N

N

Interior estimates of first order for initial value problems in
the octonion algebra

Yandry Intriago, Eusebio Ariza Garcia, Carmen Judith Vanegas

» To cite this version:

Yandry Intriago, Eusebio Ariza Garcia, Carmen Judith Vanegas. Interior estimates of first order for initial
value problems in the octonion algebra. Bull. Comput. Appl. Math. , 2021, 9 (2), pp.77-95. <hal-03579162)

HAL Id: hal-03579162
https://hal.science/hal-03579162v1

Submitted on 17 Feb 2022

HAL is a multi-disciplinary open access archive L’archive ouverte pluridisciplinaire HAL, est des-
for the deposit and dissemination of scientific re- tinée au dépoét et a la diffusion de documents scien-
search documents, whether they are published or not. tifiques de niveau recherche, publiés ou non, émanant
The documents may come from teaching and research  des établissements d’enseignement et de recherche
institutions in France or abroad, or from public or pri- francais ou étrangers, des laboratoires publics ou
vate research centers. privés.

Distributed under a Creative Commons CC BY-SA 4.0 - Attribution - ShareAlike - International License


https://hal.science/hal-03579162v1
https://creativecommons.org/licenses/by-sa/4.0/
https://creativecommons.org/licenses/by-sa/4.0/
https://hal.archives-ouvertes.fr

compAma Bull. Comput. Appl. Math., Vol.9, No.2, 2021

ISSN 2244-8659

WWWw.compama.co.usb.ve

Interior estimates of first order for
initial value problems in the octonion
algebra

Yandry Intriago ' 2, Eusebio Ariza Garcia 3,

Carmen Judith Vanegas *

CompAMa Vol.9, No.2, pp.77-95, 2021 - Received April 20, 2021 - Accepted October 31, 2021
Special Issue II JEM 2020, Eds. Carmen Judith Vanegas and Satl Buitrago Boret

Abstract

In this paper we use a Cauchy-Type integral formula for analytic octonionic—valued
functions, to give an interior estimate of first order, in the supremum norm, for
such functions. These estimates are used to solve an initial value problem with a
O—analytic function as initial data, via the Banach fixed point theorem.

Keywords: Interior estimates; Octonions; OQ—analytic functions; initial value
problem.
Resumen

En este trabajo usamos una férmula integral de tipo Cauchy para funciones analiti-
cas con valores en los octoniones, para dar un estimado interior de primer orden,
en la norma del supremo, para tales funciones. Estos estimados se utilizan para
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resolver un problema de valor inicial con una funcién Q—analitica como dato ini-
cial, a través del teorema de punto fijo de Banach.

Palabras claves: Estimados interiores; Octoniones; funciones Q—analiticas; prob-
lema de valor inicial.

1 Introduction
Let  be a bounded domain in R® and

ax:80+6181+"'+6787,

0
—, for y =0,1,...,7. Then a
81’]'

function v € C'(R®; Q) is said to be O—analytic in Q, if d,u =0 in Q.
Initial value problems of type

where x = (z¢,21,...,27) € R® and 9; =

O = F (t,z,u,Oyu, u,...,0m), (1)
u(0,z) = (), (2)

where ¢ is the time and u is a function depending on ¢ and z, can be solved by
the contraction principle in case the initial function ¢ belongs to an associated
space whose elements satisfy an interior estimate of first order.

Solutions of (1)—(2) are fixed points of the associated integro-differential
operator:

t
Tu(t, ) = ¢(x) +/ F (1,2,u, Oyu, Oru, . .., 07u) dr (3)
0

and conversely.

In order to apply the Banach fixed-point theorem, (3) must be a con-
tractive operator. Hence, we need to estimate it in a suitable function space
whose elements depend only on the space variable x. This can be done by
the so-called interior estimates for the elements of the associated space X.
Interior estimates of first order describe the behaviour of the derivatives of
a function near the boundary of a bounded domain. The space X is a space
of functions such that, given a linear differential operator G depending only
on the space variables, any element u of X is such that Gu = 0 implies
G(Fu) = 0. That is, X is given by the solutions of the equation Gu = 0,
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satisfying F(X') C X. In this paper we give an interior estimate of first order
for analytic octonion-valued functions and exhibit how to apply the method
of interior estimates and associated spaces to solve some kind of initial value
problems of the form (1)—(2).

Ariza et al. (see [1]) gave interior estimates in the supremum norm for
a class of generalized monogenic functions with integral representations in a
Clifford-type algebra. In 2] an interior estimate in the L,—norm for functions
in Clifford-type algebras was given. The problem of interior estimates for
the derivatives of generalized g—holomorphic vectors was studied in [3], and
Tutschke (see [4]) gave interior estimates in the sup-norm for generalized
monogenic functions satisfying a differential equation with an anti-monogenic
right-hand side. Initial value problems of type (1)—(2) were studied in [5-7] in
the context of quaternions and Clifford-type algebras. For more details on the
associated and interior estimates method for solving initial value problems,
we refer the reader to [8-11].

The paper is organized as follows: in section 2 we give some deffinitions
and known results as background for the follows sections. In section 3 we give
some estimates for integrals of O—analytic functions; in section 4 we obtain
an interior estimate of first order for O—analytic functions using the Cauchy
integral formula for such functions. Applications to initial value problems
are presented in section 5 and concluding remarks in section 6.

2 Preliminaries

In this section we recall some concepts, notations and results to be used in
the next sections.

2.1 Associated Spaces

Definition 1. Given a differential equation
Gu =0,

where G is a given partial differential operator with respect to the space-like
variables x; and coefficients not depending on time t. A second differential
operator F is called associated to G if F transforms the set of all solutions
to the differential equation Gu = 0 into itself, i.e., if

Gu=0=G(Fu)=0
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The function space containing all solutions to the differential equation Gu = 0
s called an associated space to F.

For example, in the complex plane, consider G = 0, and F = d%. Since
the complex derivative of a holomorphic function is again holomorphic, we
have that F is associated to G. This means that the space of holomorphic
functions is associated to the complex differentiation.

2.2 Interior Estimates of First Order

An interior estimate (see [5,12]) is an estimate of the derivatives of a function
that is true in a sub-domain (of the given domain of definition), which has
a positive distance to the boundary of the domain of definition. Interior
estimates describe the behaviour of the derivatives of a function near the
boundary of a bounded domain. Formally, we have the following definition.

Definition 2. Let Q) be a bounded domain of R™, for somen € N, and B(2)
be a Banach space of functions defined in 2. Suppose Q' is a sub-domain of
Q such that dist($Y,0Q) > 0. If u is given function in €, then, an estimate

is called an interior estimate of first order, where C' is a constant neither
depending on u nor on Q. See [13].

2.3 Octonions

Octonions O, or Cayley numbers [14], are considered the non-associative
extension of quaternions H. An arbitrary octonion x € Q is of the form:

T = Tg + Z,
or, equivalently,
T = g+ X161 + Toly + T3€3 + T4€4 + Ts€5 + TeCe + L7,

where g € R is the real part of the octonion and x = z1e1 + x9e5 + 1363 +
xr4e4 + 565 + T6€6 + x7€7, is the vector part of it, with z1,..., 27 € R. The
conjugate of octonion x is:

S
I
&
|
=
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In composition algebras the following relation is established R € C C H C O,
it is known that the real R and the complex C have the commutative and
associative properties, the quaternions H has only the associative property,
meanwhile the octonions O, does not have the associative and commutative
properties [15-17]. With the Cayley-Dickson construction, the multiplication
of pairs of quaternion in the space H & He, is

(a,b) (c,d) = (ac — db, da + bE) , where a,b,c,d € H.

Multiplying the pairs of quaternions H ¢ He, we obtain an 8-dimensional
algebra generated by the elements:

60:(17())7 €1I(i,0), 62:(j70)7 (kv )7
64:(0a1)> 65:(0ai)> 66:(0,j), (07 )

If eg = 1, using the product definition you get the following table :

0
k

€3 =
€7 =

Tab. 1: Octonion multiplication table.

1 €1 €9 €3 €4 €x5 € €7
111 el €9 es ey es €6 er
€1 | €1 -1 €3 —E€9 €5 —€4 —€7 €g
€y | €9 —€3 -1 €1 (& (&4 —€4 —€5
€3 | €3 €9 —e1 -1 (&4 —€g €5 —€4
eq | €4 —e5 —eg —ep —1 e1 €9 es
es | es e —er e —ep —1 —e3 eg
es | e er eqs —es —ey €3 -1 -
€r | €7 —€g €5 €4 —€3 —€9 €1 -1

From Table 1 we can see that

(i) e1,...,er are square roots of —1.
(ii) e; and e; anti-commute when ¢ # j and 4,5 =1,...,7, that is
€i€j = —€j€i.

(iii) eg = 1 is the unit element of the algebra.
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(iv) The index cycling identity holds:
€i€j = € = €i+1€j4+1 = Ck41,
where we think the indices as living in Z7, and
(v) The index doubling identity holds:
€;€j = € = €2;€2; = €.
Using the table, it is an easy task to see that this algebra is not associative.
In fact, we have
(e1e9)es = eges = —eg, but  eq(eqes) = ejer = e.

We also see that the elements 1,eq, ey, €3 generate the quaternion algebra,
i.e., H can be seen as a subalgebra of Q.

Next, we show some results about the algebraic structure of octonions.
The proof of its can be checked in |18].

Proposition 1. If x,y € O, with x,y # 0 then:

w(zy) =2y, (vy)y=uay’, (vy)z=2(yz).
Proposition 2. For all x,y € O y r € R, then:

z (ry) = (ar)y.
Proposition 3. [Moufang identities| For each z,y,z € O:

(zy) (zz) = (z (y2)) v = x ((yz) x) .
Given a non-zero octonion z, its inverse element is represented as:
-1 T
R
where the norm of x is defined by |z| = V2T = VZx.

Proposition 4. For all x,y € O, the norm of Q satisfies the composition
law

X

|zy| = [[ly]-
Proposition 5. If z,y, € O, then:

T=z AN Ty=7yT.
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2.3.1 Cauchy-Riemann Operator and O—analytic functions

Let Q be a domain in R®. We consider functions f : Q — O, i.e., f has the

form
7

fl@) = exfr(z), with fr:Q—R, k=017
0

Definition 3. Given x = (29,21, ...,27) € R, the Cauchy-Riemann op-
erator is given by

a:c = axo + 6185(:1 +--+ 6781‘77 (4)

0
where Oy, = T for k=0,1,...,7. Its vector part,
Ty

Op = €10y, + -+ + €e70,.,
s known as the Dirac operator. Their conjugates are
Oy = 0y — 0y and  — O,
respectively.

Definition 4. Let Q C O be a bounded domain in R® and f € C'(R%;0),
if Oxf = 0 (resp., fO, = 0) in Q, then f is called left (resp., right)
O—analytic in 2.

Remark 1. Note that

7 7
0nf = e0uf = eiejonfi,
=0

i,j=0
while
7 7
fOr = feids, = ejeiln fi.
i=0 i,j=0
Since

a_mﬁx:amﬁ_x:A:aio+8§1++82

T
any left (or right) O—analytic function in €2 is harmonic in Q. Moreover, if
¢ is any real—valued harmonic function in €2, then f = 0,¢ is both left and
right O—analytic function. Particularly, if

—1

)
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then

T

O(x) = d,Ts(z) =

is both left and right O—analytic everywhere away from the origin. Here, wg
is the surface area of the unit sphere in R3.

w8|x\8

Definition 5. The Cauchy kernel in O s given by

- () = W_qs - Z(P (5)

which is a left and right O—analytic function everywhere away from x = (.

2.3.2 Cauchy Integral Formula for Analytic Functions in O

Let M be an 8—dimensional, compact, oriented C*°—manifold with boundary
OM contained in some domain Q of R®. For j =0,1,...,7, let

dz; = dxo Nday A -~ Ndzj_y Ndxjq A+ Adag

and
7

do(x) =) (—1)e;d;.

For each x € OM, let n(x Zn]ej be the outer unit normal to OM

at . Then (—1)7dz; = n;(z)dS(z ), where dS(x) is the scalar element of
surface area on dM. Consequently, on OM,

do = ndS.

The well-known Cauchy integral formula has a version in the octonion
algebra, see [19,20]. This formula reads

Theorem 1. (Cauchy Integral formula)
Let M and 2 be as above. If f is an QO—analytic function in ), then

[ - oo = { Q8 LRk ©)

Remark 2. Note the importance of the parenthesis in the left hand side of
(6), in view of non-associativity of octonions.
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3 Some Important Estimates

Let © be a bounded domain in R®, and f : Q — Q given by
7
fla) =) fi(x)es,
i=0
with f; : Q@ = R, for i =0,1,...,7. Then, by definition of the norm,
7
[F@) = 1@ = |fi@)] < |f(2)].
i=0

On the other hand, since

| sy o= Z ( [ o) das)

/Q fi(z) dx
/Q f(z) dz

and

< / fil@)]da < / (@)l dr,
:; /in(:c)d:c

< Z (/Q|f<a:>|dx)2

:8(/Q|f(:c)|d:c)2.

<23 / £ (2)] da. (7)

we have that

2 2

Thus,

/Qf(x) dx

Consider now I', the boundary of the domain €2, and an integral of the
form

/F () dS(z).
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If f is a real—valued function, it’s clear that

/F f(x) dS(x)| < / ()] dS(2),

then if f is an Q—valued function, a similar calculation to that given above
leads to the inequality

/F f(z) dS(x)| < 2v/3 / ()] dS(2).

Finally, if f is of the form f(z) = g(z)(n(z)h(x)), where g and h are
O—valued functions, and n the octonionic value outer unit normal to M at
x, then

[f(@)] = lg(x)(n(z)h(z))| = [g(z)[|h(x)],

and, using the last inequality, we obtain

/Fg(x) (da(x)h(x))‘ < 2\/5/11\9(56)\ ()| dS(2). (8)

4 Interior Estimates in O

In this section we will give an interior estimate of first order for Q—analytic
functions. In order to do that, let f be an O—analytic function in a bounded
domain €2 and M be as in 2.3.2. For ( € ]\04, the Cauchy integral formula
implies that

10 = [ o= dota) @) )
then 5 5
3= 4 5t (@ = 0) (doa)f (o)) (10)
From (8), we see that
0 0
)] < o2 | e @ -O)|lf@lds@.

Since for i =0,1,...,7,

IR Y S )
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the triangular inequality implies that

0 L[ (@—0) (5~ )
a@@@_‘w Sl [P ] I eI ]
1] 1 Je—lle—
St u—wo}
_ 9 1
ws |z — C|®

Using this inequality and (11) we have

'mz GE mJi/u—a 12

Consider now the set {z € R® : |z — (| = 8} instead of M, ¢ € M and
0 < dist(¢,0M). Then, from (12),

0 182 [ |f)
o) <2 [ Elasa)

lo—¢l=6

18v/2
< sup |f(z)]- dS(z
o |m_q:5| (z)] s (z)

- 182

sup | f(z)|

zeM

<§lﬁﬂnm-

If § — dist(¢,0M), we get

’ o) 18v/2

a_glf@)’ S o dzst((’ OM) 1 (@[5 - (13)

Choosing M’ C M, a subdomain of M, we have, for { € M’,
dist(M',0M) < dist(¢,0M). (14)
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From (13) and (14) follows that

9] 18v/2
— < — .
The last inequality implies, finally, that
G - —
OGi ||y — dist(M',0M) M

with C' = 18v/2. Thus, we have proved the following theorem.

Theorem 2. Let f be an Q—analytic function in Q. If M, M’ and Q are
as above, then an interior estimate of first order is given by

of C
3G ||,y = dist(M',0M)

where C = 18\/5, holds.

(v (16)

Remark 3. It should be noted that estimates of the type (16) for O—analytic
functions can be obtained in some Clifford algebras. Is the case, for example,
of Cl7, which is an associative algebra with zero divisors. The idea in both
cases 1s to obtain an interior estimate by using the corresponding Cauchy
Integral formula, and the properties of the norm in the underlying algebra.

5 Application to Initial Value Problems in O

In this section we show how to apply the method of associated spaces and
interior estimates to solve initial value problems of the form (1)—(2). First,
we give the following definition.

Definition 6. Let € be a domain in R™. An exhaustion of 2 is a sequence
of compact subsets Ky, K, ... of Q, satisfying i) Ky C Q, ii) Ky C Ky, for
each s and iii) Each compact subset of Q is contained in K provided s is
sufficiently small.

Next we consider an exhaustion of Q as follows (see [13]):

o K, =Q,, where (, are sub—domains of 2, 0 < s < sy and s is some
suitable positive number.
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e Each z € Q (with the only exception of some fixed point zq € )
belongs to the boundary of a uniquely determined domain €2, of the
exhaustion.

e The distance of a smaller sub—domain from the boundary of a larger
sub—domain can be estimated uniformly from below by the difference
of the indices characterizing the two sub—domains under consideration.
That is, there exists a constant cy such that

dist (Qg,00) > co (s — §) (17)
for any pair s, s’ with 0 < s’ < s < sg.

Note that, since the initial function given in (2) is defined only in €2, it may
have singularities at 02, so, the nearer a point z is of 0€2, the smaller the
t—interval in which the solution is expected to exist. This means that the
solution will be given in conical domains in the z, t—space. Note that so—s(x)
can be used as a measure for the distance of z € {2 from the boundary 0f.
Thus, this conical domain can be defined as

M=A{(tz):2e€Q,0<t<n(so—s(x))}.

The base of M is €2, while its height depends on 7, which will be fixed later.
The intersection of M with a plane t = £, where 0 < £ < 159, has as projection
in the z—space, the sub—domain €23, where § is defined by

t=mn(so—3). (18)

Define, now, the pseudo—distance d(t,x) = so — s(x) — %, measuring the

distance of (t,z) € M from the lateral surface of M. Let By be the space of
all continuous functions v in €2, equipped with the norm

7
llu||s := max (sup \uz(x)\) :
It turns out that By equipped with this norm is a Banach space. Let B,(M)
be the set of all function f = f(¢,x) which are continuous in M. Note that
f(t,z) belongs to By, for fixed ¢ if only s(x) < 5, where 5 is given by (18).
Define in B,(M) the *—norm

[f1le = sup |lf (¢ )lls@d(t, 2) < +o0. (19)

(t,x)eM
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This definition implies that

/1]
d(t,z)’

for any point (t,x) € M.
It is not difficult to prove that B.(M) with the norm defined by (19) is a
Banach space.

Proposition 6. If0 < s’ < §” < sy and u is O—analytic in §2, then
’ ou C

< .
81’i - dz’st(Qsl,Gan) ||u||QS”
Proof. It’s enough to use the interior estimate (16) with M’ = Qy and M =
Q. ]

(21)

Finally, we prove the main theorem of this section.

Theorem 3. Let F be the operator defined by the right-hand side of equa-
tion (1) satisfying a Lipschitz condition with respect to u and its first order
derivatives, i.e.,

7
| Ful < Cilul+ ) Crj |0e,ul (22)
=0
where Cy and Cr;, for j = 0,1,...,7, are constants in (0,1). If F is as-
sociated to the Cauchy— Riemann operator 0., then the initial value prob-
lem (1)—(2) is solvable provided the initial function is O—analytic (i.e.,
dutp(x) = 0).

Proof. First, note that solutions of the initial value problem (1)—(2) are fixed
points of the operator

t
TU(t, ZL') = QO(ZE) + / F (’7‘, x,u, aOU, alua SRR 87'&) dTa (23)
0
and conversely. Let

B%» (M) = {w € B,(M) : d,w(t,-) =0, for each fixed ¢} .

By the Weierstrass approximation theorem, we see that B% (M) is a closed
subset of B,(M). So, B%(M) is also a Banach space. Since F is associated
to the Cauchy—Riemann operator 0, and ¢ is O—analytic, we have that



91 Intriago, Ariza, Vanegas

t
O (Tu(t,x)) = 0, (gp(z) + / F (7,2, u, Ou, u, . .., 0ru) dT)
0
that is
Ox(Tu(t, ) / Oy (F (7,2, u, Ogu, Ou, . .., 07u)) dr = 0.

Thus, T : B%(M) — B%(M). Now let (t,z) € M, so that, d(t,z) =
so — 8(x) — £ > 0. Define

1
r= §d(t, x) and §=s(x)+r.

Since 0 < d(t,x) < so — s(z), one has s(z) < sp and

1 1 1
5=s(z)+ §d(t, z) < s(x) + 3 (so — s(x)) = 3 (s(z) + s0) < so.
Let & be an arbitrary point with s(Z) = 3, i.e., T € 0. Then,
t t
d(t,z) = so — s(T) — ; =s0— (s(z)+7r)— p =d(t,x)—r=r.

Applying estimate (20) at the point (¢,Z), one has

el lull«
t, )5 — =
el < g =
From Proposition 6, with s’ = s(x) and s” = §, and using (17) we have
u C el < Sl < S0 2
Oi || () = dist (), 052%) " Ty 5— ( ) ° Co dz(t x)

On the other hand, since 5 < s, then 1 < g—io(x) and

fulle sl _
It Mo < 355 < 5o a5 = 2

From (22), we have

[Fult, )@ < Crllulls +ZCFJ 102 (& )|y <

7j=1

Ml

S
SN—




Interior estimates of first order for IVP in the octonion algebra 92

where

2
K =2Csp + f—c -Cr and Cr = mztlx {C’;j} .
0 J=

Finally, since

t
/ F(1,2,u,0,,u)dr
0

t
‘/ F (1, 2,u,0,,u)
0

Hence, if 7 is small enough (for example, n < 1/K), T : B% (M) — B% (M)
is a contraction. By the Banach fixed point theorem, 7" has a unique fixed
point, which is the unique solution of the initial value problem (1)—(2). O

todr K-n
< K/ 2(r.7) Nulls < m”uﬂw
5(@) 0 T, T T

then
< K - nllull..

*

Remark 4. Note that the proofs given in this section are valid in other
algebras, such as other Clifford-type algebras and bi-complex numbers, because
the structure of the octonions does not play an important role in them.

6 Concluding Remarks

We obtained an interior estimate on the sup-norm for analytic functions
in the octonion algebra. This estimate can be used to solve initial value
problems of type Cauchy- Kovaleskaya which has an O—analytic function as
initial data satisfying the equation Gu = 0.

A proof of the initial value problem using the method of associated spaces and
interior estimates is given. Interior estimates for an Q—analytic functions in
other norms can be investigated. Likewise, initial value problems for another
class of initial functions can be considered.
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