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Abstra
t

In this paper we 
onstru
t apriori estimates for the �rst order derivatives in the

sup-norm for �rst order meta-monogeni
 fun
tions, generalized monogeni
 fun
-

tions satisfying a di�erential equation with an anti-monogeni
 right hand side and

generalized meta-monogeni
 fun
tions satisfying a di�erential equation with an

anti-meta-monogeni
 right hand side. We obtain su
h estimates through integral

representations of these 
lasses of fun
tions and give an expli
it expression for the


orresponding 
onstants appearing in the estimates. Then we show how initial

value problems 
an be solved in 
ase an interior estimate is true in the fun
tion

spa
es under 
onsideration. All related fun
tions are in a Cli�ord type algebra.

Keywords: Interior estimates of solutions of ellipti
 equations, Initial value prob-

lems of Cau
hy-Kovaleskaya type, Meta-monogeni
 fun
tions, Cli�ord type alge-

bras.

Resumen

En este artí
ulo nosotros 
onstruimos estimados a priori en la norma del supremo,

para las derivadas de primer orden de fun
iones meta-monogéni
as de primer orden,
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de fun
iones monogéni
as generalizadas satisfa
iendo una e
ua
ión diferen
ial 
on

un lado dere
ho anti-monogéni
o y de fun
iones meta-monogéni
as generalizadas

satisfa
iendo una e
ua
ión diferen
ial 
on un lado dere
ho anti-meta-monogéni
o.

Tales estimados los obtenemos a través de representa
iones integrales de esas 
lases

de fun
iones y damos una expresión explí
ita para las 
orrespondientes 
onstantes

que apare
en en los estimados. Finalmente, nosotros mostramos 
ómo problemas

de valores ini
iales pueden ser resueltos en 
aso que tengamos un estimado interior

en el espa
io de fun
iones 
onsiderado. Todas las fun
iones rela
ionadas 
on los

resultados de este trabajo tienen valores en un álgebra tipo Cli�ord.

Palabras 
laves: Estimados interiores de solu
iones de e
ua
iones elípti
as, Prob-

lemas de valores ini
iales de tipo Kovaleskaya, Fun
iones meta-monogéni
as, álge-

bras tipo Cli�ord.

1 Motivation of the paper

Let Ω be a bounded domain in Rn+1
whose points are denoted by x =

(x0, . . . , xn). Let Dλ be the �rst order meta-monogeni
 operator of Rn+1

(see [1, 2℄)

Dλ = D − λ =
( ∂

∂x0

+
n
∑

j=1

ej
∂

∂xj

)

− λ, (1)

where λ ∈ R. The Cli�ord-algebra-valued solutions u of the equation Dλu =
0 are 
alling �rst order meta-monogeni
 fun
tions. From now on, whenever

we say meta-monogeni
 we mean �rst order meta-monogeni
.

A Cli�ord-algebra-valued fun
tion u = u(x) =
∑

A uA satisfying a di�erential

equation of the form

Dλu = F (x, u, ∂0u, ∂1u, . . . , ∂nu), ∂i =
∂

∂xi

, i = 0, 1, . . . , n, (2)

is 
alled a generalized meta-monogeni
 fun
tion. In this arti
le we 
onsider

the 
ase when the right-hand side of equation (2) has the form

F (x, u) =
∑

A

FA(x)uA,

where the 
oe�
ients FA(x) are Cli�ord-algebra-valued fun
tions having 
on-

tinuous �rst order derivatives (see [3, 4℄). If Dλ =
(

e0∂0 −
n
∑

i=0

ei∂i

)

− λ is
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the 
onjugate meta-monogeni
 operator, then we will say that the equation

Dλu =
∑

A

FA(x)uA (3)

is a di�erential equation with anti-meta-monogeni
 right-hand side if for ea
h

solution u the expression

Dλ

(

∑

A

FA(x)uA

)

(4)

is a linear 
ombination of the uA alone (not depending on the partial deriva-

tives of the uA) (see [5, 6℄).

If λ = 0 in equation (2), then the fun
tions u are 
alling generalized

monogeni
 and if λ = 0 in equations (3) and (4), then we have a di�erential

equation with anti-monogeni
 right-hand side (see [6℄).

Initial value problem of type

∂tu = F(x, u, ∂iu), (5)

u(0, x) = ϕ(x), (6)


an be solved by the 
ontra
tion prin
iple in 
ase the initial fun
tion ϕ be-

longs to an asso
iated spa
e whose elements satisfy an interior estimate.

De�nition 1. [7, 8℄ Let F be a �rst order di�erential operator depending

on t, x, u and ∂iu for i = 0, 1, . . . , n, while G is a di�erential operator with

respe
t to the spa
elike variables xi with 
oe�
ients not depending on time

t. F is said to be asso
iated with G if F maps all solutions for the

di�erential equation Gu = 0 into solutions of the same equation for a �xedly


hosen t, i.e.,
Gu = 0 ⇒ G(Fu) = 0.

The fun
tion spa
e X 
ontaining all the solutions for the di�erential equation

Gu = 0 is 
alled an asso
iated spa
e of F .

This 
on
ept generalize the fa
t that the spa
e of holomorphi
 fun
tions is

asso
iated to the 
omplex di�erentiation

d

dz
be
ause the 
omplex derivative

of a holomorphi
 fun
tion is again holomorphi
.

On the other hand, interior estimates des
ribe the behaviour of the deriva-

tives of a fun
tion near the boundary of a bounded domain:
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De�nition 2. If u is given fun
tion in a domain Ω, and Ω′
is a subdomain

having positive distan
e dist(Ω′, ∂Ω) from the boundary ∂Ω of Ω, then an

estimate as

∥

∥

∥

∥

∂u

∂xj

∥

∥

∥

∥

Ω′

≤ K

dist(Ω′, ∂Ω)
||u||Ω

is 
alled an interior estimate, where K is a 
onstant neither depending on u
nor on Ω′

.

Although initial value problems of the type (5), (6) 
an be solved using

asso
iated spa
es (see [3, 9�14℄), the famous Lewy example (see [15℄) shows

that there are di�erential equations as (5) not having any solution, in par-

ti
ular no initial value problem is solvable for these equations. It means that

no asso
iated spa
e with an interior estimate for its elements, 
an exist.

The desired solution of the initial value problem (5),(6) 
an be found as

a �xed point of a related operator as the following:

U(x, t) = ϕ(x) +

∫ t

0

F (τ, x, u, ∂ju)dτ. (7)

In order to 
onstru
t �xed points of this operator in suitable fun
tion

spa
es, we have to estimate the integro-di�erential operator on the right-

hand side of (7). This is a little bit di�
ult be
ause the integrand 
ontains

derivatives with respe
t to the spa
elike variables xj . But the estimation is

possible in 
ase one uses the method of asso
iated spa
es. The existen
e of

an asso
iated di�erential operator where its elements satisfy an interior esti-

mate, implies not only the solubility of the di�erential equation but also the

possibility to 
hoose arbitrary solutions of the asso
iated di�erential equation

as initial fun
tions (see [4, 16�21℄).

The 
lassi
al Cau
hy-Kovalevskaya problem was solved by W. Walter in

[22℄ using �xed-point methods and a weighted sup-norm. Taking the initial

fun
tions from the 
lasses of fun
tions 
onsidered in this arti
le and the

weighted sup-norm, we 
an follow the idea of W. Walter to solve those initial

value problems generated by the generalized fun
tions dis
ussed in this paper.

Interior estimates 
an be found for fun
tions having boundary or domain

integral representations and are possible for di�erent norms in the 
ase of

solutions of ellipti
 equations (see [23�26℄). For example, in order to obtain

su
h an interior estimate for the 
omplex derivative of holomorphi
 fun
tions
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it is used the Cau
hy Integral Formula:

∥

∥

∥

∥

∂u

∂xj

∥

∥

∥

∥

Ω′

≤ 1

dist(Ω′, ∂Ω)
||u||Ω

where u is a 
omplex valued fun
tion in a bounded domain Ω, and Ω′
a subdo-

main having positive distan
e dist(Ω′, ∂Ω) from the boundary ∂Ω of Ω. Also,
in higher dimensions, sin
e monogeni
 fun
tions are solutions of the Lapla
e

equation, interior estimates in the supremum norm 
an be obtained from

the Poisson Integral Formula for harmoni
 fun
tions. Using the Lp-norm,

interior estimates have been 
al
ulated using other integral representations

for fun
tions (see [26, 27℄).

The goal of the present paper is to 
onstru
t interior estimates in the

supremum norm (sup-norm) asso
iated to more general 
lasses of fun
tions


alled meta-monogeni
s, generalized monogeni
 fun
tions satisfying a di�erential

equation with an anti-monogeni
 right hand side and generalized meta-monogeni


fun
tions satisfying a di�erential equation with an anti-meta-monogeni
 right

hand side, when these fun
tions take its value in Cli�ord type algebras. We

obtain su
h estimates through integral representations of these 
lasses of

fun
tions (see [28�30℄) and give an expli
it expression for the 
orresponding


onstants appearing in the estimates. Then we show how initial value prob-

lems 
an be solved in 
ase an interior estimate is true in the fun
tion spa
e

under 
onsideration.

Finally, as the parameter-depending Cli�ord algebras that we 
onsider

are more general Cli�ord algebras, we 
over more general partial di�erential

equations. Hen
e our results on interior estimates in the sup-norm are gen-

eralizations of those that 
an be found in the framework of Classi
 Cli�ord

algebras.

2 Preliminaries

2.1 Constant parameters depending Cli�ord algebras

Cli�ord algebras 
an be de�ned as equivalen
e 
lasses in the ringR[X1, ..., Xn]
of polynomials in n variablesX1, ..., Xn with real 
oe�
ients, where two poly-

nomials are to be distinguished in 
ase they di�er at least in the order of the

fa
tors Xj in one of their terms. Then two polynomials are said to be equiv-

alent if their di�eren
e is a polynomial for whi
h ea
h term 
ontains at least
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one of the fa
tors

X2
j + 1 or XiXj +XjXi . (8)

Denoting Xj by ej , j = 1, ..., n, the stru
ture polynomials (8) imply the

well-known rules of the usual Cli�ord algebra An:

e2j = −1, j = 1, ..., n, and

eiej = −ejei for i 6= j.

It is well known that An extends the Eu
lidean spa
e Rn+1
, whi
h has the

basis e0 = 1, e1, ..., en (see [31, 32℄).

Similarly, we 
an obtain Cli�ord-type algebras if the stru
ture polynomi-

als (8) are repla
ed by

X2
j + αj and XiXj +XjXi − 2γij, (9)

where i, j = 1, ..., n, i 6= j, and αj and γij = γji, for i 6= j are real 
onstants

(see [32,33℄). We 
all them Cli�ord algebras depending on parameters αj and

γij or Cli�ord type algebra. If n ≥ 2, the Cli�ord algebra generated by the

stru
ture polynomials (9) is denoted by An(2, αj, γij) and for n = 1 we write
A1(2, α). As in the 
ase of the usual Cli�ord algebra An (= An(2, 1, 0)), we
have from stru
ture polynomials (9) the rules

e2j = −αj , j = 1, . . . , n,

eiej + ejei = 2γij, i 6= j, (10)

and it 
an be proven that its dimension is 2n. For other more general Cli�ord

type algebras see [29, 32℄.

We will 
onsider fun
tions u de�ned on a bounded domain Ω in Rn+1

having values in An(2, αi, γij), i.e., u(x) =
∑

A∈Γn

uA(x)eA, where

uA : Ω → R Γn = {0, 1, 2, . . . , 12, 13, . . . , 123 . . . n}.

The generalized Cau
hy-Riemann operator and its 
onjugate in Rn+1
are

de�ned by

D =
n
∑

j=0

ej∂j and D = ∂0 −
n
∑

j=1

ej∂j ,

respe
tively, where ∂j =
∂

∂xj
, for j = 1, . . . , n.
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De�nition 3. A fun
tion u ∈ C1(Ω,An(2, αi, γij)) is 
alled left monogeni


if it satis�es the equation Du = 0 and right monogeni
 if it satis�es uD = 0.
A left monogeni
 fun
tion will be 
alled monogeni
.

A straightforward 
al
ulation shows that for ea
h twi
e 
ontinuously dif-

ferentiable monogeni
 fun
tion, we have

DDu = ∂2
0u+

n
∑

j=1

αj∂
2
j u− 2

∑

i<j

γij∂i∂ju = 0. (11)

Example 1. In An(2, αj, 0), the equation DDu = 0 
an be hyperboli
 or

paraboli
 in 
ase some of the αj are negative or null respe
tively and 
an be

ellipti
 if all of the αj are positive.

Remark 1. Observe that a monogeni
 fun
tion in An always satis�es the

Lapla
e equation. In 
ontrast, the Example 1 shows that monogeni
 fun
tions

in more general Cli�ord algebras satisfy di�erent equations from the Lapla
e

equation.

Using the rules (10), we get the following result:

Example 2. In A2(2, α, β, γ) the Cau
hy-Riemann system Du = 0 for a

Cli�ord-algebra-valued fun
tion u = u0 + u1e1 + u2e2 + u12e12 reads

∂0u0 − α∂1u1 + 2γ∂2u1 − β∂2u2 = 0,

∂0u1 + ∂1u0 + β∂2u12 = 0,

∂0u2 − α∂1u12 + ∂2u0 + 2γ∂2u12 = 0,

∂0u12 + ∂1u2 − ∂2u1 = 0.

Remark 2. After Example 2, we see that also the �rst order system Du = 0
is more general in a Cli�ord algebra An(2, αj, γij) than the Cau
hy-Riemann

system for monogeni
 fun
tions in An.

2.2 Fundamental solutions for Dλ and D−λ

Let Ω be a bounded domain in Rn+1
with su�
iently smooth boundary. Con-

sider a An(2, αj, γij)-valued fun
tion u =
∑

A∈Γn

uAeA de�ned in Ω and suppose
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it is monogeni
, then we get the homogeneous se
ond order di�erential equa-

tion given by (11). We denote the operator DD by ∆̃ and so we have

∆̃u = ∂2
0u+

n
∑

j=1

αj∂
2
ju− 2

∑

i<j

γij∂i∂ju = 0. (12)

From now on we will suppose that the αj are positive for j = 0, . . . , n and the

absolute values of the γij are not too large (i.e. |γij| ≤ const with a suitable


onstant). Then the equation (12) is ellipti
 and its 
oe�
ient matrix is















1 0 0 · · · 0
0 α1 −γ12 · · · −γ1n
0 −γ21 α2 · · · −γ2n
.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

0 −γn1 −γn2 · · · αn















. (13)

As 
onsequen
e of the ellipti
ity, (13) has an inverse matrix having the form











1 0 · · · 0
0 A11 · · · A1n
.

.

.

.

.

.

.

.

.

.

.

.

0 An1 · · · Ann











, (14)

where Aij = Aji (be
ause of γij = γji). Using these 
oe�
ients, we 
an

de�ne for two points ξ = (ξ0, ξ1, ..., ξn) and x = (x0, x1, ..., xn) of Rn+1
a

non-Eulidean distan
e ̺ by

̺2 = (x0 − ξ0)
2 +

n
∑

i,j=1

Aij(xi − ξi)(xj − ξj). (15)

On the other hand, for a point x 6= ξ we 
onsider the usual Eu
lidean distan
e
r = |x− ξ|. Then we 
an write x− ξ = ry, where |y| = 1. For su
h point the

non Eu
lidean distan
e ρ0 between the point y and (0, . . . , 0) has a positive

in�mum c, i.e., ρ0 ≥ c. On the other hand, the de�nition (15) shows that

ρ = rρ0. Hen
e we obtain
ρ ≥ cr. (16)

Using the distan
e ρ given by (15), the fun
tion E−λ(x, ξ) is de�ned by

E−λ(x, ξ) = E(x, ξ) · e−λ(x0 − ξ0),
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where x, ξ ∈ Ω, λ ∈ R and

E(x, ξ) =
1

ωn+1

1

̺n+1

(

(x0 − ξ0)−
n
∑

i,j=1

Aijei(xj − ξj)
)

.

The fun
tion E−λ(x, ξ) is a fundamental solution for the operator D−λ =
D + λ in An(2, αj, γij) (see [28℄ and [2℄).

Denoting

x′ − ξ′ = (x0 − ξ0) +

n
∑

i,j=1

eiAij(xj − ξj)

and after some 
al
ulation, we 
an prove that (x′ − ξ′).(x′ − ξ′) = ̺2 (see

Lemma 1 in [34℄). Taking ̺ = ||x′ − ξ′||̺, the kernel E−λ(x, ξ) 
an be repre-

sented as

E−λ(x, ξ) =
1

ωn+1

x′ − ξ′

||x′ − ξ′||n+1
̺

· exp (−λ(x0 − ξ0)) . (17)

2.3 A Cau
hy formula for meta-monogeni
 fun
tions

Theorem 1. [2,28℄ Let E−λ(x, ξ) be a fundamental solution for D−λ. An ar-

bitrary twi
e 
ontinuously di�erentiable fun
tion u with values in the algebra

An(2, αi, γij) 
an be represented in the form

h(αj , γij) · u(ξ) =
∫

∂Ω

E−λ(x, ξ) · dσ · u−
∫

Ω

E−λ(x, ξ) ·Dλu dx, (18)

for interior points ξ of Ω and where

h(αj , γij) = −
∫

|x−ξ|=ε

E−λ(x, ξ) · dσ. (19)

On the other hand, if we take u su
h that Dλu = 0 in (18), then we 
an

obtain a Cau
hy Integral type Formula for the meta-monogeni
 fun
tion u:

h(αj, γij) · u(ξ) =
∫

∂Ω

E−λ(x, ξ) · dσ · u. (20)
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2.4 Some important estimates

Suppose Ω is an arbitrary domain in Rn+1
with �nite measure mΩ. Then

the S
hmidt Inequality states

∫

Ω

1

|x− ξ|α dξ ≤ ωn+1

n+ 1− α

(

mΩ

τn+1

)1− α
n+1

provided 0 ≤ α < n + 1, where τn+1 means the volume of the unit ball in

Rn+1
and ωn+1 is the surfa
e measure of its boundary (see [33℄).

Let u(x) =
∑

A∈Γn

uAeA, v(x) =
∑

B∈Γn

vBeB be a pair of An(2, αj, γij)-valued

fun
tions. Consider the integral

∫

∂Ω

v · dσ · u =
n
∑

A,B∈Γn,j=0

∫

∂Ω

vBeB · ejNjdµ · uAeA,

where dσ =
n
∑

j=0

eiNjdµ, N = (N0, N1, . . . , Nn) is the outer unit normal

ve
tor on ∂Ω and dµ is the s
alar measure element of ∂Ω. Sin
e

∣

∣

∣

∣

∫

∂Ω

vBeBejNjdµ uAeA

∣

∣

∣

∣

=

∣

∣

∣

∣

eBejeA

∫

∂Ω

vBNjuAdµ

∣

∣

∣

∣

≤ bB,j,A

∫

∂Ω

|vB| |uA| dµ,

where bB,j,A is an upper bound for |eBejeA|, then
∣

∣

∣

∣

∫

∂Ω

v · dσ · u
∣

∣

∣

∣

≤ M∗

∫

∂Ω

|u||v|dµ, (21)

where M∗ = (n+ 1)4nmax
B,j,A

bB,j,A.

Similar arguments leads to

∣

∣

∣

∣

∫

∂Ω

u · dσ
∣

∣

∣

∣

≤ M∗

∫

∂Ω

|u|dµ, (22)

where M∗ = (n+ 1)2nmax
A,j

|eAej | .
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3 Interior estimates

In this se
tion we 
al
ulate interior estimates for meta-monogeni
 fun
tions,

generalized monogeni
 fun
tions satisfying a di�erential equation with an

anti-monogeni
 right-hand side and generalized meta-monogeni
 fun
tions

satisfying a di�erential equation with an anti-meta-monogeni
 right-hand

side. For all 
ases we use integral representations given by fundamental

solutions.

3.1 Meta-monogeni
 fun
tions

Consider an An(2, αi, γij)-valued fun
tion u(x) =
∑

A∈Γn

uA(x)eA on a set K.

We de�ne the sup-norm for u as the maximum of the sup-norms of its 2n

real-valued 
omponents, i.e.,

‖u‖ = sup
K

|u(x)| := max
A∈Γn

(sup
K

|uA(x)|).

In order to obtain a interior estimate using the equation (20) for meta-

monogeni
 fun
tions we must 
ompute the derivative of the fundamental

solution E−λ.

A straightforward 
al
ulation leads to

∂xs
E−λ(x, ξ) = −(n + 1)

ωn+1

(x′ − ξ′)s(x′ − ξ′)

||x′ − ξ′||(n+3)
̺

exp (−λ(x0 − ξ0))

+
1

ωn+1||x′ − ξ′||(n+1)
̺

[

n
∑

j=0

Âjsej − λÂ0s(x′ − ξ′)

]

exp (−λ(x0 − ξ0)),

s = 0, 1, . . . n, where

Â0s = Âj0 = 0, s, j = 1, . . . , n, Â00 = 1, Âjs = −Ajs, s, j = 1, . . . , n

and

(x′ − ξ′)s = −
n
∑

j=0

Âjs(xj − ξj), s = 1, . . . , n , (x′ − ξ′)0 = (x0 − ξ0).
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Therefore, denoting ||x′ − ξ′||̺ by just ̺ and using (20) and (21) we have

|h(αj, γij) · ∂ξsu(ξ)| =
∣

∣

∣

∣

∣

∣

∫

∂Ω

∂ξsE−λ(x, ξ) · dσ · u(x)

∣

∣

∣

∣

∣

∣

≤ M∗

∫

∂Ω

|∂ξsE−λ(x, ξ)| |u(x)| dµ

≤ M∗

ωn+1

sup
∂Ω

|u(x)|





∫

∂Ω

n + 1

̺n+3

∣

∣

∣
(x′ − ξ′)s(x′ − ξ′) exp (−λ(x0 − ξ0))

∣

∣

∣
dµ





+
M∗

ωn+1

sup
∂Ω

|u(x)|
(

∫

∂Ω

1

̺n+1

∣

∣

∣

∣

∣

(

n
∑

j=0

Âjsej

)

exp (−λ(x0 − ξ0))

∣

∣

∣

∣

∣

dµ

+ |λ|
∣

∣

∣
Â0s

∣

∣

∣

∫

∂Ω

1

̺n+1

∣

∣

∣
(x′ − ξ′) exp (−λ(x0 − ξ0))

∣

∣

∣
dµ

)

.

Sin
e Ω is a bounded domain, the exponential fun
tion satis�es

|exp (−λ(x0 − ξ0))| ≤ L,

for some 
onstant L. Taking into a

ount that

∫

|x−ξ|=r

dµ = rnωn+1,

|(x′ − ξ′)s| ≤
n
∑

j=0

|Âjs||xj − ξj| ≤ r

n
∑

j=0

|Âjs|, s = 0, 1, . . . n,

|x′ − ξ′| ≤ r(1 +
∑n

i,j=1 |Aij |) and |u(x)v(x)| ≤ a(αi, γij)|u(x)||v(x)|,

where u, v ∈ An(2, αj, γij) and a(αi, γij) is a positive 
onstant depending only
on αi and γij, using (16) and (22) with E−λ(x, ξ) instead of u, and integrating
over |x− ξ| = r instead of ∂Ω, we obtain

|∂ξsu(ξ)| ≤
K∗

n(αj, γij)

r
sup
Ω

|u(x)|,



39 Ariza, Di Teodoro, Vanegas

where

K∗
n(αj , γij) =

L ·M∗

M∗

[

a1(αj , γij)

cn+3

n
∑

j=0

|Âjs|(1 +
n
∑

i,j=1

|Aij|)

+
a2(αj , γij)

cn+1

n
∑

j=0

|Âjs|+
a3(αj, γij)c0|λ||Â0s|

cn+1
(1 +

n
∑

i,j=1

|Aij|)
]

. (23)

Here we are assuming that h(αj , γij) possesses an inverse and c0 is 
onstant
satisfying ̺ ≤ c0. Hen
e the limiting pro
ess r → d(ξ) = infx∈∂Ω|x− ξ| leads
to the interior estimate for the derivative of a meta-monogeni
 fun
tion and

so we have proved the following theorem:

Theorem 2. Suppose u is a meta-monogeni
 fun
tion in Ω with values in

the parameter Cli�ord algebra An(2, α, γij). If the Cli�ord 
onstant h(αj, γij)
de�ned by (19) has an inverse and c0 is 
onstant satisfying ̺ ≤ c0, then the

estimate

|∂ξsu(ξ)| ≤
K∗

n(αj, γij)

d(ξ)
‖u‖ (24)

holds, where K∗
n(αj , γij) is given by (23).

3.2 Generalized monogeni
 fun
tions satisfying a

di�erential equation with an anti-monogeni


right-hand side

In this subse
tion, we will show the interior estimate for solutions of a partial

di�erential equation whose right-hand side is anti-monogeni
 (see [6℄).

Consider a Cli�ord type algebra-valued generalized monogeni
 fun
tion u
satisfying a di�erential equation with anti-monogeni
 right-hand side of the

form

Du = F (x, u) =
∑

A∈Γn

FA(x)uA, (25)

where the 
oe�
ients FA(x) are parameter-depending on a Cli�ord algebra-

valued fun
tions possessing 
ontinuous �rst-order derivatives. As the equa-

tion (25) has an anti-monogeni
 right-hand side, the expression

D

(

∑

A∈Γn

FA(x)uA

)
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is a linear 
ombination only of the 
omponents uA. We denote this linear


ombination by

∑

A∈Γn

GA(x)uA.

Thus, ea
h solution u of (25) satis�es the di�erential equation

∆̃u =
∑

A∈Γn

GA(x)uA. (26)

In [5℄ , a su�
ient 
ondition for the right-hand side of the equation (25)

to be anti-monogeni
 is given. The given 
riterion allows the 
onstru
tion of

anti-monogeni
 fun
tions in Cli�ord type algebras.

A fundamental solution of the ellipti
 equation ∆̃u = 0 is the Cli�ord-

parameter Newton potential

K̃(x, ξ) =
−1

(n− 1)wn+1

· 1

ρn−1

(see [29,30,32℄). Therefore, we have that ea
h generalized monogeni
 fun
tion

satisfying the equation (26), 
an be represented in the form

u(x) =

∫

Ω

K̃(x, ξ) · q ·
∑

A∈Γn

GA(ξ)uA(ξ)dξ, (27)

where q is a Cli�ord 
onstant depending on the parameters αi and γij ,
i, j = 1, . . . , n. Consequently, an interior estimate of a generalized mono-

geni
 fun
tion solution of (26) 
an be obtained from (27).

Consider GA =
∑

B∈Γn

gABeB, where gAB are the real-valued 
omponents of

the 
oe�
ients GA. If CG is a bound for the absolute values of gAB, then

|GA|2 =
∑

B∈Γn

|gAB|2 ≤ 2nC2
G.

Sin
e u has 2n 
omponents uA, we have

∑

A∈Γn

|GA| |uA| ≤ 2n/2 · 2nCG ‖u‖ = 2
3
2
nCG ‖u‖ . (28)

The estimate (16) yields

|∂xj
K̃(x, ξ)| ≤ |xj − ξj |

ωn+1cn+1rn+1
≤ 1

ωn+1cn+1

1

|x− ξ|n . (29)
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It means that the di�erentiated kernel ∂xj
K̃(x, ξ) is integrable.

From a straightforward 
al
ulation follows the next Lemma:

Lemma 1. Consider two fun
tion u =
∑

A uAeA and v =
∑

A vBeB in

An(2, α, γij). Then

i) |u v| ≤ 2n/2M |u| |v|, where M = M(αi, γij) is a 
onstant depending on

the parameters αi and γij.

ii)

∣

∣

∫

Ω
u(x) dx

∣

∣ ≤ 2n/2
∫

Ω
|u(x)| dx.

iii) |u1 · u2 · · ·um| ≤ (2n/2M)m−1 |u1||u2| · · · |um|.

iv)

∣

∣

∫

Ω
(u1(x) · · ·um(x))dx

∣

∣ ≤ 2
nm
2 Mm−1

∫

Ω
|u1(x)| · · · |um(x)|dx.

In order to obtain an interior estimate for the �rst order derivatives of u
given by (27), we use the Lemma 1, the estimates (28), (29) and S
hmidt's

Inequality, whi
h leads to

∣

∣

∣

∣

∣

∂xi

(

∫

Ω

K̃(x, ξ) · q ·
∑

A∈Γn

GA(ξ)uA(ξ)dξ

)∣

∣

∣

∣

∣

≤ 2
5
2
n ·M2 · |q|
cn+1

·
(

mΩ

τn+1

)
1

n+1

CG·‖u‖ ,

where M = (αi, γij) is a positive 
onstant depending only on αi and γij .

Denoting the diameter of Ω by d0 and the positive distan
e from x ∈ Ω
to the boundary ∂Ω of Ω by dist(x, ∂Ω), we have

1 ≤ d0
dist(x, ∂Ω)

everywhere in Ω. This gives us the following interior estimate:

∣

∣

∣

∣

∂u

∂xi

(x)

∣

∣

∣

∣

≤ C∗

dist(x, ∂Ω)
‖u‖ ,

where

C∗ =
d0 · 2

5
2
n ·M2 · |q|
cn+1

·
(

mΩ

τn+1

)
1

n+1

· CG. (30)

Therefore we have been proved the following theorem
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Theorem 3. Suppose u is a generalized monogeni
 An(2, α, γij)-valued fun
-
tion in Ω. Then we have the interior estimate

∣

∣

∣

∣

∂u

∂xi

(x)

∣

∣

∣

∣

≤ C∗

dist(x, ∂Ω)
‖u‖ , (31)

where C∗
is given by (30).

Remark 3. If u is a monogeni
 fun
tion, we have CG = 0 in (30) implying

C∗ = 0 and thus we do not get interior estimates for the fun
tion u by this

way. Therefore to obtain an interior estimate for the fun
tion u, we 
an use

a representation of the fun
tion u by boundary integral given by the Theorem

5.6 in [29℄.

3.3 Generalized meta-monogeni
 fun
tions satisfying a

di�erential equation with an anti-meta-monogeni


right-hand side

Now we will show an interior estimate for solutions of a partial di�erential

equation whose right-hand side is anti-meta-monogeni
. To do that, we will

use the results of the previous subse
tion.

We 
onsider the following equation

Dλu = F (x, u) =
∑

A∈Γn

F̃A(x)uA, (32)

where the 
omponents F̃A(x) are 
ontinuously di�erentiable An(2, αj, γij)-
valued fun
tions. Suppose that the equation (32) is a di�erential equa-

tion with an anti-meta-monogeni
 right-hand side and denote the expression

Dλ(
∑

A∈Γn

F̃A(x)uA) by
∑

A∈Γn

G̃A(x)uA. Then ea
h solution of (32) satis�es the

di�erential equation

∆̃u− 2λ∂0u+ λ2u =
∑

A∈Γn

G̃A(x)uA.

Repla
ing the fun
tion u by

v = u exp(−λx0)



43 Ariza, Di Teodoro, Vanegas

we obtain

∆̃v =
∑

A∈Γn

G̃A(x)vA.

Observe that the fun
tion v is also a generalized meta-monogeni
 fun
tion.

Thus the interior estimate for

∂v

∂xi

an be obtained in the sup-norm in a

similar form as in Subse
tion 3.2. Sin
e Ω is a bounded domain, the de�nition

of fun
tion v leads to an interior estimate for the generalized meta-monogeni


fun
tion u. Therefore we have the following result:

Theorem 4. Let u be a meta-monogeni
 fun
tion in Ω with values in the

Cli�ord type algebra An(2, α, γij). Suppose that C̃G is a bound for the absolute

values of the 
omponents of G̃A and ν a bound for exp(λx0) in Ω. Denoting
the diameter of Ω by d0 and taking into a

ount that

1 ≤ d0
dist(x, ∂Ω)

everywhere in Ω, then we have the following interior estimate

∣

∣

∣

∣

∂u

∂xi

(x)

∣

∣

∣

∣

≤ C̃∗

dist(x, ∂Ω)
‖u‖ , (33)

where

C̃∗ =
d0 · 2

5
2
n ·M2 · ν · |q|
cn+1

·
(

mΩ

τn+1

)
1

n+1

C̃G.

4 Appli
ations of the interior estimates for the

solvability of initial value problems

We 
onsider the initial value problem

∂tu(t, x) = F(t, x, u, ∂ju) (34)

u(0, x) = ϕ(x), (35)

where t ∈ [0, T ] is the variable time, x = (x0, . . . , xn) is a spa
elike variable

on Rn+1
, ∂j is the di�erentiation operator with respe
t to xj and u = u(t, x)

is an An(2, α, γij)-valued fun
tion. The right-hand side F is taken as linear in
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the real valued 
omponents uA and their �rst order derivatives with respe
t

to the variables xj . For example we 
an take F as

F(t, x, u, ∂ju) =

n
∑

i=0

A(i)(t, x)∂iu(t, x) +B(t, x)u(t, x) + C(t, x), (36)

where A(i)
are twi
e 
ontinuously di�erentiable An(2, α, γij)-valued fun
tions

and B and C are 
ontinuously di�erentiable An(2, α, γij)-valued fun
tions,

for ea
h t ∈ [0, T ] (see [10, 16℄).
Furthermore, we assume that the initial fun
tion de�ned in a bounded

domain in Rn+1
satis�es a 
ertain partial di�erential equation

G(u) = 0. (37)

We will show that this initial value problem is solvable if the spa
e of solutions

of the equation (37) is asso
iated to the operator F and its elements satisfy

an interior estimate.

In what follows, we will suppose that equation (37) 
an be any of the

following equations:

Dλu = 0, (38)

Du− F (x, u) = 0, (39)

Dλu− F (x, u) = 0, (40)

where the right-hand side of (39) is anti-monogeni
 and the right-hand side

(40) is anti-meta-monogeni
.

The initial value problem (34), (35) 
an be rewritten as (see [35℄)

u(t, x) = ϕ(x) +

∫ t

0

F(τ, x, u(τ, x), ∂ju(τ, x))dτ. (41)

Consequently, the solution of the initial value problem (34), (35) is a �xed

point of the operator

Tu(t, x) = ϕ(x) +

∫ t

0

F(τ, x, u(τ, x), ∂ju(τ, x))dτ. (42)

and vi
e versa. To apply a �xed point theorem as the Contra
tion Mapping

Prin
iple, the operator (42) should map a 
ertain Bana
h spa
e B of fun
tions
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solutions of equation (37) into itself. Sin
e the operator F also depends on

the derivatives ∂xi
u, that map exists in 
ase the derivatives ∂xi

(Tu(t, x)) do
exist and 
an be estimated a

ordingly. Therefore, one has to restri
t the

operator to a spa
e of solutions fun
tions of equation (37) for whi
h the

derivatives ∂xi
u of a fun
tion u belonging to this spa
e 
an be estimated by

u itself. This spa
e is the so-
alled asso
iated spa
e and the estimates for

the derivatives ∂xi
u 
an be attained by using the so-
alled interior estimate.

We will assume that the operator F de�ned by the right-side hand of

(34) is asso
iated to the spa
e of fun
tions that satisfy the equation Gu =
0. Con
erning operators asso
iated to fun
tion spa
es see [10, 27℄ and the

referen
es therein.

The ne
essary interior estimates in the sup-norm were obtained in Se
tion

3 and they have the form given by (24), (31) and (33) 
orresponding to

the three 
ases studied (38), (39) and (40) respe
tively. Without loss of

generality, we 
an 
onsider those estimates in the form

‖∂iu‖K ≤ Const.

dist(K, ∂Ω)
‖u‖Ω , (43)

where K is a 
ompa
t subset of Ω ∈ Rn+1
and ‖u‖Ω = supx∈Ω |u(x)|.

Now we 
onsider an exhaustion of the bounded domain Ω by a family of

subdomains Ωs, 0 < s < s0. The exhaustion 
an be 
hosen in su
h a way

that ea
h point x of Ω lies on the boundary ∂Ωs(x) of a uniquely determined

domain Ωs(x) of the exhaustion. Then s0 − s(x) is a measure of the distan
e

of a point x of Ω from the boundary Ωs(x) (see [25℄).

Next we 
onsider the 
oni
al set

M = {(t, x) : x ∈ Ω, 0 ≤ t < η(s0 − s(x)},

where the parameter η des
ribes the height of the 
oni
al set. The base M

is the given domain Ω and its lateral surfa
e is de�ned by t = η(s0 − s(x)).
Let Bs be the Bana
h spa
e of all fun
tions u in Ωs solutions of equation

(37), equipped with the norm

‖u‖s = max
A

(sup
Ωs

|uA(x)|), (44)

where A ∈ Γn and let B∗(M) be the set of all fun
tions u = u(t, x) whi
h are


ontinuous in M . B∗(M), endowed with the norm

‖u‖∗ = sup
M

‖u(t, x)‖s(x)d(t, x) ,
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where d(t, x) = s0 − s(x)− t
η
, be
omes a Bana
h spa
e (see [20℄).

Applying estimate (43) for K = Ωs′ and Ω = Ωs′′ and using the de�nition

of the norm (44), we get for a fun
tion belonging to the solution spa
e of

equation (37) and 0 < s′ < s′′ < s0, the following estimate in Ω:

‖∂iu‖s′ ≤
Const.

dist(Ωs′ , ∂Ωs′′)
‖u‖s′′ . (45)

Now we 
onsider the following spa
e:

BD
∗ (M) = {u ∈ B∗(M) : G(u(t, x)) = 0, for ea
h �xed t}.

Applying the Weierstrass approximation theorem, we 
an see that BD
∗ (M) is

a 
losed subset of the Bana
h spa
e B∗(M). Hen
e BD
∗ (M) is also a Bana
h

spa
e.

Sin
e F is asso
iated to the solution spa
e of equation G(u(t, x)) = 0,
then the operator T maps BD

∗ (M) into itself.

Using (45) and assuming that F satis�es a Lips
hitz 
ondition with re-

spe
t to u and its �rst order derivatives, we have the estimate

‖Tu− T ũ‖∗ ≤ η C ‖u− ũ‖∗ ,

where C is a 
onstant depending on the 
oe�
ients of F and involving the


onstant of the interior estimate given by (43) and the Lips
hitz 
onstants.

Taking η < 1
C
, we obtain that T is a 
ontra
tive operator. Therefore the

problem (34)-(35) has an unique solution in BD
∗ (M).

In 
onsequen
e, the following theorem has been proved:

Theorem 5. Let F be the operator de�ned by the right-hand side of equa-

tion (34) satisfying a Lips
hitz 
ondition with respe
t to u and its �rst order

derivatives. If F is asso
iated to the solution spa
e of equation G(u(t, x)) = 0,
then the initial value problem (34)-(35) is solvable provided the initial fun
-

tion satis�es the equation G(u(t, x)) = 0 .

Note that the solution is obtained by 
onstru
tion, using the method

of su

essive approximations, i.e., the solution is the limit of the sequen
e

{un}∞n=0 de�ned by:

u0(t, x) = ϕ(x) +

∫ t

0

C(τ, x)dτ (46)
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and

un+1(t, x) = u0(t, x) +

∫ t

0

(F ′un)(τ, x)dτ, (47)

where F ′u = Fu− C(t, x) (see [9, 17℄).

5 Con
luding remarks

Interior estimates in the Lp norm for monogeni
 fun
tions and general-

ized monogeni
 fun
tions satisfying a di�erential equation with an anti-

monogeni
 right-hand side, with values in a Cli�ord type algebraAn(2, α, γij)

an be found in [27℄. Con
erning interior estimates in other norms or other

di�erential equations represented by Gu = 0 for fun
tions in Cli�ord type

algebras, the resear
h 
ontinues in progress.
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