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Abstract

Given an undirected simple graph G = (V, E) and integer values f,,v € V, a
node subset D C V is called an f-tuple dominating set if, for each node v € V,
its closed neighborhood intersects D in at least f,, nodes. We study the polytope
that is defined as the convex hull of the incidence vectors in RV of the f-tuple
dominating sets in G. New families of valid inequalities are introduced and a
complete formulation is given for the case of stars. A corollary of our results is
a proof that the conjecture reported in [Argiroffo, G., Proc. the 11th SIO, pp.
30-34, 2013] on a complete formulation of the 2-tuple dominating set polytope
of trees does not hold. Preliminary computational results are also reported.

Keywords: dominating set, multiple domination, limited packing, polytope

1. Introduction

Let G = (V,E) denote an undirected simple graph with node set V =
{1,2,...,n} and edge set E. For every node v € V, we denote by dS (or
more simply by d, when G is clear from the context) its degree in G. Given

s a node subset S C V, N(S) denotes the open neighborhood of S: N(S) =
{v € V\S:vw € FE for some node w € S}, and N[S] stands for its closed

*An extended abstract of a preliminary version of this paper appeared in the Proceedings
of the International Symposium on Combinatorial Optimization 2018 (ISCO 2018). Lee J.,
Rinaldi G., Mahjoub A. (eds). Lecture Notes in Computer Science, vol 10856. Springer (2018)
352-363
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neighborhood: N[S] = N(S)US. When S is a singleton, i.e. S = {v} for some
node v € V, we will write N(v) (resp. N[v]) in lieu of N({v}) (resp. N[{v}]).
The subgraph of G induced by some given node subset S C V is the graph
G[S] = (S, E(S)) with E(S) = {uv € E: (u,v) € S?}. The incidence vector in
R™ of any node subset S C V is denoted by x°: x5 =1ifv € S, and x5 =0
otherwise.

Let Fe (resp. Fg) stand for the following set of vectors indexed on the nodes
of G: ﬁG:{fEZﬁzogfv < d,+1,v € V} (resp. fG:{fGﬁgtfv <
dy,v € V}). Given f € Fg, a node subset D C V is called an f-dominating
set of G [24, 35, 10] if each node v in V' \ D has at least f, neighbors in D, i.e.
|N(v) N D| > f,. If the latter inequality holds for all the nodes in V, then D is
called a total f-dominating set of G [11]. Given f € ﬁg, we define an f-tuple
dominating set of G as a node subset D C V satisfying: |[N[v]ND| > f,, for all
v € V. The last three presented notions are generalizations of a dominating set,
a total dominating set and a k-tuple dominating set (where k denotes a positive
integer) from classical domination theory (see, e.g. [22]), respectively. The
notion of k-tuple dominating set corresponds to the particular case of f-tuple
dominating set, when f, =k, for all v € V [16, 21] [22, p. 189]. So, similar to
the notion of total f-dominating set, for the case of an f-tuple dominating set all
the nodes of the graph must satisfy a domination requirement (determined by
f) whereas this must be verified only by the nodes in V'\ D for an f-dominating
set D. But different from a total f-dominating set, the domination requirement
for an f-tuple dominating set involves the closed neighborhoods of the nodes
instead of the open ones. To illustrate the differences between the different
three types of domination, consider for example the graph (a star) represented
in Figure 1 where the number close to node v represents f,. For this case a
minimum cardinality f-dominating set is given by {A}, a minimum cardinality
total f-dominating set is given by {4, B,C, D} and a minimum cardinality f-
tuple dominating set is given by {A, B,C}. Another notion which is closely
related to f-tuple domination is that of f~limited packing [16, 17]: Given f € ]?C;,
an f-limited packing is a node subset S C V such that |[N[v] N S| < f,, for all
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Figure 1: Example to illustrate the differences between concepts of domination

v € V. For the particular case when f, = k, for all v € V, for some positive
integer k, we speak of k-limited packing. Let f € Z" be defined as follows:
fo=dy— fs+1, forall v € V. Then, S is an f-limited packing if and only if
V\ S is an f-tuple dominating set.

The minimum weight f-tuple dominating set problem denoted by [MW/| can
be stated as follows. Given an undirected simple graph G = (V,E), w € R}
and f € ]?G , find a minimum weight f-tuple dominating set of G, i.e. find a
node subset S C V such that S is an f-tuple dominating set and the weight
of S, given by > g w,, is minimum. This problem can be formulated as the

following integer linear program.

min = Y oy Wy
s.t.
(IP1)
ZUGN[U] Ty, > fv,'U € V7

z € {0,1}".

Let Z/{é denote the convex hull of the feasible solutions of (I P1), or equiva-
lently, the convex hull of the incidence vectors in R™ of the f-tuple dominating
sets in G. It will be called the f-tuple dominating set polytope in what fol-
lows. Also, let (LP1) denote the linear relaxation of (IP1) (obtained replacing
z € {0,1}" by z € [0,1]™).

Remark. Let Dé (resp. ’TC]; ) denote the convex hull in R™ of the incidence

vectors of the f-dominating (resp. total f-dominating) sets in G. One can
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easily check the following inclusions hold:
T4 cul c T4 DL, and T Cul ¢ DL,
where 1 stands for the n-dimensional all-ones vector.

Observe that € R™ is the incidence vector of an f-tuple dominating set if
and only if T — x is the incidence vector of an f—limited packing. This implies
that the polytope defined as the convex hull of the incidence vectors of f-limited
packings is affinely isomorphic! to Z/Icf;. From this simple observation we can also

deduce the following equation, which generalizes Lemma 5 in [17]:

max{wT x7: S is an f-limited packing}+

min{w? x: Ris a (d + I — f)-tuple dominating set} = w”T,

with d = (dy,ds,...,d,)T. Given this, we will simply focus on f-tuple dom-
ination in the next sections: the derivation of the corresponding results for

f-limited packings are straightforward.

Motivation

The concept of domination naturally arises in location problems for the
strategic placement of facilities in a network. A wide variety of applications are
presented in [22, 23], e.g., sets of representatives, location of radio stations, land
surveying, etc. Considering the variant of f-tuple domination, and some of its
extensions, they emerge notably for the design of fault tolerant wireless sensor
networks, see, e.g., [34]. In that context it may be desirable to have several
sensors monitoring the same target to deal with potential failures in the network.
More generally, assume that the nodes of the graph G correspond to the places
where some facility can be installed (fire station, school, hospital, etc.), two
nodes being adjacent if the places corresponding to the endpoints are physically

close or each one can be easily reached from the other. The fact of requiring more

1Two polytopes are said to be affinely isomorphic if there is an affine map that is a bijection

between the points of the two polytopes [19, 37].
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than one facility in the closed neighborhood of some place may be interpreted in
terms of safety or quality of service in the sense that, if some installed facility in
the neighborhood of a location v cannot be used for any reason and f, > 2, then
another one can be reached in the neighborhood of v. The fact of considering
reliability requirements depending on the nodes allows also some flexibility of the
model to account for practical matters. For example, with respect to the location
of public facilities (hospitals, police stations, charging stations for electric cars...)
one may require a higher number of these facilities close to places that are more
densely populated. Still with respect to real contexts, the fact of considering
not necessarily unit weights (w,,) for the facilities accounts for possibly different
costs related to the installation or dimensioning of the facility depending on
the location. Limited packings arise for the strategic placement of obnoxious
facilities [17] such as incinerators, garbage dumps, industrial plants: for each
location (represented by some node in a graph), it is required that no more than

some given number of such facilities are placed in its neighborhood.

Related work

The works we can find in the literature on f-tuple domination essentially
focus on the case when looking for the minimum cardinality of a k-tuple domi-
nating set (the case w = T and f = kI, for some positive integer k in the formu-
lation (IP1)), which is also called the k-tuple domination number, as introduced
in [20]. Most of these works deal with complexity and algorithmic aspects, or
introduce bounds on the minimum cardinality of an f-tuple dominating set.

Decision problems corresponding to minimum cardinality k-tuple dominat-
ing set and maximum cardinality limited packing problems are known to be
NP-complete, even when considering restrictions on the input graph (split or
bipartite) [13, 28]. Both cardinality problems can be solved in linear time when
the input graph is a tree [12, 27]. For any f € ]-Ab, a minimum cardinality
f-tuple dominating set can be found in polynomial time in strongly chordal
graphs, and in linear time if a strong ordering of the nodes is given [28]. Dobson

et al. [13] have shown that the minimum cardinality k-tuple dominating set
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and maximum cardinality k-limited packing problems can be solved in polyno-
mial time in Py-tidy graphs. Some peculiar graph families for which minimum
cardinality k-tuple dominating set and maximum cardinality k-limited packing
problems can be polynomially reduced to each other were investigated in [26].

Gallant et al. [17] established bounds on the maximum cardinality of a k-
limited packing and investigated structural properties of graphs for which some
bounds are satisfied with equality. Several bounds on the k-tuple domination
number, some of which involve other domination parameters, are reported in
[21]; other upper bounds obtained with probabilistic approaches are reported,
e.g., in [15, 32, 36, 38]. The hardness of approximation for finding a minimum
cardinality k-tuple dominating set was investigated by Klasing and Laforest in
[25], where they present a (In|V| 4 1)-approximation algorithm. They also show
that this problem cannot be approximated within a ratio of (1 — €)ln|V| for any
€ > 0 unless NP C DTIME(|V|eglos V),

There are few works dedicated to polyhedral results related to f-tuple dom-
ination or limited packing problems. And for the existing ones, they essentially
deal with the basic case when f = 1. In particular, a complete formulation
of the dominating set polytope (i.e. the I—tuple dominating set polytope) for
strongly chordal graphs is given by {x € [0,1]": ZHGN[U] Ty > fo,v € V}. This
follows from the fact the closed neighborhood matrix of strongly chordal graphs
is totally balanced, see [1, 14] and Theorem 6.13 in [9]. Complete formulations
of the dominating set polytope are also known for domishold graphs [29], cycles
[7] and some peculiar webs [6]; an extended formulation for the case of cacti
graphs is presented in [3]. Recent investigations on polytopes related to other
variants of domination: the concepts of f-domination and total f-domination,
are reported in [10] and [11], respectively. There is also a much vaster literature
on polyhedral aspects related to more general covering and packing concepts
and whose survey goes beyond the scope of this paper; see, e.g., [4, 9, 31]. But
to the present author’s knowledge, they do not cover the polyhedral results that

we report hereafter with respect to the f-tuple dominating set polytope.
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Our contributions
The main contributions of the present paper can be summarized as follows.

We provide:

e New families of valid inequalities for Z/{(’; together with sufficient conditions
for these to be facet-defining, and results on the associated separation

problem.

e Complete formulations for the f-tuple dominating set (and thus also for

the f-limited packing) polytopes of stars.

e The proof that a conjecture made by Argiroffo [2] on a complete formula-

tion for the 2-tuple dominating set polytope of a tree does not hold.

In addition, we also present some further properties about formulations of the
f-tuple dominating set polytope and preliminary computational results.

The paper is organized as follows. In Section 2, we investigate general prop-
erties related to the polyhedral structure of f-tuple dominating set polytopes.
Then, in Section 3, we present and study new families of inequalities, showing
that their addition to the relaxation (LP1) leads to a complete formulation for
the case of stars. Another family of valid inequalities, which led us to disprove
a conjecture on a complete formulation for the 2-tuple dominating set polytope
of trees, is introduced in Section 4. A decomposition result and a procedure to
get an extended formulation for trees are described in Section 5. Preliminary

computational results are reported in Section 6, before we conclude in Section

7.

2. General polyhedral properties

In this section we present some important basic polyhedral results on Z/{(J;
which are relevant to our investigations. Their proofs are reported in Appendix

A for completeness.
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Given a polyhedron P, let dim(P) denote its dimension. Also, let R = {v €
V: f, = d, + 1}. Notice that for each node v € R its closed neighborhood is
included in all feasible solutions of (IP1).

Proposition 2.1. Let G = (V, E) denote an undirected simple graph and f €
Fa. Then dim(UL) = |V| - |N[R]).

Remark. Let G’ = G[V \ R] and define f' € Fg and v’ € ]RK\R as follows:
flo=fo—|INw)NR|, forallv e V\R, v, = w,, for all v € V'\ N[R] and
wy, = 0, for all v € N(R). It is easy to check that an optimal solution to the
problem [M W] defined by the parameters (G, f,w), can be obtained by the
union of the set N[R] with an optimal solution of a problem having the same
form and defined by the parameters (G’, f',w’). So, given that the required
nodes in R have no particular relevance with respect to solving [MW/] nor
with respect to the polyhedral description of Z/{é (which is obtained by adding
to a description of Z/lg, the variables (z,),er, together with the set of equations:
x, = 1, for all v € N[R]), in what follows, we shall always assume f € Fg unless
otherwise stated. So, in particular, from Proposition 2.1, the polytope L{(]; is
full dimensional. In addition, we also assume the graph G has order at least
2 (for non-triviality) and is connected (since otherwise we can work with each

connected component separately).

The next proposition characterizes the trivial inequalities which are facet

defining for L{(f;.
Proposition 2.2. Let f € Fg and uw € V. Then, the following holds.

(i) The inequality x,, > 0 is facet-defining for U(f; iff (if and only if) f, <
dy, — 1, for allv € Nu].

(ii) The inequality x,, < 1 is facet-defining for L{é.

A very general property satisfied by any non trivial facet-defining inequality

follows.
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Proposition 2.3. Let a”x > b denote a non trivial facet-defining inequality of
Z/Ié, with f € Fg, and let its support be denoted by S = {v € V: a, # 0}. Then,
the following holds: |S| > 2, a, >0, for allv €V, and b > 0.

We next formulate a simple sufficient condition for the so-called neighbor-

hood inequalities present in (I P1) to be facet-defining.

Proposition 2.4. Let f € Fg and let u denote a node such that f, = d,
and f, < d, — 1, for all z € N(u) such that d, > 2. Then, the neighborhood
inequality

vEN [u]

1s facet-defining for Z/Ié.

Remark. Let Ey = {uwv € E: f, = f, =0} and define Go = (V,E\ Ey) as
the graph obtained from G by removing the edges in Ey. Then, observe that
Z/Ié = L{éo and also that a complete formulation of Z/[é is obtained by aggregating

the ones corresponding to the connected components of G.

3. Star inequalities

In this section we introduce two families of valid inequalities for the polytope
Mé and investigate some of their properties. In particular, we present sufficient
conditions for them to be facet defining, and we show that together with the
inequalities in the relaxation (LP1) they provide a complete formulation of Ué
for the case of star graphs. We named these two families of inequalities star-1
and star-2 inequalities owing to the latter result, the fact that their support is
contained in the closed neighborhood of a single node, and also to distinguish
them from the well-known neighborhood inequalities (1). Omitted proofs of
this section are postponed to Appendix B. We may stress here the fact that
the validity of star-1 and star-2 inequalities and the related results given in
sections 3.1-3.3 are not restricted to star graphs. (A restriction to star graphs
is considered only in Section 3.4, where we establish the complete description

result of Z/Ié for this particular graph family.)
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8.1. Star-1 inequalities

Definition 3.1. Let G = (V, E) denote an undirected simple graph and let f €
Fa. Given any node u, let Lo = {v € N(u): f, <d, —1}, and Ly = N(u) \ Lo.

Then, an inequality of the following form is called a star-1 inequality.

max (L1, fu) = fu+Naw+ Y @0 > max (L], fu). (2)
vEN (u)

Proposition 3.2. Under the setting of Definition 3.1, the star-1 inequality (2)
is valid for L{é.

In order to ease the presentation of some properties of star inequalities, let
us formulate the following technical assumption.
Assumption A. Let G = (V, E) be an undirected simple graph, f € Fg and
u € V. Let (Lo, L1) denote a partition of N(u) with Ly = {v € N(u): f, <
dy,—1}, and Ly = N(u)\ Lo (possibly Lo =0 or Ly = 0). Assume that G [N [u]]
is a star (i.e. N(u) is a stable set in G), and that for each node w € V'\ Nu]

at least one of the following items holds:

o |[N(w)\ N(u)| > fu and N(w) N N(u) C Lo (with the convention that
0 C Lo always holds), or

o INw)NNw)| =1 and f, <d, — 1.
o [IN(w)NN(u)|=1 and N(z) N N(u) =0 for all z € N(w) \ N(u),
e |[N(w)NN(u)| =0.

Note that in view of the last two items specifying conditions on the nodes
in V' \ N[u], Assumption A is clearly satisfied if G is a tree and f € Fg.
However the validity of this assumption is not restricted to this graph family.
For example, Assumption A also holds if we consider any graph G, f € Fg,
such that G contains a node u for which G [N [u]] is a star, and the set S2
of the nodes at distance exactly 2 from w satisfies the third item above (i.e.
IN(w)NN(u)] =1 and N(2) N N(u) = 0 for all w € S%2, 2z € N(w) \ N(u)).

See, for example, the graph of Figure 2 for an illustration (where the number

10
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close to a node v # u represents f,). For this particular case with f, = 2, it
follows from the next result that the star-1 inequality 2z, + EveN(u) Ty, > 318

facet-defining with respect to Z/lé.

Figure 2: Example to illustrate star inequalities

Proposition 3.3. Suppose that Assumption A holds with f, > 2. Then the

inequality (2) is facet-defining with respect to Z/[é.

Proof. We do the proof for the case f, > |L1|. (The case when f, < |L;| can
be treated similarly.) Let a’2 > b denote an inequality defining a facet F of
Z/Ié such that the face defined by (2) is contained in F. We prove that alx>b
must correspond to (2) up to multiplication by a positive scalar.

Let w € V \ N[u]. Let z denote a neighbor of u belonging to an elementary
chain joining w and u in G. Consider then the f-tuple dominating set D defined
by D = {2z} UQU (V \ N[u]), where @ denotes a set of exactly f, — 1 nodes in
N[u]\ {z} containing u. Notice that the incidence vector of D satisfies (2) with
equality and the latter also holds for the incidence vector of D \ {w} which is
also an f-tuple dominating set in G (using Assumption A). Thus a,, = 0, and
this holds for any node w € V'\ NJu].

Let v1,vo denote two distinct neighbors of u. We define two f-tuple dominating
sets as follows: Dy = {u,v1} US U (V \ N[u]), Dy = D1A{v1,v9}, where S
stands for a set of exactly f, — 2 nodes in N(u) \ {v1,v2}. Since Dy and Dy

correspond to f-tuple dominating sets in G whose incidence vectors satisfy (2)

11



245

250

255

260

with equality, we deduce a,, = a,,. It follows that a, = c1, for all v € N(u)
with ¢ € R4

Considering now an f-tuple dominating set containing v whose incidence vector
satisfies (2) with equality, we deduce a, + (f,, — 1)c1 = b. Proceeding similarly
for an f-tuple dominating set not containing u, we obtain b = f,c;. Thus,
the inequality a”z > b corresponds to (2) up to multiplication by a positive

scalar. O

3.2. Star-2 inequalities
Definition 3.4. Let G = (V, E) denote an undirected simple graph and let
f € Fa. Given any node u with f, > 3, let Lo = {v € N(u): f, <d, —1}, and
Ly = N(u) \ Lg. Then, an inequality of the following form is called a star-2
inequality:

(Ll = fu+ 121+ Dazu+ D 2y > |L], (3)

vEL1U(Lo\Z)

with Z C Lo satisfying max(0, f, — |L1|) < |Z] < fu — 1 (in case such a set

exists).

To illustrate the family of star-2 inequalities, consider again the graph of
Figure 2, but now with f, = 3. Then the inequality 2z, + ZUGN(U)\{G} Ty >3
belongs to this family, where a denotes a neighbor of the node u satisfying
fo = 1. From the next results, it turns out that this inequality is in fact also

facet-defining with respect to Z/lé.

Proposition 3.5. Under the setting of Definition 3.4, the star-2 inequality (3)
is valid for L{é.

Proposition 3.6. Suppose that Assumption A holds with f, > 3. Then, the

inequalities (3) are facet-defining for L(g;.

Proof. Let aTx > 3 represent an inequality of the type (3), and V denote the
node subset V '\ N[u]. Let a’x > b denote a facet-defining inequality of Z/Ié,
such that the facet it defines contains the face of L{(f; defined by o’z > 3, i.e.

12
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{z € Z/{é: oz =8} C{z € Z/{é: a’z = b}. We show that a’z > b must
correspond to aTz > 8, up to multiplication by a positive scalar.

Let w € V and let S denote a subset of f, nodes in N|[u] such that
o {u,t}UZ C S, if there exists ¢t € N(u) such that {t} = N(w) N N(u),
e {u} UZ C S, otherwise.

Then, define D = VUS, D’ = (V' \ {w})US and note that D and D’ are f-tuple
dominating sets. (This relies on the assumption made in the statement of the
proposition about the nodes in V.) And since we have a” x” = aTXDl =b, we
can deduce a,, = 0.

Let w € Z and define D = VU (LU Z), D' =V U (L UZ)\ {w}. Since D
and D’ are f-tuple dominating sets satisfying a”x? = aTXD/ = b, we deduce
a, = 0.

If |(L1 U Lo) \ Z| > 2, consider wy,ws in the set (L1 U Lg) \ Z, and let S denote
a subset of f, nodes in N[u] such that Z C S, {u,w1} C S, wy ¢ S, and define
S" = SA{wy,wsz}. Since VUS and VUS’ are f-tuple dominating sets satisfying
aTxVYS = aT\VYUS' we deduce ay, = @u,. From now on, let 6 denote the value
of the coefficient a,, for any node v € (L1 U Ly) \ Z.

Since the incidence vectors of the sets S (as defined in the last paragraph above)
and VUL, UZ satisfy the equation o’z = 3, we deduce a,+(f,—1—|Z])§ = b =
|L1|6. Thus, a, = (L1 — fu + |Z] + 1)8 and it follows that a”x > b corresponds

to (3) up to multiplication by a positive scalar. O

As another example of type (3) inequality, consider the star on eleven nodes
illustrated by Figure 3-(a), together with the domination requirements (fy)yev
reported close to each node. For the represented subsets Lo, L; and Z of the
leaves, the corresponding facet-defining inequality is 421 +ZU€L1U(LO\Z) Ty > 5.
Note that since Z/Ié is full dimensional (assuming f € F¢), the facets defined by
the inequalities of type (3) are all distinct. Given this, a relevant consequence of
Proposition 3.6 is the fact that there exist families of dominating set polytopes

for which the number of facets grows exponentially with the number of nodes of

13
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Figure 3: Examples to illustrate star inequalities

X\

LIS\« 1*°
16 o0 L,
1.’/ ~90
1@

1@

(a) (b)

the corresponding graph. As an example, consider a star of even order n, and
let f € Fg such that f; = 5 — 1, |Lg| = § — 2 (and thus |L;| = § + 1), see the
illustration given in Figure 3-(b). Then the number of type (3) inequalities is
Q (2"/ 2). This contrasts with the classical dominating set polytope Z/{Cf; for which
the number of facets is O(n) for strongly chordal graphs [14]. The potential
exponential number of star-2 inequalities raises the question of the complexity

of the corresponding separation problem that is addressed in the next section.

3.3. Separation of star inequalities

Given a vector z € RY, the separation problem with respect to L{é consists
in determining if x € Z/{é, and if not, in exhibiting an inequality that is valid for
L[é but violated by =z.

Obviously star-1 inequalities can be checked in polynomial time. We now de-
scribe a procedure showing that this result also holds for star-2 inequalities. re-
suming the notation from the Definition 3.4, for each node u € V' with f, > 3,
we can proceed as follows. Firstly, we check if |Ly| > max (0, f,, — |L1|) and
fu —1—max (0, f,, — |L1]) > 2. If this is not satisfied, then there is no inequal-
ity (3) to be considered. Otherwise, observe that inequality (3) can be rewritten

as follows.

(La| = f)za+ | D @ | + <qu—xv> > | L, (4)

vEN [u] veEZ

14
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with Z C Ly satisfying max(0, f, — |L1|) < |Z| < fu — 1.

Let {1,2,...,p} denote the neighbors of node u in Ly, ordered so that (z,, — x1) <
(xy —@2) < ... < (my —xp). Let ¢ denote the largest index such that (z,, — z4) <
0 and ¢ < f, — 2, with the convention that ¢ = 0 if (z, —21) > 0. Let
r = max (1, f, — |L1] + 1,¢) and set 7 = {1,2,...,7r}. Clearly, from the ex-
pression (4), Z is a node subset of N(u) minimizing > wez Tu — Ty subject to
Z C Ly and max(0, f,, — |L1|) < |Z] < fu—1. Thus, by evaluating the left-hand
side of (3) with Z = Z we can determine if, for the node u we consider, all the

inequalities (3) are satisfied. And since Z can be determined in polynomial time

the next result follows.

Proposition 3.7. Inequalities (3) can be separated in polynomial time.

8.4. A complete formulation on/lé for stars

In this subsection we show that the star-1 and star-2 inequalities introduced
above, together with the inequalities present in (LP1), provide a complete for-

mulation of Ué when G is a star.

Lemma 3.8. Let G = (V, E) be a star having for center the node 1, let f € Fq,

and a”x > b denote a non trivial facet-defining inequality ofL{é, Then, a; > 0.

Proof. Assume for a contradiction that a; = 0. By Proposition 2.3, b > 0 and
[{veV:a, >0}|>2. Also, there exists an f-tuple dominating set D such that
1 ¢ D and aTxP = b (because otherwise the face defined by a”z > b would be
contained in the one defined by the trivial inequality 27 < 1, a contradiction).
Counsider any node w € D such that a,, > 0. Then, D' = D\ {w} U {1} is an

f-tuple dominating set and a® x” < b, a contradiction. O

For the case when the graph G = (V, E) is a star having for center the
node 1 and f; € {0, 1}, the trivial inequalities together with the neighborhood
inequalities provide a complete formulation of the polytope L{é. This follows
from the total balancedness of the closed neighborhood matrix (see [1, 8]) for

such a case. So, in the rest of this section we assume f; > 2 and n > 3.
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Proposition 3.9. Let G = (V, E) denote a star with order n > 3 and having
node 1 for center. Let f € Fg such that f1 > 2. Then, a complete description
oflxlé is given by the set of the trivial inequalities, the neighborhood inequalities
of the nodes in L1 = {v € N(1): f, = 1}, and the inequalities (2)-(3) (taking
u =1 in the expressions of (2)-(3)).

Proof. Let a”x > b denote a facet-defining inequality of Z/{é that is not trivial
and different from a neighborhood inequality of a node in L;. Using the next
four claims whose proofs are postponed to Appendix B for clarity of exposition,
we show that it must correspond (up to multiplication by a positive scalar), to
an inequality of the type (2) or (3). In what follows we denote by Zy the node
subset Zy = {v € V: a, = 0}, also Ly = N(1) \ L;. Note that by Lemma 3.8,
we have 1 ¢ Z,.

Claim 1. If Ly # 0, then a, = «, for all v € Ly, with o > 0.

Claim 2. If Zy =0, then a, = a, for allv € V' \ {1}, with a > 0.

Claim 3. If Zy # 0, then L1 # 0 and f1 — |L1| < |Zo| < f1 — 1.

Claim 4. If Zo # 0, then a, = «, for allv € Ly U (Lo \ Zo), with o > 0.

Making use of the four claims above, we establish a relation between a; and
a. Let D stand for an f-tuple dominating set such that a”x” = b and 1 ¢ D.

Then, necessarily L1 C D, and
e if Zyg = 0: Claim 2 implies b = max(f1, |L1|)c.

o if Zy # (: Claim 1 implies Zg N L1 = . Then, by Claim 3 we have
|Zo U Li| > f1, and thus Zy U L; is an f-tuple dominating set. This
implies b < aTx% Yl < gTyP = b, where the second inequality follows
from the nonnegativity of a (Proposition 2.3). It follows that a, = 0, for

all v € D\ L;. By Claim 4, we deduce b = a|L4].
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Now let D stand for an f-tuple dominating set such that aTXD = b and
1eD. Then,

o if Zy =0: a1 = a(max(f1,|L1]) — f1 + 1),

o if Zy #0: ay = o|L1] — f1 + 1+ |Zo]).

4. Extended neighborhood inequalities

In this section, we introduce inequalities generalizing the star-2 inequalities
(3) presented above. We investigate on their facet-defining properties and re-
lated separation problem. The obtained results notably lead us to disprove a
conjecture on a complete formulation of the 2-tuple dominating set polytope for

trees. Omitted proofs from this section are postponed to Appendix C.

4.1. Definition and properties

Definition 4.1. Let G = (V, E) denote an undirected simple graph, f € Fq.
Let w € V, and let (Z, Lo, L1) denote a tripartition of N(u) satisfying all the

following conditions.
(Z) fu - |L1‘ < ‘Z| < fu - 1;
(i) for each node w € Ly, fy, > 1.

For each mnode w € Ly, let N(u,w) denote a subset of N[w]\ {u} such that
w € N(u,w) and |N(u,w)| = dy — fi, +1. Also, let N = Uper, N(u,w). Then,

an inequality of the following form is called an extended neighborhood inequality.

(Ll = fut 121+ Dzu+ | D Y oz |+ Y a>|Li]. (5)

weLl1 yeN (u,w) vELY\N
Proposition 4.2. Under the setting of Definition 4.1, the extended neighbor-
hood inequality (5) is valid for L{é,
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For an example of inequality of type (5), consider the graph (a tree) given in
Figure 4, where the node requirements ( f,),cy correspond to the values close to
the nodes. Taking for u the node 1, considering the tripartition of N(u): (Z =
{6}, Lo = {5}, L1 = {2,3,4}) and the sets N(1,2) = {2,7}, N(1,3) = {3,9}
and N(1,4) = {4,10}, we obtain the following inequality: 21 + o + x3 + 24 +

T5 + x7 + x9 + T10 > 3.
Figure 4: Illustration for an inequality of type (5)

.....

3 -Z@ """" S N(13)

We now specify sufficient conditions under which inequality (5) is facet-
defining. To do so, we first formulate an assumption which may be viewed as
an extension of Assumption A for inequality (5). Given any node u € V, N?[u]
denotes the node subset N [N [u]], i.e. the set of all the nodes at distance at
most two from node u.

Assumption B. Let G = (V, E) be an undirected simple graph, f € Fo and
u € V. Assume that G [N2 [u]] s a tree, and at least one of the following items
holds, for allw € V' \ Nu] :

o |[N(w)\ N(u)| > fu and N(w) N N(u) C Lo (with the convention that
0 C Ly always holds), or

e INw)NNw)| =1 and f, <dy — 1.
e [IN(w)NN(u)|=1and N(z)NN(u) =0 for all z € N(w) \ N(u),

e |[N(w)NN(u)| =0.
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Proposition 4.3. Suppose that Assumption B holds with f, > 2, and that there
exists a tripartition (Z, Lo, L1) of N(u) such that

(i) fu—IL1] <|Z] < fu—1,
(i1) fo <d,—1, for allv e Z U Ly,

(iii) for each node w € Ly, fi, > 1 and |Qu| > duw — fuw, with Q, = {v €
N(w) \{u}: fo <d, —1}.

For each node w € Ly, let N(u,w) denote a subset of Q. U {w} such that
w € N(u,w) and |N(u,w)| = dy — fu + 1.
Then, the inequality (5) is facet-defining with respect to Z/Ié.

Proof. Let a”x > b denote an inequality defining a facet F of L{é such that the
face defined by (5) is contained in F. We show that a’z > b must correspond
to (5), up to multiplication by a positive scalar. Let S denote the nodes corre-
sponding to the support of (5): & = (N[u] \ Z) U (Uyer, N(u,w)).

Let w € Z. Let R = (V\(SU{w})) U Ly. Note that, from our assump-
tions, |Li| + |Z| > f. and thus, the node u domination requirement is satis-
fied by R. Since f,, < dy, — 1 and all the neighbors of w but u belong to R,
|[RNN(w)| = dy—1 > fy,. Using Assumption B, for any node v € V'\ (SU{w}),
|[RN N[v]| > f,. For any node v € Ly all its neighbors but u belong to
R, and so its domination requirement is satisfied. For each node v € Lj,
IN(v)NR| = f,—1, and for any node v € (U.cr, N(u,2))\ L1, |[N(v) N R| = d,,
and so the domination requirements are satisfied for these nodes too. So, the
node sets R and RU {w} are f-tuple dominating sets, and since their incidence
vectors satisfy (5) with equality (and thus also a’z = b), we deduce a,, = 0.
Let w € V\ (SUZ). Let z denote the node in S U Z which is closest to w in an

elementary chain joining w and u in G. We consider three cases:
o if z € Z, then define R = (V \ S) U Ly,

e if 2 € N(u,2)\ {2} with 2 € Ly, then define R = (V\S)U (L, \ {2}) U{z},
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e if 2 € Ly U Ly, then define R = (V \ S) U {z,u} U X, where X denote a
set of exactly f, —|Z| — 2 neighbors of u different from z.

Using Assumption B, the sets R and R\ {w} are f-tuple dominating sets. And
since their incidence vectors satisfy (5) with equality, we deduce a,, = 0.
Consider now a node w € Ly U Ly. Let X denote a set of f,, —|Z| — 1 neighbors
of u in N(u)\ Z including node w. Let R = (V \ S)U{u} U X. Let w’ denote
any neighbor of u not in R. Then the sets R and ﬁA{w, w'} are both f-tuple
dominating sets in G whose incidence vectors satisfy (5) with equality, thus im-
plying a,, = a,. In what follows let ¢; > 0 denote the value such that a,, = 1,
for all w € Lo U L;.

Let w € S\ (Lo U Ly U {u}). So w belongs to a set of the form N (u,w) for some
nodew € Ly. Sowe have |N (u,w) | > 2, and thus f,, < dy,—1 (from the assump-
tions int the statement of the proposition). Let R = (L; \ {w})U(V \ S)U{w}.
Since R and RA{w,w} are f-tuple dominating sets whose incidence vectors
satisfy (5) with equality, we deduce a,, = az = ¢;.

Finally, consider the sets Ry = L1 U (V' \ S) and Ry = (V \ S) U{u} U X, where
X stands for a set of f, —|Z] — 1 nodes in N(u)\ Z. Since the sets R; and
Ry are f-tuple dominating sets in G whose incidence vectors satisfy (5) with

equality, we deduce
GTXRl — |L1|Cl =bh= aTXR2 = Gy + (f'u, -1- ‘Z')Cl

It follows that the inequality a”2 > b corresponds to (5), up to multiplication

by a positive scalar. O

4.2. Separation of extended neighborhood inequalities

With respect to the separation problem associated with the family of ex-

tended neighborhood inequalities (5), we have the next result.

Proposition 4.4. Let G = (V, E) denote an undirected simple graph, and f €
Fg. For a fized nonnegative integer k, the separation problem with respect to the

family of inequalities (5) such that |Z| =k, can be solved in polynomial time.
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Proof. Let z* denote the point that is given as input for the separation prob-
lem. Let A denote the set of nodes u € V, satisfying f, > k + 1, and
{veN(u): f, >1}| > fu — k. (The set A can be determined in polynomial
time). Assume A is nonempty, since otherwise no inequality (5) with |Z] =k is
violated.

For each node u € A and each node subset Z of exactly k nodes among
the neighbors of u, we proceed as follows. (For fixed k, the number of such
sets Z is polynomial.) Let Zz C N(u) stand for the neighbors of u that are
candidates for belonging to the set Ly, i.e. Ly = {v € N(u)\ Z: f, >1}. In
case |L1| < fu — |Z|, then, no inequality (5) for the considered set Z exists, so
assume that |ZI\ > fu — |Z|. For each node z € Ly, let N(u,2) = {2} UQ,
with @, consisting of the nodes in N(z) \ {u} which correspond to the d, — f,
smallest values among {z}: v € N(z) \ {u}} (breaking ties arbitrarily). Then,
let Ty = {2 € L1: ¥ + X peN(uon o) T < 1} I [Ta| > fu — |Z], set Ly = L.
Otherwise, define L as the set of nodes corresponding to the f,, — |Z| smallest
values in the set {3 7, .\ () 200 2 € Ly} (breaking ties arbitrarily). Then,
set Lo = N(u)\ (ZU Ly).

Observe that the inequality (5) may be rewritten in the following form, in
which, fixing u, Z and z = z*, the first two summands in the left-hand side do

not depend on the set L.

(12|41 fu)zu+ Z Ty |+ Z Ty — 1+ Z T, | 2> 0.

’UEN(U)\Z:L()ULl weLy ueﬁ(u’w)\{w}

It follows that, for fixed w, Z, the tripartition (Z, Lo, L;) determined above

corresponds to an inequality of type (5) having maximum violation. O

From Proposition 4.4, it follows that for graphs having a maximum degree
bounded by a fixed constant the separation problem with respect to all the
inequalities of the type (5) can be solved in polynomial time. Then, from the
equivalence between optimization and separation [18], it follows that for such

graphs the relaxation of [M W] obtained by adding the inequalities (5) to (LP1)
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can be solved in polynomial time and may lead to a better bound on the optimal

objective value of (IP1) (than the linear relaxation of the latter).

4.8. About the 2-tuple dominating set polytope for trees

The conjecture made by Argiroffo (see Section 3 in [2]) on the formulation
of the 2-dominating set polytope of trees (i.e. the f-tuple dominating set poly-
tope of trees for the particular case when f, = 2, for all v € V) stated that
a complete formulation of the 2-tuple dominating set polytope was given by a
set of inequalities, each one having a support included in the closed neighbor-
hood of a single node. Consider the graph G’ of Figure 5(a), where the node
domination requirements (f!),cy correspond to the values close to the nodes.
By Proposition 4.3 the inequality 2z + 22 + 3 + x4 + x5 + x7 + g > 3 is
facet-defining for Ug, It follows that Argiroffo’s conjecture does not hold: the
instance illustrated in Figure 5(b) provides a counterxample since a complete
formulation of Z/[é can be obtained by adding to the one of the instance from

Figure 5(a), the set of equations x,, = 1, for all v € N[R].

Figure 5: Illustrations for a facet-defining inequality of type (5)

(a) (G, ) (b) (G, )

5. Decomposition result and extended formulation

5.1. Decomposition result

Let G = (V, E) stand for a connected graph (extending the results to the

non connected case is straightforward), and let f € Fg. Assume that there
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exists a node u € V such that all its neighbors belong to different connected
components in G [V \ {u}]. Let N(u) = {wi,ws,...,w,} and denote by W?*
the node set of the connected component in G[V \ {u}] that contains w;. For
each i € {1,2,...,p}, let G' = (Vi E*) = GIW* U {u}], and define f* € Fgi as
follows: fi = 0, and f! = f,, for all v € W*. Given a vector x € RY, let x*
stand for its restriction to the entries indexed on V.

The next proposition is analogous to a decomposition property established
with respect to f-total dominating set polytopes (see Section 3 in [11]). The

proof can be done similarly and is thus omitted.

Proposition 5.1. Let o € {0,1}. Then, resuming the notation introduced
above, the polytope Q% defined by
Q¥ ={zecRY:z’ Elzléi,i:l,...,p,xu:oz and Z Ty > fu}
vEN[u]

18 integral.

From Proposition 5.1 and Balas’ work [5], an extended formulation of L{é can
be simply determined provided that complete formulations are known for Z/Ié:,,
for all ¢ € {1,2,...,p}. More precisely, resuming the notation from Proposition

5.1, we have
z=y"+y,
UL =z eRY | A%0 > A0 Aly! > (1 — AL,
A€ 0,1, (y%y!) e RV x RV
where A% b® define a complete formulation of the polytope Q*: Q% = {z €
RY: A%z > b}, for a =0, 1.
This feature is used in what follows to obtain an extended formulation of

Mé for the case of trees.

5.2. Extended formulation for trees

Assume now that G stands for a star having for center node 1, and let

f € Fg. We mentioned earlier (Section 3) that the number of facets of L{é
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could be exponential, depending on the vector f. Alternatively, a compact

extended formulation can be easily obtained. Indeed, observe that

Pr zuéﬁ{mERV:xlzl}

— {x €0, sar=Land ¥y @0 > f1 —1}, and
Py zuéﬁ{mERV:xlz()}

— {1 e =00, = Lve Ly, and Xyepnquyor, @ = fi = L]}

(Recall that Ly = {v e V\ {1} : f, = 1}.) Given any set S, let conv(S) denote
its convex hull. Since Z/[‘Cf; = conv (P§ UPT), a compact formulation for stars
follows from Balas’ results [5]. And iteratively applying Proposition 5.1 together

with Balas’ results [5], an extended formulation can be obtained for trees.

6. Preliminary computational experiments

In this section we report preliminary computational results providing some
first indications on the potential interest of the star and extended neighbor-
hood inequalities introduced above to improve the bound from (LP1). In fact,
from the experiments that have been done so far, it appears that for arbitrary
graphs, cost functions and domination requirements, the new families of inequal-
ities tend to fail to provide improvements over the bound given by the relaxation
(LP1). Anyhow, summarizing our observations, improvements in terms of gap
closure could be namely observed on sparse graphs containing few nodes with a
large degree and most of the nodes with a low degree. With respect to the cost
function and the domination requirements, the most favourable cases seem to
be those for which part of the nodes of highest degree are assigned with a cost
and domination requirement close to their degree halved. The other nodes are
set with a (comparatively) low cost and the domination requirement may be ar-
bitrary. The purpose here is not to delve into an extensive computational study
of the inequalities introduced in this paper but rather to give a first illustration
of these observations and the fact that the new inequalities introduced in this

paper can indeed for some instances contribute to improve the bound stemming
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from (LP1). (Also, one may notice that the integrality gap from (LP1) can be
quite large, see namely the case of a star hereafter and Appendix D).

The graphs considered for the reported results are complete bipartite graphs?,
and several sparse graphs from the Network Repository [33] corresponding to
different applications (see the last reference for further details). (For graphs
containing loops and/or multiple edges, they have been removed to get simple
graphs. The number of nodes and edges reported hereafter are those of these
simple graphs.) The node costs and domination requirements have been set as
follows. Let p € [0,1] and let C' denote the set of the [p - |[V|] nodes of high-
est degree in G (breaking ties arbitrarily). Then, for each node v € C, we set
fo=T%7, w, = L%”J + 1. And for each node v € V'\ C, we set f, = w, = d,.

With respect to the separation procedure that is used to add iteratively
inequalities to (LP1), we proceed as follows. If the optimal solution of the
current relaxation is fractional, we firstly separate with respect to the star-1
inequalities. If such an inequality is violated, then one with maximum violation
(breaking ties arbitrarily) is added to the current relaxation that is solved again
and we iterate. Otherwise (i.e. all the star-1 inequalities are satisfied), we
proceed analogously with respect to the star-2 inequalities . And if no violated
star-2 inequality is found, then we apply the following simple heuristic to find a
violated extended neighborhood inequality. For each node v the neighbor nodes
are ordered by decreasing value in the current solution. Then for an increasing
value of the cardinality k of |Z|, we define Z as the set of the first k£ neighbors
of v. Then, following the proof of Proposition 4.4, we determine if there exists
a violated extended neighborhood inequality of the form (5) for this particular
set Z. All the possible values for |Z| allowed by Proposition 4.2 are considered.
If a violated inequality is found, one with maximum violation is added to the

current relaxation (breaking ties arbitrarily).

2In what follows, Kn,m denotes the complete bipartite graph with partitions of size n and
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Computations are done on a laptop having a 2.3 GHz Intel Core i5 processor
and 16 GB of RAM. The linear programs were solved using CPLEX 12.10 with
default settings. In our experiments we used p € {0.25;0.5;0.75; 1} and set a
time limit to one hour. Let Z* denote the optimal objective value of (I P1) and
LB the optimal objective value of some relaxation. Then, the optimality gap is

computed as gap(LB) = Z*L’BLB x 100. And given two lower bounds LB1, LB2

on Z*, such that LB1 < LB2. The percentage of gap reduction of LB2 over

ap(LB1l)—gap(LB2
gap( gap)(L%lp)( ) % 100.

LB1 is computed as
The results are reported in Table 1. For each instance, we indicate: its
name, the number of nodes (|V]), the number of edges (|E|), the value of p,
the optimal objective value Z* of (I P1), the time (in seconds) needed to solve
(IP1), the optimal objective value of (LP1), the time needed to solve it and its
optimality gap. Then, with respect to the application of the cutting-plane pro-
cedure described above (denoted by ” LP1 + +”) we indicate: the final optimal
objective value, the time needed, the number of constraints generated (specify-
ing in squared brackets the number of star-1, star2 and extended neighborhood
inequalities generated, in this order), the gap, and then the gap reduction (GR)
with respect to (LP1). If the processing time exceeds our limit this is indicated
by an asterisk (*). In particular, if this is the case with respect to (IP1) the
value reported in the field ”obj” is the objective value of the best feasible so-
lution found within this time constraint and the gaps are computed using this
objective value (instead of Z*).
The obtained results clearly point out that for some instances the families of
inequalities introduced in this paper can substantially contribute to reduce the
gap of (LP1). Anyhow, as we already mentioned above, the potential improve-
ments provided by the new families of inequalities are very much dependent on
the cost function and the graph structure. The obtained results also display an
important diversity in terms of gap reduction. Other experiments have been
carried out, e.g., on dense instances from the Network Repository [33], on ran-
domly generated (sparse and dense) graphs using the Erdds-Rényi model and

on random regular graphs. But we could not observe improvements in terms
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of gap closure using our new results for such instances. Anyhow, improvements
may be observed on some dense graphs with some particular structure (see, e.g.,
the case of Kos0,750 and Kas0,1750 in Table 1). We report in Appendix D an
auxiliary result about the maximum integrality gap for star graphs and a cost
function such as the one used in the experiments (with p > 0), showing that it
can be close to 4/3. So far, for all the cost functions and graphs that we have
considered, the integrality gap was always less than 4/3. This might suggest
that graphs corresponding to the union of high-order stars with few intersections
and/or connections between them, together with a cost function such as the one
we considered, are among the most promising instances in terms of potential
gap reduction in absolute value (i.e. the absolute difference between the gaps
corresponding to LP1 and ’LP1+4x" in Table 1). This seems to be consistent
with the results obtained if we have a closer look at the structure of the graphs,
considering namely the degree distribution of the nodes (see Appendix E for
some node degree information about the instances reported in Table 1 except
for complete bipartite graphs, since this is clear for the latter). A deeper anal-
ysis aiming at a characterization of the instances for which the inequalities we
introduced lead to a strict improvement over (LP1) is an interesting matter for

future research work.
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7. Conclusion and perspectives

In this paper we proceeded to investigations related to the f-tuple domina-
tion concept from a polyhedral perspective. We introduced families of facet-
defining inequalities, provided a complete formulation for stars and disproved
a conjecture from the literature. Some preliminary computational results have
also been presented.

Future research work may be directed towards a deeper computational study
aiming at determining families of instances for which the inequalities presented
may contribute to improve the bound stemming from (LP1). Another line of
research is looking for other families of (facet defining) inequalities and a com-
plete formulation of the f-tuple dominating set polytope in the original space,

for trees and other graph classes.
Acknowledgments

The author wishes to thank the editor and the referees for their insightful
comments and suggestions that led to substantial improvements.

References

[1] Anstee, R., Farber, M.: Characterizations of totally balanced matrices. J.

Algorithms 5 (1984) 215-230

[2] Argiroffo, G.: New facets of the 2-dominating set polytope of trees. Pro-
ceedings of the 11th SIO, Argentina (2013) 30-34

[3] Baiou, M., Barahona, F.: The dominating set polytope via facility loca-
tion. In: ISCO 2014, LNCS 8596 (2014) 38-49

[4] Balas, E., Zemel, E.: Graph substitution and set packing polytopes. Net-
works 7 (1977) 267-284

[5] Balas, E.: Disjunctive programming: properties of the convex hull of fea-

sible points. Discrete Applied Mathematics 89 (1998) 1-44

28



synsar reuoryeinduwos Areurwipr T o[qR],

44 76 Tx [ev1/68/72] 80T €0T°LT v29°56V¥ 0G°Tx 1160 Th6 0LTY * €857 I
9’12 96" Tx lov1/2¢/€2] 90T L9€°LT 8G¥%°20SF 0S'Tx ¥95°0 L99°8L¥¥ * T6SF GL°0 7659 T76¥ Tomod-jur
90°0¢ 00'Tx [99/6L/9¢] 161 9L3°6 Ve ares €7 Tx 8630 06S°32ES * 66€Gx 0g°0
€T TY 620 [L/ce/L¥] 6L 195°C 2059399 TS0 880°0 TES 199 €€T°L 9799 G20
9L 11T IT 64 [sos/g8s/v¥] veTT 102°G8% 809°G676 VE0T4 gge 01T TLY 6856 * T960Tx T
60°CT 7684 [sos/g8s/v¥] vetTT 181°98% 809°G676 L1014 65301 TLY 6856 * SPE0T« || GL°0 | 696ST | GLI9 BIUIOJI[€D
€9°LT ST Ly [eg1/5¥6/98]%811 998°71C €10°86T0T 2984 60€°8 9€5°7500T * LT60T 0S°0
1€°€9 98'0x [0/666/<91]%91T S8 LTl e 08L21 19 T 91¥°C ¥20°88ST1 * 0¥8eT« || 9570
9¢°eh €20+ [L82/L9L1/0€T] ¥8¥C | SIT'GLI 181°GLTS 18°LTx 9L8°0 988°GE6¥ * GT8G« T
95°CV €T°0Tx [18¢/29.1/0€T] ¥8%C | ST LLI 181°GLTS 18 LT« 9LG8°0 988°GE6T * GT8Cx SL°0 GTGL 7605 | T66SOpPIH-ed
69°CV 9T 0T« [28¢/29.1/0€T] ¥8¥C | TL89LI 181°GLTS €L LT 9L8°0 988°GE6T * TT8Gx 0S°0
16°¥ 1S 65 [72e/050T/6ST] €€ST | 6€0°F0T LET"LGYS 99'9Tx ¥2S°0 $8E'gTIg * 9L6Gx 8z'0
678 LTk [eLv/gLs/1v2] 88CT 98°T¥ G9£°TLEE LV VT4 L5070 LL0°CTOE * STFEx T
67°98 LT Tx [eLy/gLs/19T] 88TT 16°1¥ G9E°TLEE LY Pl 1500 L20°210¢€ * 8TVEx GL0 611¥ G16€ 1jod-uooo
6728 LT Tx [eL¥/6LS/1¥T] 8831 189°1¥ G9E°TLEE LV Pl L8070 LL0°ET0E * STFEx 05°0
65°98 88T« [voe/8v¥/L52]600T 80G°68 0v8°L97¢ 20 VI ¥S0°0 a%9'860¢ * £E£5Ex srall]
L0°6T 19T [ee/c1/¢€] €g 7€°0 718°200T 12T 9€0°0 736966 85€°0G 6T0T 1
L0°6T 19T [ee/c1/¢€] €g 77E°0 718°200T L2°T 9€0°0 79€°966 295°0G 6T0T GL0 8SGTT 8ETT sSnq gETT
qg'ey 18°0 loz/zz/eT] Lg 192°0 T09'T9TT ev'T %200 0ST'FSTT L89°¢ TLTT 05°0
19768 61°0 [t/9/01] 21 980°0 €8°GeVT 170 010°0 Ve 1EFT 9120 8E¥T qz'0
0 €20 [0/0/0] 0 T€9'8G 10 67261C €20 6€T°C 10 6¥261C 68T 70T | 0SL61C 1
0 0 [o/0/0] 0 V.20 00075162 0 V.20 00075162 80T°€ vg16ce || G270 o) rioe
1999 100 [0/¢z6/08e] SL1T * £96'5STTVE €00 0€6°0 00G°16E7VE TL8°0€ | 00ShPE g0 008LET | 0002 .
68'88 10°0 lo/v97v/05¢2] ¥1L 006°1¥SC | 19% LFF90¥ 60°0 TLLT 666°S£T190¥ 1€¢°L9 | 009907 || S2°0
0 120 [o/0/0] 0 €65 11 10S°666£6 130 £6£°0 108°666£6 809°2¢ 08376 1
0 0 [o/0/0] 0 L01°0 000 %G TTHT 0 L01°0 000 %CTTIVT 02e'T VCITVL || GL°0 )
1999 20'0 [o/gev/0sz] 489 G6%°6LT L89°89%9GT 90°0 G0%°0 666°9079ST 9gh'y 00595 T g0 008L8T | 000T B
00T 0 [o/0/0gg] 0gz 626711 000°00GL8T 01°0 SIv'0 666°CTEL8T LLT'9 00SL8T || 20
00T 0 lo/0/1] T 8L0°0 666¢ Teee £20°0 G'6668 796G 666¢ T
00T 0 lo/o/1] 1 8L0°0 666¢ Teee £20°0 G'6665 0€6°C 666¢ GL0 666€ 000¥ 6668157
00T 0 lo/0/1] 1 8L0°0 666€ Teee €20°0 G'6668 L16°C 666¢ 05°0
00T 0 [o/0/1] 1 8L0°0 666€ zese £20°0 S'6663 cE6'e 666€ 8z'0
(%) o : (%) des 7 SJUTRIISTOD 7 (s) owry fqo (%) des 7 (s) ewry 7 fqo (s) owry 7 Z a al Al JN—
7 14T 1d7 1dI a A i

29



620

625

630

635

640

(6]

[10]

[11]

[12]

[13]

[15]

[16]

Bianchi, S., Nasini, G., Tolomei, P.: The set covering problem on circulant
matrices: polynomial instances and the relation with the dominating set
problem on webs. Electronic Notes in Discrete Mathematics 36 (2010)
1185-1192

Bouchakour, M., Contenza, T., Lee, C., Mahjoub, A.: On the dominating
set polytope. European Journal of Combinatorics 29 (2008) 652-661

Conforti, M., Cornuéjols, G., Truemper, K.: From totally unimodular to
balanced 0,41 matrices: a family of integer polytopes. Math. Oper. Res.
19 (1994) 21-23

Cornuéjols, G.: Combinatorial Optimization: Packing and Covering.
CBMS-NSF Regional Conference Series in Applied Mathematics CBMS
74, STAM, Philadelphia, PA (2001)

Dell’Amico, M., Neto, J.: On f-domination: polyhedral and algorithmic
results. Mathematical Methods of Operations Research 90 (2019) 1-22

Dell’Amico, M., Neto, J.: On total f-domination: polyhedral and algo-
rithmic results. Discrete Applied Mathematics 258 (2019) 97-104

Dobson, M.P., Leoni, V., Nasini, G.: Arbitrarly limited packings in trees.
1T MACT (2009)

Dobson, M.P.; Leoni, V., Nasini, G.: The multiple domination and limited
packing problems in graphs. Information Processing Letters 111 (2011)
1108-1113

Farber, M.: Domination, independent domination, and duality in strongly

chordal graphs. Discrete Applied Mathematics 7 (1984) 115-130

Gagarin, A.: Improved upper bounds for the k-tuple domination number.

Australasian journal of combinatorics 41 (2008) 257-261

Gallant, R., Gunther, G., Hartnell, B., Rall, D.: Limited Packings in
Graphs. Electronic Notes in Discrete Mathematics 30 (2008) 15-20

30



645

650

655

660

665

670

[17]

[26]

[27]

Gallant, R., Gunther, G., Hartnell, B., Rall, D.: Limited Packings in
Graphs. Discrete Applied Mathematics 158 (2010) 1357-1364

Grotschel, M., Lovész, L., Schrijver, A.: The ellipsoid method and its con-
sequences in combinatorial optimization, Combinatorica 1:2 (1981) 169-

197

Griinbaum, B.: Convex Polytopes. Graduate Texts in Mathematics, Vol.

221, Springer. Second Edition (2003)

Harary, Y., Haynes, T.W.: The k-tuple domatic number of a graph. Math.
Slovaca 48 (1998) 161-166

Harary, Y., Haynes, T.W.: Double domination in graphs. Ars Combin. 55
(2000) 201-213

Haynes T.W., Hedetniemi S.T., Slater J.B. Fundamentals of Domination
in Graphs, Marcel Dekker (1998)

Haynes T.W., Hedetniemi S.T., Slater J.B. Domination in Graphs: Ad-
vanced topics., Marcel Dekker (1998)

Hedetniemi, S., Hedetniemi, S., Laskar, R.: Domination in trees: models
and algorithms. In: Graph Theory with Applications to Algorithms and
Computer Science, John Wiley & Sons, New York, 1985, p. 423-442

Klasing, R., Laforest, C.: Hardness results and approximation algorithms
of k-tuple domination in graphs. Information Processing Letters 89 (2004)
75-83

Leoni, V., Nasini, G.: Limited Packing and Multiple Domination problems:
Polynomial time reductions. Discrete Applied Mathematics 164 (2014) 547-
553

Liao, C.S., Chang, G.J.: Algorithmic aspect of k-tuple domination in
graphs. Taiwanese Journal of Mathematics 6 (3) (2002) 415-420

31



675

680

685

690

695

[28]

[31]

[32]

[35]

[36]

[37]

[38]

Liao, C.S., Chang, G.J.: k-tuple domination in graphs. Information Pro-
cessing Letters 87 (2003) 45-50

Mahjoub, A.R.: Le polytope des absorbants dans une classe de graphe a
seuil. Annals of Discrete Mathematics 17 (1983) 443-452

Naddef, D.: The Hirsh Conjecture is true for (0, 1)-polytopes. Mathemat-
ical Programming 45 (1989) 109-110

Padberg, M.W.: On the facial structure of set packing polyhedra. Mathe-
matical Programming 5 (1973) 199-215

Rautenbach, D., Volkmann, L.: New bounds on the k-domination number

and the k-tuple domination number. Appl. Math. Lett. 20 (2007) 98-102

Rossi R.A.; Ahmed N.K.: The Network Data Repository with Interactive
Graph Analytics and Visualization. In Proceedings of the Twenty-Ninth
AAAT Conference on Artificial Intelligence (2015)

http://networkrepository.com

Shang, W., Wan, P., Yao, F., Hu, X.: Algorithms for minimum m-
connected k-tuple dominating set problem. Theoretical Computer Science

381 (2007) 241-247

Stracke, C., Volkmann, L.: A new domination conception. J. Graph Theory
17 (1993) 315-323

Xu, G., Kang, L., Shan, E., Yan, H.: Proof of a conjecture on k-tuple
domination in graphs. Appl. Math. Lett. 21 (2008) 287-290

Ziegler, G.M.: Lectures on Polytopes. Graduate Texts in Mathematics 152.
Springer-Verlag New York Berlin Heidelberg. Revised edition (1998)

Zverovich,V.: On general frameworks and threshold functions for multiple

domination. Discrete Mathematics 338 (2015) 2095-2104

32



700

705

710

715

720

Appendix A. Proofs of Section 2

Proof of Proposition 2.1

Trivially, dim(ucf;) < |V| — |N[R]|, since for each node v € N[R] the equation
z, = 1 holds for any vector = € Mé. To conclude, we can notice that the
incidence vectors of the following node subsets are affinely independent and

they all belong to Ué: Vand V' \ {v}, for all v € V' \ N[R]. O

Proof of Proposition 2.2

For 0 € {0,1} and v € V, let F7 denote the face of L{é defined by: F7 =
Uéﬂ{x eERY:z, =0}

(i) [«] Assume that f, < d, —1, for all v € N[u]. Then, the incidence vectors
(in RY) of the following node subsets are affinely independent and they all
belong to FO: V \ {u} and V' \ {u,v}, for all v € V' \ {u}.

[=] If fu, = d,, for some node w € N(u), then F? C F., and thus z, >0
cannot define a facet of L{é. If f, = d,, then FO C F!, for all w € N(u).

w?

(ii) The inequality is valid for Z/l(f; and the incidence vectors in RY of all the
following node subsets are affinely independent and belong to F}: V and

V A\ {v}, for all v € V'\ {u}.

Proof of Proposition 2.3

The property that |S| > 2 is trivial. Then, assume, for a contradiction, that
there exists some node w € V with a,, < 0. Let D denote an f-tuple dominating
set such that w ¢ D and a”x? = b. Since D = DU{w} is an f-tuple dominating
set and aTXﬁ < b we get a contradiction with the validity of the inequality
aTx > b. And since this inequality is assumed to be a non trivial one, necessarily

b>0. O

33



725

730

735

740

Proof of Proposition2.}

The following node subsets are f-tuple dominating sets and their incidence
vectors are affinely independent: V' \ {u,w} for all w € V' \ N[u], and V' \ {v},
for all v € NJu]. O

Appendix B. Proofs of Section 3

Proof of Proposition 3.2

Let aTx > brepresent the inequality (2), and let S denote an f-tuple dominating

set in G. Consider then the two cases:

e If u ¢ S, then we must have L; C S. Also S must contain at least f,

neighbors of node u (due to the domination requirement for this node).
o If u € S, then S must contain f, — 1 neighbors of node w.

Thus, in both cases one can easily check that the inequality a”x® > b holds. O

Proof of Proposition 3.5

Let a”x > brepresent the inequality (3), and let S denote an f-tuple dominating

set in G. Consider then the two cases:
e If u ¢S, then we must have L; C S.

o If w € S, then S must contain f,, — 1 neighbors of node u, and thus at

least f, — 1 —|Z| nodes in Ly U (Lo \ Z2).

So in both cases we deduce that the inequality a”x® > b holds. O
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Proof of Claim 1 (in the proof of Proposition 3.9)

We firstly show that a, > 0, for all v € L. Assume, for a contradiction, that
there exists some node z € Ly, such that a, = 0. Since Tz > b is assumed to be
different from the trivial inequalities, there exists an f-tuple dominating set D
such that a”x” = b and 2z ¢ D. The fact that z ¢ D implies 1 € D. And given
that D\ {v} U{z} is an f-tuple dominating set, for all v € D\ {1}, we must
have a, = 0, for all v € D\ {1}. This also implies b = a; > 0 and a,, = 0, for all
v € L. (If there exists w € Ly such that a,, > 0, since aTz > bis assumed to be
different from x,,+x1 > 1, there must exist some f-tuple dominating set D such
that aTXﬁ =b and {l,w} C D. But then, aTxﬁ > b = a1, a contradiction.)
Now, let D denote an f-tuple dominating set not containing node 1 and such
that aTXD =b. Then, necessarily L1 C Zy C D and |Zo| < f1 (since otherwise
b = 0 and aTz > b is redundant with respect to trivial inequalities). This
implies that, for any f-tuple dominating set D such that a7y = b, we must
have Zy C D. Thus the face of L{é defined by a”x > b is contained in the face
Nuez, F} with F! = Z/{Cf; N{z € R": z, = 1}, a contradiction.

We now show that a, = «, for all v € Ly, for some positive real value a.. Let
z € Ly such that a, = min,er, a,. Let D denote an f-tuple dominating set such
that a”x? = b and z ¢ D. Assume that there exists w € Ly such that a,, > a..
Necessarily 1 € D (for the domination of the node z € L; \ D) and a, > a,, for
all v € D\ {1} (since otherwise we get a contradiction with the validity of the
inequality a”2 > b). So, in particular, w ¢ D. Now, let D stand for an f-tuple
dominating set such that aTxf’ =band {l,w} C D. (The existence of such a
set D follows from the assumption that the inequality a”z > b is different from
21 4+ @y > 1.) Then, necessarily a, > a,,, for all v € V' \ D. But the latter

implies DU {z} C D, a contradiction since then aTXB >alyP =b. O
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Proof of Claim 2 (in the proof of Proposition 3.9)

Consider firstly the case |L1| < f1. Then for any f-tuple dominating set D such
that a”xP = b, the equation |D| = f; also holds: the face defined by a”z > b
is contained in the one defined by the inequality (2).

So assume now that |L1| > f1. Note that in this case there is a single f-tuple
dominating set not containing node 1 and whose incidence vector satisfies the
equation a’x = b: L. If Ly = (), then the result follows from Claim 1. So
assume that Ly # @ and let D stand for an f-tuple dominating set satisfying
aTxP = b and w € D with @ € Ly such that ay = max,er, a,. Necessarily
1 € D (since otherwise L1 C D and removing node w from D we obtain an
f-tuple dominating set contradicting the validity of a’a > b). Also, observe
that |D| = f; and there exists some node z € L; \ D. Considering then the
f-tuple dominating set DA{w, z}, we deduce (resuming the notation of Claim
1) a, = a > am, where for any two sets A, B, the notation AAB stands for their
symmetric difference (AU B) \ (AN B).

Assume now that there exists some node @w € Lg such that ag < «. Since the
inequality ¢’z > b is assumed to be different from the neighborhood inequalities
of the nodes in Ly, for any node z € L; there must exist an f-tuple dominating
set D satisfying a”x? = b and {1, 2} C D. This namely implies |Q| < f; — 1
with @ = {v € Lg: a, < a} (since otherwise we get a contradiction with the
validity of the inequality a”x > b).

It follows that if D is an f-tuple dominating set whose incidence vector

satisfies a”2 = b, then either:

e 1€ D. And in that case, necessarily Q@ C D (since otherwise, by exchang-
ing a node in D \ {1} with a node in @, we get a contradiction with the

validity of a”z > b).

e Orl¢g D. Then necessarily D= L, (to satisfy the domination require-
ments of the nodes in Lj), using the fact that Z, = () together with
|L1| > f1.
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It then follows that the equation x7 = x5 must be satisfied by the incidence vec-
tors of all the f-tuple dominating sets satisfying a”z = b. Given that the poly-
tope Z/lé is full dimensional, this would imply that the face defined by a”2 > b
would be contained in a face defined by an inequality of the form x5 > x7 or

z5 < x1, both of which are not valid for Z/Ié, a contradiction. O

Proof of Claim 3 (in the proof of Proposition 3.9)

We firstly show Ly # 0. If Ly = (), then one can easily check that L{é =
{z€10,1]V: > ,cv @ = f1} (so for the only non trivial facet defining inequal-
ity we have Zy = ().

We now show |Zy| < f; — 1. Assume, for a contradiction, that |Zg| > f; — 1.
Then, necessarily b = a; and, from Claim 1, there does not exist any f-tuple
dominating set D satisfying both a”x” = b and {1,w} C D for any node
w € Ly.

We finally show f; — |Li| < |Zy|. Assume, for a contradiction that |Lq| +
|Zo| < f1 and let D stand for any f-tuple dominating set whose incidence vector

satisfies aTx = b. Then either

e 1 ¢ D. Then, necessarily Ly C D (to comply with the domination require-
ments of the nodes in Ly) and |D \ L1| > fi1 — |L1] to comply with the
domination requirement of node 1. If Z; was not contained in D, then it
would be possible to exchange a node v from D\ L; such that a, > 0 with
a node in Zj to obtain an f-tuple dominating set violating the inequality

aTz >b.

e 1€ D. Since |Zp| < f1 we must have Zy C D since otherwise it would be
possible to exchange a node v € D\ {1} such that a, > 0 with a node in

Zy to get an f-tuple dominating set violating the inequality a”x > b.

It follows that the face of U(f; defined by a”x > b is contained in the one defined

by z, <1, for any v € Zj, a contradiction. O
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Proof of Claim /4 (in the proof of Proposition 3.9)

Firstly, note that if Ly C Zj, then the result holds by Claim 1. So assume from
now on that Ly \ Zy # 0. Notice that by Claim 3 we have Ly # (). Let w € Lg
such that a,, = maxyer, a,. Let D denote an f-tuple dominating set such that
w € D and a”xP = b. Necessarily, 1 € D (since otherwise L; C D, and by
Claim 3, D= L1 U Zyis an f-tuple dominating set satisfying aTXf’ < aTxP).
Also, there must exist some node z € L1 \ D. And since DA{w, z} is an f-tuple
dominating set, we deduce a, = a > ay,.

Now, assume, for a contradiction, that there exists some node w € B, with
B=1{vé€Ly:0<a, <a}. Let D stand for an f-tuple dominating set in G

such that aTXE = b. We have the following two cases.

e Case 1: 1 ¢ D. Then, necessarily L; C D. By Claim 1 L; N Zy = 0 and
then, by Claim 3 |L; U Zy| > fi. It follows that w ¢ D.

e Case2: 1 € D. Note that since a”x > b is assumed to be different from the
neighborhood inequalities of the nodes in Lj, for each node z € Ly, there
exists an f-tuple dominating set D, such that aTXBZ =band {1,z} C
lA)Z. But then, necessarily, for any such set lA)Z we must have B C ﬁz
(since otherwise we get a contradiction with the validity of a”z > b), thus
implying |B| < f1 — 2 — |Zy|. It follows that for any f-tuple dominating
set D’ containing 1 and such that a?y? = b we must have B C D’. So

we deduce for this case that @ € D.

The two cases above imply that the equations x; = xz,, for all z € B, are
satisfied by all the incidence vectors of the f-tuple dominating sets satisfying
a”x > b with equality. And since the polytope Llé is full dimensional, this also
implies that the face defined by the inequality a”x > b is contained in a face

defined by an inequality of the form x; > z, or x7; < x,, both of which are not
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valid for L[é, a contradiction. O

Appendix C. Proofs of Section 4

Proof of Proposition 4.2

Let D denote any f-tuple dominating set in G. If w ¢ D, necessarily D N
N(u,w) > 1 for each node w € Ly (so as to satisfy the domination requirement
fw of node w). If w € D, then necessarily |D N (L1 U Lg)| > fu —1—|Z] (so as
to satisfy the domination requirement f, of node u). In both cases x” satisfies

(5). O

Appendix D. Auxiliary result on the integrality gap of (LP1) for

stars

In this appendix, we address the relevance of the inequalities (2)-(3) from an

optimization point of view by considering the integrality gap of the formulation
(LP1) for the case when G is a star and the weight function corresponds to the
left-hand side of a facet-defining inequality not present in formulation (IP1).
We consider hereafter the case of an inequality of the type (2). The same result
can be shown to hold if we consider a weight function corresponding to an
inequality of type (3).
Proposition D.1 Let G = (V, E) denote a star having for center node 1, n > 3.
Let f € Fa, L1 ={ve V\{l}: f, =1}, Lo = V\({1}ULy), and let W € R™ be
defined as follows: Wy = max(|L1|, f1) — fi+1, and W, = 1, for allv € V\ {1}.
Then, the integrality gap of (LP1) with an objective function corresponding to
W 1s upper bounded by % and this bound is asymptotically tight.

Proof. For the case when f; < 1 or f; > |L1|, the objective values of (IP1)
and (LP1) coincide. So assume from now on that 2 < f; < |L;|. Then, notice

that the node set Ly has no incidence on the optimal objective value of (LP1).
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Indeed, given the assumption |Li| > fi, if 2* denotes any optimal solution of
(LP1) with x > 0 for some node u € Ly, then we can easily determine another
optimal solution z* satisfying &7 = 0, for all u € Ly (decreasing positive entries
of z* indexed on Ly and increasing entries indexed on L that are lower than
1). So, in what follows and to simplify the presentation, we shall assume Lo = ()

and thus |[Li| =n — 1.

Consider the dual problem to (LP1):

max Z’UEV (fvyv - ZU)
s.t.
(1)
EUGN[’U] Yu — 2o < fU\y,U ev,

Y,z € RY.

Let 0 stand for the n-dimensional zero vector. The vector (7,0) € (Rﬁ)2 de-

fined as follows is feasible for (D1): 7, = £=L 5, =1 -7, for allv € V' \ {1}.

n—2"

A feasible solution to (LP1) is given by the vector T € R™ defined as follows:
T, = %_—2]3 and T, = 1 — T, for all v € V \ {1}. Both (7,0) and Z have the
same objective value: z(f1) = —5[fi(fi —1) + (n — 1)(n — fi — 1)], and are

thus optimal.

The quantity z(c) is minimized for v € {[2], 2]}, and we get z(%) = 222 if

n is even and z(|5]) = 2([§]) = % if n is odd. So in both cases the

integrality gap is lower than % and it converges to % as n grows to infinity. [

Appendix E. Node degree information for instances from the Net-

work Repository [33]
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Figure E.6: Node degree information for instances stemming from the Network Repository

(33]

41





