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STATIONARY STATES TO A FREE BOUNDARY TRANSMISSION
PROBLEM FOR AN ELECTROSTATICALLY ACTUATED PLATE

PHILIPPE LAURENCOT AND CHRISTOPH WALKER

ABSTRACT. A two-dimensional free boundary transmission problem arising in the mod-
eling of an electrostatically actuated plate is considered and a representation formula for
the derivative of the associated electrostatic energy with respect to the deflection of the
plate is derived. The latter paves the way for the construction of energy minimizers and
also provides the Euler-Lagrange equation satisfied by these minimizers. A by-product
is the monotonicity of the electrostatic energy with respect to the deflection.

1. INTRODUCTION

We consider a model for a microelectromechanical system (MEMS) featuring an elastic,
electrostatically actuated plate with positive thickness as introduced in [3]. More precisely,
given a finite interval D := (—L, L) with L > 0, let the function v € C'(D,[—H, o0)) with
u(£L) = 0 measure the deflection from rest of the lower part of an elastic plate with
thickness d > 0, clamped at its boundaries and suspended above a fixed ground plate, the
latter being represented by D and located at z = —H with H > 0 (see Figure 1.1). The
deflected elastic plate is then

Do(u) :={(z,2) e D xR : u(z) < z <u(z)+d},
while the region between the ground plate and the deflected elastic plate is
Q(u) :={(z,2) e DxR : —H <z <u(zx)} .
The two regions are separated by the interface
Y(u) ={(z,2) e DxR : z=u(x) > —-H} .

The deflection of the plate being triggered by electrostatic actuation, the total energy of
the device is

E(u) := Ep(u) + Ee(u) (1.1a)
with mechanical energy E,,(u) and electrostatic energy F.(u). The former is given by
15} T a
Eun(u) = 102l ) + (5 + 100t} o) ) 100l (L.1b)

with 8 > 0 and a,7 > 0, taking into account bending and external stretching effects of
the elastic plate. The electrostatic energy

N A
E(u) = 2/9(u) Vb |” d(z, 2) (1.1c)
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QQ(U)

—L D L
FIGURE 1.1. Geometry of Q(u) for a state u € S with empty coincidence set.
involves the electrostatic potential v, in the subdomain

Qu) ={(z,2) e DxR: —H < z < u(x) +d} = Q(u) UQa(u) UX(u)

of D x (—H,0). The electrostatic potential 1, is the solution to the transmission problem

div(eVi,) =0 in Qu), (1.2a)
[u] = [0V¥pu] - ng@) =0 on X(u), (1.2b)
Yy = hy on 0Q(u), (1.2¢)

where [-] denotes the (possible) jump across the interface X (u); that is,
[f1(z,u(@)) == flo,w) (@ w(@)) = floyw) (@ u(@), €D,
whenever meaningful for a function f : Q(u) — R. Moreover,
o= Ullgl(u) + Uglgz(u) (1.3)

involves the material dependent constant permittivities oo, 01 > 0. The unit normal vector
field to X(u) (pointing into Q9(u)) is

oy o 2 T)
V14 (9u)?
As for the boundary values in (1.2c) we assume the particular form
hy(z,2) == ((z —u(z) + 1), (z,2) € D x [-H,0), (1.4a)
where V' > 0 and
(€EC*R),  C(leoo1 =0, Clitdon) =V - (1.4b)

For instance, ((r) := V min{l, (r — 1)™/d™} for r > 1 and m > 2 and { = 0 on (—o0, 1]
is a possible choice. Note that

hy(z,—H) =0, hy(z,u(z)+d) =V, reD;

that is, the ground plate and the top of the elastic plate are kept at different constant
potentials. Let us emphasize that we explicitly allow that the elastic plate touches upon
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FIGURE 1.2. Geometry of Q(u) for a state v € S with non-empty coincidence set.

the ground plate when u reaches the value —H somewhere, a situation corresponding to
a nonempty coincidence set

Clu):={x €D : u(x)=-H}, (1.5)

as depicted in Figure 1.2. In this case, the region 4 (u) is not connected and its boundary
features cusps, so that its connected components are not Lipschitz domains.

In this research we shall be interested in minimizers of the total energy E which cor-
respond to stationary states of the MEMS device. More precisely, we shall show the
existence of minimizers and derive the corresponding Euler-Lagrange equation they sat-
isfy, which, due to the nature of the problem, is a variational inequality. Obviously, the
main difficulty in this regard is related to the electrostatic energy F. and the associated
transmission problem (1.2) for the electrostatic potential. The latter was investigated
in [5] for deflections belonging to the set

S:={uec H*D)NHYD) : u>—-Hin D and + [¢o]d,u(£L) < 0}
with [o] = 01 — 2. More precisely, the following result is shown in [5].

Theorem 1.1. [5, Theorem 1.1] Suppose (1.4).
(a) For eachu € S, there is a unique variational solution 1, € hy,+Hg(Q(u)) to (1.2).
Moreover, Yu1 = Yula, ) € H2(Q1(u)) and 1y = Yulos) € H?(Q5(u)), and
Yy is a strong solution to the transmission problem (1.2).
(b) Given k > 0, there is c(k) > 0 such that, for every u € S satisfying ||ul g2(py < &,

[ull et @)y + 1Yl a2@ ) + [Yu2llE2 @) < c(k)-

The H?-regularity of the electrostatic potential v, provided by Theorem 1.1 is then
the basis for deriving the existence of minimizers of the total energy FE. We shall look for
minimizers with clamped boundary conditions; that is, minimizers in the closed convex
subset

So:={uc H*D)NHD) : u>—Hin D and d,u(£L) = 0}
of H*(D). We denote by dlg, the subdifferential of the indicator function Ig,. Our main
result then reads:

Theorem 1.2. Assume a > 0 or [o] < 0, and let (1.4) be satisfied. Then, the total
energy E has at least one minimizer in Sg. Moreover, any minimizer u, € Sy of E in Sy



4 PHILIPPE LAURENCOT AND CHRISTOPH WALKER

with

E(uy) = né_tnE (1.6)

is an H?-weak solution to the variational inequality
508y — ( + el )0 + O, () 3 —glws) in Dy (L7
that is,
/ {ﬁ@%u* 02 (w — uy) + [T+ aH(‘)xu*H%z(D)]@xu* O (w — u*)} dz > —/ g(uy)(w—uy) dx
D D
for all w € Sy. The function g(u) € La(D) is for u € S given by
,_ [o]
)= @)
B [o]o
201(1 4 (0zu(x))?)
+ % ‘un,g(x,u(a:) + d)|2.

(Duthuz + Opud-tbu )’ (2, u(x))

(0Bt — Othu2)” (a, u(x)) (1.8)

Finally, if [o] <0, then u, <0 in D.

Even though the total energy E consists of two competing terms with different signs,
it is not difficult to see that it is H?-coercive if @ > 0 in (1.1b), see [4], and the existence
of a minimizer for £ on Sy follows directly. When a = 0, the coercivity of E is no longer
obvious and one has to proceed differently. In this case, the coercivity of the functional
can be enforced by adding a penalty term which vanishes when u is bounded, an idea
that was used in [2]. The minimizers of the penalized energy functional on Sy then satisfy
the Euler-Lagrange equation (1.7) with an additional term. The assumption [o]] < 0 now
guarantees that g(u) > 0 in D according to (1.8) which, in turn, yields an a priori bound
on the minimizers by a comparison argument. This then implies that the minimizers of
the penalized energy actually minimize the total energy E. It is worth emphasizing that
the non-negative sign of g(u) — read off from the explicit formula (1.8) when [o]] < 0 — is
essential for this approach.

The main motivation of this research is thus the explicit computation of the electrostatic
force g(u) as the (directional) derivative of the electrostatic energy F.(u). A computation
in the same spirit was performed in [4] for a related MEMS model but with a flat trans-
mission interface. As we shall see in Section 2, the non-flat transmission interface ¥(u)
in (1.2b) makes the computation noticeably more involved. We first establish in Section 2
differentiability properties of the electrostatic potential v, with respect to v which then
ensure the Fréchet differentiability of the electrostatic energy E. on S§. The subsequent
identification of g(u) as the (directional) derivative of the electrostatic energy E.(u) is the
main contribution of Section 2. Once this is achieved, the existence of minimizers follows
along the lines of [2] as described above.

As pointed out above the electrostatic force g(u) has a sign if one assumes that [o] < 0;
that is, if o9 > 7. This is a natural assumption e.g. if the region between the two
plates is vacuumed or filled with air. We also point out that this assumption implies the
monotonicity of the electrostatic energy E. as stated explicitly in Corollary 2.5.
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Remark 1.3. The total energy E can also be minimized in S leading then to weak solutions
to (1.7) with Ig instead of I, and pinned boundary conditions uw(+L) = d2u(£L) = 0
instead of the clamped boundary conditions involved in Sy .

2. SHAPE DERIVATIVE OF THE ELECTROSTATIC ENERGY

The heart of the proof of Theorem 1.2 is the differentiability of the electrostatic en-

ergy E. and, in particular, the identification of g(u) as its derivative at u € S. On a
formal level, this derivative is computed in [3] (in a three-dimensional setting). Here we
provide a rigorous proof. Actually, we shall show that the electrostatic energy F. is Fréchet
differentiable on

S:={uec H* D)NHYD) : u>—-Hin D and =+ [o]d,u(£L) < 0},

i.e., for points with empty coincidence set, while it admits a directional derivative at
u € S in the directions —u 4+ S. Here and in the following, S and S are endowed with the
H?(D)-topology. The precise result reads as follows:

Theorem 2.1. Assume (1.4). The electrostatic energy E. : S — R is continuously Fréchet
differentiable with

B (u)9] = /D o(u) () 0(x) dz

foru € § and ¥ € H*(D) N H(D), where g(u) is defined in (1.8). Moreover, if u € S
and w € S, then

1
lim 2~ (Eu(u+ t(w — ) — Eu(u) = / g(u)(z) (w — u)(x) dz .
t—0+ t D
The function g : S — L,(D) is continuous for each p € [1,00).

The proof of Theorem 2.1 follows from Proposition 2.4 and Corollary 2.5 below. We
will need the following result which is contained in [5].

Proposition 2.2. [5, Theorem 1.3, Proposition 3.3] Assume (1.4). Let u € S and
consider a bounded sequence (up)p>1 in S such that

Jim {|uy, —ullg1p) = 0.

Then, for any p € [1,00),

nh—>H(;lo “V¢Un,2('7 un) - v¢u,2('7 U)HLP(D,RQ) =0, (2'13)
nh—g)lo vaunﬂ('v Up + d) - quu,Q('v u+ d)HLp(D,RQ) =0. (21b)

Moreover,
li_>m Ee(up) = Ee(u). (2.2)

Finally, setting
M = d =+ maX{”UHLOO(D) ) Slil;{Hun”Loo(D)}} )
one has

lim H(T/’un - hun) - (wu - hu)HH&(Dx(—H,M)) =0. (2-3)

n—oo
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The first step of the proof of Theorem 2.1 is to show that the electrostatic energy F.
is Fréchet differentiable on S. The next lemma is adapted from [1, Theorem 5.3.2], see
also [4, Lemma 4.1]. We include the proof for the reader’s ease.

Lemma 2.3. Assume (1.4). Let u € S be fized and define, for v € S, the transformation
@u,v = (@u,v,ly ®u,v,2) : Q(u) — Q(U)

by
Ouvi(z,z) = (m,z + %(z + H)> , (z,2) € Q1(u), (2.4a)
Ouv2(z, 2) = (x,z +v(z) —u(z)), (z,2) € Qa(u). (2.4b)

Then there exists a neighborhood U of u in S such that the mapping
Uu— Hé(Q(u))7 V= gv = (T,Z)v — hv) (¢} ®u,v

is continuously differentiable, recalling that S and thus alsoU are endowed with the H?(D)-
topology.

Proof. Set x, := ¥, — hy for v € §. Owing to Theorem 1.1, the function x, belongs to
H(Q(v)) and satisfies the integral identity

/ oV - VOd(Z,2) = — / oVhy-VOd(z,7), 0€HQW),  (25)
Q(v) Q(v)
which we next shall write as integrals over Q(u). To this end, we first note that

Eu = Xus V& = DO ,Vxy0Ouy, (2.6)
where

1 0
DOy 1 (7, 2) = (2 + ) v—u () H+v(z) | (z,2) € (u),

: \H+a)YW HY u(x)

and
1 0
DOy 2 (7, 2) = ) (z,2) € Qa(u).

Oz(v—u)(z) 1
For ¢ € H(Q(u)) we set
b =00, € Hy(Q(v))
and note that
Voo = ((D6,,)7'Ve) 00y
Performing the change of variables (Z,2) = O,,,(z, 2) in (2.5) with § = ¢, and using (1.3)
give

/ o Jo(DOy,) H(DOL,)IVE, - Vo d(z, 2)
26) (2.7)
= —/ 0 Jy (DOyp) *Vhy 00y, - Véd(z,2),
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where the Jacobian J, := |det(DO,, )| is given by
H+wv

J.o1 =
v,1 H—l—’LL

in Q(u), Jy2=1 in Qa(u). (2.8)
Introducing the notations
A) =0 Jy (DO,) " (DO] )
and
B(v) := div(o J, (DOy ) ' Vhy 0 6,,)
we define the function
F:Sx Hy(Qu) = HH(Qw), (v,8)— —div(A(v)VE) — B(v)
and observe that (2.7) is equivalent to
F(v,&) =0, veS. (2.9)

We then shall use the implicit function theorem to show that &, depends smoothly on v.
For that purpose, let us first show that F is Fréchet differentiable in S x H (Q(u)). Indeed,
by (1.4), it is readily checked that

Vhy 0 O y(,2) = 1o, ¢ (2 — u(@) + 1) < —@f(az) > ,

so that its Fréchet derivative with respect to v is

0,(Vhu 0 0.,) 0](2.2) = Lo, (=~ ute) + 1) %) g

for ¥ € H*(D) N H}(D). Thus,
[0 Vhy0Oy,] € CH(S, La(Qu), R?)) .
Moreover, v — J,, and v — (DO, ,) "1 are continuously differentiable from S to Lo (Q2(u))
and Lo (Q(u), R?%2), respectively, and we conclude that
v = o J, (D@u,v)—lvm 0Oy

is continuously differentiable from S to Lo((u), R?). Hence B € C*(S, H~*(Q(u))). The
C'-smoothness of (v,¢) + div(A(v)VE) is proven as in [1, Theorem 5.3.2] and we have
thus established that
Fe (S x Hy(2uw), HH(Q(u)) .
The Lax-Milgram theorem and the open mapping theorem imply that the mapping
w = 0cF (u, &) [w] = —div(eVw)

is an isomorphism from H}(Q(u)) to H~1(Q(u)). Consequently, the implicit function theo-
rem ensures the existence of a neighborhood ¢ of u in S and a function = € C*(U, H} (Q(u))
such that

E(u)=¢&, and F(v,2(v)) =0 for vel.
By (2.3), & € E(U) for [|v — ul|g2(p) sufficiently small and we infer from (2.9) and the
uniqueness provided by the implicit function theorem that &, = Z(v) for v € Y. ([l

We next compute the Fréchet derivative of the electrostatic energy on S and thus provide
a proof for the first part of Theorem 2.1.
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Proposition 2.4. Assume (1.4). The electrostatic energy E. : S — R is continuously
Fréchet differentiable with

aﬂmmmzémmwwum$

foru €S and ¥ € H*(D) N H} (D), where g(u) is defined in (1.8).

Proof. We fix u € § and use the notation introduced in Lemma 2.3. Recall that, according
to Lemma 2.3, there is a neighborhood U of u in § such that the mapping

v &y = (¢U - hv) O@u,v

belongs to C1 (U, H}(Q(u))), the transformation ©,,, : Q(u) — Q(v) being defined in (2.4).
Now, for v € U, we use (2.6), the relation x, = v, — hy, and the change of variable
(Z,%) = Oy(x, 2) in the integral defining E.(v) to obtain

1 1 .
zuw=—§LUUN%P«%@:—5LUomwﬁaaaw,

where

j(v) == (DO ,) 7'V, + Vhy 0Oy -
Owing to the differentiability of v — &, in U, we deduce that the Fréchet derivative of F,
at u applied to some ¥ € H?(D) N H}(D) is given by

OuEe(uw)[0] = 0y Ee(v)[0]],_, = — /Q( )Uj(u) (06 ()] ,—,, Jud(z, 2)

-3 olj(u)|? x, 2
3 R @, a2,

Taking the identity j(u) = Vx, + Vh, = V), into account, we infer from (2.8) that

@&wmz—l%fwm«mwwmmwm@

| (2.11)

9
- = Vipu1 | d(z,2).
3 IVl g ae2)

We next use that ©,, is the identity on Q(u) and that &, = x, to compute from the
definition of j(v) that

Dy (v)[9)]|

= —0,(DOL )I|,_, Vxu + 0u(VE) W],

o - =u (2.12)
+ 0y(Vhy 0 Ouw) V]|, _, -
Now, Xu,1 = Yy,1 in Q1 (u) due to (1.4), so that
—0,(DO, W], _, VXu = —0:0,V (%) in Q(u), (2.13)
while
—%@@%WMWVm=—<@%%ﬁ> in Qy(u). (2.14)

Also note that
O(VENW|,_, = V(0u&ul]|,_,) in Qu). (2.15)
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Consequently, gathering (2.11)-(2.15) and recalling (2.10) lead us to

0.E. (18] = To(w)[9] + (9] + L], 210
where
D)= [ oV V@], d ),
B = [ oo Vo9 (S5 des
3 eV ),
and

Bl = | 72t = 1) 0.0 (e,

+ / 02 8xwu,2 8qu,2 0.9 d(a:, Z) .
Qs (u)

We are left with simplifying these three integrals and begin with Iy(u)[¢]. We use Gauf’
theorem and (1.2a) to get

()] = — /a . (u610]],_ )0V - gy S

_ / [0u609),_ oVibu] - ngguy dS
3(u)

Now, recall that 0,&, [ﬁ]‘vzu belongs to HE(Q(u)) according to Lemma 2.3. On the one
hand, this entails that ava[ﬁ”v:u vanishes on 0€2(u), so that the first integral on the

right-hand side of the above identity is zero. On the other hand, the H'-regularity of
0wy [79]|v:u also implies that [0,¢, [79]|v:u]] =0 on X(u), so that

Havgv [19]|U:uo-v¢u]] "Ny (u) = avgv [19Hv:u Hav¢uﬂ ‘Ny(y) = 0 on E(U)

due to (1.2b). Therefore,

Io(w)[9] = 0. (2.17)
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We next deal with I (u)[9]. Since o1Ay, 1 = div(eVy,) = 0 in Q;(u) by (1.2a), it follows
from Gauf}’ theorem that

Li(u)[Y] = /Q o D:y,1 div ((%) kuJ) d(z, 2)

1 W
- = Vipui|? —— d(z,
2/91@)01' Yuil H+u (@)

Yz + H)
- o ) 1V - oy dS
/891() CTH 1 1 DHQ, (u)

Yz+ H)

H+u d(z,2)

- / 01 VQ;Z)u,l -V (az¢u,1 )
Q1 (u)

1 )
— = Vipu1]? ——d(z, 2).
2 /Ql(u) O-l | ’IIZ) ’1| H + u (x Z)

Recalling that ¢ € H}(D) and noticing that Vo1 - V (9:0u1) = 0:(|Vpu1[?)/2, we
further obtain

[1('&)[79] = /D 01 5z1/1u,1(33= u(m))( - axuaxwu,l + azwu,l) (‘Ta u(l’))”&(ﬂ:) dzx

—%/Dal|V1/)u,1(x,u(:n))|219(:p) dz

Hence,

L(uw[d] = — %/ o1 (‘8ﬂcwu,1‘2 - ‘8zwu,1‘2) (z,u(x))d(z) dz
P (2.18)

- /D 01 05u(2) (Btu1Otbu ) (&, u(2))9(@) da.

Finally, using (1.4a), Xu = ¥y — hy and 9 € H}(D), it follows from Green’s formula that

L(u)[9] = / [ 200000200 45, 2)
+ 02 xwu 201y 2)( (x))axu(‘r) dz

m¢u 2827;Z)u 2)19 d(l‘ Z)

\g\b\
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Owing to (1.2a), we have 02021, 2 = —090%9,.2 in Qa(u) from which we deduce that

/ 0301 (D thu 20 02) 9 d(z, 2)
Qa(u)

02 (8g¢u,2az¢u,2 + 8x¢u,2axazwu,2)79 d(a:, Z)

=5 [ o2 (sl = 0.2 (o, u(e)) ()
D

Consequently,
B = = [ 52 (00,20.602) (2, u(0) + d)0su(z) d
/ xwug(‘)zwu,g) (z,u(x))0pu(x)dx

=5 [ o2 (0bual? = -t 2P o u(e) + i) do
+§/Dag (|8m¢u2|2 |62¢u72|2)(x,u(:z:))ﬂ(x)d:n.

We finally note that

Opy2(z,u(z) + d)) = —0pu(z)0,1y 2(x, u(z) + d),

since ¥y 2(x, u(z) +d) =V owing to (1.2c) and (1.4b). This identity allows us to simplify
further the formula for Is(u)[¥], so that we end up with

b)) = 5 /D 03 Vi a(z, u() + d)[2 da
+/ o9 (c%wu,gazi/}ug)(az,u(x))(‘)xu(a;) dzx (2.19)
D
+ % /DJ2 (|8x1/)u,2|2 — |8Z1/)u,2|2)(:17,u(x))19(:17) dz .
Collecting (2.16), (2.17), (2.18), and (2.19) gives
Ou E = __/ [[0' :cq/}u - zwu) ]]( €T, (x))ﬁ(x)dx
_ /D Deu(z) [oBytbudain] (, ulw)) 9(x) da (2.20)

2 [ Vit o)+ 0 o) e
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Finally, we shall write (2.20) only in terms of ¢, 2. To this end, we set

and observe that differentiating the transmission condition [¢,] = 0 on X(u), along with
the second transmission condition in (1.2b), ensures that

[Fu] =[cGu] =0 on X(u).
These properties in turn imply that

[[0F3]] = [[0]]Fu2,2, [cF.G,] =0, [[aGi]] = H%H O'%GZQ on X(u). (2.22)

Guided by (2.22), we next express the jump terms in (2.20) using F, and G,. Since
[1 + (amu)z] 0y = F, — Guo,u  and [1 + (&cu)z] 0y = F,0,u + Gy ,
we compute
[1+ @0)] [(0at00)? = (0:000)* + 20, uptpute]
= (Fy — GuOpu)? — (Fu0pu+ Gu)* + 20,u(Fy — GuOpu) (Fudpu + Gy)
= [1+ (0:w)?] (F} = 2F,Gu0,u—G3) .
Therefore, by (2.22),
[1+ (020)?] [0(9900)? — 0(0:00u)? + 2005 u51pu 010

1
= [[aFg —20F,G,0zu — O'Gi]] = [[0]]F572 - H;H ang,g

[o]o
= [o]F2x + = =G
g1
Consequently, plugging this formula into (2.20) and recalling (2.21) yield

0, Ec(w)ld]) = — 12 i m(w%z + 0pu() D10 2) (2, u()) 9(z) da

[o]o2 1 5
209 /D 1+ (Opu(x))? (Oru(@)dztu2 — O:thu2)” (7, u()) V(z) de

+ 1 /D o2 | Vipua(@, u(z) + d)|2 Wzx)dx;

2
that is,

B (u)9] = /D o(u) () 0(x) dz

for u € S and ¥ € H*(D)N H (D) with g(u) being defined in (1.8). It then readily follows
from (2.1) that
OuEe : S — L(H*(D) N Hy(D),R)

is continuous. O

The final step for the proof of Theorem 2.1 is to show that the electrostatic energy F.
admits directional derivatives in the directions —u + S.



FREE BOUNDARY TRANSMISSION MEMS MODEL 13

Corollary 2.5. Assume (1.4). Let ug € S and u1 € S. Then

lim %[Ee(uo + t(ur — o)) — Ee(uo)] = / g(uo)(z) (w1 — up)(z) dx.
D

t—0t
Moreover, the function g : S — Ly,(D) is continuous for each p € [1,00).

Proof. The stated continuity of g is a straightforward consequence of (2.1). Next, given
ug € S and u; € S, we set

us :=ug + s(u; —up) = (1 — s)ug + suj € S, s € (0,1].

Since us € S for s € (0, 1], we deduce from Proposition 2.4 that

d
B = /D o(u) (@) (1 — o) (z)dz, s € (0,1]. (2.23)
Therefore, letting s — 0, the continuity of g entails
81_i>%1+ %Ee(us) = /D g(uo)(x) (u1 — uo)(x)da . (2.24)

Now (2.2) guarantees that E.(us) — Ec(up) as s — 0, so that

t
E.(ur) — Ee(up) = / %Ee(us) ds, te(0,1], (2.25)
0
and we conclude from (2.24) that
i (B - Eu(uo)) = tim + [ L (u)ds—/ () (@) (w1 — o) () dar
t—0+ ¢t et e\t _t—>0+t0dses —DQO ! 0
as claimed. 0O

If [o] < 0, then an obvious consequence of (1.8) is that ¢ is non-negative on S. This
yields the monotonicity of the electrostatic energy F..

Corollary 2.6. Assume [o] < 0 and let (1.4) be satisfied. If ug € S and u; € S are such
that ug < uy in D, then E.(up) < Ee(uq).

Proof. The assumption [o] < 0 implies that g(us) > 0 for s € (0, 1] according to (1.8),
where us = (1 — s)ug + su; as in the proof of Corollary 2.5. Hence, (2.23) and (2.25) with
t = 1 imply the assertion. ([l

3. PROOF OF THEOREM 1.2

The proof of Theorem 1.2 now follows from Theorem 2.1 as in [2]. Indeed, Theorem 2.1
guarantees that any minimizer of the total energy E on Sy satisfies the Euler-Lagrange
equation (1.7). In case that a > 0, the total energy F is coercive and thus the existence
of a minimizer of E on Sy can be shown as in [2, Section 7]. In the more complex case
a = 0, the total energy E need not be coercive. But, as pointed out in the introduction,
one may enforce its coercivity by adding a penalizing term and proceed along the lines
of [2, Section 6], recalling that the assumption [o] < 0 guarantees that g(u) > 0 in D
which is essential in this case (see, in particular, [2, Equation (6.4)]).
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