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Abstract

New estimates and global existence results are provided for a class of systems of cross diffusion equa-
tions arising from the modeling of chemotaxis with local sensing, possibly featuring a growth term of
logistic-type as well. For sublinear non-increasing motility functions, convergence to the spatially homo-
geneous steady state is shown, a dedicated Liapunov functional being constructed for that purpose.

1 Introduction

We consider a class of systems of two parabolic equations in which the first equation is a cross diffusion
equation (that is, the diffusion rate in this equation depends on the solution of the second equation), while
the second equation is a standard heat equation coupled to the first one only through its source term. Such
systems are sometimes called triangular cross diffusion systems. We focus on the systems introduced in [4]
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to treat specific situations arising in the theory of chemotaxis. The quantity u := u(¢,z) > 0 is then the
density of cell and v := v(t,z) > 0 is the concentration of chemoattractant. We refer to [4] for a discussion
of the modeling assumptions underlying such systems. Let us just say that with respect to general systems
appearing in the modeling of chemotaxis, where the dynamics of the density of cells is driven by the evolution
equation Oyu = div(VF + G), where F,G both depend on u and v, the specificity of the system considered
here is that it can be written in a form where G = 0; that is,

Ou — Auy(v)) =0, (t,z) € (0,00) x Q, (1.1a)
e0w—Av=u—wv, (t,x) € (0,00) x (1.1b)
V(uy(w)) - n=Vv-n=0, (t,z) € (0,00) x 092, (1.1c)
(u,v)(0,-) = (u'™,v"™), x €, (1.1d)

where Q is a smooth bounded domain of RY, with N > 2, and € > 0. Here, n is the outward unit normal
vector at a point of OQ. The initial data v and v"" are given and nonnegative. Typical functions v are
assumed to be bounded and strictly positive on [0,00), and to decay at infinity (that is, when v — 00)
typically like a power. In other words, they generalize the prototype (which makes sense from the point of

view of modeling) given by
y(z)=(+1D)7* 2>, (1.2)

for some k > 0, but are not always assumed to be monotone decreasing.

We also consider the counterpart of this system when the cell population has a logistic-type growth, that
is,

Ou — A(uy(v)) = uh(u), (t,z) € (0,00) x Q, (1.3a)
0w = Av — v + u, (t,z) € (0,00) x Q, (1.3b)
V(uy(v)) -n=Vv-n=0, (t,z) € (0,00) x 09, (1.3¢)
(u,v)(0,-) = (u™,v"™), z€Q, (1.3d)

where h is a continuous function. It can indeed be interesting to take into account cells’ division, as well as
their death due to the lack of resources.

1.1 Notation
We will sometimes denote the spaces LP(Q2), H'(Q2), and (H'(Q)) by LP, H', and (H') , respectively (with
p € [1,00]). Furthermore, for w € L”, we denote the LP norm of w by |lw|,.
Given w € (H')'(Q2), we define (w) by
1
<'UJ> = W(w, 1>(H1)’,H1

and note that
(w) |Q| / ) dz when we (HY(Q)NLY Q).
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For w € (H')'(Q) such that (w) = 0, we introduce Kw € H'(Q) as the unique (variational) solution to
—A(Kw) =w in £, V(Kw) - n=0 on 09, (Kw) =0. (1.4)

The operator K plays a significant role in the analysis of our system, in particular in view of the specific
form of the cross-diffusion in (1.1a). Indeed, for a solution (u,v) regular enough, one expects that the
conservation of mass holds for u, that is, (u) = (u"), and that consequently (1.1a) can be rewritten as

OK (u— (u™)) = (uy(v)) — uy(v), (t,x) € (0,00) x Q. (1.5)
For this reason, we choose the following norm on (H')(Q):
w € (HY (Q) = wlgy = [VE(w = (w))]2 (1.6)

Still for w € (H')'(Q), not necessarily with zero average, we also define A™l'w € H(Q) as the unique
(variational) solution to

“AA w4+ Al w=w in Q, VA7 w-n=0 on 909Q. (1.7)

Clearly, A~! is the extension to (H')'(2) of the inverse of the unbounded linear operator A on L?(Q) with
domain

D(A):={z€ H*Q) : Vz-n=0 on 09}, (1.8)
Az:=—-Az+z for ze D(A). '
We note that the following norm:
we (HY(Q) = [[VA  wls + A7 w — (A7) |2 = [VAT |z + AT w — (w) 2, (1.9)

is equivalent to the (H')'(£2)-norm defined in (1.6).

1.2 Main results
We first propose a definition of very weak solutions associated with problem (1.1):

Definition 1.1. Let Q be a smooth bounded domain of R, with N > 2, & > 0, and v € C([0,00); (0,00)).
Suppose that u'™ € L' () and v'™ € L' (Q) are nonnegative, and that, for all T > 0,

we LN(0,T)xQ)  and veLY(0,T)xQ), (1.10)
are such that u >0 and v > 0 a.e. in (0,00) x §, and that, for all T > 0,
uy(v) € L*((0,T) x Q). (1.11)

Then (u,v) is called a global very weak solution of (1.1) if

—/ /u@tgpdzndt—/umgp(O) dx:/ /uv(v)Agodxdt,
0 Q Q 0 Q
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—/ /Ev(‘)tcpdxdt—/avmcp(O)dx:/ /U(Acp—cp)dxdt—i—/ /ucpdxdt,
0 Q Q 0 Q 0 Q

hold for any ¢ € C5°(]0,00) x Q) such that Vi -n =0 on (0,00) x 9.

and

We first show that an algebraic growth on 1/+ at infinity is sufficient to obtain the existence of a global
very weak solution to the system (1.1) without imposing any smoothness assumption on .

Theorem 1.2. Let N > 2 and Q C RY be a bounded domain with smooth boundary, and assume that € > 0,
that v is continuous and bounded on [0,00), and that for some K1 >0 and k > 0,

L Y .
5 S K (2 + Dk, > 0. (1.12)

Then for any choice of (u™,v'™) such that

(1.13)

u™ € LP(Q), po > N/2, is nonnegative and
v’ € L®(Q) is nonnegative,

there exists a global very weak solution (u,v) of (1.1) in the sense of Definition 1.1. Furthermore, for all
g€ (1,00), pe(1,2), and T > 0,

u € L((0,00); L' (€2)) N LP((0,T) x Q) N L¥((0,T); (H'())),
v e L®((0,00); L*(R2)) N LU((0,T) x ) N L*((0,T); H'(R)),
uy/v(v) € L*((0,T) x Q).
Furthermore, if v € WH4(Q) for some q € (1,2), then v € L>((0,T); WH4(Q)) for all T > 0.

Observe that, since N > 2, one has N/2 > 2N/(N + 2), so that LP°(f2) is continuously embedded in
(H')'(22) and it follows from (1.13) that '
u™ e (HY(Q). (1.14)

When v € C3(]0,00))NL>®(0, 00), existence of weak solutions to (1.1) is shown in [14] when ¢ is sufficiently
small, namely, €[/ o (0,00) < 1. Theorem 1.2 relaxes this condition at the expense of the algebraic growth
condition (1.12). Let us recall that existence of weak solutions is also obtained in [22] when min{y} > 0
and in [4,26] when v(2) = 1/(c + 2¥) for ¢ > 0 and k > 0 sufficiently small, these conditions being removed
in Theorem 1.2 as well. The constraint on ¢ required in [14] and the algebraic growth (1.12) assumed in
Theorem 1.2 are likely to be of a technical nature, as global existence of weak solutions is proved in [3] in the
particular case y(z) = e~*. As for classical solutions, well-posedness in that setting is shown in [7-10,12,18],
provided that v/ < 0 with v(z) — 0 as z — oc.

Remark 1.3. If v'" is bounded below by a strictly positive constant, then it is easy to see that the same
will remain true for v(t,-), with a constant that decays exponentially fast with time. Then the behavior of
v at zero is irrelevant and one can relax the assumption that ~y is continuous on [0,00) and replace it with
continuity on (0,00) only. This is true also for the next theorems of existence.
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Remark 1.4. Since u lies in LP((0,T) x Q) for p € (1,2), v is actually a strong solution to (1.1b): each
term lies in LP((0,T) x Q) for all T > 0 and the equation holds almost everywhere on (0,00) x Q. One can
furthermore show that the formula (1.5) holds in a strong sense: thanks to the boundedness of v, each term
lies in L2((0,T) x Q) for all T > 0 and the equation holds almost everywhere on (0,00) x €.

We next turn to the large time behavior of solutions to (1.1). While a complete description of the
dynamics for an arbitrary motility function v seems to be out of reach, it is shown in [1] that, when e =0
and y(z) = z7F for some k € (0, 1], solutions converge to spatially homogeneous steady states. A key
ingredient in their proof is the construction of a Lyapunov functional but this property breaks down when
e > 0. Nevertheless, we are able to prove that the system (1.1) admits a Lyapunov functional, which is
different from that constructed in [1] but applies to the same call of motilities, and requires actually extra
conditions on the monotonicity of v, as described now.

Theorem 1.5. Let Q be a smooth bounded domain of RN, with N > 2. Assume that ¢ > 0, that v €
C([0,00)) N C3((0,00)) is positive, and that

v <0, (z+— z27(2)) > 0. (1.15)

Consider nonnegative initial conditions (u™™,v'™) € WL (Q;R?) for some r > N and denote the correspond-
ing global classical solution to (1.1) by (u,v) [9, 10]. Setting m := (u™), we define Gy € C([0,00)) N
C*((0,00)) by

Gy(2) == 2279(2) — my(z) —my(m), 2>0, Go(m) =0. (1.16)

Then Gy is nonnegative and convex on (0,00), and

%/Lo(u(t),v(t)) + Do (u(t),v(t)) =0, t>0, (1.17)
where )

Lo(u,v) := §HVIC(u —m)||3 + E/QG()(’U) dz >0, (1.18)
and

Do(u,v) == | Gg)|Vo|? dz+ [ (u—v)*y(v) dz
o= L f e o
+ [ w=m)er(e) = my(m)) do > 0.
Moreover,
Sup {Lo(u(t),v(t)) + lv()|7 } +/0 [Do(u(s), v(s)) +el|rv(s) ]3] ds < oo, (1.20)

and

lim (K (u(t) = m)a + o(t) = mll2} = 0.
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The construction of the Lyapunov functional £y and its consequence with respect to the long-term
behavior are actually the main contribution of Theorem 1.5, the existence and uniqueness of a global classical
solution to (1.1) being granted by [9, Theorem 1.1] and [10, Remark 1.5]. As in [1] which is devoted to the
parabolic-elliptic version of (1.1) corresponding to e = 0, Theorem 1.5 applies to vy(z) = 27k k€ (0,1],
and we have thus constructed a Lyapunov functional in that case. A side remark is that pattern formation
is excluded by Theorem 1.5, which is consistent with the outcome of [5], where the formation of stripes is
observed for a motility v with a very fast decay at infinity.

The following observation on the existence of nonconstant steady states indicates that the choice k =1
in fact even corresponds to a critical nonlinearity in the family of such algebraic motility rates:

Proposition 1.6. Let N > 2, k € (1, ﬁ) and (z) :== z7F for z > 0. Then given any smooth bounded
domain Qo C RY, one can find Ry > 0 such that whenever R > Ry, defining Q := RQq = {Rz : = € Qq},

there are positive nonconstant functions u € C*(Q) and v € C*(Q) satisfying

0= A(uy(v)) in Q,
0=Av—v+u in Q,
0=Vu-n=Vv-n on 0S).

Proposition 1.6 holds also in space dimension one N = 1. We refer to [24] for a more complete description
of steady states in that case.

In the final part of this manuscript, we aim at making sure that in the presence of additional zero-order
dissipative mechanisms in the flavor of logistic-type source and degradation terms, global solutions can be
constructed actually without any substantial restriction on the strength of degeneracies in cell diffusion at
large values of the signal. We work in a framework somewhat less relaxed than that considered above.
Typically, only one integration by parts is performed, so that the solutions considered here are sometimes
called “weak solutions” instead of “very weak solutions”.

Definition 1.7. Let Q be a smooth bounded domain of RN, with N > 2, and ¢ > 0, v € C((0,00)) and
h € C([0,00)), and suppose that u'™ € L'(Q) and v € L'(Q) are nonnegative. We then call a pair (u,v)
of functions such that, for oll T > 0,

ue LY(0,T) x Q) and ve LY(0,T); Whi(Q)), (1.21)
a global weak solution of (1.3) if u > 0 and v > 0 a.e. in (0,00) x Q, if, for all T > 0,
wh(u) € LN(0,T) x Q) and  uy(v) € LY(0,T); WHH()), (1.22)

and if

—/OOO/Qu&gpd:Edt—/Qumgp(O) dx:/ooo/ﬂv{m(v)} -Vgpd:ndt+/ooo/ﬂuh(u)dxdt (1.23)

as well as

—/ /svatcpdxdt—/avmcp(O)da: = —/ /Vv-chdxdt+/ /(—v+u)<,0da:dt (1.24)
0o Jo Q 0o Jo 0o Jo

hold for any ¢ € C$°([0,00) x Q).
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Our analysis in this direction will be based on a strategy quite independent from that pursued in the
previous parts, focusing on the detection of entropy-like features enjoyed by functionals of the form

/ [uln(u + €) + £[Vo[*] da.
0

Accordingly, in its most straightforward version detailed in Lemma 4.1, this approach will presuppose
regularity properties of u’" and especially of v which go somewhat beyond those from (1.13). In view of
our principal intention described above, we will refrain from scrutinizing minimal requirements on initial
regularity, and rather formulate our main result in this respect in the following form conveniently accessible
to a fairly compact analysis:

Theorem 1.8. Let N > 2 and Q C RY be a bounded domain with smooth boundary, and suppose that e > 0,
that

7" (s)
7(s)

v € C3((0,00)) is such that v > 0 in [0,00) and  sup {’y(s) +

$>S80

} < oo forall sp >0, (1.25)

and that h € C([0,00)) satisfies

lim 2SS (1.26)

S$—00 S
Then for any choice of u'™ € C(Q) and v'™ € WH*(Q) such that u'™ > 0 and v > 0 in €, the problem (1.3)
possesses at least one global weak solution in the sense of Definition 1.7. This solution has the additional
properties that, for all T > 0,

{ we L2((0,7); Llog L() N L3((0,T); L3(Q)  and (1.27)

v € L=((0,T7); H' (92)) N L*((0,T); H*(Q))

as well as
uv/y(v) € LY3((0,T); W3 (Q)). (1.28)

The existence of classical bounded solutions to (1.3) is proven for growth functions h(z) = hg (1 — 2%)
when [ = 1 and hyg is large enough in [16, 23], and when hy > 0 and ! > max(2, (N + 2)/2) in [17] (under
additional assumptions on 7). The case where [ = 1 and hy > 0 is treated in two-dimensional domains
n [11]. Here, we obtain weak solutions for a growth function of this form with { > 1 and hy > 0.

The structure of the paper is the following: Section 2 is devoted to the proof of Theorem 1.2. Then
Theorem 1.5 and Proposition 1.6 are proven in Section 3. Finally, the results on system (1.3) are discussed
in Section 4.

2 Existence in the absence of logistic-type growth

Let ¢ € C§°(R) such that ¢ > 0, suppt C (=1,1), |¢[[z1®) = 1, and let, for n > 0,

¢<3>, z € 10,00).

VYn(2) == 1

1
n
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For n € (0,1), we define
Mm(2) =+ (W x7) (z+m),  z€[0,00),

where the symbol * indicates the convolution product on R (7 being extended on R by symmetry). We first

obtain some properties of ;.

Lemma 2.1. For all n € (0,1), the function vy, satisfies

0<n<y(z) <Ko+1,  z€l0,00),
1 k k
<3"Ki(z+ 1), z € [0,00),
717(73)

where Ko = [|7]| e (0,00) and K1 and k are defined in (1.12).
Proof. We first see that thanks to the nonnegativity of v and 1, we have v, > 7 and
V0l oo (0,00) < VMoo (0,00) 1¥nll L1 ) + 1= Ko +1n < Ko+ 1.

Then, for z > 0, we compute, using (1.12),

_ T (s —3)ds > ! ¥n(2) dz
D=nt [ wnttn-dzns [ g s
-n
1
> z >
”+/ K 1+z+2n) PN K 2Lt o

- 3kK1(1 + Z)
and the proof is complete.

Next, let (u ﬁ]", %") be nonnegative functions in C'(Q) x W1°°(€) such that

() = (™) =tm, (v = ("),
and
Tim {fu? = w™ gy + [ = ™ o + 0 = 0™ 2} =0,

sup [luyllpe < 1+ [[u™lpe,  sup [l flec <1+ [0™ oo -
n n

Moreover, if v € W14(Q) for some q € (1,2), then (11,"7"),7 can be constructed so as to satisfy

sup [|v lwra < 1+ [[o™ [l
n

(2.3)

(2.4)

(2.5)

Thanks to the regularity of -, u%", and vf]", we are in a position to apply [22, Theorem 1.2] to obtain the

existence of a nonnegative global weak solution (u,,vy) to the initial value problem

Oty — A(uyyy(vy)) =0, (t,z) € (0,00) x Q,

(2.6a)
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e0pvy — Avy + vy = Uy, (t,z) € (0,00) X Q, (2.6b)
V(uyyp(vy)) - n=Vov, n=0, (t,z) € (0,00) x 092, (2.6¢)
(g, vy)(0,-) = (uy', o), w€Q, (2.6d)
satisfying
uy € L*((0,7) x Q) N LW/ NF (0, 7); N/ IVED () (2.7)
vy € L2((0,7); H'(2)) N L*((0,T); H*(2)),
for any T > 0.

As a first consequence of (2.3) and (2.6), we identify the time evolution of the space averages of u, and
Up.

Lemma 2.2. Fort >0,
() =m.,  (g(6) = ™)+ m(1 — ™) < max{(vi"), m}. (2.9)

Proof. The first identity in (2.9) readily follows from (2.3), (2.6a), and (2.6¢), after integration over Q. We
next integrate (2.6b) over € and use (2.3) and (2.6¢) to obtain

d
eqgllonlls +llvgll = fluylly = miQ], ¢ =0. (2.10)
Integrating (2.10) completes the proof of Lemma 2.2. O
We define then w, = w,(t,x) as the unique nonnegative solution of the elliptic equation (in the x
variable, for a given t)

—Awy 4+ wy = uy , (t,x) € (0,00) x Q, (2.11a)
Vw, n=0, (t,xz) € (0,00) x ON. (2.11b)

Thanks to this auxiliary problem, we have the following lemma.

Lemma 2.3. Fort € [0,T], there exists some constant C(T) > 0 such that

ooy + len @13+ [ ool s+ [ [ s P lonlos Naras s, @)

Proof. We observe that, by (2.1), (2.6a), and (2.11),

1d
zdtHwnHHl = /wnA(un’Yn(Un))dx:/un’Yn(”n) (wy — up) dz
Q Q

<m+nmw%—4ﬁ%wm$ (2.13)

IN
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Also, it follows from (2.6b) that

e d
il + ol = [ wyvade= [ (g + Vo, Vu) de

IN

1 1
Slonllin + Sl (2.14)

so that
d |1
i [l + <llonl] + ool + [ w2 2nton) o < @ 4 Ko (2.15)

After integration with respect to time, for all 7" > 0, there exists some constant C(7') > 0 (we emphasize the
dependence with respect to T', but it also depends on the parameters of the problem but not on 7 € (0, 1))
such that

mmm@ww%m@+AHw@mmh+élfwaf%mm»mﬂmgan, te0.T].

Recalling the definition of A~! in (1.7), we note that wy = A_lun, and conclude the proof of the lemma by
equivalence of the norms (1.6) and (1.9). O

Building upon (2.12), we derive additional estimates on (v;), with the help of a comparison argument
introduced in [6] (and subsequently developed further in [7-10,14,18,19]) and parabolic maximal regularity.

Lemma 2.4. For all g € (1,00) and T > 0, there exists some constant C(T,q) > 0 such that

T
Anwwwwsc@m. (2.16)

Proof. We start with the comparison argument introduced in [6] and deduce from (2.1), (2.6), (2.11), and
the definition (1.7) of A that, for ¢ > 0,

A(@twn(t) + un(t)yn(vn(t))) = uyn(t) vy (vy(t)) < (14 Ko)uy(t) = .A[(l + Ko)wn(t)] in Q,

with V (0swy (£) 4 un ()1 (vy (£)) — (1 + Ko)wy(t)) -1 = 0 on 9Q. We then infer from the (elliptic) comparison
principle that

Opwy + upyyy(vy) < (1 + Ko)w, in [0,00) x .
Hence, since u, and -y, are nonnegative,
0 < wy(t,z) < 6(1+K0)twn(0,x), (t,x) € 10,00) x 2.

In addition, recalling that py > N/2, the continuous embedding of W?2P0 in L*°(Q), elliptic regularity, and
(2.4) imply that
lwq(0)lloo < CIIA™H () lw2ro < Cllugllpy < C-
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Combining the above two estimates leads us to

sup_|[wy(t)]lee < C(T)
te[0,T

for each T > 0.
We next define z, :== A~!v, and deduce from (2.6) that z, solves

€02y — Azy + 2y = wy, (t,z) € (0,00) x Q,
Vz,-n=0, (t,x) € (0,00) x 0N,
2p(0,-) = z,%” = A_lv%”, x €N,

Now, let ¢ € (1,00). We recall that the operator A. defined by
D(A.) == {pecW>(Q) : Vé-n=0 on 9N},

Agi=2(~Ad+9), €D,

generates an analytic semigroup (e_tAf) >0

11

(2.17)

(2.18)

(2.19)

of contractions on L?(2) [20, Theorem 7.3.5] (note that A; = A,

see (1.8)). With this notation, a representation formula for z, can be derived from (2.18) which reads

t
ezy(t) = ge A Zy" + / e_(t_s)Aswn(s) ds, t>0.
0

On the one hand, we infer from (2.17) and [13, Théoréme 1] that

t
oo [t o) as < C@llwllaomn < C(T,a).

La((0,T);W21(Q))

On the other hand, classical properties of semigroups, elliptic regularity, and (2.4) entail that

—tA:

e < C(T.q)llz lw2a < C(T.q)|loy" |y < C(T,q).

vanHLq((o,T);qu(Q))
Consequently,
€ ||zn||Lq((o,T);W2,q(Q)) <C(T,q),

an estimate which completes the proof since v, = Az,.

We next turn to (uy), and draw the following consequence of Lemma 2.3 and Lemma 2.4.

Lemma 2.5. For allp € (1,2) and T > 0, there exists some constant C(T,p) > 0 such that

T
AH%@%&SﬂﬂM-

(2.20)

(2.21)
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Proof. By (2.2) and Holder’s inequality,

P
”Uan:/Q(un \/’Yn(”n)) ’Yn(”n)_p/2 dx

) p/2 ) (2-p)/2

< </Qun%(v,7)dx> </Q%7(vn)_p/( —P) d:z:>
P (2—-p)/2
Uny/ V() [/Q(l +Un)pk/(2_p) dx}
k/2

wnyrlen)|| (14 o2 )

Integrating the above inequality with respect to time over (0,7") and using Holder’s inequality gives

T T
/0 gD dt < C(P)/O Uny/ Y (V)
T 2 P/2 T 2 (2—]))/2
pk/2 @-p
<C(p) </0 un\/ ¥y (vn) ) dt) (/0 <1 + HU"Hpk/@—p)) dt)
T 2 p/2 T (2-p)/2
< C(p) </0 Un/ Yy (V) dt) </0 <1 + an\lﬁifgig) dt>
2

Lemma 2.5 then readily follows from the above estimate due to (2.12) and Lemma 2.4 (with ¢ = pk/(2 —
p))- 0

Exploiting the outcome of Lemma 2.5 provides additional estimates on (vy,)y.

<3"K,

2
p
2

< C(p)

p
k
(Tl ) a

Lemma 2.6. Let g € (1,2) and T > 0 and assume that v'™ € W19(Q). Then there exists some constant
C(T,q) > 0 such that

sup oy (t)[lwra < C(T'q).
te€[0,T

Proof. Recalling the notation introduced in (2.19), it follows from (2.6) that
t
evy(t) = Ee_tAfv;" +/ e_(t_s)Afun(s) ds, t>0.
0

Using classical properties of the semigroup (e_tAE))

(2.5), we obtain

>0, see [2, V.Theorem 2.1.3] for instance, along with

ellog(®)llwra < Cla) + C(Q)/O (t =) ug(s)llgds, ¢ =0. (2.22)

We next fix p € (¢q,2) and set

L alp—1) 2q(p — 1)
uJ'_ler(q—l) © (2’ p(q—1)> '
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We infer from (2.3) and Hélder’s inequality that

), -
- - —1
[unllg < ffuglls™ ™ lug|l7 < Clps @) unllp™ -

Together with Holder’s inequality, the above inequality ensures that, for ¢t > 0,

t t " (W=1)/w t
[l < ([ as) ([l e)
0 0 0
w—2 t W 1/w
< ([ Tas)
0

Since both w/(w — 1) and p lie in (1,2), we deduce from Lemma 2.5 that, for 7> 0 and ¢ € [0, T,

1/w

/0 (t — )72 Juy()llg ds < C(T,p,q).

Inserting the above estimate in (2.22) completes the proof. O

2.1 Compactness and convergence
We now collect the estimates that are uniform with respect to n € (0,1), which will prove useful when
passing to the limit n — 0.

Proposition 2.7. Let T >0, g € (1,00), and p € (2N/(N + 2),2). There are Co(T) > 0, C1(T,q) > 0,
and Ca(T,p) > 0 such that

(un(t)) =m, 0 < (vy(t)) < max{(v"™),m}, tel0,71], (2.23a)
VK (uy(t) —m)||5 < 2Co(T), tel0,717, (2.23b)
o (£)]13 < Co(T), t€10,77, (2.23¢)
T
/0 log(s)12: ds < Co(T), (2.23q)
T 2
/O (1a(s) = (o)) P(ente) | ds < ColT), (2.23¢)
T 2
[ JtenPatenten|| as < oy, (2.236)
T
| oy (s) = m) s < (). (2.23¢)
T
/0 an(s)Hg ds < C1(T,q), (2.23h)
T
[ ol ds < carp. (2.230)

T
| 10l as < €T, (2.23))
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Proof. The estimate (2.23a) is given by Lemma 2.2, the estimates (2.23c), (2.23d) and (2.23f) are given by
Lemma 2.3 and the estimates (2.23h) and (2.23i) are given by Lemma 2.4 and Lemma 2.5, respectively.
Estimate (2.23b) is a consequence of Lemma 2.3, the mass estimate (2.23a) and the definition of the (H!)’
norm in (1.6). Using again (1.6) and (2.3), one can deduce from (2.6a) and (2.6¢) that

K (un — m) + uy vy (vy) = (uyyn(vy)) , (t,x) € (0,00) x 02, (2.24)

so that estimate (2.23g) is a consequence of (2.23f) and the (uniform) upper bound (2.1) on ~,. It next
follows from (2.6b), Hélder’s inequality, and the continuous embedding of H'(2) in LP/(P=1(Q) that, for
Y e HY(Q),

3 <at’077, ¢>(H1)/,H1

= ‘/ an-VzZ)dx+/vn¢dx—/un¢dx
Q Q Q

< ”Un”Hl‘W}”Hl + Huan”W‘p/(p—l)

< Cp) (logllgr + llunllp) 1| -

Estimate (2.23j) is then a consequence of (2.23d), (2.23i), and the above inequality by a duality argument.
Finally, estimate (2.23e) is obtained thanks to (2.23c), (2.23f), and the upper bound (2.1) on ~,. O

We are now ready to pass to the limit 7 — 0 and therefore prove the existence of a global weak solution
to the system (1.1).

End of the proof of Theorem 1.2. Thanks to the uniform estimates collected in Proposition 2.7, we can
extract a sequence (uy, , vy, )n>1 such that, for all 7> 0, ¢ € (1,00), and p € (2N/(N + 2),2),

Uy, — U in Lp(( T) x ), (2.25a)

K(up, —m) = K(u — (u) in L°((0,7); H' (%)), (2.25D)
0K (ty, —m) — OlC(u — (u)) in L2((0,7) x Q)), (2.25¢)
Uy, — U in L?((0,T); H*(Q)) N LY((0,T) x Q), (2.25d)

Uy, v in L>®((0,T); L*(Q)), (2.25¢)

Oyvn, — Ov i LP((0,7); (H")' (). (2.25¢)

Thanks to (2.23b), (2.23c), (2.23d), (2.23g), and (2.23j), we can furthermore apply Aubin-Lions-Simon
Theorem (see [21, Corollary 4]), and extract further subsequences (KC(uy, — m))n>1 and (vy, )n>1 that
converges in a strong sense,

K(uy, —m) = K(u—(uw) in C((0,T]; L*(2)), (2.26)
Uy, =V in C([0,T]; (HYY(Q)NL*(0,T) x Q) and a.e. in (0,T) x Q.  (2.27)
Next, since dyuy,, = A(uy, Yn, (vy,)) by (2.6a), we infer from Lemma 2.1 and (2.23f) that (8tu,7n)n>1 is

bounded in L?((0,T); (H?)'(2)), while (2.23b) guarantees that (uy, ),>1 is bounded in L>((0,T); (H') ().
Another application of [21, Corollary 4] implies that, after possibly extracting another subsequence,

uy, —u in C([0,T]; (H?) (Q)). (2.28)
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Since = + 1 belongs to H?(f2), an immediate consequence of (2.23a) and (2.28) is

(u(t), ey, = 1 (g, (0, D gy = 9] i, (0) = i@, t€[0,7).  (2:29)

n—oo

Introducing the space C([0,T]; w — (H')"(2)) of functions from [0, 7] to (H')'(€2) which are continuous with
respect to time for the weak topology of (H')'(§2), we recall that

L=((0,7); (HY)' () N C([0,TT; (H?)' () € C([0, T w — (HY)'(2)),
and deduce from (2.25b) and (2.29) that
(u(t)) =m, tef0,7]. (2.30)

Furthermore, u € L'((0,T) x Q) by (2.25a). Consequently, u(t) belongs to L' () for a.e. t € [0, T] which
ensures, together with (2.30) and the nonnegativity of u, that

u € L°°((0,T); LY(Q)). (2.31)

Recalling (2.25a)—(2.25f) and (2.31), we have thus shown that (u,v) satisfies the regularity properties re-
quired in Theorem 1.2.

We next identify the weak limits of (uy, /7y, (”nn))n>1 and (up, Yy, (U%))n>1. To this end, we note that
the uniform convergence of (v, )n>1 to v on compact subsets of [0, 00), the bound from Lemma 2.1, the a.e.
convergence (2.27) of (vy, )n>1, and Lebesgue’s convergence theorem imply that, for all ¢ € [1,00),

Yo (Vg ) = y(v) in L((0,T) x ) and a.e. in (0,7) x . (2.32)
It then follows from (2.25a) and (2.32) that
g A/ Vi (V) = 1/ 7(v) in L'((0,T) x Q),
gy Yo (V) = wy(v) in L'((0,T) x Q).

Since these two sequences are bounded in L2((0,T) x ) by Lemma 2.1 and (2.23f), we conclude that

unn \/ fYnn Unn \/ U ln L2 ) X Q)? (233)

Unpy Y (V) = wy(v) - in LZ((OaT) x Q).

Writing now a very weak formulation of system (2.6) like in Definition 1.1, we can pass to the limit when
17 — 0 and get that (u,v) indeed are very weak solutions of system (1.1) in the sense of Definition 1.1.

Finally, assuming additionally that v € W14(Q) for some ¢ € (1,2), so that the family (v m) satisfies
(2.5), we infer from (2.27) and Lemma 2.6 that v € L>((0,T); W14(£2)), which completes the proof. O



16 L. DESVILLETTES, PH. LAURENCOT, A. TRESCASES, M. WINKLER

3 Long-term behavior and a Lyapunov functional

This section is devoted to the existence of a Lyapunov functional and the proof of Theorem 1.5. Let € be
a smooth bounded domain of RY, with N > 2 and £ > 0. Assume that v € C([0,00)) N C3((0, 00)) satisfies
(1.15) and consider nonnegative initial conditions (u‘",v™™) € W7 (2;R?) for some r > N. It then follows
from [9,10] that there is a unique global classical solution (u,v) to (1.1). Setting m := (u™), it readily
follows from (1.1) and the nonnegativity of (u,v) that

[u®llr = [Qu(t)) =m|?,  t=0, (3.1a)
and q
eqlv @l + ol =ml2, =0, (3.1b)
from which we deduce that
lo(®)ll = [lu™ (|1 (1 = ™€) + o™ [lre™* < max {|Ju’™||1, Jo™ |1}, t=0. (3.1¢)

3.1 A Lyapunov functional
Lemma 3.1. The function Gy defined in (1.16) is nonnegative and convex on (0,00), and

%ﬁo( (t),v(t)) + Do(u(t),v(t)) =0,  t>0, (3.2)

recalling that Ly and Dy are both nonnegative and defined in (1.18) and (1.19), respectively. In particular,
Lo / Do(u (5))ds < Lo(u™ v™), t>0. (3.3)

Proof of Lemma 3.1. Since G{j(z) = 227/(z) + 2v(z) — m7y/(z) > 0 for z > 0 by (1.15) and (1.16), the
function Gq is convex on (0,00). We then deduce from the convexity of Gy and (1.16) that Gy(z) >
Go(m) + Gi(m)(z — m) = 0; that is, Gy is nonnegative on (0, c0).

We next infer from (1.1a), (1.4), and (3.1b) that

5 dtHVlC(u — / K(u —m)o:AK(u —m) do = / K(u —m)du dx
/ K(u— uy(v)) dz = /qu(v)AlC(u —m) dzx
— [mu= (o) do
Q
= /(mu + 0% — 2uv)y(v) do — /(u —v)%y(v) dz. (3.4)
Q Q

By (1.1b) and (1.1c),

/(m — 0)uy(v) de = /(m —20)(edpv — Av + v)y(v) dx
Q Q
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- —6/(m7(m) + G ()0 do —/ G ()| Vol da
Q Q
+ / (mv — 20%)y(v) dz.
Q

Combining the above identity with (3.4) gives

1d

33 V=l ===, [ (mm)o + Gofw) do = [ (w=02(0) do

a /s
—/G’O’(v)|Vv|2 dx+/(mv—v2)7(v) dz |
Q Q

while we deduce from (3.1b) that

d
—emy(m) 2 [[vll = my(m)[lvll = —m*y(m)|Q].

Adding the previous two formulas leads us to

Ld

d
VE(u—m 2+€—/G v) dz
5| VE@=m+e5 [ cofw)

dt

_ /Q (1 — 0)%y(v) da — /Q Gl(0)|Vof? d /Q (v — m)(vy(v) — mey(m)) da,

17

and we have proved (3.2). Now, the nonnegativity of £y and Dy is a consequence of the already established
nonnegativity and convexity of Gy and the monotonicity of z — z7v(z) which is due to (1.15). Finally, the

bound (3.3) readily follows from (3.2) after integration with respect to time.
We next supplement the bound (3.3) with additional estimates on v.
Lemma 3.2. -
sup {[lot) } = [ o) ds < oc.
> 0

Proof. We multiply (1.1b) by d;v and integrate over €2 to obtain

1d d
€|’8tUH%+§EHUH%{1 :/Quc‘)tv dx:a qu dx—/ﬂv@tu dz.

Then, using again (1.1),

d /v|)?
&?Hath% + I <% — Huv\h) = —/Qufy(v)Av dz

=_ /Q(u —v)y(v)Av dx — / vy(v)Av dz.

Q
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On the one hand, by (1.1¢), (1.15), and the nonnegativity of m,

_ /Q vy(v)Av dg = /Q (07 (0) + 7)) [Vof? de = % /Q [Gl(v) + mr ()] [Vof? da

< 1/ Gl ()| Vo2 dz . (3.7)
2 Ja

On the other hand, we infer from (1.1b), (1.15), and Young’s inequality that

- /Q(u —v)y(v)Av dz = /(u —0)y(v) (u— v —edw) dx

Q
< [w=vr) do+ S0l + 5200 [ (w=ofa(0) da
<2220 [ v (o) dat ol (39

Recalling the definition (1.19) of Dy which is the sum of three nonnegative terms, it follows from (3.6), (3.7),

and (3.8) that
£ []7 2+e9(0
5”8{0”% pr < | H1> < 7()170(%1)).

2 2

Now, let ¢ > 0. Integrating the above differential inequality with respect to time over (0, t) and using (3.3)
give

t . t
6/0 10e ()5 ds + o)z < o™ 7 + 2lu)o®)ll + (2 +€7(0))/0 Do(u(s),v(s)) ds
< [lo™ [ + (2 + £7(0)Lo(u™, v™) + 2lu(t)o(t)]l1 (3.9)
Owing to (1.4), (1.18), (3.1c), (3.3), and Young’s inequality,

mmMMh=Amm—nmwwm+mmmm=—Ag@Auww—mwm+mmmm
< / Vo(t) - VK(u(t) — m) dz + mmax{||vi"||1, Hum||1}

LV o(®)3 -+ [VACut) — m) 3 + mmax{ [ 1, [0}

=3
1 n n
< JIv@Ilz +2Lo(u(t), v(t)) + mmax{|lu™[|1, o™ 1}
1 o . .
< JIv@IlFn +2L0(w™, v™) + momax{[lu™ |1, o™ 1} (3.10)
Combining (3.9) and (3.10) leads us to

/||3t )3 ds + —-- IOl < o™ 13+ (6 4+ 7(0)) Lo (™, v™) + 2mmax{|[u” |1, [[0™ 1},

and completes the proof. O
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3.2 Convergence to spatially homogeneous steady states

Collecting the outcome of Lemma 3.1 and Lemma 3.2, we have established the identity (1.17) and the
estimates (1.20). We are left with the long-term convergence and begin with some properties of Gy which
we gather in the next lemma.

Lemma 3.3. There is K1 > 0 depending only on ~y such that v satisfies (1.12) with k = 1. Moreover,
|29(z) = my(m)| <y(0)[z =m|,  z€][0,00). (3.11)

In addition, recalling that Gy is defined in (1.16) and is convex on (0,00), the function \/Gi € L1(0,z2) for
any z > 0 and its indefinite integral

go(z) :== /()Z\/Gg(z*) dzy, z € [0,00),

is well-defined and belongs to CO’%([O,Z]) for all z > 0.

Proof. Since ~ satisfies (1.15), the function v satisfies zy(z) > (1) > 0 for z > 1, while the positivity and
monotonicity of v on [0,1] implies that ming 1)y = (1) > 0. Combining these two facts ensures that v
satisfies (1.12) with £k =1 and K7 = 1/v(1). It next follows from the monotonicity of v that

d
0< &(zfy(z)) = 27'(2) + v(2) < (0), 2>0. (3.12)
Integrating the above differential inequality gives (3.11).
Next, the convexity of G provided by Lemma 3.1 guarantees that /G is well-defined. Using Cauchy-
Schwarz inequality, we obtain that, for zo > z; > 0,

/22 \/Gi(2) dz < Vzg — 21 </22 Go(2) dz> v = m\/Gg(ZQ) — Gy(=1)
< V72 — 217/ 27(0) 25 + m~(0) .

The stated properties of gy then readily follow from the above inequality, which concludes Lemma 3.3. [

Proof of Theorem 1.5. As already mentioned, the identity (1.17) and the estimates (1.20) are shown in
Lemma 3.1 and Lemma 3.2, respectively, and we now turn to the large time behavior. Since the monotonicity
properties of v guarantee that all the terms in Lo(u,v) and Dy(u,v) are nonnegative, we infer from (1.20)
and the Poincaré-Wirtinger inequality that

IK(u(t) = m)gr + 0@l <C,  £20, (3.13)

/0 |0sv(s)|3 ds +/0 /Qv(v)(u —v)? dzds < o0, (3.14)
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/OOO/QGS(U)]VU]Z drds + /000 /Q(U —m)(vy(v) — my(m)) deds < co. (3.15)

We readily infer from (3.13) and the compactness of the embedding of H(Q) in L?(Q) that
{K(u(t) —m) : t >0} and {v(t) : t >0} are compact in L*(Q) (3.16)
and there are a sequence (¢;);>1 of positive times, t; — 00, and (Us, voo) € H*(Q,R?) such that

tim ([IK(u(ty) — m) — Usolly + o(t;) — vocll2) = 0. (3.17)

J]—00

Since
lim [o(®)]1 = mi9)

by (3.1c), a straightforward consequence of (3.17) and the definition of K is that
(Us) =0 and (ve) = m|Q|. (3.18)
For j > 1 and s € [—1,1], we set (u;,v;)(s) := (u,v)(s + t;) and first observe that

[v(8) = vooll2 < [lvj(s) — v (0)[l2 + [[v;(0) — voll2
= [lv(s + 1) — v(tj)ll2 + lo(t)) — vooll2

S—I—t]‘
< / 10:0(3)]l2 48| + [[o(t;) — veoll2
t;
tj-l—l 9 1/2
< / 1o as )+ lo(e) = ol

Since the right-hand side of the above inequality does not depend on s € [—1,1] and converges to zero as
Jj — oo according to (3.14) and (3.17), we conclude that

lim sup |Jvj(s) —veoll2 =0. (3.19)
IR se[—1,1]

An immediate consequence of (3.19) is that, up to the extraction of a subsequence, we may assume that

lim v;(s,2) = vo(x) for ae. (s,z) e (—-1,1) x Q. (3.20)

J—00

It next follows from (3.15) and the monotonicity (1.15) of z — z7y(z) that

1
lim /_1 /Q(vj —m)(vjy(v;) —my(m)) dzds

t+1
= lim /Q(v —m)(vy(v) — my(m)) deds =0,

=00 tj—l
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which gives, together with (3.20) and Fatou’s lemma,,

1
/ /(voo —m) (VoY (Voo) — my(m)) dzds = 0. (3.21)
-1JQ
Introducing

m; :=inf{z € (0,00) : zy(z) = my(m)},
ms :=sup{z € (0,00) : zy(z) = my(m)} € [m, 0],
Z:={2€(0,0) : zy(z) = my(m)},
we infer from the boundedness of v and the monotonicity (1.15) of z + zy(z) that
[mi,ms], ms < oo,
m; € (0,m] and T =
[m;,00), ms=00.
Combining this property with (3.21) implies in particular that
Voo(x) € T for ae. z €. (3.22)
At this point, either m; = mgs = m and it readily follows from (3.22) that v, = m.
Or m; # ms, and the property zy(z) = my(m) for z € T entails that G{j(z) = —my/(2) = m?vy(m)/z>

for z € Z. Introducing

( 0, A [O,ml)

Gi(z4) dzw =m m)In(z/m;), =2€T,
sl L Vatmin e/

/ ) \/G§(24) dzy = m/y(m)In(ms/m;), z € (ms,00) ( when mg < 00),
\ m;

we infer from (3.15), (3.19), and the Lipschitz continuity of g that

1 tj+1
fim [ [[Vg(u; ()2 ds < lim /G” Vo2 dzds = 0, (3.23)
j—=oo J_q j—oo Ju
and
lim  sup [|g(v;(s)) — g(veo)ll2 = 0. (3.24)

J=00 se[—1,1]

Combining (3.23) and (3.24) implies that Vg(v) = 0 a.e. in §2 and we deduce from (3.22), the connectedness
of 2, and the strict monotonicity of g on Z that there is a unique p € Z such that vo, = p a.e. in €. Recalling
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that (veo) = m|Q| by (3.18), we conclude that necessarily ¢ = m. Consequently, vo, = m in this case as
well, so that, recalling (3.19), we have shown that

lim sup [jvj(s) —ml2=0. (3.25)

J00 5e[-1,1)

We next turn to the behaviour of w and the identification of Uy in (3.17). On the one hand, for
p € [1,4N/(3N — 2)] N [1,2), Holder’s inequality gives

tj+1
/ /\u]—v]] dxds—/ /\u—fu]p P2~ (0) P2 dz ds
tj+1 t5+1 (2=p)/2
</ /\u—fu] (v da:ds) </ / —p/(2=p) da:ds) ,

and we infer from (3.13), Lemma 3.3, and the continuous embedding of H'(Q) in LP/(2=P)(Q) that

ti+1 ti+1
/ / )P/ (2=p) d:z:ds<0/ /1—|—Up/(2 P) dzds
tj-i-l
< C(p) (1+ / lo(s)[2)572) d )
tj—l
< C(p) (1 T sup u(s) 22 )
s>0
<C(p).

Combining the above inequalities leads us to

ti+1 »/2
/ /\u]—v]\pda:ds<C (/ /]u—v\ (v )dxds) ,

which gives, along with (3.14),
1
lim / / |uj — ;P deds =0.
J=0J_1J0

1
_lim/ /|uj—m|p dzds=0. (3.26)
Jmeo 1/

On the other hand, it follows from Holder’s inequality that

Recalling (3.25), we end up with

1KCOullz = [|{(u = v)y(v)) + (vy(v) — m’y(m)> +mry(m) —vy(v) + (v —u)y(v)]],
19 (|{(u = v)y(0))] + [{(vy(v m’v(m)>\)
+ [[my(m) —vy()|l, +[|(v = Wy (),
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< (1412 (floy(v) = my(m)|[, + [[(v = whr()|l,) -
Since (with Ko = ||v]]s0)
H(v - u)’y(v)Hg < K /Q(v —u)?y(v) dz,

and
Jor0) = mrom)]3 < Ko [ [or(0) = meytm) o = ]
= Ko [ (7(0) = m(m) (0 = m)
by (1.15) and Lemma 3.3, we conclude that
IKcorul < 2Ka(1+ 190)7 [ [0 =)*(0) + (0 = m)(07(0) = m(m)] da

Hence, thanks to (3.14) and (3.15),
/ 1KCau(s)[3 ds < oo,
0

23

and, since Kdu = O K(u —m), we argue as in the proof of (3.19) to deduce from (3.17) and the above

integrability property that

lim sup ||K(uj(s) —m)—Usxll2=0.
J—=00 5e-1,1]

According to (3.13) and (3.27), we may also assume that, up to the extraction of a subsequence,

K(uj —m) > Us in L([~1,1]; H()).
We then infer from (3.26) and (3.28) that, for any ¢ € H'(1),

0= llim/ /uj m)p deds = hm/ /VIC(uj(s)—m)'ch dzds
j—ro0 J7eJ_1JQ
:/ /VUoo'Vgod:Eds:Z/VUoo-Vgpdx,
-1JQ Q

which entails, together with (3.18), that U, = 0.

(3.27)

(3.28)

We have thus proved that (0,m) is the only cluster point as ¢ — oo of {(K(u(t) —m),v(t)) t > 0} in
L?(Q;R?). Together with the already established compactness (3.16) of this set in L?(2;R?), this property
implies that (K(u(t) —m),v(t)) converges to (0,m) in L*(Q;R?) as ¢ — oo and completes the proof of

Theorem 1.5.

O

Proof of Proposition 1.6. According to [15, Proposition 1.2], there is dy > 0 such that if d € (0,dp), then

there exists a nonconstant positive solution w = w® € C%(Qy) of

0= dAw — w + wF in Qg,
0=Vw-n on 9.
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Setting Ry := and picking R > Ry, we then obtain that d := RQ satisfies d € (0,dp), and that for

\/—,
v(z) == w(Vdr) and wu(z):="(), =z e RQ,
we have Vu-n = Vv-n =0 on J(RQ) as well as
Av(z) —v(z) + u(z) = dAw(Vdz) — w(Vdr) + w*(Vdz) =0  for all z € R
and

Auy(v)) = A@*-vF) =0 in R,

as claimed. 0

4 System with logistic-type growth

In this final part we address the problem (1.3) involving logistic-type zero order degradation. As our approach
in the present section will no longer make use of a comparison argument, we may here employ a somewhat
simpler regularization which enforces global solvability at the respective approximate level by involving a
suitably strong damping in the signal production mechanism. More precisely, assuming throughout this
section that 7, h, u™ and v comply with the requirements from Theorem 1.8, for n € (0,1) we shall

consider
Opun — A(uny(vy)) = up h(uy), (t,x) € (0,00) x Q, (4.1a)
0y = Avy — vy + T :}un, (t,x) € (0,00) x Q, (4.1b)
V(o)) n= Vo, n=0,  (t.2) € (0,00) x 9 (4.10)
(un,vp)(0,-) = (ui",vi"). x €, (4.1d)

Indeed, by straightforward adaptation from standard arguments from the theory of Keller-Segel type cross-
diffusion systems (see, e.g., [22]) it can be seen that each of these problems admits a global classical solution
(ty, vy) With 0 < u,y € C([0,00) x Q)NCH2((0,00) x Q) and 0 < vy, € Ny>1C([0,00); Wha(Q))NCYH2((0, 00) x
Q), and that

oy(t,x) > {igf vm} et/e for all (t,7) € [0,00) x Q. (4.2)

Now the core of this section is contained in the following.

Lemma 4.1. Assume (1.25) and (1.26). Then for all T > 0 there exists C(T) > 0 such that for all
€(0,1),

/ /{Unln un+e)\h(un)\+u +’Y(U77)’V1:-‘ +|Av n’2 Tl v2 L }dxdt<C( ) (4.3)
Un n

as well as
/ () In (1 (£) + €) da + / Vo, (t)2de < C(T)  for all t € (0,T). (4.4)
Q Q



TRIANGULAR CROSS DIFFUSION SYSTEMS MODELING CHEMOTAXIS WITH LOCAL SENSING 25

Proof. From Assumption (1.25) and (4.2), we know that there exists ¢;(7") > 1 such that

1 7,2 (Un)

ca(T)’ Y(vy) < er(T) and < a(T)

¥(vy) Un

in (0,7) x for all n € (0,1).  (4.5)

(e

We furthermore combine [25, Lemma 3.3] (with h(s) = e™® and with e™¥ replaced by ¢) with elliptic
regularity theory to find ¢y > 0 fulfilling

4
62/ |V(;g| dz < / |Ap|? dx for all ¢ € C?(Q) such that ¢ > 0in Q and Vo -n=0o0n 9. (4.6)
Q Q

We then define
h_(s)In(s +e)

>0 4.7
Setd sz, (172)

p(s) =

where
h_(s) := max (—h(s),0), hy(s):=h(s)+h_(s), s>0, (4.7b)

and use (4.1) along with Young’s inequality and (4.5) to see that whenever n € (0, 1),
d 1 )
T Q(u?7 + e){ In(u, +€) — 1} dz + 5 Qu?7 In(u, + €)|h(uy)| dz + Qu?7 dz
= /Q {A(uw(vn)) + unh(un)} In(u, + e) dx

unln(un+e)\h(un)]dx+/gu727da:

Il
e
DO | =
S~
4@\

|Vu,|? u
(UU)T—:e dz — ; un—ie’y'(vn)Vun - Vo, dz

1
+§/unln(un+e)h+(un)dx——/un(un—kl),u(un)dx—i-/u2 dz
2 Ja 2 Ja o "
1 2 1 2 12
< __/’Y(Un)‘vu"’ dx-l——/ 7} (Un)’VUnde
2 Ja Uy + e 2 Jouy+e vy(vy)
1
+§/unln(un+e)h+(un)dx——/un(un—kl),u(un)dx—i-/u2 dz
2 Ja 2 Ja o "
1 2 T 2
< ——/7(vn)7|vun| d:L"—I—cl( )/unWU"' dz
2 Q Un+€ 2 Q Up
1
—|—§/unln(un—|—e)h+(un)d$——/un(un—l—l),u(un)dx+/u2 dz
2 Ja 2 Ja a
1 2 4
B P
2 Jq up +e 2 Ja vy
3 1
—|——/unln(un—|—e)h+(un)d$——/un(un—l-l),u(un)dx
2 Ja 2 Ja
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(1) 2
—l—(l + 86, > /Qu,7 dz forall t € (0,7), (4.8)
as well as
d
E—/ \an]2da:+/ ]Avn\Q dx+2/ ]an\Q dz = / \Avn]2da:— / Avn dz
dt Jo Q Q
< /QuT7 dx for all £ > 0. (4.9)
Since (4.7), together with (1.26), ensures that
1 2(T
gsln(s +e)hy(s) — 53(3 + Du(s) + (2 + 62(62))32 — —00 as s — 00,
and thus there exists c3(7") > 0 such that
(T)

1
gsln(s +e)hy(s) — 53(3 + Du(s) + <2 + >32 < ec3(T) for all s > 0.

Combining (4.8) with (4.9) and (4.6), we conclude that for

yn(t) = /(Un + e)(ln(un +e) — 1) dx —i—&?/ |Vo,|? da, te (0,7), ne(0,1),
Q Q
we have

1 Vau,|? Vo, [
y;?(t)—ki/ (v )‘ 77‘ d + - /\Avnlzd +— | 1)277‘ dx
"

1
—|——/unln(un+e)|h(un)|d$+/u%dx
2 Ja Q

< ¢3(T)|9 for all t > 0 and n € (0,1), (4.10)

which after a time integration shows that
yn(t) < /(um +e) {In(u™ +€) — 1} dz + e[| Vv ||5 + c3(T)T'|9| for all ¢t € (0,7) and n € (0,1),
Q

and thereby implies (4.4), while (4.3) can be derived by direct integration in (4.10). O

An immediate consequence of (4.3) reveals some integrability feature of expressions related to the fluxes
appearing in the first equation from (4.1), here slightly generalized by involving an exponent § which can
actually be an arbitrary element of [%, 00).

Lemma 4.2. If (1.25) and (1.26) hold, then for all @ > 1 and each T > 0, there exists C(0,T) > 0 such
that

/ /‘V{u,ﬂ Up) ‘ dedt < C(6,7), (4.11)
for alln € (0,1).
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Proof. Let n € (0,1) and T' > 0. Then in

//‘V{un’y vy) ‘ dxdt<21/3/ / 4973 (y ) | Vg 1473 da dt

Jr21/394/3/0 /Q“%/374(9_1)/3(%)”Y/(Un)\4/3\vvn’4/3 dz dt,

we twice use Young’s inequality to estimate

T |Vu |2 2/3
/ / 749/3(vn)|Vun|4/3 dedt = / / < u > (un + 6)2/3’7(40_2)/3(21,7) dzx dt
0o Ja

’2
< / / un—:e / / (uy + €)*4172(v,) dz dt,
and
T
|t ) ) 990 d
0 Q
_ / / <|V vy|* > 4/3 4(9 1/3( D (0 )|4/3v3,/3dxdt
4
S / / |V 77| d dt+/ / 2,0777 29 1(U77)dxdt
Collecting the above inequalities and using (4.3), (4.5) and 6 > 1/2 gives (4.11). O

For later reference, let us briefly note some basic information on mass control in the two components.

Lemma 4.3. Assume (1.25) and (1.26). Then there exists C > 0 such that
/ uy(t)de < C and / vy(t)de < C forallt >0 and n € (0,1). (4.12)
Q Q

Proof. Since (1.26) particularly entails the existence of s; > 0 such that h(s) < —1 for all s > s1, it follows
from (4.1) that

d /undx+/und$ = /un(l—l—h(un)) d$§/1(08)(un)un(1+h(un)) dzx
dt Q Q o

IN

51|9| (1 + (?)up) ]h\) for all t > 0 and n € (0,1),
»S1

and that thus, by a simple comparison argument,

/ uy(t) dr < ¢4 = max {/ u™dx, 51]Q <1 + sup \h!) } for all ¢ > 0 and n € (0,1).
Q Q (0731)
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From the second equation in (4.1) we therefore obtain that

d
Ea/fzvndx:_/gvndx‘F/Q1f2undw§—/ﬂ’undx+64 for all t > 0 and n € (0,1),

and a simple time integration completes the proof. O

Now the gradient bound from Lemma 4.2 can be supplemented by a time regularity feature:

Lemma 4.4. Suppose that (1.25) and (1.26) hold, and let p > max(N,4). Then for all T > 0 there exists
C(p,T) > 0 such that

/OT [orfuatr )| 11, g, 8 < CO.T), w13)

for allm € (0,1).

Proof. Since p > N and p > 4, we can pick c5 > 0 such that |[1)||oc + ||V||4 < ¢35 for all ¢ € C1(Q) fulfilling
|]l1.» < 1. Fixing any such 1, from (4.1) we obtain that for all ¢ > 0 and n € (0,1),

/Q Ou{u ()} o da = — /Q o (00) (V (g (0,)} - V) s da /Q A (v0) {1 ()} - Vo da + /Q puth dafd.14)

where
1 1 , 1wl
py = uph(uy)y(vy) + Uy (vn)Avy — U Uy (vy) + P 77“177 (vy). (4.15)
Now given T' > 0, once more drawing on (4.5), we have
Y (vy)] < ¢6(T) := *(T) in (0,T) xQ  for all n € (0,1). (4.16)

According to our choice of ¢5 and Holder and Young’s inequalities, in (4.14) we can therefore estimate

‘ - /QV/(%)<V{U177(”77)} . V%) Ppdr| < 05/Q RACHI ‘V{uvﬂ(vn)}‘ V| dz

< 05/Q‘V{u777(v,7)}‘4/3 dm—l—cs,/ﬂhl(vn)|4|an|4dx
< 05/9‘V{un’y(vn)}‘4/3 dx+C5cil(T)/Q ng“l dz, (4.17)
and
‘—/Q’y(vn)V{unfy(vn)}-dex < 0561(T){/Q‘V{un’y(yn)}‘4/3dx}3/4
< 0561(T)/Q‘V{u777(v,7)}‘4/3 dz + c5¢1(T), (4.18)
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s

for all t € (0,7) and n € (0,1), where by (4.5), (4.15), (4.16) and Young’s inequality,

/|p,7|d:17 < C1(T)/un|h(un)|d$+ /un|Avn|dx+Cl(T)/undeM/ugdx
9) Q Q € Q € 9)

(T) , (1) | co(T)
< cl(T)/Qunln(u,]+e)\h(un)]dx+/9\Avnlzdx—i-/gvndx—i-< ?laz + 1182 + - >/Qu727da:

as well as

< e /Q oyl da, (4.19)

cs(1)

for all t € (0,T) and n € (0,1). Together with (4.17)-(4.19) inserted into (4.14), this shows that with some

c7(T) >0, for all t € (0,7) and n € (0,1), we have
4
|VU2"| dx+/ |Avn|2dx—|—/vnd$
n Q Q

< 67(T){/Q‘V{unv(vn)}‘4/3dx+/9 ”
+/Qu,71n(u,7+e)lh(u17)|dx+/9“’27dx+1}’

Hat Ly (on)} H (Wir(Q))

so that (4.13) results upon an integration in time using Lemma 4.1 and Lemma 4.3, and applying Lemma 4.2
to 6 = 1. O

The derivation of our main result in this section thereby reduces to an application of an Aubin-Lions
lemma:

Proof of Theorem 1.8. From Lemma 4.2 (with § = 1), Lemma 4.1 and (4.5), it follows that

<un7(vn)>ne(0 ) is bounded in L*/3((0,T); W"4/3()) for all ' > 0,

)

while Lemma 4.4 asserts that if we fix p > max(N,4), then

((%{un’y(vn)})ne(o ) is bounded in L'((0,T); (WP (Q))) for all T > 0.

Apart from that, Lemma 4.1 in conjunction with Lemma 4.3 warrants that
(vy)ne(0,1) is bounded in L*((0,7); H*(Q)) for all T > 0,

whereas in view of (4.1) it is obvious that Lemma 4.1 (with Lemma 4.3) moreover entails that
(Orvy)ne(o0,1) is bounded in L*((0,T); L*(Q)) for all ' > 0.

Owing to the compactness of the embeddings of Wh*/3(Q) and H?(Q), respectively, in L*/3(Q) and H'(Q),
respectively, and the continuity of the embeddings of L*/3(Q) and H'(Q), respectively, in (W'P(Q))’
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and L?(Q), respectively, two applications of the Aubin-Lions-Simon lemma [21, Corollary 4] thus provide
(nj)jen C (0,1) such that n; N\, 0 as j — oo, and also provide that for all 7' > 0,

Up;y(vy,) — 2 a.e. in (0,00) x Q@ and in LY3((0,T) x Q), (4.20)
j—00
V{uyy(vn)} — Vz  in LY3((0,7) x ;RY)w  and (4.21)
j—00
Uy, in L?((0,T); H'(R2)) and a.e. in (0,00) x (4.22)
j—00

for some nonnegative z € L*3((0,T); WH*/3(Q)), and some v € L*((0,T); H*(Q)) which satisfies v > 0
a.e. in (0,00) x €2, according to (4.22) and (4.2).
Now from (4.2), (4.20), (4.22) and the positivity of ~, it is evident that
z
Uy, —> U= —— a.e. in (0,00) x £, 4.23
" (0,00) (4.29
so that since
(ty)ne(0,1) is bounded in L*((0,T) x Q) for all T > 0,

by Lemma 4.1, we infer that

u e L*((0,T) x Q), (4.24)
and that thanks to the Vitali convergence theorem,
up, — w in L'((0,7) x Q)  for all T > 0. (4.25)
Jj—o0

Similarly, the L' estimate for (u, In(u, +e)h(uy)) ) contained in (4.3) can readily be seen to entail that

n€(0,1

(unh(un))ne(o 3 is uniformly integrable over (0,7") x §2 for all T'> 0,
while the continuity of h and (4.23) guarantees that

unjh(unj)jjoo uh(u) a.e. in (0,00) x Q.

Another application of the Vitali convergence theorem then gives

unjh(unj)j —_uh(u) in LY((0,T) x Q). (4.26)

With the regularity requirements in Definition 1.7 hence being asserted in view of (4.20), (4.21), (4.24)
and (4.26), the derivation of the identities in (1.23) and (1.24) can be achieved by taking n = n; \, 0 in the
corresponding weak formulation of (4.1) and using the convergence properties in (4.21), (4.22), (4.25) and
(4.26). To finally verify the claimed additional regularity features, we observe that (1.27) follows from v €
L?(H?) and (4.24) upon observing that the inclusions u € L*((0,T); Llog L(2)) and v € L*((0,T); H(Q2))
for all T > 0 are immediate consequences of (4.4). The coupled weak differentiability property in (1.28) can
be concluded from Lemma 4.2 when applied to § = 3 and combined with the fact that Up; /Y (0y,) = ury/y(v)

a.e. in (0,00) x Q as j — oo, the latter resulting from (4.22), (4.23) and the continuity of ~. O
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