), and consider
the rooted n-pointed discrete tree (S,v) = L, 1({) € ']Tgil) and v = (vg = 0,...,Up). Set v =

S
(Vo = 0, (va, A € P}F)) € T?", with v4 the most recent common ancestor of (v;,i € A) defined in
50). Thus, we get that (S,V) € TV i5 a rooted (2" — 1 -pointed discrete tree with the same
dis

root p as S.

In a first step, we build by a backward induction an “increasing” sequence of discrete trees
((Sksvk),k € {0,...,2" — 1}) such that (Sk,vy) € ']Tg?s) with root o. We set (Son_1,von_1) =
(S,v). Recall that x is a leaf of a tree T' with root g if z € [p,y] C T implies y = x. Assume
that (Sk+1,Ve+1) is defined for some k > 0. We endow the sets P;f and P, = P,;f U {{0}} with
the lexicographical order, so that the maximum of the subset of P, is well-defined. We set:

Apy1 = maX{A € Prva € viy1 and vy is a leaf of (Sk+1,vk+1)}.
Then, we define vy, as the sequence vy, where va, ., has been removed (notice that the first

element of vy is still the root ), and we set (Sk,vi) = Span(S,vy) € ']I'gifs). We also set By =
max{B € P, : vp = wa,,,}. By construction, vg, = wa,,, belongs to the sequence v, and is
therefore an element of v for some index, and, with a slight abuse of notation, we simply denote
this index by Bjy. We have, using the grafting operation from Section 5.4 that:

(57) (Skt1, Vier1) = (Sk, Vi) ®p, (0,04, ],

where the equality holds in ']Tl(f:_ 1% (and in ']Tgf: 1)) and by convention [0,t] denotes the discrete

1-pointed tree ([0,¢], (0,¢)) with root 0. Notice that £4,,, = 0 if and only if Span°(S,vy) =
Span®(S,vii1). Eventually, notice that (Sp,vg) = ({g},g) is the rooted tree reduced to its
root ¢ = vggy and By = {0}. Let us stress, that in Section 5.4, the vector v, is obtained by
adding the distinguished vertex £, , of [0,£4, ] to vi. However here we identify [0, £, ] with
lve, = wAkH,vAkH]] and add the distinguished vertex vy, ,, to v in order to obtain vg.

For instance, we give in Table 2 the sequences (Ag,1 <k < 2" — 1) and (B, 0 < k < 2" — 2)
for the tree of Figure 2.

TABLE 2. The sequences (Ag41,0 <k <6), (Bg,0<k <6)and ({4, ,,0<k<
6) for the tree of Figure 2.

k 0 1 2 3 4 5 6
Aper || {1,2} [ {1,2,3} | {1,3} | {1} {23y | {2} | {3}

B, {0} {1,3} [{1,2} | {1,2,3} | {1,2,3} | {2,3} | {2,3}
Ca,., || dlo,a) 0 0 d(1,a) | d(a,b) |d(2,b) |d(3,b)

Remark 5.27. The family {Ak, ke{1,2"— 1}} is exactly equal to P;F. Furthermore the sequence
¢ elIm(L,) C Rin_l provides implicitly two unique ordered sequences A({) = (Ak, ke {1,2" —
1}) (of all elements of P;f) and B(¢) = (By, k € {0,2" — 2}) (of elements of P" = P;F U {{0}}),
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and an “increasing” way to built L !(¢) recursively by adding at step k € {0,2" — 2} a branch of
length €4, , (and graft it on vp, chosen among vy). It is obvious from the construction that if
¢ and ¢ are two sequences in Im (L,,) with the same zeros (that is, £4 = 0 if and only if ¢/, = 0),
then we have A(¢) = A(¢') and B(¢) = B(¢'). Thus, the sets A(¢) and B(¢) are implicitly coded
by the zeros of £.

In a second step, given A(¢) and B({) from Remark 5.27 and a sequence T* = (7%;, A € PY})
in ']I‘lsgériefg , we build by a forward induction an “increasing” sequence of marked locally compact
trees ((Tk,vk),k‘ e {0,...,2" — 1}) such that (T, vy) belongs to ']Tl(fc)_K, has root o, and the
components of the vector v, can be ranked as the root ¢ = vgy and (v4,,1 <4 < k). Recall also
the truncation function 72" given in (49). We set (Tp,vo) = ({0}, 0) and for k € {0,2" — 2}:

(58) (Tis1, Vier1) = (T, vie) ®p, 70T (Th,. ),

7
Cag gy

where the distinguished vertex of fﬁil (T, ) is identified with va, ., (and its root with vp, ).

Then, we set:

(59) Graft, (¢, T7) = (Ton_1,v) with v = (vy,0 <k < n).

FIGURE 4. Example of a replacement of the branch Jwy; .y, v, my]-
Upper left: The tree S with the branch Jwy 1,041, 1] in bold.
Upper right: The branch Jwyy . ,y,v41,.. 3] replaced by the first component of

the marked tree 7‘2]1’+ " (TF o)

Lower: The tree T}

(1,...n} with its marked infinite branch.

It is easy to check that the equivalence class of (Ton_1,Vv) in Tl(:c)—K does not depend on the
choice of T* = (T, A € P,}) in their own equivalence class. Thus, the map Graft,, defined by:
(6, T*) — Graft, (¢,T7)

. Pif
is well defined from Im (L,) x (']I‘lsgclrie}f ) to Tl(gg—K' The main result of this section is the

measurability of the map Graft,.
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Lemma 5.28 (Measurability of the grafting map). Let n € N*. The map Graft,, from Im (L,,) x

p+
spine,0 (n) .
(Tloc K) to T} is measurable.

Proof. For J C P, we write I; = {E € Im(L,): ¢4 = Oifand only if A € J} Thus, the

closed set Im (L) of R P¥ can be written as the union of I g over all the subsets J of PY.
Furthermore, the sets (IJ,J C P}) are Borel sets (as Im(L,,) is a Borel set), and they are
pairwise disjoint. Thanks to Remark 5.27, the maps ¢ — A(¢) and ¢ — B(¥) are constant over
I;. We deduce from Equation (59) and recursion (58), Lemma 5.13 on the continuity of the

grafting procedure and Lemma 5.24 on the measurability of (¢,7T") — 7‘[2] (T that the function

7)+
Graft,, from I x (nggrﬁ? ) to ']I‘l(o 2—1{ is measurable (as long as I is not empty). Since there is
. P
a finite number of such sets I;, we deduce that the function Graft, from Im (L,,) x <’]I‘lsgérief<0 )

to ']Tl(oc) K 1s measurable. O

Remark 5.29. Since the map L, is continuous one-to-one from ']I‘( ) to Im (L,,), we deduce that
the map:
(T, T*) — Graft, (L, (T),T™)

P
from ']I‘é?s) X (Tlssém}? ) to ']Tl(oc) k 1s measurable. Without ambiguity, we shall simply write

Graft, (T, T*) for Graft, (L, (T),T*).

Remark 5.30. Intuitively, the maps Graft,, and Split,, should be the inverse one of the other. More
precisely, we have the following result. For every (T, (o,v)) € ']I‘l(;z_K, we define the tree Sp(7') =
(1,8") € TP by T' = 15 (T @ [0,00)) with the marked spine S = I ([o, v] @1 [0, 00)).
Then then we have, for every (T,v) € Tl(:g_oK (that is, the root of T' is not a branching vertex,

see Definition (35)), that the following equality hold in ']I‘l(gc)_K:

(60) Graft, (Spann(T,v), Sp(Split,, (7', v))) = (T,v),
where Sp(T4, A € P,) = (Sp(Ta), A € P;).

5.10. A measure associated with trees in T:""% or Tl(o?: k- Recall Ty = ({0}, 0) € Tioe—Kk

is the tree reduced to its root. We define

(61) Tioc—x = Tioe—x \ {To}
endowed with the distance:
dicu(T.T") = dien(T,T') + [H(T)™" — H(T") Y.

Clearly (Ty},._k,d{qp) is Polish with the topology induced by the topology on ']I‘loC K (as H
is continuous on Tiec-k), and for all € > 0, the sets Br:  (e) = {T' € Ty, i : H(T) > ¢}
are closed and bounded. Furthermore, every bounded set is a subset of BT;«O%K( g) fore > 0
small enough. Set E = Ry x T} endowed with the distance dg((u,T), (v ,T")) = |u —
| + df (T, T"), so that (E,dg) is a Polish space. Every bounded set of E is a subset of
Bgp(e) = [0,e71] x Br: . (€) for € > 0 small enough. We define M(E), the set of point measures

on E which are bounded on bounded sets, that is finite on Bg(e) for all € > 0. We say that a
sequence (M,,,n € N) of elements of M(E) converges to a limit M, if lim, oo M,,(f) = M(f)



34 ROMAIN ABRAHAM, JEAN-FRANCOIS DELMAS, AND HUI HE

for all continuous functions on E with bounded support. According to [14, Proposition 9.1.1V]
the space M(F) is Polish and the Borel o-field is the smallest o-field such that the application
M — M(A) is measurable for every Borel set A of E.

We build a tree from a point measure M = >, 0(, 1) € M(E) by grafting T; at height h; on
an infinite spine. Recall the infinite spine T} = ([0, 00),0) endowed with the Euclidean distance
spine,0

is an element of T}° ~7° C Tipe—k. For T' € Tioc—k, let (T ,d, 0) denote a rooted locally compact
tree in the equivalent class T'. With obvious notation, we define the tree 7" as follow:

T =T Uier (T3 \ {o:}),

di(z, ") ifo,2/ €Ty iel
Vo, o' € T, d(z,2') = et if x,x’~€T1, .
’ ' ’ di(x, 0;) + |hi — x| ifeeT;, 2/eTy,icl,

di(x, 0;) + dj(2', 0) + |hi — hy| ifx €Ty, o' €Ty withi#j,i,5€1,

where LI denotes the disjoint union. By construction 7" is a tree rooted at o = g1, the root of iy
Because M is finite on bounded sets of E, it is not difficult to check that 7" is locally compact. It

is easy to see that the equivalence class of Tree(M) = (T”,T}) in ']I‘l[i]C_K does not depend of the
choice of the representatives in the equivalence classes of T and T; for i € I. Hence, identifying
Tree(M) with its equivalence class, we get that the map Tree is well defined from M(E) into

Tioe k-
Lemma 5.31 (Regularity of the map Tree). The map Tree from M(E) to ']Tl[i}c_K (or T} ™) is
continuous.

Proof. We only give the principal arguments of the proof. Let (M,,,n € N) a sequence of point
measures, elements of M(E), which converges to M. Let € > 0 be fixed such that M(9Bg(e)) =
0. For n large enough, we have M, (Bg(e)) = M(Bg(e)) and the atoms of M,, in Bg(e)
converge to the atoms of M in Bg(e). Using correspondence between the representations of
the atoms, and similar arguments as in the proof of Lemma 5.13, we deduce that the distance
between Tree(M,,) and Tree(M) (in Tl[i}C_K) is small if € > 0 is small (to prove this statement
in detail, one can use the distance on M(E) given in [13, Equation (A2.6.1)]). This means that

lim,, o0 dEéH (Tree(M,,), Tree(M)) = 0, and thus the map Tree is continuous on Tl[i}c—K' O

We shall now prove that the restriction of the map Tree to a subset of M(FE) is injective and
bi-measurable. For this reason, we consider the subset of Tj,._k of (equivalence classes of) trees
not reduced to its root and such that the root is not a branching vertex (recall Definitions (61)
and (35) with n = 0):

0,% *
(62) Tloc—K = TIOC—K N T?OC—K'

As a direct consequence of Lemma 5.9, ']T?O’z_K is a Borel subset of Tj,.—k and thus of T} . In

particular, the following subset of M(FE) is a Borel set:
W(E) = { M eM(E) : M(R, x (Tiy:_)¢) =0}.

We now introduce a map M from T;P™ to M(E) as follow. Let T* = (T,T;) be a rooted
locally compact tree with an infinite marked spine. In particular, we have 77 C T and T} is
equivalent to ([0,00),d,0). Let (77,i € I) be the family of the connected components of 7"\ T7.
For every ¢ € I, let us denote by z; the MRCA of 77, that is, the unique point of T} such that
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for every z € T?, [o,z] N T1 = [o,z;]. We then set T; = T U {x;} viewed as a locally compact
tree rooted at x;. Then, we define the point measure M(T™) on Ry x T} o € Ry X Tipe—x by:

loc—
M(T) = 8nen.m0)-
el
As M(T*) does not depends on the representatives chosen in the equivalence class of T* in
TP ™%, we deduce that M : T* — M(T*) is a map from T;>."% to M(E). We now give the
main result of this section.

Proposition 5.32 (Regularity of the maps Tree and M). The map M is bi-measurable fmm
TP to M(E) with M(E) = Im(M). The map Tree is bi-measurable from M(E) to T;2".

loc—
spine

Furthermore, the map Treeo M is the identity map on T} .~ and M oTree is the identity map
on M(E).

Proof. By construction, the roots of all the trees T; in the point measure M(T™) are not branch-
ing vertices, so that M(T*) belongs to M(E) C M(E). We also get by construction that
Tree(M(T™*)) = T*. This implies that M is injective and thus bi-measurable thanks to Lusin’s
theorem [32].

We also have by construction that M o Tree(M) = M for M € M(E). This implies that
Im(M) = M(FE) and also that Tree restricted to M(E) is injective and thus bi-measurable thanks
to Lusin’s theorem. O

We extend the map T — M(T™*) to Tl(ig—K in the following way. For (T, v = (o, vl)) € Tl(i():—K’
we graft the infinite spine 77 on v; and consider the rooted locally compact tree with an infinite
marked spine Sp(T') € T{"™; defined in Remark 5.30. Then, we define M(T,v) as M(Sp(T)).
From the continuity of the grafting procedure, see Lemma 5.13 and the continuity of II7, see
Lemma 5.5, and the measurability of the map M, we deduce that the map (T, v) — M(T,v),
which we still denote by M is measurable. In fact, we have the stronger following result. Consider
the set of (equivalence class of) n-pointed rooted locally compact tree such that the root is not
a branching vertex and the pointed vertices are not equal to the root:

(63) T — (7, v) e TO  d(o,0) > 0 for all i € {1,...,n}},

loc— ¢

where v = (g,v1,...,v,). According to Lemma 5.9 and Remark 5.11, the set ']I'(n)’ol’;k is a Borel

loc—
subset of ']I'l(glg_K. Recall from (62) that the Borel set ']I'?C;Z_K is the set of (equivalence class
of) 1-pointed rooted locally compact trees such that the root is not a branching vertex and the

pointed vertex is not equal to the root.

Corollary 5.33 (Recovering (T,v) from M(T,v)). The following map from Tl(;g_K to Ry x
M(E) defined by:
(T,v) = (d(o,v), M(T,v))

(1),0,%

is measurable and its restriction to T) i is injective and bi-measurable.

Proof. Set M*(E) = {M € M(E): M({0} x T} __x) = 0}. For M € M*(E), we get that
Tree(M) belongs to ’]I‘lsgériefg. So, we can define the map g on Ry x M*(E) by g(a, M) =
Grafty ([0, a], Tree(M)), where the tree [0,a] has root 0 and pointed vertex a. Thanks to the
continuity of the grafting procedure, see Lemma 5.28 and of the function Tree, see Lemma 5.31,
we deduce that ¢ is continuous.
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Let (T,v) € Tl(i():_og As the root of T" is not a branching vertex, we get that M(T', v) belongs

to M*(E), and thus g(d(g,v),M(T, v)), where v = (p,v), is well defined and in fact equal to
(T, v) thanks to (60) with n = 1. This implies that the map (T, v) — (d(o,v), M(T,v)) defined

on ']I'l(;gf]; is injective, and thus bi-measurable by Lusin’s theorem [32]. O

We extend this result to n-pointed trees. Recall from (55) that, for (T, v) € ']I‘l(gg_K, we have
Split,, (T, v) = (TA(T,V),A € Pn> and set My[T,v] = M(TA(T,V)) for A e Pr.

Corollary 5.34 (Recovering (7',v) from the Mu[T,v]). The following map from ']I‘l(glg_K to
T x M(E)P* defined by:

(T,v) = (Span, (T, v), (Ma[T, V], A € 7))

(n),0,%

is measurable and its restriction to T, "\ is injective and bi-measurable.

Proof. Using the measurability of the functions Span from ']I‘I(ZLC)_K to Tl(:c)—K (see Lemma 5.6),
2n

L, from TI(ZLC)_K to RZ’T (see Lemma 5.25), Split,, from Tl(:c)—K to (Tl(ig—K) (see Lemma 5.26)

and the map (T,v) — M(T,v) from ']I‘l(ig_K to M(FE) (see Corollary 5.33), we deduce that the

+
following map, say g1, from Tl(glc)—K to Tl(glc)—K X (R+ X I\\/JI(E))P" is measurable:

g : (T,v) = (Span(T, V), ((€a(T,v), MAIT,V]), A € 79;)).

Notice that (T,v) € Tl(gc)_og implies that T (o1 is reduced to its root. Using the measurable
functions Graft,, and the map defined in Corollary 5.33, we easily deduce that g; restricted to

Tl(gg_og is injective and thus bi-measurable by Lusin’s theorem [32]. Since Ly, (7, v) is also equal

to Ly, (Span(T, v)), we deduce that the following map g9, from TI(ZLC)_K to Tl(:c)—K X M(E)Pi is
measurable:

g2: (T,v) — (Span(T,v), (MA[T, v],A € P,f))
Furthermore, its restriction to ']I'l(:g_og is also injective and thus bi-measurable. O

6. BACKBONE DECOMPOSITION

6.1. A discrete random tree constructed by successive grafts.

6.1.1. A random tree. In this section, for a > 0, we denote by ([O,a],(g = O,a)) IS ']I'((ilig the
(equivalent class of the) tree [0, a] endowed with the usual distance on R, rooted at ¢ = 0 and
pointed at a; and when there is no possible confusion we simply denote it by [0, al.

Let t > 0 and let v be a probability measure on [0,¢]. Let & = (&, k € N*) be a sequence
of independent random variables with distribution v and let ((Kk,ek), k € N*) be a sequence
of independent random variables independent of the sequence £, with K}, uniformly distributed
on {1,...,k} independent of g5 uniformly distributed on {g,d}. For every integer n > 2, we

set (§§"), e ,57(1"_)1) the increasing order statistic of (£1,...,&,—1). Then we define the family of
pointed trees ((Tg"),vgn)), ce (Tgln),v;"))), with (T,(gn),vlin)) € ']I'gfs), recursively by:

o TV = [0,4], that is, (T, v{") = ((0,4],(0,8)) e TH c T .
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e For every k € {1,...,n—1}, conditionally given the random variable (T,(Cn),vlgn)) in ']I‘Eﬁs),

we define the Tl(fj_l%-valued random variable (ng_)l, vgj_)l) by grafting a branch of length

t— 522_)1 uniformly on the left or on the right of a uniformly chosen vertex among the

k vertices of T]g") at level 512_)1, and the new leaf (which is, as all the other leaves, at

level t) is added to the vector recording the pointed vertices. Formally, using the grafting
procedure (39) from Remark 5.14, we set:

(64) (T i) = (@ v e, ot -]
Kk7§k+1

According to Lemma 5.15 the grafting procedure is continuous and thus measurable, we

deduce that (T,(gn), V](:L)) is a ']T%f )_valued random variable for every 1 <k <n.

By construction, we also get that (T]g"), V,g")) belongs to T(]ig), and is thus a Tgfs)

S
variable, for all k € {1,...,n}. To simplify the notations, we set T, = (T%n), vSL")) for the ']TE?)—
valued (and ']I‘é?s) -valued) random variable. By construction, we also get that T, is a planar tree

with the leaves v1, ..., v, ranked from left to right, where Vﬁln) =(vg=0,...,0n).

-valued random

Recall that for a rooted tree T, T denotes its length measure; and we simply write .% when
there is no ambiguity. Informally, for € T' chosen according to .Z(dx), we denote by T ®, [0, a]
the tree T on which a segment of length a is grafted at the vertex z. It is possible to make
this construction in a measurable way, in this direction see for example [8, Equation (1.6)] and
Section 3 therein. As we shall consider the discrete tree T, for T, we refer to Remark 6.2 below
for a direct proof. The next lemma relates the distributions of T, and of T, 1; its proof is given
in the next section.

Lemma 6.1. Lett > 0. Assume that the probability distribution v has a positive density fgens
with respect to the Lebesgue measure on [0,t]. For n € N*, G a measurable non-negative function

defined on ']Té?:l), and € a {g,d}-valued uniform random variable independent of T,,, we have:

n—+1

(65) E[ . Z(dx) faens (H(x)) G(Tn ®° [O,t—H(x)])} = ——E [G(Tni1)] -

Remark 6.2. We comment on the left-hand side of (65), and more precisely we check that the
integral Z = an L(dx) faens(H (2)) G(T,, ®: [0, — H(z)]) is a non-negative random variable.

Recall that T,, = (TSL"),V%")). Then, we can write Z as follows:
nooet
1= dh faens(h) G(Ty, ® 4, [0, — h]),
D [, a0 G 21 0~ 1)

with the convention that fon) = 0. Therefore, using the continuity of the grafting function,
see Lemma 5.15, we obtain that Z is a non-negative real-valued random variable, and thus its
expectation is well defined.

6.1.2. Proof of Lemma 6.1. The proof is based on two technical lemmas. We first consider the
case t = 1 and v the uniform distribution on [0,1]. Let us denote by T2 for T,, when v is the
uniform distribution on [0, 1].
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Lemma 6.3. For n € N*, G a measurable non-negative functional defined on Tfﬁ:l), and € a

{g, d}-valued uniform random variable independent of T, we have:

L R | B e

Remark 6.4. From (66), we see L is just the mean length of TUMf,

Proof. To simplify notation, we write T, for T, We give a proof by induction. For n = 1, this
is a direct consequence of the construction of Ty = ng) from T§2) =T = [0, 1] given by (64).

Let n € N* and assume that (66) holds for n replaced by any k € {1,...,n — 1}. We will use
for the proof a special representation of planar binary trees. Let T' be a compact planar binary
tree rooted at o, with all leaves at height 1. Let us denote by x its lowest branching vertex, set
h = H(z) and set T% (resp. T9) the left (resp. right) sub-tree above z. In our settings, we have:

h=H(z) and T = ([o,a] ®, T%) 82 T = ([0, 2] @, T%) @5 T*,

where one remove the vertex z from the pointed vertices after the graftings. For convenience, we
consider the scaled left and right trees 7% = (1 — h)~'7% and T4 = (1 — h)~'7T9, so that T8 and
T are rooted bounded binary planar trees with all their leaves at height 1. We call (h, T8, T9)
the decomposition of T according to its lowest branching vertex.

Let (£§n+1), T 1 Tfl +1) be the decomposition of T, according to its lowest branching vertex
(which is indeed at height {énﬂ) by construction). Denote by I,,+1 the number of leaves of T% i1
Using a Pdlya urn starting with two balls of color g and d, we get that, by construction, I,

is the number of balls of color g in the urn after n draws. Thus I,,11 is uniform on {1,...,n}
and independent of §§"+1). Notice that if U is a uniform random variable on [0, 1], for every
h € (0,1), conditionally given {U > h}, the random variable (1 — h)~}(U — h) is still uniformly
distributed on [0, 1]. This gives that, conditionally on {£§n+1) = h} and {I,,4+1 = i}, the two trees

Ti 41 and T‘EL 11 are independent and distributed respectively as T; and Tj 1.

We consider a measurable non-negative functional G defined on the space of rooted compact
binary planar trees with a finite number of leaves, all of them at height 1 of the form:

(67) G(T) = gi1(h) g2(T%) g3(T?),

where the g;’s are measurable non-negative functionals and (h, T8, T9) is the decomposition of T

according to its lowest branching vertex. Setting f;(i) = E [g;(T;)] for j € {2,3}, we have since

§"+1) is distributed according to a 3(1,n) distribution:

1 n
E[G(Tns1)] = ( [ anyaa = ny dh) %2 foi) faln +1— i)

1 n
(68) - (/0 a(h) (1 — h)"‘ldh> ;h(i)fg(n—l—l i),

On the other hand, let ( g"),T%,Tg) be the decomposition of T,, according to its lowest
branching vertex. Let z € T,, and set h = H(x).
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o Ifh < fln), the decomposition of T, ®% [0, 1 — h] according to its lowest branching vertex
is given by (h,[0,1],(1 — h)~1T/) where T/, is as the tree T,, but for its lowest branch

whose length is £§n) — h instead of 5%"). Notice that the shapes of the tree T, and T,
are the same. Then using again the property of conditioned uniform random variables,

we deduce that conditionally on {§§") > h}, the tree (1 — h)~'T/, is distributed as T,.
Thus, we get:

(n)
1

(69) E [/T 1y y<ety 2 (d2) G(Ty @5 [0,1 - h])} =E [/0 g1(h) dh] F2(1) f3(n).

By symmetry, we have:

&

(1) E [/T L pryect) Z(00) G (T @3 0,1 —h])} - [/0 g1(h) dh] fam) £5(1).

e For z € T}, the decomposition of T,, ®: [0, 1 — h] according to its lowest branching vertex
is given by (én), (1 —h)~'77,TY), where 7/ = T% ®2 [0,1 — h]. Notice that the length
measure on tl}e tree T% is obtained by scaling by (1 — éln))_l the length measure on T,
restricted to T%. We deduce that:

E UT 1 eqey 27 (do) G(T, @5 [0,1 - h])}

—E |1 (6)g5(T) /T Lpeqsy £ (de) g (1 - &™) 7 (T @5 0,1 - H(x)}))]

n

=5 | (€T [ (1= )2 @ o (1595 0.1 - 1))

n

=K

1 n—1
(1= ()] 21 3 fan =0 | [ 2 (s fo.1 - )|
i=1 i

where we used the distribution of (T4, T9) conditionally on £§n) and [, for the last
equality. Using that, by induction, (66) holds for n = i, we get:

(71) E UT” (et Z(de) G(T, & [0,1 — h])}

1

=E[(1 - &)™) —

1+

5 ! f2(i+1) f3(n — i)

1

_F [(1 — &g ( §”))] 1

S35 5) faln 1),

2

n—1
i=1
n
=2
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e By symmetry, for z € 'i‘g, we get:
(72) E [/ 1{m€,i,d}.,§f(da:) G(T, ®,[0,1— h])]
T, "

=E[(1 -6 (e)] 2 > 2 s(0) faln— i+ 1)
=2

n—1

~E [(1 - £§”))gl(£§"))} - i > i _; L i) faln— i+ 1),
i=1

Summing (69) times P(e = g) = 1/2, (70) times P(¢ = d) = 1/2, (71) and (72), and using that
£§n) has distribution 5(1,n — 1) so that:

o 1

1
ai(h) dh] = —E[0= )] = [ s -nan

E

0

we deduce that:

E [ | Zlda) G(T, 5 0,1~ H(w)})]

n

1
= ([ s —nrran) YU i)

i=1

Thanks to (68), we deduce that (66) holds for G given by (67). Then use a monotone class
argument to conclude that (66) holds for any measurable non-negative G. This concludes the
proof by induction. O

We now consider ¢ > 0 and assume that the probability distribution v has a positive density
fdens With respect to the Lebesgue measure on [0,t]. Let F' denote the cumulative distribution
function of v. By the assumptions on fqens, F' is one to one from [0,¢] onto [0, 1] and its inverse
F~!is continuous. For a compact rooted real tree (T, d, o), we define:

Vo € T, Hltens (z) = F~1(H(x)),
vx7 Y c CZ—'7 dfdcns (.Z', y) — Hfdcns (x) —+ Hfdcns (y) _ 2Hfdcns (:1; A y)

The scaling map Rfdens : (T, d, 0) — (T, dfaens  p) is then well-defined from {T' € Tk : H(T) < 1}
to Tk. We shall now prove it is continuous.

Lemma 6.5. The map R/ from {T € Tk, H(T) < 1} to Tk is continuous.

Proof. Let ¢ > 0. As F~! is uniformly continuous with our assumptions, there exists § > 0 such
that, for every x,y € [0,1]:

[z —y| <= |F(z) - F'(y)| <

N ™

Let T, 7" € Tk with H(T) < 1 and H(T') < 1 such that dgu(T,T7") < /8. Then, there
exists a correspondence R between (elements in the equivalence classes) T and T’ such that
dist (R) < ZdGH(T, T’) + 5/4 < 5/2
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For every (z,2'), (y,y’) € R, we have:

|dfdens (2,y) — d/fdens(x/7yl)| _ ‘Hfdens(x) + i fdens (y) — 9 fdens (z Ay) — FJ faens (a:')
_ Hfdens(y’) + 9 ff faens (:17/ A y/)|
< [P (H@) — P (EE) |+ [F (1) - F(HE)

+2‘F_1(H(3:/\y)) - F_I(H(aj//\y/))‘.

As (z,2') € R, we have |H(z) — H(2')| < dist (R) < & and consequently, |F~'(H(z)) —
F1 (H(a:’))‘ < g/2. Similarly, we have ‘F‘l (H(y)) — F_l(H(y’))‘ < /2. We also have:

|H(zAy)—H(z Ny)| = %!H(:U) + H(y) —d(z,y) — H(z') — H(y') + d' (', ¢/)]
S|H () — B + 5[ H) — HE)| + 5|l y) - 46

gdist (R)
J.

IN

IN

A

This gives ‘F‘l(H(az Ay)) — F~H(H (2 /\y’))‘ <e/2.

To conclude, we have dist/dens(R) < 2¢ which implies that déiff‘s(T, T') < e. This gives the
continuity of the map Rfdens, g

We now prove Lemma 6.1. Recall that T,, denotes the trees constructed with the probabil-
ity measure v(dz) = faens(x) dz and T the trees constructed with the uniform distribution
on [0,1] as studied in the first step. By construction, for all n € N*/ the random variables
Rfaens (TU0if) and T, have the same distribution. Notice also that, for every T € Tk and every
non-negative measurable function g on Ry x Tjo._k, we have:

/ LT(dy) g(H(y),T) = / LT D) () fgons (HFdens (1)) g(HT3ens (), RI4ens (T)).
T Rfdens (T)

Let G be a measurable non-negative functional defined on the space of rooted compact binary
planar trees with a finite number of leaves, all of them at height ¢. We first have:

B[ 27 0) fun (1) 6 (T, 52 0.6~ 100

—F / ngdcnS (T,’“lnif) (dx) fdens (Hfdens ($)) G <Rfdens (T;llnif) @t; [0’ t— Hfdens (IIJ‘)] )]
Rfdcns (T’,ulnif)

=E

D%T;nif(dy) G o Rfdens (T;llnif @z [0, 1- H(y)] >] :

if
T’,ulnl

Applying Lemma 6.1, and then that Rfdens(T2) and T, have the same distribution, we get
the result.
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6.1.3. An infinite tree with no leaves. Let fin be a positive locally integrable function on [0, +00).
Let S be a Poisson point measure on R with intensity fin(¢) dt. We denote by (§;,i > 1) the
increasing sequence of the atoms of S and by NN the process (Nt =5 ([0, t]), t> 0).

Let (en,n > 1) be independent random variables uniformly distributed on {g,d} and let
(K,,n > 1) be independent random variables uniformly distributed on {1,2,...,n} respectively,
all these variables being independent and independent of S.

We define a tree-valued process (T;,t > 0) where, for every ¢ > 0, the random tree T; has
height ¢t and Ny + 1 leaves, all of them at this height ¢. Before going into this construction, we
first define a function Growth,, on rooted n-pointed trees. We define Growth, ((7T,v),h) as the
tree obtained by grafting on all the pointed vertices of 1" a branch of length A and pointing the
new leaves with the order naturally induced by v. Set A, = {0,n + 1,...,2n}. Formally, we
have:

Growth, ((T,v),h) = Hg’f” <<(T, v) ®1 [0, h]) @3 [0, h]) — @y [0, h]>7

where H;;? ", defined in (34), removes the first n pointed vertices: for (T,v) € ']I‘l(ggzK, we have

An .
7 (T,v) = (T,V'), with v = (vg = 0,1, ...,v9,) and v/ = (v = 0,v] = Vpt1,. ..,V = vay).
Thanks to the continuity of the grafting procedure (see Lemma 5.15) and the continuity of Hg’nA "

n)

(see Lemma 5.5), we get that Growth,, is a continuous map from T} |  to itself.

We can now construct the process (T;,¢t > 0) inductively. For 0 < ¢t < &, we set T, =
([0,],(0,t)) and N; = 0.

Let n € N* and assume that (T, ,v,) is a tree of height &, with n leaves, all of them at height
&n and pointed (i.e. the vector v, is composed of the root of T¢, and all its leaves). Then, we
define the process on (&,,&,+1] by setting, for every t € (&, &nt1],

T, = Growth, (T, t — &) ®§?m§n [0,t —&] and N;=n.
Standard properties of Poisson processes give the following result.

Lemma 6.6. For every n > 1 and every t > 0, conditionally given Ny = n — 1, the tree T; is
distributed as the tree T, of Section 6.1.1 associated with the density faens on [0,t] given by:

(73) fdens(u) = %&?1[0,1&] (u) with F(t) :/0 fdens(u) du.

Recall the definition of the function II; which removes the pointed vertices. It is easy to see
that the process (H;’Vt +1(St), t> O) satisfies the Cauchy property in Ti._ as rg (H‘]’vt +1(St)) =
Ty (H?V, +1(§t/)) for every s < t < t’. Thus this sequence converges a.s. in Tjy._k, and we write:

t

ske __ . o
(74) T = lim T (T2).

The tree T is a T}o._k-valued random variable which has no leaves and thus belongs to ng%lf?(f,
and the process (T5E° = r,(T9),¢ > 0) is distributed as the process (13,41 (%1),t > 0). The

tree T will serve as a backbone for the description of the genealogical tree of the conditioned
CSBP.

We present now an ancillary result which is a consequence of Lemma 6.1 on two tree-valued
processes that have the same one-dimensional marginal.

We first consider the process (T;,t > 0) associated with the intensity fin, = 1, that is, fin () =
1 for all ¢ > 0. Then we construct a sequence t = (t,,n > 1) of increasing real trees, with

t, € ']TE(") for every n > 1, all of them of height 1. Let (g4,k > 1) be independent random
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variables uniformly distributed on {g,d}. We define the sequence t by induction by setting first
t1 = ([0,1],(0,1)). Let n > 1 and assume that (t,,vy) is a tree of Tg) with height 1 and with
n leaves all of them at height 1. Conditionally given t,, let V,,+1 be a random element on t,,
uniformly chosen according to the length measure; that is V,, ;1 is distributed according to the
measure ¢, %, with £ the length measure on t,, and the normalization ¢, = 1/.£(t,,). Notice
that V41 is a.s. not a leaf nor the root of t,. Then we set:

tn+1 == tn ®€n+1 [0, 1 - H(Vn+1)] .

Vit1
In particular, for every measurable nonnegative function G, we have:

(75) E[G(tnﬂ)‘tlv s ’t"’E"H] - A é((if))

G(tn @ [0,1 - H(m)]).
Recall the measurable function Ny from Definition (37) which records the number of vertices
at level t of a tree without leaves. We have the following result.

Proposition 6.7. Let n > 1 and finy = 1. For all measurable non-negative functional G defined
on ']I‘((i?s), we have, with £ the length measure on t,:

2n—1
E

(76) E [G(szl) ‘ Ny =n— 1] _

n—1
G(ta) [] f(tw] ,

|
n:
k=1

and for all measurable non-negative functional G defined on Tk (or on Tipe—x ):

(77) E|G(z)

Ny (Tke) = n} ~E [Gong(zl) ‘ Ni=n~— 1] :

Proof. By construction, we have that the process ((Eﬁke, Nt(ESke)),t > 0) is distributed as the
process ((H‘j\,tJrl(ft), Ny +1),t> 0). This gives (77).

We now prove (76) by induction. Thanks to Lemma 6.6, conditionally given N; = n — 1, the
tree Ty is distributed as T For n = 1, we have T = t; = ([0,1],(0,1)) hence Equation
(76) holds. Let us suppose that (76) holds for some n > 1. Applying Lemma 6.1, one gets:

2

—FE
n+1

uni uni "%T%nif dz
E[G(Ti)] = zep [ )

Tyt LT (T

G(T;;“if ®E 0,1 — H(m)])] .

Now we apply the induction assumption for the right-hand side of the previous equation to get:

i 2 ot o St (de) - =
E[G(T)] = — [zt ) | ey (tn)G(tn @+ [0,1— H(x))) k|:|1 2 (tk)]
2” - tn+1
= oot |Gt J1 2 <tk>]

by definition of the tree t,+1 and by (75). This gives that (76) holds with n replaced by n + 1.
This concludes the proof by induction. O
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6.2. Brownian CRTs and Kesten trees. Brownian CRTs are random trees in T),._k that
code for the genealogy of continuous-state branching processes.

Before recalling the definition of such trees, we give some additional notations. For a locally
compact rooted tree t, we define the population at level a as the sub-set:

Zi(a) ={uet, Hlu)=a}.

We denote by (t)* i € I) the connected components of the open set t \ 7,(t). For every i € I,
let p; be the MRCA of t(V*, which is equivalently characterized by [o, o;] = Nyet .+ [0, u]; notice
that o; € Z¢(a). We then set t) = t()* U {g;} so that t(?) is a locally compact rooted tree with
root g;, and we consider the point measure on Z¢(a) X Tioc_k:

Na = Z 0(g,t0))-

el
We then recall the definition of the excursion measure N for § > 0 6 > 0 associated with a
Brownian CRT from [19]. There exists a measure N? on Tk (and hence on Tjye—x) such that:

(i) Existence of a local time. For every a > 0 and for N’[d7]-a.e. T, there exists a finite
measure A, on 7 such that
(a) Ag =0 and, for every a > 0, A, is supported on Z7(a).
(b) For every a > 0, N’[dT]-a.e., we have {A, # 0} = {H(T) > a}.
(¢) For every a > 0, N’[dT]-a.e., we have for every continuous function ¢ on 7

. 1 T
(o) = lim 5 [ AT (@ dT o)y

1

= Jim 5 [ AT (@ AT oLy

(ii) Branching property. For every a > 0, the conditional distribution of the point measure
N (du,dT"), under the probability measure N°[d7 | H(T) > a] and given 74(7), is that
of a Poisson point measure on Z7(a) x Tioe_x with intensity A,(du)N’[d77].

(iii) Regularity of the local time process. We can choose a modification of the process
(Ag,a > 0) in such a way that the mapping a — A, is N?[dT]-a.e. continuous for the
weak topology of finite measures on 7.

(iv) Link with CSBP. Under N?[dT], the process ((A],1),a > 0) is distributed as a CSBP
under its canonical measure with branching mechanism:

P(N) = BAT+2B0N, A > 0.

We now extend the definition of the measure N’ (only on Tic—k) for 8 < 0 by a Girsanov
transformation, following [7]. For ¢t > 0, set G; = o(r(T)) and Z; = A(T), the latter notation
is consistent with Section 2.2. The CSBP process Z = (Z;,t > 0) is Markov with respect to the
filtration (Gy,t > 0). For 6 < 0 and ¢t > 0, we set:

(78) N~[dT]g, = e N°[dT]g,.

Then properties (i) to (iv) still hold for every 6 € R. This Girsanov transformation is consistent
with the Girsanov transformation of CSBP given by (14). Let us stress that the measure N’ on
Tioc—k depends also on the parameter 5 > 0.

The so-called Kesten tree with parameters (3,6) € R xR, can be defined as the genealogical
tree associated with the continuous-state branching process with the same parameters, con-
ditioned on non-extinction (see for instance [28]). This latter process can also be defined by
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adding to the initial process a particular immigration. We use this second approach to extend
the definition of the Kesten tree for 6 < 0.

Using our framework, the Kesten tree with parameters (4,0) € R% x R is the random tree
T* = Tree(M) (see Section 5.10 for the definition of the map Tree), with M(dh,dT") a Poisson
point measure on £ =Ry x Ty with intensity 281y,-0ydh N[dT]. The Kesten tree belongs

spine,0
a.s. to the space T "} .

6.3. Backbone decomposition. The decomposition of a (sub)critical Brownian CRT T ac-
cording to a spine [(), z], where x € T is a leaf picked at random at level ¢t > 0, that is according
to the local time Ay(dx), is given in Theorem 4.5 in [19]. In our setting, it can be rephrased in
the next theorem. Recall that, for ¢ > 0, the (discrete) 1-pointed tree [0,¢] € ']Tl(;g_K denotes
the segment [0,t] endowed with the Euclidean distance, with the root 0 and the distinguished
vertex t. Recall that nggrﬁ’? defined in Section 5.6 is the set of locally compact rooted trees with
one infinite marked branch such that the root is not a branching vertex. From Remark 5.29, we
recall that informally the 1-pointed tree (T (0,v1)) = Graft ([0, ], T*), with T* € TP is the
tree where the marked branch has been cut at height ¢ (the part above ¢ being removed), and
the cut marked branch is identified with [0, ¢], so that the root ¢ of T" is identified with 0 and the
distinguished vertex v; of T is also identified with ¢.

Theorem 6.8 ([19]). Let 8 > 0, § > 0 and t > 0. Let T* be under E a Kesten tree with

parameter (3,0). For every non-negative measurable functional F on Tl(gg—K (or Tg)), we have,
with o the root of T :

(79) NY [ /T A(dv) (T, (0,v)) | = e 2" E [F(Graft; ([0,4], 7))] -

We extend this result to the super-critical case 6 < 0.

Corollary 6.9. Let 8 >0, 0 € R and t > 0. Let T* be under E a Kesten tree with parameter

(8,0). For every non-negative measurable functional F on Tl(g():—K’ Equation (79) holds.

Proof. We first to prove (79) for functionals F of the form:

(80) F(T,v) = e~ (®&MTWV)

where (T, v) € ']I‘SZ_K and @ is a continuous non-negative function with bounded support defined
on Ry x Ty . (with T . = Tige—x \ {Z0} where Ty € Tk is the tree reduced to its root,
see Section 5.10). And the measure M (7, v) on Ry x T} is defined at the end of Section 5.10.

For simplicity, we simply write (7, v) for the 1-pointed tree (7, (o,v)). Let 8 > 0. Using (78),
we have for every s > t that:

N—? |:/ At(d?}) e<¢’MT5(T’U))>:| - N? |:/ At(d?}) e2(923—(<I>,./\/l(rﬁ(’T,u)))
T T
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We apply then (79) to get:

N-? [/ Ay(dv) e—<<I>,M(r5(T,v))>]
T

— e 0 [62925 F(rs(Grafty ([0, t], ’T*))]
— exp {—25&5 — 28 / t da N? [1 — e~ ®ars—a(T >>+292s—a} }
0
= exp {—260:5 - 28 /Ot da (N—G {1 _ e—cb(a,rH(T))} + N [1 _ ezeZH] >}

t
— exp {2ﬁ9t —28 / daN~? [1 . e—é(avmw(’r))} } ,
0

where we used the definition of the Kesten tree for the second equality, (78) again for the third
one, and that NY [1 —e*Ze] = w(—26,a) = —20, see (4) and (7), for the last one. As @ has
bounded support, we get taking s large enough:

t
N~* [/ A¢(dv) e_@’M(T’”»} = exp {25915 - 2ﬂ/ daN~? [1 - e_q’(“’ﬂ} } )
T 0

Then the result follows from the definition of the Kesten tree, that is (79) holds for F' given
by (80).

Recall ']Tl(:)’_og defined in (63) is the Borel subset of ']I'l(;g_K of the trees such that the root is

C
not a branching vertex and the pointed vertex is distinct from the root. The map:

(T,v) — (d(g,v),M(T, V)),

with v = (p,v), defined on ']Tl(gc)_og is injective and bi-measurable, see Corollary 5.33. Furthermore

the set ']Tl(:c)_og is of full measure with respect to the distribution of (7, v) under N°[d7] A;(dv),

with v = (o,v), as N’-a.e. the root of 7 is not a branching vertex and d(p,v) =t > 0. Thus,
as t > 0 is fixed, we get that (7,v) is a measurable function of M(T,v). We then conclude by
the monotone class theorem that Equation (79) holds for any non-negative measurable function

F defined on Tl(:c)—K' O

Let 8> 0,0 c Rand t > 0. Recall & = (20)/(1 — e=2%%) defined in (3). We consider the
probability measure on [0, ¢]:

230 ¢2P0s

(81) I/(dS) == m l[O,t]

(s)ds = Bé(0) e 2707 15 4(s) ds.

Let (T, v,) be, under P%¢, the tree of ']I'((i?s) defined in Section 6.1.1 associated with the measure
v and t > 0 (recall that all the distinguished vertices from wv,, but the root are at distance ¢
from the root). The following theorem is a generalization of Theorem 6.8 when picking n leaves
uniformly at random at level t.

Theorem 6.10. Let 5 > 0, 0 € R, t > 0 and n € N*. For every non-negative measurable
function F defined on ']I'I(ZLC)_K, we have:

(82) N? [/ AP™(dv*) F(T, v)] =n! (E?)l_n e 200t go:t [[F(Graftn((Tn,vn),T*))} )

n
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where v = (o,v*) € T"L, with ¢ the root of T, and T* = (T;,A € P,}) is under Pt o family
of independent Kesten trees with parameter (3,6), independent of T,,.

Proof. We prove Formula (82) by induction. For n = 1, as Ty = [0,¢] (with root ¢ = 0 and
distinguished vertex vy = t), this is Corollary 6.9.

Let k € N*. Recall the maps Ly, from (52) in Section 5.7, and Split;, from (55) in Section 5.8.
For (T,v) € ’]I‘l(fg_K and A € P, we write M4[T, v](dh,dt) for the measure M(T4(T,v)) on
E =Ry x Tk, where (T4(T,v), A € P}) = Split, (T, v) and the measure M(T,v) is defined
at the end of Section 5.10. We also recall the notation (¢4(T,v), A € P;) = Ly(T, v), and notice
that £4(T,v) = 0 implies that My[T,v] = 0. Let n € N* and (P4, A € P;J) be a family of
non-negative measurable functions defined on E. Let f be a bounded non-negative measurable
function defined on ']Tl(:c) k (or more simply on ']I‘é?s) ). We shall first prove (82) for a non-negative

function F' defined on ’]T( ) _k of the form:

F(T,v) = f(Span(T,v)) exp{— Z <<I>A,MA[T,V]>}.
AePy

Let n > 2 and suppose that (82) holds for n — 1. For k € {1,...,n}, we denote by T =
Span(7T,vy) € ']I‘l(fg_K, where v, = (vo = 0,v}) and v} = (v1,...,v;); and we simply write ./\/lgf]
for M4 [T, vi] and KET for £4(T,v}), so that under N[d7] €5 (dv*):

F(Tv VTL) = f(T[n exp{ Z <¢A7M }
AePy
We also write v/[f] and wl[ff] for v4 and wy from (50) and (51) with (7', v) replaced by (T, v;);
and thus we have EE? = d(wl[f},vj[f}).

Similarly, under E%*, for k > 2, we write also ME{:] for the measure M (T7}) restricted to
[0,£4(Tk)] x T} ._k» @Kﬂ and wL’f} for v4 and wy from (50) and (51) with (7, v) replaced by
(Tk, Vi), and E[k] d(wy plt] A[k]) = l4(Ty). For n > 2, simply writing T, for (T, v,), we have:

F(Graft, (T, T*)) = f(T,) exp{— 3 <¢A,MW>}.
AeP;t

Using the definition of Kesten tree via Poisson point measures and the definition of the function
Graft,, we obtain in particular that:

(83) o [F(Graftn(Tn, T*))] = B9 [F'(T,)],
where
(84 F/(T,) = J(T, exp{ =D / a1 oo }
Aepit
Recall (27). Set p, = py.,_,(v,) for the projection of v, on T"~1. Since N-a.e. p, # o, we
deduce that there exists N’-a.e. a unique (random) B € P, such that p, €]w j[g 1] [" 1]] c

T=1 and write h,, = d(p, wj[g_l]). Recall the function Tree, defined in Section 5.10 JUSt before

2]

Lemma 5.31, from M(FE) into ']I‘l[i]C_K and the projection II from Tioe_k t0 Tioc—k, defined just
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before Lemma 5.23, which forgets about the marked sub-tree defined in Section 5.6. We simply
write Tree’ = Il o Tree. On the one hand, we have:

700 — 70 oy [0t = H )]
(85) 65;“” 6["] o

Bu{n}’
M[n 1 _ M[gﬂj{n} + M[n]( + A, ) + 5<hn,Tree’(M¥:3}));

and, to fix notation, we shall write:

./\/l[n U_ = Mp[T,vn-1] Z (5h[n 1B =1,

ZEIB

On the other hand, for A € P;" | and A # B, we have:

(86) BCA— M n—1] _ M%{ny M — o, g[X 1] _ 5%{ , and e[n] o,
(87)  AnBe{04) = My =ML MEL =00 Y= and G, =0,
(88) ANB¢{0,B,A} = My =M =Ml =0 and 70 =d =4 =0

It is also easy to rebuild (MM A € P) from (MZL 1 ,A€e P ) and vy,.

Set
F, =N’ U Ag@n(dv;)F(T, vn)] .

is a subset of T, we have:

D ORD O BITAEE ]

BEP+ ielB |

n—1

Considering that 7;["_1]’3

Fn:Ng/ AP (v
Tnl

x| [ ARy

>, 2. Ts (T[n—ll,H(wg—l]),Mg;l},H(wg—ll) n hgn—l},Bj,];[n—lLB)

BePI_, i€lB |

n—1

X eXP{— Z <1{BcA} @ Aufn) + 1{anB=0 or A} ‘I)A7M[n ”>}] :
AeP;_ \{(B}

where the measure ./\/lggl_.l] is the measure ./\/lgg_l] but for the atom at (hg" 1 ’B, ’7;" 1, B)

nl n—1
M = My =5 s o,

and, for (T, w) € Tl(gc__l), (T",0") € Tioe—k, v € M(E) and b/ > h > 0:

FB((Ta W)7 hv v, h/vT/) = f(T ®minB,h’ [07t - h/]) exp {_<¢B,h’—h7 V>}

Ay (dv) exp{—<<1>{n}, M(T, (¢ ,v)) > },

T/
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with:
(89) Pp (s, t) = L ®pugny (5, 1) + Lo (s — 0", t).
For B € P\, using the notation ./\/lB =D iciB ) (5(5[@71],5 =115y, We set for ¢ € ff_l

~n—1 ~n—1
M[B,i ] = M[B } — 5<B£n71]’B,7’[n71]’B>'

i

We deduce from the induction assumption (i.e. Equation (82) with n — 1 instead of n) and
the definition of Kesten tree, with F,, = (n — 1)!(¢?)27" =259t G,, that:

Z Z FB( n—1, (w[n—l},B) M[ —1] H(w[n 1,8 )_i_ﬁgn—l},B’,]:[n_lLB)

BePl | iclP |

X eXP{— Z <1{BCA} @ Aufn} + 1{anB=0 or A} @A,Mn ”>}]-
AeP;_ \(B}

Since for A € P, the random measure M (T, E[n_l})(dh’ ,dT") is conditionally given EEZ_” a

Poisson point measure on [0, €E4 1]] x Tioe_x With intensity 28dh' N°[dT’], we deduce from Palm
formula that:

G, = E’

Qﬁ/ /Ne d7']FB< n—1, H (05 pln— 1}) M[n U g (wj[g_l})—l—r,T)

BeP |

X eXp{ - Z <1{Bch} @ Aufny + 1{anB,=0 or A} Pa, M[n 1 > }]
AeP \{B:}

— R’ [m Z(dz) / NY[dT|Tp, (Tn_l, H(@ly ), MY H (a), T)

Tnfl,t

X eXP{— Z <1{Bch} @ aufn} + 1{anB,=0 or A} Pa, M[X_H > }] ;
AP \{B.}

where B, is the only element B of 77:[_1 such that x belongs to the branch B of T,,_1: = €
]]A[n 1}, j[g_ }]] where, as T,,_; is discrete, we recall that Split,,_;(Tp_1) = ([[w[n 1}, 5l 1}]] Ae
Pr—1) with Pp_q = 73+ L U {{0}}. Using (82) again for n =1 (or Corollary 6.9) gives:

/Ng[dﬂ T5(Thote, by v, b, T) = f(Tnt ®min e [0, — b)) e )

t—h’
X exp{—?ﬁe(t — 1) -2 / da N? [1 - e—<1>{n}<arf>} }
0

With x chosen according to the length measure £ (dz) on Ty, 1, the tree T}, 1 ®in B, H(2) [0, t—
H (:L')] is obtained by grafting a branch of length ¢t — H(x) at  on T,,_; and thus will simply
be denoted as T,,—1 ®, [0,¢t — H(x)] (see also Remark 6.2 for similar notation). Therefore, we
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obtain:

G, =E’|28 Z(dx) f(Tn_l @y [0, t— H(m)}) exp{—Qﬁ(t - H(x))}

Trn-1

Jn—1l
{_2’8 Z 1{BgcCA} / ! da NG |:1 — e_chu{n}(mT)} }
AEP_ \{B:} 0
g[nfl]
A
{_25 Z 1eanB, =0 or 4} / da NY [1 - e_‘I’A(CL,T):| }
A€P,_\{Bz} 0
{ H(w)—H (wly

-2 ) da N? [1 - e—‘PBxu{n}WvT)} }
0

H (vl —H(x)
93 ( By ) da N’ [1 _ e—éBI(a,T)]}

t—H(x)
X exp{—Qﬂ/ da N? [1 — e_q’{n}(“vﬂ} } .
0

We deduce from Lemma 6.1 with the density:
250 62568 ~ _ s
denS(S) = m 1[0,t}(8) = Cf B e 269(t ) 1[0,t](8)

that for a non-negative measurable function F” defined on TI(ZLC)_K (or ']I‘((i?s)):

Ee,t 283 f(da;) Ja (Tn—l @ [O,t o H(a:)]) e—259(t—H(SL‘))

Tnfl

= (&) nEM [F"(Tn)]

Using similar equations as (85), (86), (87) and (88) stated with T, instead of (7, v,,) as well as
an obvious choice of F”, we obtain that:

Gn = (&) ' nE" [F'(T,)],
where F'(T,,) is given by (84). Then, we deduce from (83) that:
G, = (@)L nEO [F(Graftn(Tn, T*))] .
This gives:

NG [ / AP () F(T,v)} — = (n— D)2 e 20 G,

1-n
_pl (af) o200t ot [F(Graftn(Tn,T*))]
Thus, Equation (82) holds for the functionals F' we considered.

Recall that Tl(gc)_og is the Borel subset of ']I‘I(ZLC)_K of the trees such that the root is not a

branching vertex and the point vertices (but the root) are distinct from the root. The map:

(T,v) <Span(T, v), (MA[Ta v],A € 731—11-))
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defined on Tl(gg_og is one-to-one onto its image and bi-measurable, see Corollary 5.34. Fur-

thermore the set Tl(gc)_og is of full measure with respect to the distribution of (7,v) under
NO[dT) AP (dv*), with v = (o, v*), as N%-a.e. the root of T is not a branching vertex. Thus,
(T,v) is a measurable function of <TM, (/\;I[X}, AePr )) We then conclude by the monotone
class theorem that Equation (82) holds for any non-negative measurable function F' defined on

(n)
Tl(?c—K‘ [

6.4. Main result. Let 3 > 0, 6, € R, and let S*? be a Poisson point measure on [0, co) with
intensity measure fin(t) dt, where:

(90) fint(t) = af et >0,

We first consider the case o« > 0. Denote by (&;,7 € N*) the increasing sequence of jumping times

of the inhomogeneous Poisson process (N} ¥ = §20([0,¢]),¢t > 0). We consider the ']I'((i?s)-valued
random variable T¢, of Section 6.1.3 for n > 1 associated to fin;. In particular, recall that, for
every n > 1, T, is a discrete tree with n pointed leaves, where all of them are at height &,.

For every n > 1, let T™* = (T4, A € P;) be a family of independent Kesten trees with
parameter (3, «), independent of the tree T¢,. We defined the random marked tree:

ARES <H2(7~‘(”)), Spano('i‘(”))) with 7™ = Graft,, (%e,, T™).

Thanks to Lemma 5.17 and Lemma 5.28 on the measurability of the grafting function, we
deduce that 7 is a ']Tl[i}c_K-valued random variable. The family of the distributions of the
’]I‘l[i]C_K—Valued random trees (7™ n > 1) is consistent in the sense that, for every n > 1 and
every t < &, 7"1[/2} (7)) @ 7"1[/2} (T™+1). Tt is in particular a Cauchy sequence in ']Tl[i}C_K, and we

denote by (7%, T9) its limit which is thus a ']Tl[?c_K-valued random variable. By construction,

T*0 and Tk have the same distribution. This construction is a formal way to define the tree
obtained by grafting on the infinite discrete tree T%5¢ (which serves as a backbone) at x; a tree
T: where ((x;,7;),i € I) are the atoms of a Poisson point measure of intensity .2 (dz)N?(dT),
where . is the length measure on Tk,

For o = 0, we simply define (7'0’9, 799 as the Kesten tree with parameter (3, ).

We then define the Tl[i}C_K—valued random process ((7;0"9, T ’9), t> O> by setting:

720 = (7% and  T0 = 1y (T9),
that is (’7;0“9, Sf"e) = TF] (7%, 39)). Recall the Tjo._k-valued random variable 7 is under N’
a LA@vy tree; and we write 7; = 74(7). We now give the main result of this section.

Proposition 6.11. Let g € RY, 8, € Ry and t > 0. For every non-negative measurable
functional F on Tyoe—x (or Tk ), we have:

3 (7] - ¢ [ ).
Proof. We first consider the case a > 0. Let us fix ¢ > 0, and write N; for Ny " Recall that
Ny(T4), the number of vertices of the tree ¢ at level t is distributed as N; + 1. Using
Lemma 5.12 on the measurability of Ny, we get that F (7;0"6> 1 (N (T00)=n} is a well defined

non-negative random variable.
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Let (T),,n > 0) be the sequence of trees defined in Section 6.1.1 associated with the function:

(91) Jaens(s) = B(0) €777 110, (s).
We have, with Graft; = II} o Grafty:

E [F (Tﬂ")] -y E[F (7;‘”’) ( Ny(T0) = 1 4 1] P(N™? = n)
neN

A

5 ot 7)o

n!
neN
] o\n —a/09
_ ZE F<rt(Graft;+1(Tn+1,Tn“’*)))] (a/Ct)n—let’
neN .

where we used that N;(T*?) is distributed as N;* ? 41 for the first equality, that conditionally
on N;(T*%) = n+ 1, the random variable 7;0"9 is distributed as 7 (Graft;, (T, 7"1*)) condi-
tionally on N ? — n and that Ny ? is distributed as a Poisson process with intensity o at time
1/¢} (see Lemma 4.2) for the second one, that T; conditionally on N;" ¥ = n is distributed as
T,1 with fine and fgens in (73) given by (90) and (91) (see Lemma 6.6) for the last one. Recall
that 7, and IT; |, is measurable. Using Theorem 6.10 and that v(ds) in (81) is exactly faens(s)ds
with fgens given by (91), we have:

E [F (Tt (Graft;’LH(TnH, 7'"“*)))]

(@)" e* o ®(n+1) 1« .
N [ Ay >F(noHn+1<T,v>>]
_ (Eg)ne%@t 9 ®n+1), 1. %
= [ LA evran)

59 "e250t
= ((l;z)fl)' N’ [z F(T)]

as Zy = N¢(1) is the total local time of T at level t. Thus, using the definition of Mf"e in (12),
we obtain:

o[ ()] - 5 S
neN

(afedyre=o/et

n!

— N’ [F (77) Mf"ﬂ .

The simpler case o = 0, which is left to the reader, can also be handled in a similar way. [

As a conclusion, we deduce the following result for a > 0.
Theorem 6.12. Let o, 3 > 0, 0 € R. Assume that the function a is such that ast — oo :
aB?t?, if 0 = 0;
a+ ~
) a(20)72 28101 if g £ 0.

For every non-negative measurable function F' on Tk and s > 0, we have:

lim N [F (T;) | Z, = a;] = E [F (7;‘1"9')} .

t—o0
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Proof. Clearly, Proposition 3.5 still holds if Hs is Gs = o(rs(7)) measurable, that is Hy =
F(Ts) with F non-negative defined on T)o._x, and Z; is the total local time of 7 at level ¢, see
Section 6.2. We deduce that:

Jim N[F(T,)| Z; = ay] = NI?! [F(Ts)Mﬁ"‘gq _E |:F(7;a,\6|)} 7
where we used Proposition 6.11 for the last equality. 0

Similarly, we also get the following result for v = 0. Recall that 7% is a Kesten tree with
parameter (3,0).

Theorem 6.13. Let 5 >0, 0 € R. Assume that the function a is positive such that as t — oco:
W Jo), i 6 =0;
P ) o(e2B101t) if 6 £ 0.
For every non-negative measurable function F' on Tk and s > 0, we have:

) 120200 = (797)].
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Index of notation

Trees and pointed trees

T, t, T, T: generic notations for trees (or
class of equiv. trees).

d: generic distance on a tree.

0: generic notation for the root of trees.
H(xz) = d(p,x): height of the vertex .
H(T): height of the tree T

T,: subtree of T above the vertex z € T'.
[x,y]: the branch joining the vertices x to y.
To: the rooted tree reduced to its root.

Ty: the rooted infinite branch.

% or ZT: length measure on the tree T.

v = (v9 = 0,v1,...,Vy): generic notation for
pointed vertices of a tree.

(T,v) a (or a class of equiv. of) rooted n-
pointed tree.

(T,S)=(T,S,d, o) a (or a class of equiv. of)
marked tree with p € S C T.

Grafting a tree on a tree

(T®; T',v®v'), also denoted by T ®; T", is
the tree obtained by grafting 77 on T at the
pointed vertex v; € T and identifying the root
o of T with v;. The pointed vertices v ® v/
are the concatenation of the pointed vertices
v of T and the pointed vertices v’ (but for the
root) of 1.

T ®; 5, T', is the tree obtained by grafting 7"
on T at level h on the branch [p, v;].

T @5, T', with € € {g,d}, same as above but
for the pointed vertices of T’ which are in-

serted on the left (if € = g) or on the right of

Spanning and truncation

- Span®(T,v): the discrete rooted sub-tree of
T spanned by the pointed vertices v.

- Span(T,v): the rooted tree (Span®(7,v),v)
with the pointed vertices v.

- The map II; removes the pointed vertices
(but the root) from an mn-pointed tree:
IS (T, v) = (T, ). Thus:

IT; (Span(T,v)) = Span® (T, v).

- (T, v): the tree T truncated at level ¢ with
the spanned tree Span®(7T, v), and the pointed
vertices v.

2] 2 2,— [2] -2 .
Tt[ ]7 Tt[ ]’+, rl ) , TU, rt[ . Various trunca-

tion on marked trees (see Sect. 5.5 and 5.6).

Splitting and grafting
- L, (T, v) record the lengths of all the branches
of the subtree Span(7T,v) spanned by the n
pointed vertices:

L, (T,v) = (€a(T,v),A € P},
with P;I" the set of all subsets A C {1,...,n}
such that A # 0.

- Split,, (T, v) record the subtrees of T associ-
ated to all the branches of Span(7', bv):

Split,, (T, v) = (TA(T, v),Ae Pn>

with P, = P U {{0}}.

- Graft,(T", (T3, A € PJ)): replace the
branches labeled by A, of the discrete n-
pointed tree 7" by the trees 7% with a
marked infinite branch cut at the length
04(T,v). (The discrete tree (17”,v’) can be
coded /replaced by Ly, (17",v’).)

- Intuitively, we have for (7,v) a n-pointed
tree whose root is not a branching vertex

(see (60)):
(T,v) = Graft, (Spann(T, v), Split,, (T, v))

(92)
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Set of (equiv. classes of) trees

Tk set of (equiv. classes of) rooted compact
trees.

T&" ) set of (equiv. classes of) rooted n-
pointed compact trees; ']I‘(O) = Txk.
dgll){ the distance on ']TE? ); dg)%l = dgu-

Tioc—k set of (equiv.
compact trees.

= Tioe—x \{Z0}-

']I‘?OC_K subset of T,._k of trees whose root is
not a branching vertex.

classes of) rooted loc.

*
loc—K

0,%
P]I‘loc K — P]I‘loc K N P]I‘loc K-

']I‘l(glg_K set of (equiv. classes of) rooted n-

pointed loc. compact trees; Tl(gg_K = Tioc—K-

d(LrgH the distance on Tl(:c)—K§ dio();H = drcH.

']I‘l(og k Subset of ']I‘l(og k of trees whose root is

not a branching vertex.

']I'l(glc)jK subset of Tl(:c)—K of trees whose all

pointed vertices (but the root) are distinct
from the root.

(n),0 (n),0 (n),*
Tloc K Tl(:LC K n Tl(:LC—K'
']I‘((i?s) subset of ']I'%? ) C ’]I‘l(:c)_K of discrete trees.

Tl[i]c—K set of (equiv. classes of) rooted loc.

compact marked trees.

']I'SmeK subset of ']T[ } _ of marked trees (7, 5)

loc

such that S = 17, Wlth Ti the infinite branch.

Trees with a marked branch and point
measures

- M(E) set of point measures on £ = Ry x

T} ._x which are bounded on bounded sets

of E.

Tree : M(E) — T®™ maps the measure
M = > 0n, 1, to the marked tree (T',T1),
with the rooted tree T obtained by grafting
the trees T; on the rooted infinite branch T}

at level h;.

M TP — M(E) maps the marked
tree (T',T1) to the measure ), ; 0p, 1, Where
T;\{0;} are the connected component of T\ T}
with root o; € T and h; = d(p, 0;), where o
is the common root of 7" and T7.

M is also defined on ']I‘l(;z_K.

Reconstruction results
With Id the identity map:
Treeo M =1d on nggriCK,
Mo Tree =1Id on M(E) = Im(M).
(T,v) € Tl(ggi); can be recovered in a measur-
able way from (d(o,v), M(T,v)).
T(n)70,*

(T,v) € ek can  be  recov-
ered in a measurable way from
(Span,,(T,v), (Ma[T,v],A € Pl)), where
MU[T,v] = M(TA(T,v)), with T4(T,v) €
’]Tl(;g i defined by the splitting operation

n (92).
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