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Abstract

The Frank-Wolfe algorithm is a popular method for minimizing a smooth convex function
f over a compact convex set C. While many convergence results have been derived in terms
of function values, hardly nothing is known about the convergence behavior of the sequence
of iterates (x¢):en. Under the usual assumptions, we design several counterexamples to the
convergence of (z:):en, Where f is d-time continuously differentiable, d > 2, and f(z:) —
mine f. Our counterexamples cover the cases of open-loop, closed-loop, and line-search step-
size strategies. We do not assume misspecification of the linear minimization oracle and our
results thus hold regardless of the points it returns, demonstrating the fundamental pathologies
in the convergence behavior of (x¢):en.

1 Introduction.

The Frank-Wolfe algorithm [11], a.k.a. conditional gradient algorithm [23], addresses the opti-
mization problem
min f(z),

where C C R” is a nonempty compact convex set, f: D — R is a convex function with Lipschitz-
continuous gradient, and D C R" is an open convex set containing C. It does not require projec-
tions onto C to ensure the feasibility of its iterates and uses linear minimizations over C instead,
which can be significantly cheaper to compute [6]. Another advantage is that it may generate
iterates that are sparse with respect to the vertices of C [4]. Both properties have led to many
applications of the Frank-Wolfe algorithm [22, 15, 20, 17, 24, 7, 91.

With a suitable step-size strategy, the sequence of function values (f(x:)):en converges to
ming f at a rate O(1/t) [23, 10, 16], and this result has been extensively complemented: lower
bounds have been established [3, 16, 21], faster rates under additional assumptions have been de-
rived [23, 14, 12, 18], and variants speeding up the algorithm have been developed [19, 13, 2, 5].
However, it is not known whether the sequence of iterates (z;):cny converges or not, apart from the
trivial case where the solution set arg min, f is a singleton [23, 10]. This is in contrast with other
popular convex optimization methods such as the gradient descent, coordinate descent, mirror de-
scent, proximal point, forward-backward, or Douglas-Rachford algorithm, for which convergence
results for the sequence of iterates have been proved [8] or disproved [1].

Note that counterexamples to the convergence of (z:):en could be designed trivially by as-
suming that the linear minimization oracle is misspecified (Definition 2.1), i.e., that it does not
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necessarily return the same output each time the same input is entered. A simple illustration is
given by the minimization of f = 0 over C = [0, 1] using an open-loop strategy (i)—(i). As mis-
specification allows to move towards 0 or towards 1 at each iteration, (z;):cny may follow any
arbitrary trajectory in [0, 1]. In R?, one can also easily build counterexamples where (z;);cn does
not converge while remaining out of arg min, f, for any step-size strategy (i)—(iii): consider, e.g.,
minimizing f = dist(-, [(—1/2,0), (1/2,0)])? over C = conv{(—2,1/4),(—1,0),(1,0),(0,1)}. These
counterexamples are artificial and somehow vain, as they rely on the misspecification assumption
and a very specific adversarial choice of the points returned by the oracle. Our work does not
assume misspecification of the oracle to demonstrate that (z;);cny may not converge and relies
instead on the joint geometry of C and f.

Contributions. We show that the sequence of iterates (z;):cy generated by the Frank-Wolfe
algorithm does not converge in general. We design several instances of C and f satisfying the usual
assumptions, i.e., C is compact and convex and f is convex with Lipschitz-continuous gradient, for
which the sequence (z;):cny does not converge, while f(x;) — minge f. We cover all step-size
strategies for which convergence results for the function values have been established, i.e., the so-
called open-loop, closed-loop, and line-search strategies. Furthermore, the functions f designed
are d-time continuously differentiable, where d > 2 is arbitrarily large. We use key results from
[1] and do not assume misspecification of the linear minimization oracle, thus demonstrating the
fundamental pathologies in the convergence behavior of (z;):en.

2 Preliminaries.

2.1 Notation and definitions.

We consider the Euclidean space (R, (-, -)) equipped with the Euclidean norm ||-||. Given a convex
set C C R" and z € C, the tangent cone to C at xz is Tex = cl{A\(y —z) | A > 0,y € C} and the
normal cone to C at z is Nex = {u € R" | Vy € C,(y — x,u) < 0}. The diameter and the set
of vertices of C are denoted by diam C and vert C respectively. The Hausdorff distance between
two nonempty compact sets A, B C R" is denoted by dist(.A, B). The canonical vectors in R? are
e1 = (1,0) and ez = (0,1). The unit sphere in R? is S = {z € R? | ||z|| = 1}. Given three points
A, B,C € R?, the angle at B formed by the rays [BA) and [BC) is denoted by ABC.

2.2 The Frank-Wolfe algorithm.

The Frank-Wolfe algorithm [11] is presented in Algorithm 2. It assumes access to a linear mini-
mization oracle (LMO, Oracle 1) solving linear minimization problems over the constraint set C.

Oracle 1 LMO

Input: Vector u € R™.
Output: Point v € argmin, . (v, u).

The linear minimization oracle does not ensure a priori that the same output is returned each
time the same input is entered. When argmin, .- (v,u) is not a singleton, it makes a choice on
which element to return, based on, e.g., a proximity score, an ordering of vertices, or a random
seed. This leads to the notion of misspecification for the oracle.

Definition 2.1. The linear minimization oracle LM0 is specified if u € R™ — LMO(u) is a well-
defined function and satisfies LM0(u) = LMO(u') for all positively colinear u,u’ € R™. Otherwise, it is
misspecified.



Algorithm 2 Frank-Wolfe

Input: Start point zy € C, step-size strategy (7;):en € [0, 1]N.
Output: Sequence of iterates (z;)sen € CV.

1: fort=0toT —1do

2: Vg < LMO(Vf(J?t))

3: Tp41 < (1 — "yt)xt + Yeve

4: end for

Remark 2.2. (i) The step-size strategy (y:)ten need not be numerically defined before running Algo-
rithm 2. More precisely, we may say that a sequence (z;):cn € (R™)N is generated by the Frank-Wolfe
algorithm if xy € C and for all t € N, there exist v, € argmin, (v, Vf(x;)) and v, € [0,1] such
that x441 = (1 — ve)zs +yeve. (i) When argmin, (v, V f(2+)) is not a singleton, the choice for v, is
made by the linear minimization oracle. If the oracle is misspecified, then (v;):en, and thus (z4):en,
may not be uniquely determined by x¢ and (v¢)ten-

Since x4 is generated by convex combination of z; and v; (Line 3), it is feasible and there is
no need for a projection step back onto C. Note that z;; = x; + v:(v; — ) is obtained by moving
from z; towards v;. Furthermore, assuming the linear minimization oracle returns only vertices of
C, at most one new vertex is added to the convex decomposition of x; to obtain z;;, making the
sequence (z:)en Sparse with respect to the vertices of C.

There are mainly four step-size strategies that have been considered and for which the rate at
which f(x;) — min¢ f has been established (Theorem 2.4). These are:

(i) an open-loop strategy

1
VteN, vy = ——;
R
(i) another open-loop strategy
2
VieN, = ——;
€ » Yt t ¥ 27

(ii) the closed-loop strategy

VtEN, v = min{<xt — vt’vf(g;t»,l} ;
Lljzt — v

(iii) the line-search strategy

YVt €N, v € argmin f(zy + y(ve — 2¢)).
v€[0,1]

Assumption 2.3 collects the general set of assumptions for the Frank-Wolfe algorithm.

Assumption 2.3. Let C C R"™ be a nonempty compact convex set and f: D — R be a convex function
with L-Lipschitz-continuous gradient, where L > 0 and D C R™ is an open convex set containing C.

Theorem 2.4 ([23, 10, 16]). Consider Assumption 2.3. Then the Frank-Wolfe algorithm satisfies for
alt>1,

L(diam C)?(1 4+ 1nt)/(2t) if (¢ )sen follows (1);

) 2L(diam C)?/(t + 2) if (74)ten follows ();

flwe) —min f < AL(diam C)2/(t + 2) if (7¢)een follows (ii);
4L(diam C)?/(t + 2) if (v¢)ten follows (iii).



3 The Frank-Wolfe algorithm may not converge.

We turn on to the main results of the paper. We design several instances of C and f satisfying
Assumption 2.3 and for which the sequence of iterates (x;);cn generated by the Frank-Wolfe al-
gorithm using a usual step-size strategy (i)—(iii) does not converge, while Theorem 2.4 still holds.
The strength of these counterexamples is to be valid against specified linear minimization oracles,
demonstrating that nonconvergence is intrinsic to the Frank-Wolfe algorithm in the smooth convex
optimization setting. We will use a key result from [1] which we restate in Theorem 3.1. It shows
that we can design a convex function, arbitrarily smooth, from polygonal sketches, and that we
can further choose its gradient directions at specific points from a set of directions described by
the geometry of the sketches.

Given a polytope P C R? and a vertex V € vert P, we denote by KpV = NpV N (=TpV) the
cone of admissible directions at V' for P.

Theorem 3.1 ([1]). In R, let (P;)sen be a sequence of polytopes, (ux)ren € SV be a sequence of unit

vectors, (Vi)ren € (U e vert Pg)N be a sequence of vertices of the polytopes, and (8;)sen € ]0, 1[" be
such that

(D forall k € N, there exists ¢ € N such that ui, € Kp,Vi;
(i) forall ¢t e Nand X € [1 — &g, 1 + 4], APpy1 C int Py;
(iii) forall ¢ € N, 0 € int Py.

Then for any open convex set D C R? and d € N such that Py C D and d > 2 respectively, there exist
a d-time continuously differentiable convex function f: D — R and a sequence (1¢)¢eny € RY such
that for all k, ¢ € N,

W) nepr < me;
V) PeC{z e R*| f(z) <neks
i) f(V)=mneforall V € vert Py;
(vi) dist(Py, {z € R? | f(z) < ne}) < 04;
(viii) {z € R? | f(z) < n¢} has positive curvature;
(ix) Vf(Vy) is positively colinear to uy;
(x) V?f is positive definite outside of arg ming, f = (),cy Pe-

Remark 3.2. In Theorem 3.1, V f is Lipschitz-continuous on D by the mean value theorem, since
d > 2. Thus, f satisfies Assumption 2.3.

Lemma 3.3. Consider the function f and all other variables defined in Theorem 3.1. Let C C D
be a compact convex set and consider minimizing f over C using the Frank-Wolfe algorithm with the
line-search strategy (iii). Let t € N and suppose that there exists k € N such that Vi, € [x4,v¢] and
(v — x4, u) = 0. Then xp11 = V.

Proof. We have z;,1 = (1 — v)as + v where 7, € arg min, g g flze + y(ve — xy)), e, xpyq €
[z, v¢] and (vy — x4, V f(2141)) = 0. By Theorem 3.1(ix), u and Vf(V}) are positively colinear
so (vy — x¢, Vf(Vi)) = 0. By Theorem 3.1(viii), {x € R? | f(z) < f(Vi)} has positive curvature,
which yields z; 1 = V4. O



Lemma 3.4. Consider the function f and all other variables defined in Theorem 3.1. Let k1, ks, {41, 0o €
N, ¢1 > s, and u € S, and suppose that V},, € Py, and Vi, € Py, are such that 0, V,, Vi, are aligned
and uy, = ux, = u. Then V f(z) is positively colinear to v for all x € [V}, Vi, ]

Proof. Let L1 = {x € R? | f(z) < f(V,)} and Lo = {z € R? | f(z) < f(Vi,)}. By Theo-
rem 3.1(viii), they have positive curvature. Let ny: bd £; — S and ns: bd L5 — S be their Gauss
maps respectively, which are diffeomorphisms that map a point on the boundary of the set to the
normal to the set at that point [25, Sec. 2.5]. By Theorem 3.1(ix), n1(V,) = u = na(Vj,). Let
2’ € [Vk,, Vi,] and £ = {z € R? | f(z) < f(2')}. The construction from [1] leading to Theorem 3.1
gives L = aL; + Lo, where a, § > 0 and a+ 3 > 0. Thus, by alignment with 0, 2’ = oV}, + 8Vk,,
and, by [1, Lem. 2], £ has positive curvature. Let n: bd £L — S be its Gauss map. By [1, Lem. 2]
again, n=(u) = any ' (u) + Bny H(u) = aVi, + Vi, = 2/, i.e, n(z’) = u. O

3.1 Counterexample 1: Line-search strategy.
We start with a counterexample for the line-search strategy (iii).

Counterexample 3.5. There exist C and f, satisfying Assumption 2.3, and z¢ € C such that any
sequence (x¢)ien generated by Frank-Wolfe algorithm using the line-search strategy (iii) does not
converge.

Let C = conv{(-1,0),(0,1),(1,0)} and f be defined via Theorem 3.1 with Ay = (-1/2,0),
By =(—1/4,3/4), Co = (1/4,3/4), Dy = (1/2,0), and, for all k € N,

(1 (Buie) 1
Ak:-‘rl - ( 4 + <Bk7€2> <Akael> + 4 ,0 )
13
Bk+1 = <_4; 5<Ck762>> B
3
Cry1 = ( ,5<Bk,€2>) ;

and P, = conv{Ayg, By, Ck, Dy, —Dy, —Cy,—Bi,—Ar}. Then C and f satisfy Assumption 2.3
so Theorem 2.4 holds. The solution set is argming f = [,y Pr = [(—1/4,0),(1/4,0)]. The
construction is such that for all ¥ € N, the points By, Ci+1, (1,0), and the points Cf, Bgy1,

(—1,0), are aligned, and Ak/Bk\C’k = AO/BO\CO and Bk/Ck\Dk = BO/CO\DO. An illustration is presented
in Figure 1.

The construction allows to choose (ug)ien such that ug € Kp,Cp and, for all k& > 1,

up € Kp,Cr and (Cy, — Br_1,ur) =0 if k is even;
U € ICfpkBk; and <Bk — C;g,huk) =0 if kisodd.

Let g = Cy. By induction and using Lemma 3.3, we obtain for all ¢ € N,

C, iftiseven;
T+ =
7B, iftisodd.

Therefore, (z;,e1) = (—1)'/4 for all t € N, so (z;);en does not converge. An illustration is
presented in Figure 2.



(=1,0) Ao A Dy Dy (1,0)

Figure 1: The constraint set (in black), polygonal sketches of the objective function (in orange), and the
solutlon set (in red) For all & e N, the pomts By, Cr+1, (1,0), and the points Cx, Br+1, (—1,0), are aligned,

and AkBka AOBOCO and BkaDk = BOC()DO

Lo

Figure 2: The constraint set (in black), polygonal sketches of the objective function (in orange), the solution
set (in red), gradient directions (in green), and the trajectory (in blue) of the sequence (z+):cn generated by
the Frank-Wolfe algorithm with the line-search strategy (iii) starting from zo. The abscisse of x; is (—1)"/4
forall ¢ € N, so (x¢)ren does not converge.

3.2 Counterexample 2: Line-search strategy and solution set in the interior.
In our next counterexample, the solution set arg min, f lies in the interior of the constraint set.

Counterexample 3.6. There exist C and f, satisfying Assumption 2.3 and argmin, f C intC, and
xo € C such that any sequence (x:):en generated by Frank-Wolfe algorithm using the line-search
strategy (iii) does not converge.

Let C = conv{(—1,-1),(-1 ) (1,1),(1,-1)} and f be defined via Theorem 3.1 with 4y =
(=1/10,-1), By = ( 1,1/10), Cy = (1/10,1), Dy = (1,-1/10), A\g = 1, and, for all k¥ € N,
Aest = 1100,/ (90 + 101)y),

Ap = MAo, B =M By, Cip=MCo, Dy= Do,

and P, = conv{AyAg, A\ Bo, \eCo, Ak Do} = ApPo. Thus, (A\g)ren is a decreasing sequence that
converges to 1/5. Then C and f satisfy Assumption 2.3 so Theorem 2.4 holds. The solution set
is argming f = (\enPr = (1/5)Po. The construction is such that for all ¥ € N, the points
Ap, Bg+1, (—1,1), the points By, Cit1,(1,1), the points Cy, Diy1,(1,—1), and the points Dy,
Agt1, (=1, —1), are aligned. An illustration is presented in Figure 3.
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BO Bl ¢ o
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A,
(—1,-1) Ag (1,-1)

Figure 3: The constraint set (in black), polygonal sketches of the objective function (in orange), and the
solution set (in red). For all ¥ € N, the points Ay, Bi+1, (—1,1), the points By, Cky1,(1,1), the points
Ck, D41, (1,—1), and the points Dy, Ax+1,(—1, —1), are aligned.

The construction allows to choose (ug)ien such that ug € Kp, Ag and, forall k > 1,

Uk GIC'pkAk and <Ak—Dk_1,uk> =0 ifk=0 (mod4);
up € Kp, By and (B, — Ak—1,ur) =0 if k=1 (mod4);
ug € Kp, Cr and (Cy, — Br—1,ui) =0 if k=2 (mod4);
ug, € Kp, Di, and <Dk — C’k_l,uk> =0 ifk =3 (mod4).

Let g = Ap. By induction and using Lemma 3.3, we obtain for all t € N,

Ay ift =0 (mod4);
B, ift=1 (mod4);
Cy ift =2 (mod4);
D; ift=3(mod4).

Ty =

Therefore, ||z;.1 — x¢|| > v/2/5 for all t € N, where v/2/5 is the side length of the square
argming f = (1/5)Po, so (x1):en does not converge. An illustration is presented in Figure 4.

3.3 Counterexample 3: Closed-loop strategy.
Our next counterexample involves the closed-loop strategy (ii).

Counterexample 3.7. There exist C and f, satisfying Assumption 2.3, and zy € C such that any
sequence (x;)icn generated by Frank-Wolfe algorithm using the closed-loop strategy (ii) does not
converge.



Tox

Figure 4: The constraint set (in black), polygonal sketches of the objective function (in orange), the solution
set (in red), gradient directions (in green), and the trajectory (in blue) of the sequence (z+):cn generated by
the Frank-Wolfe algorithm with the line-search strategy (iii) starting from z¢. The sequence (z):en circles
around the solution set and does not converge.

Let C = [-1,1] x [0,2%], where K € N, and f be defined via Theorem 3.1 with, for all k € N,

61 961 1 61 1761 1
Ay = [ (—1)F1 2 22— B, =((-1)2 -~
F <( ) 35 33 R ) e= V'35 e 35 0R ) -

Do (o Lot ). = (-0 g gerier )
Dy = ((—U’“ﬂwllK)a Ci = <<‘1)k2;’2k+111<)’
61 1 e s
v _27? 1.4_%];871()) if k is even; Y]é:<_6;_221k,0>’
3 1+1692k> ,0) if & is odd,
61 1 e
. 27? 1+3kl6,10) if k is even; Z/:(g;+1$21k7)’
3= 1+8172k> ,0) if k is odd,

and ng = COnV{Yk, Ak, Bk, Zk, ng} and P2k+1 = COHV{Yk/, D;C, Dk, Ck, C];, Z;c, X2k+1}, where
X, =(0,—1—1/(k+1)). Then C and f satisfy Assumption 2.3 so Theorem 2.4 holds. The solution
set is argming f = (,cn P N C = [(—1,0), (1,0)]. The construction is such that for all £ € N, the
lines (A By) and (CyDy,) are parallel, (B, e2) < (Ag,e2) and (C, es) < (Dy, e2), and the points
0, Dy, Ay, and the points 0, Cy, By, are aligned. An illustration is presented in Figure 5.

By properties of the construction, for all k € N,
Kpyir Dr C Kp,, Ag, Kpyi1Cr C Kp,, Bi,
’CP4k+1D2k N (Ri)g 7é g, ICP4k+102k N (Ri)Q 7& ,
IC'P4k+3D2k+1 N (R*— X Rj—) 7& 9, ICP4k+3C2k+1 N (Rt X Rj—) # 9.

Thus, we can choose (uy)ren such that for all £ € N,
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0

Figure 5: The constraint set (in black), polygonal sketches of the objective function (in orange and dark
orange), and the solution set (in red). The polygonal sketches are studied by pairs, corresponding to the
color tone, i.e., to the direction in which they lean (see Figure 6). For all £ € N, the lines (AxB%) and
(CrDy) are parallel, (By, e2) < (Ag, e2) and (Ck, e2) < (Dx, e2), and the points 0, Dy, Ay, and the points 0,
C}, By, are aligned.

(i) Vf(Ax)and Vf(Dy), and Vf(By) and V f(C}), are positively colinear;
(i) (es, Vf(z)) > 0and (—1)¥(ey, Vf(z)) > 0 for all x € {A, By, Cx, Dy }.

Then, for all £ € N, let
7 1 7 1
_ k+1 k
Ey = ((_1) ’42k+1K>’ ((_1) ’42k+1K>’
r 13 1

13 1
— k+1 —
= R ()

5 1 5 1
k+1 k
Hy = ((1) * a42k+1_K>a Gy = ((1) ,42k+1_K>-

An illustration is presented in Figure 6.

&
I

<

Lemma 3.8. Let k € Nand z € C.
@D If (z,eq) > 0, then (e, Vf(x)) > 0.
(i) If x € conv{FE}, Fy., Gy, Hy.}, then (—1)*{e1, V f(x)) > 0.
Proof. (i) Let z* = x — (z,e2)es € [(—1,0),(1,0)] = argmin, f. By convexity of f, (z* —
x,Vf(z)) <0,ie., (x,es){es, Vf(x)) > 0. Since (z,e2) > 0, we obtain (es, Vf(x)) > 0.

(i) By Lemma 3.4 and items (i)—(ii) above, (—1)*{e;, Vf(y)) > 0 for all y € [Ay, Di] U [By, Ci].
There exist y; € [Ag, D], y2 € [Bk,Ck], and v’ € [0,1] such that yo — y1 = ||y2 — v1llex



Ak ;
: : By,
Ly : : Fy
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w e
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D, 5 T R e

Figure 6: A pair of polygonal sketches (in orange) and gradient directions (in green). Here, k € N is
even. Using the gradient directions, we show that the linear minimization oracle always returns (—1,0) in
conv{Ey, Fi, Gy, Hi} here (Lemma 3.9(iv)). Then, we show that, if k is large enough, there exists an iterate
z¢ € conv{Ey, F, Ji, I} (Lemma 3.9(v)). Put together and using Thales’ theorem, we can measure the min-
imum horizontal displacement of the iterates when they cross (vertically) the rectangle conv{Ix, Ji, G, Hi }.
This turns out to be a constant number, showing that (z;):en does not converge (Lemma 3.9(vi)).

and z = (1 — ¥)y1 +7'y2- Let p: v € [0,1] = f((1 — ¥)y1 + Yy=2), which is convex. Then
©'(7) = (Y2 —y1, V(L = Myr +v92)) = |ly2 — vall{er, VF((1 = v)y1 + vy2)) for all v €

[0,1]. Thus, (=1)*¢'(0) = (=1)*[ly2 — w1ll{er, VF(31)) > 0 and (=1)F¢'(1) = (=1)*[|y2 —
y1ll{e1, Vf(y2)) > 0, so, by monotonicity of ¢/, (—1)*¢/(y) > 0 for all v € [0, 1]. Therefore,

(=1)*(e1, Vf(x)) > 0.
O
Lemma 3.9 completes our counterexample. Note that L > L} def SUP, yecarty IV (Y) —

Vf(@)|l/|ly — «| is most likely in practice, because the optimal value L} is very hard to estimate
precisely in general.

Lemma 3.9. Consider the Frank-Wolfe algorithm starting from zo € C \ arg min, f with the closed-
loop strategy (ii). If L > L, then:

(D Forallt e N, x; ¢ argming f;
(ii) Forallt € N, v; € [(—1,0),(1,0)] and v < 1;
(iii) v — 0;
(iv) Forallt,k € N, if z; € conv{E}, Fy,, Gy, Hy.}, then v, = ((—1)k*1 0);
(v) There exists ko € N such that for all k > ko, {x; | t € N} N conv{Ey, Fy, Ji, I} # ;

(vi) (z1)ien does not converge.

Proof. Let x; = (o, 3¢) for all ¢ € N and recall that arg min, f = [(—1,0), (1,0)].

(i) We proceed by induction. The base case is satisfied. Let t € N be such that x; ¢ argmin, f.
Then 8, > 0 and, by Lemma 3.8(i), v; € [(—1,0),(1,0)], so Vf(v;) = 0. By the Cauchy-
Schwarz inequality,

(e — v, V(o)) _ [IVF@)l _ [IVf(a) = V)| _ Le

TS T e =l S Lw—wl | Lw-wl L

<1. (1)

Therefore, x¢11 € [xs,v¢[ C C \ arg min; f.

10



(ii) See the proof of Lemma 3.9(i).

(iii) By Theorem 3.1, f is d-time continuously differentiable, where d > 2. By (1) and the mean

value theorem,

IV f(z) — Vvl 1 ,
< < — su V2£(2) |lons @
t L||xs — v i3 IE[qu;t] IV=f (@) llop

where ||- ||o, denotes the operator norm. Since arg ming, f = [, oy P has nonempty interior,
V2f(z) = 0 for all z € argming f O argmin, f. By Theorem 2.4, f(x;) — minc f, so

dist(x¢, arg mine f) — 0, and, by Lemma 3.9(ii), v; € argmin, f for all ¢ € N. By continuity
of V2f, it follows that SUD e (24 00] V2 f(z)|lop — 0. By (2), v+ — 0.

(iv) This follows from Lemma 3.8(ii).

(v) By Lemma 3.9(ii), v; € [(—1,0), (1,0)] for all ¢ € N. Thus,

(vi)

t'—1

B = H(l_W) B, (3)

l=t

forallt,¢ € Nsuchthatt’ > t+1. Letc = 1—,/13/14 > 0. By Theorem 2.4, f(z;) — min¢ f,
so 5 — 0. By Lemma 3.9(iii), v — 0, so there exists ¢, € N such that 5, < 3, and y; < ¢ for
all t > to. Let ko € N be such that 8;, > (7/4)(1/2)kt 1=K = (Ey ,es). Let k > ko, t > to,
and ¢’ >t + 1 be such that 8, > (7/4)(1/2)¥*1=K = (Ej, e5) and By < (13/8)(1/2)F1-K =
<Ik, 82>. By (3),

t'—1
13/8 r_
= [Ma-w=a-9
0=t
SO
t—t> MZQ

T In(1/(1 - 0))
Therefore, there exists ¢ € [t + 1,t' — 1] such that x4 € conv{E}y, Fi, Ji, I1}.

Lett, k € N be such that z; € conv{Ey, F, Ji, I }. With no loss of generality, we can assume
that k is even.

o Ifay > —1/2, lett’ = min{¢ € N | By < (5/4)(1/2)*"1=K = (Hy,es), ¢ > t}. By
Lemma 3.9(iv), v, = (—1,0) for every ¢ € [t,t' — 1]. By Thales’ theorem,
Qap — Qi _ By — By
a; — (—1) Br—0"
where a; > —1/2, (13/8)(1/2)F 1=K = (I, es) < B¢ < (7/4)(1/2)F 1=K = (B}, e5),
and ﬂt/ < (5/4)(1/2)164»17[{ = <Hk7€2>‘ Thus:
13/8—5/41 3

PNl A iy
G Z T 9 T 08

* Else, a; < —1/2. There exists ¢ € N such that z;; € conv{Fxy1, Frx+1, Jgt1, [k+1}. Let
t" =min{l € N | B < (5/4)(1/2)*2-K = (H;11,e0),0 > t'}. If ap < 1/2, we can
reproduce the same argument as above and conclude that

3

28"

o — 2
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Else, ap > 1/2, so

3
ozt/—at>l>%.

Thus, together with Lemma 3.9(v), we conclude that card{t € N | 3t' > t: |ap — | >
3/28} = +o0. Therefore, (a:):en is not a Cauchy sequence, so (z:):cn does not converge.

O

3.4 Counterexample 4: Open-loop strategies.

Our last counterexample involves the open-loop strategies (i)—(i"). It is similar in design to the one
in Section 3.1. Note that the counterexample from Section 3.3 would be valid here as well if we
had Yo < 1.

Counterexample 3.10. There exist C and f, satisfying Assumption 2.3, and xo € C such that any
sequence (x;):cn generated by Frank-Wolfe algorithm using an open-loop strategy (i)—(i’) does not
converge.

Let (7¢)ten be an open-loop strategy, C = conv{(—2,1/4),(-1,0),(0,1),(1,0)}, and f be de-
fined via Theorem 3.1 with, for all ¥ € N, P}, = conv{ Ay, By, Cj, — By} where

1 1
P (e |
By =(0,1), By =Vp = (—2,1/4), V1 = (1,0), and, for all k£ > 1,

Biy1 = (1 —v,)Br + vV,
v . —Vk if|<Bk+1,61>‘>1/4and|<Bk,€1>|<1/4;
k+1 =
Vi else.

Then C and f satisfy Assumption 2.3 so Theorem 2.4 holds. The solution set is argmin, f =
Nken PrNC = [(—1,0), (1,0)]. The construction is such that the trajectory of (B})ren is headed by
(Vi) ken, whose terms change value each time (B}, )xen crosses the vertical band {z € C | |z, e1)| <
1/4}. An illustration is presented in Figure 7.

By construction, for all k € N,
Kp,BrN(R* xRY) #@ and Kp, BN (R})* # 2.
Thus, we can choose (uy)ren such that for all £ € N,

up € Kp,Br, and Vj € arg Iélin (v, ug).
ve

Let zp = By. By induction, x; = B; for all ¢ € N. Therefore, (x;).en crosses the vertical band
{z € C| [{z,e1)| < 1/4} indefinitely, i.e., card{t € N | (z4,e1) < —1/4} = +oc0 and card{t € N |
(x4,e1) = 1/4} = +oo. Since v, < 1forall ¢ > 1, (x;,e2) > 0 for all t € N, so (z4):cn does not
converge.
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B =W

Ay A Ay Va=Vy Vi=V, Co

Figure 7: Stretched for visualization purposes. The constraint set (in black), polygonal sketches of the objective
function (in orange) built using the open-loop strategy (i), the solution set (in red), gradient directions (in
green), and the trajectory (in blue) of (By)ken. For all k& > 1, Bry1 € [Bk,Vi]| where Vi, = Vj_q or

Vi = —Vik_1, depending on whether (By)ren has just crossed the vertical band delimited by the dashed lines
or not.
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