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Abstract

We consider the analysis of probability distributions through their associated covariance operators
from reproducing kernel Hilbert spaces. We show that the von Neumann entropy and relative entropy
of these operators are intimately related to the usual notions of Shannon entropy and relative entropy,
and share many of their properties. They come together with efficient estimation algorithms from
various oracles on the probability distributions. We also consider product spaces and show that for
tensor product kernels, we can define notions of mutual information and joint entropies, which can then
characterize independence perfectly, but only partially conditional independence. We finally show how
these new notions of relative entropy lead to new upper-bounds on log partition functions, that can be
used together with convex optimization within variational inference methods, providing a new family of
probabilistic inference methods.

1 Introduction

Characterizing and studying probability distributions through moments has a long history. For distri-
butions supported in a vector space, only an infinite number of moments can characterize the distribu-
tion. Beyond traditional polynomial moments, kernel methods based on reproducing kernel Hilbert spaces
(RKHS) [48] [10] have emerged as a natural tool for studying the interactions between moments and other
properties of the underlying distributions (such as independence or conditional independence), as well as
providing algorithmic tools to estimate these moments from data.

A natural way of using kernel methods is to consider a feature map ¢ : X — H from the underlying
space X and a specific Hilbert space H, and to consider the mean element [53], also referred to as the mean
embedding, for a probability distribution p, defined as

= /x o (x)dp(x), (1)

which is an element of the Hilbert space H. The key idea behind kernel methods is to study properties
of H and its interaction with X only through the kernel function & : X x X — R defined as

k(z,y) = (p(z), p(y))-
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Under classical universality conditions on the kernel function k [53] [34], the mapping p — p, is injective
(and thus characterizes the distribution p), and can be estimated from independent and identically dis-
tributed (i.i.d.) samples efficiently, with convergence rates proportional to 1//n where n is the number of
observations.

Representing a probability distribution p through 1, € H defines explicitly a metric between distributions
as (p,q) — ||pp — pgl| (for the H-norm), which has been extensively used in machine learning and data sci-
ence [35], in particular for measuring the dependence between two random variables, leading to algorithms
for independent component analysis [I7, [6] and for feature selection [51], or as a model fitting criterion
when estimating parameters of probability distributions [13].

A classical drawback of the underlying geometry is the lack of straightforward connection with classical
information theory tools. For example for discrete data, this leads to Euclidean norms between probability
mass functions, which is rarely seen as an appropriate geometry for the simplex.

In this paper, we consider the second-order moment, which we call the covariance opemto
5, = [ ele)e()dpla),

which is an operator from H to 3, defined through (f,¥,q) = /(f, o(x)) (g, o(z))dp(x), self-adjoint and
positive semi—deﬁniteH

As we show in this paper, it shares similar nice properties with the mean element in terms of universality,
estimation from finite samples, and general applicability to all sets X where positive definite kernels can be
defined (e.g., structured discrete objects). Furthermore, owing to the many tools from quantum information
theory, and in particular the von Neumann entropy tr [Ep log Ep] and its associated divergence (relative
entropy), we define these notions and demonstrate their many nice properties and applications, as well as
explicit quantitative links with regular Shannon entropies (in fact, we can see the regular notion of entropy
as the limit of our kernel entropies when the bandwidth of the kernel goes to zero, and for discrete data,
they are equivalent).

The paper is organized as follows:

e We review in Section 2 properties of covariance operators and reproducing kernel Hilbert spaces.

e In Section Bl we review some of the key mathematical results on quantum relative entropies, that we
will leverage in further sections.

e In Section [l we define our notions of kernel entropy and Kullback-Leibler divergence (relative en-
tropy), and give their main properties, which are shared with the classical notions, such as convexity,
or additivity for independent variables. In particular our notions of relative entropies will always
be lower bounds on the Shannon relative entropy (in this paper, we use interchangeably the terms
“relative entropy” and “Kullback-Leibler (KL) divergence”).

'Note that covariance operators are typically “centered”, that is, Hplty is subtracted.
2In this paper, we use the notation uu* for an element u € H to denote the operator uu* : H — H such that uu* (f) =
(f,u)u. The usual notation u ® u will be used for tensor products in Section



e In Section Bl we show how we can leverage existing work in kernel methods to estimate these quantities
from finite samples, with a convergence rate proportional to 1/4/n from n observations, and without
the need for regularization. We also propose statistically more efficient estimators if integrals of
kernel functions under p can be computed.

e In Section [6] we consider product spaces X = X; x --- x Xy, and show that for tensor product
kernels, we can define notions of mutual information and joint entropies. We can then characterize
independence perfectly, but only partially conditional independence, and extend the submodularity
property of the regular entropy.

e In Section [l we show how these new notions of relative entropy lead to new upper-bounds on log
partition functions, that can be used together with convex optimization within variational inference
methods [58], providing a new family of probabilistic inference methods. Illustrative applications to
[0,1] and {—1,1}% are explicitly developed.

2 Covariance operators

In this section, we review the notions of covariance operators, starting with reproducing kernel Hilbert
spaces. For more details, see [10] 48] [49].

2.1 Kernels and RKHSs

In this paper we consider a compact set X and probability distributions on X (which we assume to be Borel
probability measures), as well as a kernel function &k : X x X — R, such that

(A1) k is a continuous positive definite kernel on the compact set X, with k(z,z) =1 for all z € X.

Positive definite kernel functions are functions for which all matrices of pairwise kernel evaluations are
positive semi-definite. They are known to define a Hilbert space H (with dot product (-,-)) of functions
f:X — R, called a reproducing kernel Hilbert space (RKHS), as well as a map ¢ : X — H such that, for
all z,y € X,

(a) f(x)=(fip(x)), (b) k(,2)=¢p(x), and (c) k(z,y) = (p(z),p(y)).

A useful representation of functions in H is through linear combinations of kernel functions, that is, for
any a € R" and arbitrary elements z1,...,z, of X, the function f = """ | a;k(-,2;) is in H and its norm
is equal to Zijl a;ok(z;, x5). It turns out that all functions in H can be generated as appropriate limits
of such finite linear combinations.

Note that from k(z,z) = 1, we get [[¢(z)|| = 1 for all x € X. Note that most of the developments in
this paper do not require further structure on the set X, except when characterizing regularity of density
functions is needed in Section .2, where will assume the existence of a distance.



Universal and characteristic kernels. We note that our covariance operator X, happens to be a mean
embedding for the feature map x — ¢(x)p(x)*, from X to the space of operators from H to H. Equipped
with the Hilbert-Schmidt norm, we obtain a Hilbert space which happens to be isomorphidg to the RKHS
obtained from the kernel (z,y) — k(z,y)?2.

Therefore, injectivity of the map p — X, can be obtained from sufficient conditions for injectivity of the
mean element map, a property for the kernel referred to as characteristic [52]. As shown in [26, Prop.
5], this is equivalent for the associated RKHS to be dense in Lo(g) for all probability measures ¢ on X, a
sufficient condition being here (because of our compactness assumption) that the RKHS is dense in the set
of continuous functions equipped with the uniform norm, a property referred to as universality [54]. Note
that if (A1) is satisfied, then the universality of k implies the universality of k.

We will see in Section below that many kernels are indeed universal, and thus the covariance operator
will be characteristic of the corresponding probability distribution.

2.2 Covariance operators

Given a probability distribution p on X, we consider the operator ¥, : H — H, defined as
%, = [ elaela) dn(o). 2)

For any f, g € 3, we have, by definition: (g,%,f) = IEXNP[(f,go(X)><g, gp(X))] =Ex~p [f(X)g(X)}

Proposition 1 (Properties of covariance operators) Assume (A1).

(a) For any probability distribution p on X, the operator ¥, : H — 3 defined in Eq. (2), is self-adjoint,
positive-semidefinite and has unit trace.

b) If the kernel k? is universal, then the mapping p — %, is injective from probability distributions to
p
self-adjoint positive-semidefinite, unit trace operators.

(¢) If p has full support in X, then the operator ¥, has a trivial null space.

(d) Given the mean element defined in Eq. (), we have ¥}, = i, @ fip.

Proof (a) The operator is well defined and has unit trace because tr[p(z)o(z)*] = |[p(x)||> = 1 for all
x e X.

(b) If ¥, = 3, then for all y € X, [y k(z,y)?*[dp(x) — dg(x)] = 0. The representation of functions in
the RKHS associated with k? as linear functions of = ~ k(z,y)?, and the universality of k? implies that
Jx f(@)[dp(z) — dg(z)] = 0 for all continuous functions f, hence, p = ¢ and the injectivity of the map.

Property (c) is a simple consequence of (g,¥,9) = Ex~p [g(X)2], which is valid for all ¢ € H. If this
expectation is equal to zero, and since elements of H are continuous functions, we must have g = 0 as soon
as p has full support.

Property (d) is a consequence of the non-negativity of the variance of f(X), for f in K. [ ]

¥We can build the simple mapping M — (M, o(z)@(x)*) obtained from fg* — (fg*, o(x)p(x)*) = f(z)g(z).



Since the operators are trace-class, they have a discrete spectrum [411[16], composed of a summable sequence
of strictly positive eigenvalues tending to zero, and potentially zero (if p does not have full support in X).
The spectral decay is a key quantity for the study of kernel methods (see [21] and references therein), as
used in Section [ to estimate entropies from data.

Throughout this paper, we will consider spectral functions of trace-class self-adjoint operators A, such as
log A, exp(A), or more generally f(A), for a function f : R — R. These are defined through the eigenvalue
decomposition by keeping eigenvectors and replacing eigenvalues A by f(A) (for polynomials, we then
recover the usual matrix polynomials).

Uniform distribution and symmetric sets. In order to define the notion of kernel entropy from
kernel relative entropy, we will need to use a specific “base” distribution 7, that will play the role of the
uniform distribution when this notion is classically defined (e.g., X is a finite set or a subset of R, like in
all examples in Section 2.3]).

For thi base distribution 7 on X, we use the notation (instead of X.):
2= [ plaele)dr(a)

In this paper, some concepts will be easier for symmetric sets, that is, sets where there exists a set T of
bijective transformations ¢ : X — X, such that for all z,y € X, 3t € T such that t(x) = y. We will then
assume that the kernel k£ and the base distribution 7 are compatible with this notion of symmetry, that is,
T(A) = 7(t(A)) for any Borel set A and ¢ € T, and k(z,y) = k(t(z),t(y)) for all transformations t € 7.

Then the covariance operator for the base distribution will also exhibit symmetries. More precisely, all
eigensubspaces will be invariant by symmetry, that is, if e,...,e, € H is an orthonormal basis of an
eigensubspace corresponding to an eigenvalue A, then!] S ei(t(x)? = S0, ei(x)? for all transformations
t € T and x € X. This implies that the function z + Y 7*, e;(t(x))? is constant, equal to its expectation
under 7 (which is itself equal to mA).

As a consequence, for a spectral function 3 — f(X) based on a real-valued function f : R — R, the dot-
product {(p(z), f(X)p(z)) can be expanded as the sum of the contributions coming from all eigensubspaces,
with the one associated to the eigenvalue A leading to f(A) >_I*, e;(x)? being independent of z (and equal
to mAf(A)). This leads notably to (¢p(x), f(X)p(z)) = tr[Xf(X)] for all real-valued functions f defined
on R, and to tr[Xf(X)] = tr[¥, f(X)] for any probability distributions p.

Surjectivity. By definition, every covariance operator is in the closure M of the convexr hull of all
o(x)p(x)*, for z € X. We will also need the closure A of the span of these vectors. By definition, the
mapping p — ¥, is surjective from probability distributions to M. Moreover, if the kernel £ is universal,

4This is a simple consequence of (ex0t,...,em ot) being another orthonormal basis of the same eigensubspace and thus
m m *

equal to an orthogonal matrix times (e1,...,em), so that Y .- e;ef = > " (e 0t)(e; ot)*, leading to (p(x), > v, eiefp(z))
constant on X, and thus implying the desired result.



thelﬁ

M={AeA A0, trA=1}. (3)

For orthonormal embeddings, where k(x,y) = 0 if z # y, M is (in the appropriate basis) the set of
non-negative diagonal operators, while A is the set of diagonal operators (in the same basis).

Note that in most cases A is strictly included in the set of trace class operators from H to H, which is equiv-
alent to the existence of bounded self-adjoint operators M : H — H such that Vo € X, (p(z), Mp(z)) = 0.
Since ||o(z)||> = 1 for all x € X, this is equivalent to the existence of a positive bounded operator M so
that Vo € X, (p(z), Mp(z)) = 1, which, with an eigenvalue decomposition leads to a finite or countable
family of functions (f;)icr in I such that 3, ; fi(x)? = 1, that is, a “partition of unity”, which are well
known to exist in many spaces (see, e.g., [9, Chapter 3] or [29] Section 1.4]).

2.3 Examples

Finite set. If X = {xy,...,z,,} is a finite set of cardinality m, then the Gram matrix K € R™*™ defined
as K;j = (p(x;), p(x;)) completely characterizes the kernel notions up to rotation. If K = I (orthonormal
embedding), then there exist m orthonormal vectors ui, ..., u,, such that ¥, = > P(X = i)u;u}, and
thus, all covariance matrices commute and therefore share the same eigenbasis, and we will recover exactly
the regular notions of discrete entropy.

We get a symmetric set if K is invariant by permutations, that is, K = of 4+ (1 — «)11", and as soon as
K is invertible, a universal kernelﬁ

Polynomial kernels. When X is a subset of R? then we can consider kernels of the form k(z,y) =
(a+p xTy)T, which correspond to ¢(z) composed of all monomials of order up to r, and the covariance
operator is thus composed of traditional moments. Here, we can have k(z,z) = 1 for all x € X only if X
is included in a centered sphere. Alternatively, we may only impose k(z,z) < 1 for all z € X, which still
preserves many of our results in later sections.

Translation-invariant kernels on a compact subset of R%. These are the usual kernels k(z,y) of
the form k(x,y) = q(z — y) where ¢ is a function with strictly positive Fourier transform, which are all
universal [54]. Classical examples are the Gaussian kernels k(z,y) = exp(—|z — y||3/0?), where ¥ is a
space of infinitely differentiable functions, or the exponential kernel k(z,y) = exp(—||x — y||2/0), where H
is the Sobolev space of functions with square-integrable derivatives up to order (d + 1)/2. However, they
typically do not respect the symmetry of the underlying set (for example for spheres, like below).

Torus. If X = [0,1], we can consider kernels of the form k(z,y) = k(x — y) where £ : R — R is
1-periodic and has a strictly positive Fourier series (note that we use the same notation for the kernel
and the underlying function). We then get a universal kernel and a symmetric set (invariant by periodic

°For the non trivial inclusion, we consider A = [y e(x)p(x)*dp(x) with [, dp(x) = 1, such that A = 0. We have for
all f e K, fx f(x)?dp(x) > 0. If k is universal, then all positive continuous functions g are limits of functions f2, so that
fx g(z)dp(x) > 0, which implies that p is a probability measure.

SNote that K invertible implies that the Hadamard (i.e., pointwise) product K o K is invertible, but not vice-versa.



translation); moreover, the base distribution will be the usual uniform distribution. For example, we will
often consider:

(1—e79)2 1
k) = 1+ e 27 —2e 9 cos2mr |4 _smimz '
sinh?(0/2)

1
for which the Fourier series is k(w) = / e 2T k(1) dx = tanh(%)e_"'w| for w € Z.
0

This extends naturally to [0,1]¢, by considering tensor products, that is, k(z,y) = Hf 1 k(x; — v;), which
for example leads to 12:( ) = ta h ( Je=lvlh for w € Z? in the example above. We will also need an
explicit formula for }° k(w) log k(w) = log tanh § — =o—.

Spheres. We can also consider X as the unit fo-sphere in dimension d, with kernels that are invariant
by rotation, leading also to symmetric sets. Kernels are then defined through their expansion in spherical
harmonics [50], with links with neural networks [4].

We could also imagine extensions to Stiefel or Grassman manifolds [23], and of course to all sets X where
positive definite kernels can be defined (such as graphs, trees, permutations, sets, etc.) [49].

3 Review of quantum information theoretic quantities

We consider here complex-valued Hilbert spaces, but all results will apply to operators on real Hilbert
spaces. In quantum mechanics (see, e.g., [30]), physical states are represented as elements of a Hilbert
space H, and a physical system is characterized by a convex combination of orthogonal projections on these
states, which is often called a density matrix. Our covariance operators defined as X, = [y p(z)p(z)*dp(z)
can thus be seen as “density operators”. It turns out that in quantum information theory (see, e.g., [59]),
information-theoretic quantities are defined based on these density operators. In this section, we review
these notions from a mathematical point of view.

Entropy. For a compact positive self-adjoint operator A on the complex Hilbert space H with finite
trace, we can define the negative entropy as [2]:

A log A Z Alog A,
AEA(A

where A(A) is the set of eigenvalues of A (with the convention that 0log0 = 0). It may not be finite
if the sequence of eigenvalues is not decreasing sufficiently fast (note that this is unlikely since they are
summable). As defined, tr[Alog A] is always less than (tr A)log(tr A) and can be equal to —oo

Kullback-Leibler (KL) divergence (relative entropy). It is defined as

D(A||B) = tr [A(log A — log B)],



for any two positive Hermitian operators with finite trace. It can only be finite if the null space of B is
included in the null space of A, that is, if A = BY/2M B/2 for a certain bounded operator M, and we then
have tr A — tr B < D(A||B) < (tr A) log || M]||op-

The quantity D(A|B) —tr A+ tr B is always non-negative as the Bregman divergence [15] associated with
the convex function A +— tr [A log A], and may not always be finite. The following properties are classical
and are proved from first principles in Appendix [Al

Proposition 2 (Properties of quantum entropy and relative entropy) For Hermitian positive op-
erators A, B, we have:

(a) The mappings A — tr[Alog A] and (A, B) — D(A||B) are convez.
(b) We have D(A|B) > tr A — tr B, with equality if and only if A = B.

(¢) If A;, B, i =1,...,n, are Hermitian operators and A\; > 0 such that > | \; = 1, then

D(En:)\,-A,- En:AiBi) < En:)\iD(AiHBi)v
1=1 i=1 1=1

with equality if and only if log B; — log A; does not depend on i. Moreover, if there is equality, there
exists an operator M such that for all i, A; = B;M.

(d) Monotonicity of quantum operations: Given operators C; : H — K and A,B:H - H,i=1,...,n,
such that Y, CFC; =1, then

D(i C;ACY
1=1

f:cch,.*) < D(A|B).
=1

The last property is classical in quantum information theory as the mapping A — Y " | C; AC} is usually
referred to as a “quantum operation”. Note that quantum operations are usually defined as “completely
positive” trace-preserving maps, and that owing to Stinespring representation theorem (see [12 Theorem
3.1.2]), they are essentially all of that form.

One particular application of monotonicity is to consider n positive self-adjoint operators D; : H — H,
i =1,...,n, such that Y ;" ; D; = I, and consider p,v € R" defined through p; = tr(D;A) and v; =
tr(D;B) for A, B a positive self-adjoint operator with unit trace, then p and v are on the simplex, and the
monotonicity leads to (see detailed proof in Appendix [A.2]):

> milog Bt < D(A|B). ()
i=1 !

Further results. In Appendix[AJ] we provide finer results beyond expectation with respect to a prob-
ability measure with finite support, as well as equality cases.



Integral representation. For the KL divergence, we have, by direct integration [I]:
+0o0o
D(A||B) = tr [A(log A — log B)] = —/ <tr [AA+ M) —tr [A(B—I—)\I)_l])d/\, (5)
0

which will be used in Section for the estimation from a finite sample. As shown in Appendix [Al we
also have another integral representation formula, that helps in proving additional convexity results.

4 Kernel entropy and Kullback-Leibler divergence

We define the kernel Kullback-Leibler (KL) divergence, or kernel relative entropy, between two probability
distribution p and ¢ as
D(Ep”zq) =tr [Ep(log Y, —log Zq)]- (6)

In this section, we list some of its properties, which are similar to the properties of (p,q) — ||ip — fgll
but with the added benefit that is has a direct link with Shannon entropy, which is useful in itself when a
precise information measure is needed (e.g., for differential privacy [22]), or when used within variational
inference (see Section [T)).

First, the kernel relative entropy is finite under general conditions.

Proposition 3 (Finiteness of kernel KL divergence) Assume (A1). If p is absolutely continuous
with respect to q, with H(;_ZHOO < «, then both the reqular and kernel KL divergences are between zero and
log .

Proof We have then ¥, < a¥,, leading to (note that we must have o > 1):
D(3,[18q) = tr [Ep(log B) — log 54)] < tr [, (log(aXy) —log £q)] = (log a) tr ¥, = log cv.
The positivity follows from Prop. 2, property (b). [ |

This implies that if p has a bounded density with respect to the base measure 7 on X, then the relative
entropy D(3,[|X) is well-defined, and always non-negative (recall that X is the covariance operator for the
base probability measure 7 on X).

We can then define the kernel entropy as

H(Yp) = —D(%p|%) — min{p(z), (log X)e(z)) (7)
= —tr [S,log B,] + tr [X,log 3] — 1;161&1 {(p(z), (log X)p(x)).

Note that we add terms on top of — tr [Zp log Ep], one linear term in ¥, and one constant term, to extend
properties of the regular Shannon discrete entropy in all cases. However, everything simplifies in some
cases. Indeed, when there are some invariances that are shared by the kernel and the base distribution 7
(that is, a symmetric set as defined in Section 22)), x — (p(x), (log X)p(z)) is constant on X, and thus
equal to its expectation under p, which implies mingex(p(z), (log ¥)p(x)) = tr[¥,log 3], and then the
definition above simplifies to H(X,) = — tr [$, log 3,].

The kernel information quantities have natural properties mimicking the traditional quantities, as well as
a bound by the regular KL divergence.



Proposition 4 (Properties of kernel entropy and relative entropy) Assume (A1).

(a) The kernel KL divergence defined in Eq. (@) is non-negative, and equal to O for p = q. If the kernel
k? is universal, it is zero if and only if p = q.

(b) The kernel entropy defined in Eq. (7) is always between 0 and — mingex(p(x), (log X)¢(z)) (which
is equal to —trXlog X for symmetric sets). If p =1 (base measure), it is equal to the upper-bound,
while for Dirac measures with a point mass at any minimizers of x — {(p(x), (log X)p(x)), it is equal
to 0 (for symmetric sets, this is all of X). If the kernel k® is universal, these conditions are also
necessary.

(¢) The mapping (p,q) — D(3,||X,) is convex, and thus the mapping p — H(X,) is concave.

(d) For all probability measures p and q, D(3,[/%,) < D(pllq). Moreover, the differential entropy with re-
spect to the base measure T, that is, — [y log %(m)dp(w), is less than H (X,)+mingex (¢(z), (log X)p(x)).

(e) For all probability measures p and q, D(E,[|Sq) = 31|1Ep — Sqll2 = 3115, — Eg ks, where || ||« denotes
the nuclear norm and || - |gs the Hilbert-Schmidt norm.

Proof Property (a) is the consequence of the non-negativity of the relative entropy when the two arguments
have the same trace (here equal to 1), and injectivity of the map p — ¥, when k? is universal.

For property (b), the upper-bound results follow similarly. For the non-negativity, we notice that H(%,)
defined in Eq. () is the sum of two non-negative terms — tr[¥,log ¥,]| (negative because all eigenvalues of
3, are less than one) and tr [¥, log X| — mingex (o(x), (log )¢(z)). It is equal to zero if and only the two
terms are equal to zero. For the first term, this is equivalent to X, being rank one, while for the second
one, this is equivalent to p being supported in the set of minimizers. The sufficient condition for being zero
thus follows; for the necessary condition, if k% is universal, k(z,2')? < 1 if # # 2/, and thus %, being rank
one implies that p is a Dirac measure.

Property (c) is a consequence of the convexity of the map (A, B) ~— tr [A(log A—log B)| and of the linearity
of the mapping p — X,. Property (d) is obtained from

DI%) = D( [ ey i) [ @) i)
< [ D(s@pr

U (2o (a)ola)” ) dpl)
X
u

dp
P01 ) )doe) = [ 105 (5 (@) dot) = Dol

X

using joint convexity of the quantum relative entropy, and the fact that ||p(z)|| = 1 for all x € X. Note
that we can only have equality if for all  # y, k(x,y) = 0, that is, we have an orthonormal embedding,
which is only possible for discrete X. Note also that the upper-bound remains valid as soon as k(z,z) < 1
for all z € X.

Property (e) is simply a consequence of Pinsker inequality for the quantum relative entropy (see [62]). W
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Note that while the relative entropy results do not depend on the choice of the base measure, the notion
of kernel entropy depends on this choice (however, for the symmetric sets presented in Section 23] the
natural choice of the base measure is the uniform measure).

As detailed in Appendix [A4] the properties outlined in Prop. Hl in particular the lower-bound on the
relative entropy, is valid for other “f-divergences” [19] [55], such as the squared Hellinger distance, or the
Pearson y?-divergence.

4.1 Lower bound on kernel relative entropy

Beyond the upper-bound by the Shannon relative entropy (property (d) in Prop. ), we can also get a
lower bound on the kernel KL divergence, by defining for all y € X, D(y) = %~1/2 (go(y)gp(y)*)E_l/Q, which

is a positive self-adjoint operator, so that fx D(y)dr(y) = I. We can then apply the monotonicity of the

1/2

relative entropy with operators D(y)'/#, y € X, that is, Eq. () extended to general expectations. We have

alDWE] = [ (o) 5200 doto) = [ Bl )ipta),
defining the function h : X x X — Ry as h(x,y) = (@(x), 2~/2p(y))?, which is non negative and such that

Yy e X, /xh(x,y)dT(x) - (cp(y),Z‘l/Q(/

| ety dr@) 27 6(w) = oly). o)) = 1

The function A can thus be seen as a smoothing kerneﬂ. Thus, by monotonicity of the relative entropy

(Appendix [A.2), we get:
D(pllg) < D(Ep%q),

where p(y) = tr[D(y)%,] = / h(z,y)dp(x) is a smoothed version of p (with the same definition for ¢). Note
x

that we have directly D(p||¢) < D(pl|q) from standard Markov chain arguments in information theoryﬁ [18,
Section 2.9]. Overall, we have the following sequence of inequalities:

D(pllg) < D(Ep[%q) < D(pllg)- (8)

These can lead to quantitative bounds between D(%,[|%,) and D(pl||¢), in particular when the smoothing
function h is putting most of its mass on pairs (x,y) where x is close to y. This is made explicit below for
distributions on a metric space and distributions with Lipschitz-continuous densities.

4.2 Small-width asymptotics for metric spaces

We now provide a bound between D(p||¢) and D(p||q) in Eq. (), and thus between D(3,|X,) and D(pﬂq),
when the set X is equipped with a distance d, used to characterize the regularity of density functions

"Note here that the smoothing property of h corresponds to the pointwise non-negativity, but that A is also a positive
definite kernel.

8The distributions p and § are obtained by the same transition kernel, respectively from the distributions p and gq.

9This section is not crucial to understand the rest of the paper.

11



This corresponds to bounding the difference in the classical data processing inequality for the Shannon
entropy, using regularity properties of the densities of p and ¢. The following proposition is shown in
Appendix [Bl

Proposition 5 (Joint bound on relative entropy) We assume that p,q have strictly positive Lipschitz-
continuous densities (denoted p and q) with respect to the base measure T. Using definitions from Sec-
tion [{.1], we have:

0 < D(plo) ~ D(Fd) < E(p.q)  sup / h(z, y)d(z, y)*dy, (9)
xre

with E(p,q) = ZCg/q SUP,ex ;1% +4sup,ex %(Cp + Cy)? sup,ey %(1 + C2diam(X)?), where Cy, Cy and
C’Iz/q are Lz’pschitz constants satisfying for all x,y € X, !% - 1‘ <d(z,y)Cy, ‘% - 1| < d(z,y)Cp, and
|Ii

- W < d(z,y)Cp/q for some distance d on X.

Thus, for Lipschitz-continuous densities, the approximation of D(p|lq) by D(X,|%,) is controlled by a
kernel dependent quantity, that we now study in special cases.

Discrete orthonormal embeddings. For these kernels where k(x,y) = 1,—,, then we have ¥ = I and
thus h(z,y) = 1,—; therefore the quantity sup,cy fx h(z,y)d(x,y)?dy is always zero, which is natural here
since in this situation, kernel and Shannon entropies are equal.

Torus. We have by definition h(z,y) = (¢(z), »~1/24(y))2. For a kernel on the torus [0,1] of the form
k(x,y) = k(z — y) where k has Fourier series k, then we have:

y) _ (Z ]A{;(w)l/2e2i7rw(x—y)>2’
WEZL

tanh § (14 sin? w(z — y)
tanh? N sinh?(0/4)

and for the particular choice of l%(w) o e 7l we have: h(z,y) = )_2, and for

d(z,y) = |sin7(x — y)|, then, using exact integration, we get:

h ) d ) 2d - S —.
y—1/2 (@ u)dle,y)"dw tanh? 2 2(1 + sinh?(0/4))3/2 ~ 16

/y+1/2 tanh § sinh3 (o /4) o?

2

For the d-dimensional torus, and, d(z,y)? = 2?21 sin? 7r(x; — y;), we get the bound %, and hence a nice

scaling in dimension (non-exponential). Overall, in this situation, we thus get an approximation of entropy
from Eq. @) up to O(c?), where o is the width of the kernel. Thus, if our goal is to estimate the true
relative entropy, and not only have a lower bound, we need to have ¢ going to zero, which corresponds to
RKHSs which are bigger and bigger. See discussion in Section when estimating quantities from a finite
sample.

Note that this extends to all translation invariant kernels on [0,1]% (and not only for k(w) o e~?I«Il) and
more generally to translation-invariant kernels on compact spaces.
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Alternative proof through leverage scores. While we provided a proof of the O(c?) approximation
of the entropy through quantum data processing inequalities, the relationship between the regular entropy
and the kernel entropy can also be studied through the integral representation in Eq. (B). We indeed have,

using Eq. ([@):
+oo
D(E,|IS,) = / e[ (2, +AI)—1—(zp+AI)—1)}dA
_ /+°°/ (Sg + A" = (2 + M)V p() ydp(a)dA
_ /+oo/ (S + AN (@) — (@), (3, + A ()>)dp(m)d)\.

We now consider that both p and ¢ have densities with respect to the base measure 7 (which we also denote
p and ¢). The main idea, using and extending results from [38], is that for all z and A, and p smooth
enough, the quantity (¢(x), (X, + AI)"1p(z)), often referred to as a “leverage score” can be approximated

as (p(2), (p(2)Z + M)~ ().

We thus consider the potential approximation:
[ [ [t @z + 207 0) ~ (olo). (9005 + A ot plalar (e

_ / o / (tr [S(a@)= + A)7"]  tr [S@)2 + A0 )pla)dr(x)dx
= /xtr [Z(log p(a) % — log q(x) )] p(x)dr(z) :/x (z) log E ;d

which is exactly the traditional KL divergence D(pl||q). In order to show a bound similar to Eq. ([@), a
non-asymptotic extension of results from [38] could be carried out.

7(2),

5 Estimation from finite sample

Given that the covariance operator is an infinite-dimensional operator, naively we would need eigenvalue
decompositions of such operators to compute the kernel information quantities, which is computationally
hard. Thus finite-dimensional estimation algorithms are needed. In this section, we provide algorithms for
estimating the kernel entropy H(X,) from independent and identically distributed (i.i.d.) samples from
p (as required for model fitting [13] or for independent component analysis [35]), as well as from certain
kernel integrals. Estimators from other oracles on p or g, as well as estimators for D(%,[/%,) could derived
and analyzed similarly

1OWith potentially extra terms due to the term tr [f]p log f]q].
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5.1 Estimators

Given X, = / o(x)p(z)"dp(z) and z1,. .., z, sampled i.i.d. from p, we consider the natural estimator
x

Sy = % > p(xi)p(w:)”. (10)
i=1

The natural estimate for tr [Ep log Ep] is tr [f?p log i]p], that can be computed from the kernel matrix
K € R™" defined as K;; = k(x;,x;).

Proposition 6 (entropy for empirical covariance estimators) With 2p defined in Eq. {I0), and the
kernel matriz defined above, we have

tr [i]p log i]p] =tr [%Klog (%K)} (11)

Proof The non-zero eigenvectors of flp belong to the image space of i?p and are thus linear combinations
. . N 1 n n . 1 n

f= ijl ajp(xj) for a € R". Then X, f = E;z:laj [gp(xl)gp(xl) ]gp(xj) = EE;(KQ)M(:EZ) Thus,
1=1 7= 1=

if Ka = nla, 2pf = Af, and if 2pf = Af with A # 0 and f # 0 (which implies Ko # 0), then

Z [(Ka); — nAa;]¢(z;) = 0, which implies K? = nAKa and then Ko = nAa since Ka # 0. Thus, the
i=1

non-zero eigenvalues of 2p are exactly the ones of %K , and we thus get tr [21, log 21)] =tr [%K log (%K )} .
|

More generally, for any approximation of ¥, as Y ;" | nip(xi)e(x;)*, with positive weights 7; that sum to
one (for example obtained from a finite grid and not sampling), we would get

tr [£, log %] = tr [ Diag(n)'/?K Diag(n)'/* log ( Diag(n)'/* K Diag(n)'/*)].

Running-time complexity. In order to compute the eigenvalue decomposition of K above (needed to
compute the matrix logarithm), we need a running time of O(n?®). This can be reduced by using column
sampling techniques [I4], also known as “Nystrom method” in this context [60]: by projecting the kernel
matrix to the span of m of its columns, it leads to a running time in O(m?n), with some approximation
that could be controlled explicitly [43].

5.2 Analysis

In order to quantify the difference between tr [i]p log flp] and tr [Ep log Ep], we could use regular per-
turbation arguments for eigenvalues of self-adjoint operators [32]. However, the function t — tlogt has
diverging derivatives around zero, which prevents their direct use. Instead, given the integral represen-
tation in Eq. (@), we see that it will be sufficient to estimate quantities of the form tr [(Ep + M )_lﬁp],
which are usually referred so as “degrees of freedom” in kernel methods [2I]. The natural estimator is
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tr [(f)p + Al )_lip] and its performance has already been thoroughly studied (see [45]), and an important
quantity there is the maximal leverage score for the base distribution sup,cy (p(z), (£ 4+ M)~ tp(x)), which
could be replaced by the the average one (which is then equal to the degrees of freedom) if “leverage score
sampling” is used (see [2I] for more details). For simplicity, we do not consider leverage score sampling,
noting that for symmetric sets, it does not change anything.

The next proposition shows that these estimation results for fixed A can be integrated over A to get an
estimation bound for the entropy (see proof in Appendix [C.4]), without the need for extra regularization,
leading to an estimation in O(1/y/n).

Proposition 7 Assume (A1) and that p has a density with respect to the base measure which is greater
+00

than o < 1. Assume that ¢ = / sup (@(x), ( + M) "Lo(z))2d) is finite. Given i.i.d. samples x1,. .., x,
0 xzeX
from p, and the estimator defined by Eq. (I1]), we have:

1+c(8logn)® = 17
c(8logn) L1

— T (2v/c +logn).

E||tr [$)log ) - tr [Sylog T, || <

Note that as a consequence of Jensen’s inequality, we always have E(tr [f?p log f]p]) > tr [Ep log Ep], as
can be seen in simulations (see Figure [I]).

5.3 Examples

We consider the d-dimensional torus [0,1]¢ with a translation-invariant kernel k(z,7y) =

A~

k(x —
k(w) = k(0)e~?l*li . We have by symmetry (o(z), (2 4+ )" Lp(z)) = tr (S(E+ M) = Z
wEZd

! t hd
As shown in Appendix[C.6, we have the bound tr [S(X+ )\I)_l] < e‘”d/z# [1 + (log a
sinh®(c/2)

Thus, the constant ¢ in Prop. [0 above can be upper bounded by a constant times o ¢ (see Appendlx
for details). We thus get an overall estimation rate for the kernel entropy proportional to o /2 Vn.

When balancing with the O(c?) estimation of the entropy for Lipschitz-continuous strictly positive densities
in Section B2, we can take o oc n~ /(@9 (lower bandwidth with more observations), leading to a rate
of n=2/(d+4) which is to be compared to the optimal rate equal to n=%@*%) for entropy estimation for
densities with the same regularity [28]. Although our primary goal was not to estimate entropies, we get
a rate which is the square root of the optimal rate.

Illustrative experiments. We consider X = [0, 1] and p(z) = 4!:17— %‘, with negative differential entropy
1

1
p(x)log p(x)dx = log 2— 5~ 0.1931. We consider estimation from various numbers of i.i.d. observations.

0
See left plot in Figure [[ where we compare two values of 0. Note that the estimation is empirically here
in expectation from above, as expected because of Jensen’s inequality (as opposed to the right plot).
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Figure 1: Negative entropy estimation from 20 replications (mean and standard deviation) for two values
of the kernel bandwidth o, as n increases. Left: from i.i.d. samples (method from Section [B.I)). Right:
from kernel integrals evaluated as uniform samples (method from Section [5.4]). As expected we estimate
the kernel entropy (limit when n tends to infinity) from above on the left plot, and from below on the right
plot, with a faster convergence rate on the right plot.

5.4 Estimation from other oracles

If we have access to other oracles on p and ¢, we can consider other estimators For example, if we
can estimate [\ k(z,y)k(x, z)dp(x) and [ k(x,y)k(z,z)dg(x) for any y,z € X, we can simply sample
n points x1,...,x, from the base measure on X, and, given the projection operator II on the span of
o(z1), ..., o(xy), consider X - R o

Y, = IE,I0 and X, = 113,11, (12)

and the estimator D(3,||3,) which is now a pointwise lower bound'd on D(%,]|%,) (and thus on D(plq)),
which can be beneficial in variational inference, as presented in Section [71

Noting that (¢(z;), Spp(2;)) = [y k(i 2)k(z, 2j)dp(z) (and similarly for ), and that K is the matrix of
dot-products of ¢(x1),...,¢(x,), the orthogonal projection may be done as

DS 5,) = D(K2 [ KO akGe X)) V2| K2 [ X )b, X)da(a) K1),
X x

where k(X,z) € R" is the vector with components k(z;,z), i = 1,...,n, and K € R™*" the kernel matrix,
typically with some added regularization for numetical stability, and incomplete Cholesky decomposition
so as to minimize the number of kernel evaluations (see, e.g., [7] and references therein), with an overall
running time complexity of O(n3). A key property is that it always underestimates the kernel relative
entropy (and hence the Shannon relative entropy). The following proposition shows that it provides a
better estimate (better dependence in n) than with i.i.d. samples (see proof in Appendix [C.3]).

Proposition 8 Assume (A1) and that p has a density with respect to the base measure which is bounded.
Given uniform i.i.d. samples x1,...,x, from the base distribution, and the estimator defined by Eq. (I3),

' This section is not crucial to understand the rest of the paper.

2Since TIIT* + (I — )(I — II)* = I, the monotonicity of relative entropy (Prop. [4lin Appendix[A.2)) leads to D(3,%) >
D(TIE,II + (I — I)E, (1 — II) HHE I+ (I - )8, (I — II)) = D(IS,I||IEI) + D((I — IS, (I — I)||[(I — ), (I —1I)),
which is greater than D(HEPHHHE H)
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we have, if for all X > 0, sup,cy (p(z), (X + X))~ Lo(x)) < Blog(C/\)?, for some constants B, C':

0 < tr [IIZ, I log(IIS,ID)] — tr [£,log X)) = o((log( BC) (VBT + B)exp (- i( Bn)1/<d+1>)).

The proposition above applies to the torus situation in [0, 1]d and the kernel with exponential Fourier
series, with now an improved dependence in n and in d, since in that case B ~ C' ~ ¢®. That is, to reach

d

precision €, we need n O'_d( log %d)dH instead of n ~ 0% 2. Other decays for the maximal degrees of

freedom are considered in Appendix

Ilustrative experiments. We consider as above p(x) = 4‘3; — %L and consider estimation from vari-
ous numbers of i.i.d. observations for the projection. The required integrals are computed by numerical
integration. See right plot in Figure [I where we compare two values of o. Note that the estimation is
as expected here from below, and with a faster rate of convergence than for the estimation method from

Section B.11

6 Multivariate probabilistic modelling

Information-theoretic quantities are particularly useful at characterizing statistical dependence between
random variables. This is for example the basis of independent component analysis [I7], and can be used
for feature selection [5I]. We explore how the new notions of entropy can be used in this goal.

6.1 Joint entropy, marginal entropy and mutual information

We assume that we have a product set X = X; x Xo, and a feature space H = H; ® Hso, corresponding
to the kernel k(x,y) = k1 (z1,y1)ka(x2,y2), and feature map ¢(x) = ¢1(x1) ® pa(x2). We also consider a
base distribution on X; x Xy which is the product of the base distributions. The tensor product is here
defined as the span of all functions (x1,x2) — fi(x1)f2(x2) for f; € H;, i = 1,2, with the norm || f1|| - || f2]|-
Given a joint probability px, x, and its marginal probability distributions px, and px,, we can define the
covariance operators E,,Xle on H; ® Ho, prl on Hj, and prz on Ho, as well as Y19, X1 and Xg the
covariance operators of the base distributions on X1 x Xs, X1 and Xo:

We then define the marginal and joint entropies as:

H(Xpy) = —tr[Ep log¥,, | +tr [X,, log %] — Juin (1 (1), (log Z1)er (1))
H(Ypy,) = —tr[¥y log¥,, | +tr [X,, log¥s] — Juin (ip2(x2), (log D) pa(22))
H(EPX1X2) = —tr [EPXIXQ log EPX1X2] +tr [2PX1X2 log 212] - I;lé%@p(x), (log 212)90(x)>’

The product distribution px, px, (with independent components with same marginal distributions as X),
which is different in general from the joint distribution px, x,, has covariance operator Xp 5, =Xp, ®
by and its entropy is:

DXy

HZpy px,) = —tr[Epy ©%py log¥y @ ¥y | +1tr 8y, © Xy, log¥ia] — ggg@(;p), (log X12)¢(x)).
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We have log ¥, @Y, =logd,, ®@I+logl®X,, . Moreover, because the base distribution is separable
by assumption, we have (p(x), (log X12)p(2)) = (¢1(21), (log Z1)p1(21)) + (2(22), (log Xz)pa(x2)), thus,
we exactly have:

H(prlpx2) = H(prl) + H(prg )-

We can therefore define the kernel mutual information (not to be confused with the regular Shannon mutual
information) as

I(X17X2) - l)(zzuxlx2 ”prl ® ZPXQ)’

From the developments above, it is equal to

I(X1, X2) = H(Xpy, ) + H(Zpy,) — H(E

pX1X2)7

mimicking the traditional equality for regular entropies. Moreover, it is equal to zero if and only if the
variables are independent.

Proposition 9 (Characterization of independence) Assume (A1). Then I(X1, X2) is a lower bound
on the Shannon mutual information, and I(X1, X2) = 0 if and only if £y =Xy @y, . If the kernel
k? is universal, this is equivalent to the random variables X1 and X, being independent.

Proof The first statement is straightforward because of the interpretation as a relative entropy. The
second statement is simply the consequence of the fact that Ypy, @Ypy, Is the covariance operator of the
product distribution px, px,. [ |

We can make the following observations:

e The extension to mutual information between more than two random variables is straightforward
by considering tensor products between all marginals, with the same characterization property of
independence.

e Our use of covariance operators is related to the “kernel generalized variance” from [6], which consid-
E[o1(X1)e1(X1)*] Efe1(X1)pa(X2)*] > _ E[(ﬂﬁl(Xl)) (sﬁl(Xl))*]

Elp2(X2)p1(X1)*] Elpa(X2)p2(X2)*] p2(X2)) \p2(X2)
and compute the mutual information for a Gaussian vector with this covariance operator. The kernel

generalized variance can be generalized to more than two random variables, but then the indepen-
dence characterization property is not satisfied. Moreover, the relationship with the usual mutual
information is not as straightforward.

ers a joint covariance operator <

e The extension to conditional entropies is not straightforward. We could define prﬂ P in the
natural way, but then we do not have the joint entropy being the sum of the marginal and conditional
entropy (otherwise, because of axiomatic characterizations of entropy [20], we would get back exactly
the Shannon entropy). There is also a potential for exponential families and conditional models akin
to generalized models, which remains to be explored.

6.2 Data processing inequality

We have a form of data processing inequality, which is classical in quantum information theory (see,
e.g., [40]), which we extend here.
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Proposition 10 (Data processing inequality) Assume (A1). We have

D(ZPX1X2 ”EqX1X2) > D(prl ”EQXl )7

with equality implying (when the kernel k is universal) that the conditional distribution of X given X is
the same for p and q, but the reverse implication is not true in general.

Proof The marginal operators Epx, and Ygy, are obtained by taking “partial traces” which are quantum
operations as defined in Section [3 hence the inequality. Following [46], we have inequality if and only
logXpy x, —10gpy x, = log(E;,,X1 ®I)— 10g(2le ® I), which is unfortunately not always satisfied when
conditional distributions are equal. However, in case of equality, the extra condition (c) from Prop. 2,
becomes X, (Bgy, ®@ 1) = B¢y «, (Epy, ® 1), and can be leveraged. Indeed, for all test functions
f1,91, f2, g2 in H, it leads to:

/:x . xfl(xl)f2(x2)gl(yl)g2(y2)kl(x17yl)de1X2(xlax2)dQX1(yl)

:/x s f1(x1) fol@2) g1 (y1) g2 (y2) k1 (21, y1)dax, x, (21, 22)dp1 (y1).

Considering f; and g1 tending to Dirac functions at Z; (which is possible since the kernel is univeral) we

get [y, fo(2)g2(y2)dpx, x, (%1, 22)dgx, (71) = [y, fo(2)92(y2)dax, x, (T1, 2)dp1(Z1), which implies that
the conditional distributions of x5 given x; is the same for p and q. |

6.3 Submodularity and conditional independence

We can now consider three variables X7, Xo, X3, and use strong sub-additivity of the quantum relative

entropy [46)], [40].
Proposition 11 (Submodularity) Assume (A1). We have:

H(EPX1X2X3) - H(prl)cQ) - H(EPX2X3) + H(EPXQ) < 0’

with equality (for universal kernels) implying that X1 and X3 are independent given Xo, but in general the
reverse implication is not true.

Proof As done by [40], we can simply apply the data processing result (Prop. [IT) to X; = (X1, X,), and
X9 = X3, with the distributions 155(1)22 = DX, X, X5 and q~X1X2 = PX1PX5X5- |

As a classical consequence, the entropy function is submodular like the regular entropy (see, e.g., [3l Section
6.5]).

Note that we do not obtain a necessary and sufficient characterization of conditional independence, which
can be obtained with other tools based on covariance operators [27].
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7 Convex duality, log-partition functions and variational inference

Given that our kernel notions of relative entropies are lower bounds on the regular notions, by the traditional
convex duality results between maximum entropy and log-partition functions (see, e.g., [58]), we should
obtain upper-bounds on log-partition functions. In this section, we show how such bounds can be obtained
and computed. We then show that such bounds can also be optimized with respect to the positive definite
kernel.

This leads to a new family of variational inference methods, which can then be used in various probabilistic
inference tasks [58], and in particular in Bayesian inference [42].

In this section, we will sometimes only assume that for our kernels satisfy (on top of being positive definite)
k(x,z) < 1 for all z € X, noting that the upper-bound result on the regular Shannon relative entropy is
still valid in this case.

7.1 Convex duality between operators

We have for self-adjoint operators (regardless of the link with input spaces and probabilities):

sup tr(AM)— D(A|B) = sup  tr(A(M +log B)) — tr[Alog A]
A=0, tr A=1 A=0, tr A=1
= logtrexp(M + log B),
1

with the optimal operator A equal to A = exp(M + log B). This implies the represen-

trexp(M + log B)
tation
D(A||B) =sup tr AM — log trexp(M + log B),
M

with the constraints that A = 0 and tr A = 1 are automatically satisfied (if tr A # 1, then by replacing M
by M +tI, we can make the quantity go to infinity).

We also have (when the constraint for unit trace is removed):
suptr(AM) — D(A||B) = suptr(A(M +log B)) — tr[Alog A]
A0 A0
= trexp(M +log B —1I),
with an optimal A = %exp(M + log B). This implies the representation
D(A|B) =sup tr A+ tr AM — trexp(M + log B),
M

with the constraint that A = 0 is automatically satisfied (but not tr A = 1), with the optimal M equal to
log A — log B.

7.2 Bounds on the log-partition function

We can now apply the duality relationships above to covariance operators. Given a bounded function
f X — R and a distribution ¢ on X, our goal is to obtain upper-bounds on the log-partition function
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log fx el (m)dq(x) which is equal to, by convex duality:

log/x e/ @ dg(x) sup /f )dp(z) — D(p|lq).

p probability

In our situation, our operators are subject to belong to the subspace A, equal to the span of all p(z)p(x)*,
for x € X, which leads to slight adaptations. We do not necessarily assume that the kernels are universal,
so that the hull of all ¢(x)p(x)* may not be equal to the intersection of A and positive operators with unit
trace.

Isotropic kernels. If k(z,z) = 1, for all z € X, then tr ¥, = 1 is equivalent to [, dp(z) = 1. We define
for a bounded function f : X — R,

o= s [ f@)dp(e) - D)
p probability measure J X
Using convex duality tools from Section [Z.1], we have:

a(f) = sup inf/ f(z)dp(z) — tr £, M + log trexp(M + log £,)
x

p non—negative measure

= iﬁ[f log trexp(M + log ;) such that Vo € X, f(z) < (p(x), Mp(x)).

Note that we can get rid of the constraint [ dp(z) = 1 because it is equivalent to tr X, = 1.

A relaxation is to relax p not to be a non-negative measure (and use the positivity of ¥, as the only
constraint), leading to

b(f)= sup / F(@)dp(x) — D(S,]1%,). (13)

p measure
By construction, we have a(f) < b(f), and by convex duality,
b(f) =  sup 1nf/ f(z)dp(z) — tr £, M + log trexp(M + log %) (14)
X

Pp measure M

= 1]1\a/lf log trexp(M + log 3,) such that Vo € X, f(z) = (p(z), Mp(x)).

Note that that if the problem above is non-feasible because ¢ is too small (so that f cannot be represented
as a quadratic form in @), then we get a value +oo.

If we can write (usually non-uniquely), f(z) = (p(z), Fe(x)) for some self-adjoint operator F', then we
have another representation as:

b(f) = inf logtrexp(F + N +log%,).
(f) Jnf - log trexp( 0g Xq)

Since D(3,]|%,) < D(pl|q), we have:

b(f) > alf) > sup / f(@)dp(z) — D(pllq) = log /x @ dg(z).

p probability

As expected, we thus obtain upper bounds on the usual log-partition function.

Note that we could also get lower bounds using tools from Section [£1] in particular for functions f that
can be written as f(z) = [ h( y)dT(y).
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Non isotropic kernels. If we only assume that k(z,z) <1 for all x € X, then b(f) defined in Eq. (I3)
and Eq. (Id) is not any more an upper-bound but we can define instead

bO(f) = sup inf f Ydp(z) — tr X, M — tr 3, + trexp(M + log £,)
p measure, [y dp(z)=1, [y k(z,z)dp(z <1M

= sup inf / f(z)dp(x) —tr XpM — tr ¥, + trexp(M + log 3,)

p measure M, ¢,b>0
—c dp(x)—1)—0b /ka:,a:dpx—l
([ avte) 1) =b( [ #w.)ipta) -1)
= inf ¢+ b+ trexp(M +log¥,) such that Vo € X, f(z) =c+ (p(x), (M + 1+ bl)p(x))

7C7 2

= ]i\?f c+ ll)I>1£ (b+ e P trexp(M +log %)) such that Vo € X, f(z) =c+ (p(z), (M + I)p(z))

= ]i\?f c+1+ bAétrexp(M +log ¥4)) such that Vo € X, f(z) =c+ (p(z), (M + I)p(z))

~ 1
= ]i\?f ¢+ 1+log(=trexp(M +log X4))) such that Vo € X, f(z) = ¢+ (p(z), Mp(x)),
,C e

with lfovg(a) =loga if a > 1, and a — 1 otherwise.

If f can be represented through the operator F', and the constant function through the operator U, then
we get

~ 1
b (f) = }élf ¢+ 1+log(~trexp(M +log%,))) such that F' —cU — M € A
,C e

We can check that if U = I, then the constraints in the definition of b(c)( f) are equivalent to tr ¥, and we
exactly recover the expression of b(f) in Eq. (I4)).

Properties of upper-bounds. The definition of upper-bounds on the log-partition function naturally
leads to several questions and applications:

e Can these upper-bounds be tight? In situations like in Section where the entropy lower-bound
can be made tight (for example when the kernel bandwidth tends to zero), we should also get tight
upper-bounds on the log-partition functions, that is, upper-bounds that tend to the classical log-
partition function when the bandwidth goes to zero. We leave for future work a detailed study of
these approximations.

e Can these upper-bounds be estimated efficiently from simple oracles on the function f7? We provide
efficient algorithms in Section [7.4l

e Can these upper-bounds be minimized? We show in Section that these upper-bounds happen to
be convex in the kernel, so minimizing with respect to the kernel is possible.
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7.3 Relationship with optimization

When adding a temperature parameter € > 0, we can extend the traditional link between between opti-
mization and log-partition functions. This corresponds essentially to considering a potential % f, or defining

be(f) = €b(§

f)= sup /x F(@)dp(x) — eD(S,]1%,).

p measure

By convex duality, we get:
1
b-(f) = i?/[f e log tr exp (EM +log 4) such that Vo € X, f(z) = (¢(z), Mp(x)).

When ¢ tends to zero, then b.(f) converges to

i?/[f Amax (M) such that Vo € X, f(z) = (p(z), Mp(z)).

Given that ||¢(z)] = 1 for all € X, by writing M = c¢I — A for A positive, this is equal to

ceﬂé,ngw ¢ such that Vo € X, f(x)=c— (p(x), Ap(z)),

which is exactly the optimization formulation of [44] based on “kernel sums-of-squares”. Following the
traditional relationship between log-partition functions and maxima, we can thus consider our bound
on log-partition functions as a smoothed version on the maximum. Therefore, some of the approximation
techniques developed for the optimization formulation [44] can be extended to our set-up as well. Moreover,

as common in convex optimization, the entropy could be used for smoothing and accelerated optimization
algorithms [37].

7.4 Computable bounds

In order to compute or approximate b(f), which depends on the function f : X — R and the feature
map ¢ : X — H, we will consider a finite-dimensional approximation ¢ : X — H where H will be a
finite-dimensional subspace of H. All of our approximations will always be upper-bounds on the true
log-partition function.

We will always need an efficient representation of A the span of all ¢(z)@(x)*, for z € X, and sometimes
of M the hull of all ¢(z)@(z)* for x € X. See examples in Section [(.0] and Section [[7] for the torus and the
hypercube.

In order to estimate the relative entropy D(3,|%,), we will use D(%,||%,) instead. If the kernel (z,y)

k(x,y)—k(z,y) is positive definite, then this is a lower bound, and thus the bounds on the regular quantities
are preserved.

In order to compute D(3,||%,), we assume we can compute explicitly / o(x)p(z) dp(x) and / o(x)p(x)*dg(z).
X

X
If ¢ is obtained from projection on a span of some @(x1),...,@(x,) like in Section [5.4] then this can be
done if we can compute expectations of k(x,y)k(z,z) for any y,z € X. We can also build set-specific
approximate feature maps (as done in Section and Section [I7]).
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With an explicit representation of f. If we have an explicit (non-unique) representation of f as
f(z) = (p(z), Fp(x)). We then have if (p(z), p(z)) = 1 for all x € X (a similar approximation can be
obtained for b(°)(f) for non-isotropic approximations):

W) = sw &[CF-D(C|%)
CeA, C=0, trC=1

= inf logtrexp(M +log¥,) + sup tr[C(F — M)]
M CeA

= inf logtrexp(M +log¥,) such that M — F € At
M

which is a finite-dimensional convex optimization problem. Since the function M s log tr exp(M + log i‘,q)
is smooth, the optimization problem above can be approximately solved by projected gradient descent
(with unit step-size), with iteration:

. - M +1log %
M Ty (M- exp(M 7 log ) ).
trexp(M + log £y)

exp(M+log 3,)
~ trexp(M+log 34) _
olation [§]. Note that for any feasible M we obtain a lower bound on b(f).

We then obtain the (approximated) optimal CasC = . It can be accelerated using extrap-

Without an explicit representation of f. If an explicit representation of f as f(z) = (4(z), Fo(x))
is not available, we can build an approximate representation of f such that H =), Fo()) HOO is as small
as possible, and then use the previous algorithm, with this extra approximation factor. On the torus, we

could also use the same technique as [61] based on approximating the L..-norm with Fourier transforms.

Illustrative experiments. We consider here X = [0, 1], and the kernel with Fourier transforms propor-
tional to e~?“l. We consider the function f(z) = cos(27x), and approximate log(fo1 eI @ dx) ~ 0.2359.
We could either use the finite feature map from Section [5.4] based on random projections (which is a

non-isotropic approximation). For simplicity, we consider ¢(x),, = /%(w)e2i““x, only for w € {—r,...,7}.
~ _ _e—o(r+1) —o(r+1/2) .
We have ||¢(z)[|> = >I,__, tanh(3)e olel = tanh($)(—1+ 2%) =1- ECOST%), and the set A is

exactly the set of Toeplitz matrices. See Figure 2] for an illustration with several values of o.

7.5 Kernel learning

The key property we will leverage is the concavity of D(X,[|%,) with respect to the kernel. This allows to
maximize efficiently with respect to the kernel to get as close to the Shannon relative entropy D(pl|q) as
possible.

Concavity with respect to the kernel. Given two distributions p and ¢, then D(2,|%,) depends on
the kernel function k& : X x X — R. This happens to be a concave function of k (which is only assumed
to be positive definite with no bounds on k(z,x)). Indeed, if k; and ko are two kernels with feature

maps ¢1 : X = Hy and @9 : X — Hy, with the associated covariance operators Eg), 21512), Eél), 2512),
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Figure 2: Log-partition estimation with different values of o, as a function of r, the number of considered
frequencies.

and 1,72 > 0 such that 11 4+ 72 = 1, then with H = H; ® Hy and ¢(x) = ({/m1p1(x), \/T2w2(x)), using

E = < é 8 > and Fy = < 8 ? >, using the monotonicity of relative entropy for quantum operations,

we have:
mD(EPED) + o D(EP(SP) = D(E1 X, By + EsSyEs|| E1SEr + E2SEs) < D(5,]%,),

which shows the concavity.

Moreover, the relative entropy is monotonic, that is, if k; — ko is positive definite, D(Ez(r2)H2¢(12)) <
D(EI(,I)HE((ZI)). Therefore, when optimizing over the kernel, we only need to look at maximal elements
with respect to the positive definite order.

Linear parametrization of kernels. Given a finite-dimensional feature map 1) : X — R%, we look at
kernels of the form

k(z,y) = ¥(2) " Ay(x),

where A € R4*? is a symmetric positive semidefinite matrix. In order to have the upper-bound on entropy,
we consider the set £ of matrices A such that for all x € X, ¢(2) " Av)(x) < 1. This is a finite-dimensional
convex set, for which we need to know inner approximations (to preserve directions of bounds). We then
have that

DS, 2,) = D( [ AV ula)o) A dp(a) | [ A2 dg())
X X
is convex in A (see a direct proof in Appendix[A.3]). As mentioned earlier, by monotonicity, we only need

to consider maximal elements of C.

Relative entropy maximization. Given p and ¢, from which we can compute Cj, = Ex.p, [t)(X)(X )T]
and Cy = Exq[v(X)¢(X) "], we maximize D(AY/2C,AY2||AY2C,AY/?) with respect to A € £.

We can decompose it as the difference of two convex functions as:

D(AYPC,AZAVRCAY?) =t [C)PAC) ? 1og(Cy/PACY?)] — tr [AV2CpA M2 log(AM2C,AM?)].
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This naturally leads to an optimization algorithm where we lower-bound the first convex function by its
tangent and then maximize this affine function minus the other convex functions. This is a parameter-free
globally and monotonically convergent algorithm.

Log-partition minimization. Given ¢ and f : X — R, we can try to minimize the lower bound
on the log-partition function instead. We assume for simplicity that we know a representation of f as
f(x) = (x)TGep(x), that the span B of all 1(x)(z)" for x € X is manageable, and that (for simplicity),
Y(z)TAy(z) =1 for all A € L.

We thus need to minimize with respect to A € £ the following function (which is convex in A as the
supremum of convex functions):

sup tr(CG) — D(AYV2ONY2||AY2C,AY?)
CeB, C0, trC=1

= iﬁf sup tr C(G — AY2MAY?) 4 log trexp(M + log(AY2C,AY?))
CeB

= i?/[f log trexp(M + log(A1/2C’qA1/2)) such that G — AY2MAY? € BL.

The optimal C' and M can be obtained by accelerated projected gradient descent. We can then minimize
with respect to A by updating A like for the entropy maximization, once M (and thus C') have been
estimated.

We now provide two illustrating examples, on the torus and the hypercube.

7.6 Example 1: Torus [0, 1]

We consider X = [0, 1], and assume that we have m = 2r + 1 frequencies w € {—r,...,+r}, and ¢, (x) =
%™ Then we have (Cp),w = p(w — ') and (Cy)uw = §(w — '), and the constraint to be in B is that
Cp, and C; are Toeplitz matrices (note that this requires to know p(w) and ¢(w) for w € {=2r,...,2r}).

If f has band-limited Fourier series f (zero outside {—2r,...,2r}), then we have f(z) = (¥(z), Gi(z)),
with any matrix G such that Zw e 5wa/ — f(8) for all § € {~2r,...,2r}. We then have tr[C,G] =

Za,w’:—r p(w w ) wa’ - 6——27’ p(d)*f(é)
Moreover, we consider A = Diag(n) with 7 in the simplex, so that, for ¢(w) = 1,20 (for the uniform
distribution), we have

D(AY2C,A2|AYRCAY?) = tr [CpPAC) 2 1og(CYPACY?)] = Y n(w)log n(w).

w=-—T

Relative entropy maximization. We can maximize with respect to 7, using the (here convergent by
convexity) the majorization-minimization approach, e.g., by using the afﬁne Taylor expansion of the first

term, and minimizing tr [CZ}/ 2 Diag(nJr)C;/ 2 log(C;/ % Diag(n +)C, 1/ ) Z N+ (w) log 4 (w) with respect to
w=—T

n* is in the simplex, thus leading to log n™ equal to a constant plus diag [C’;/Q log(C’;/2 Diag(n)C’;/Q)C;/z].

This makes an algorithm in closed form to maximize D(¥,||X,) with respect to 7.
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Figure 3: Kernel learning for entropy estimation on the torus [0, 1]. Left: Entropy estimates for increasing
order r. Right: optimal kernel for r» = 50.

This is illustrated in Figure Bl where we compare various lower bounds on the negative entropies, either
with a fixed kernel, or with kernel learning, showing the benefits of estimating k(w).

Log-partition minimization. In order to compute (and then minimize) the upper-bound on the log-
partition function, we can write

2r r

b(f) = sup Y p(8)*f(8) — tr [C,/* Diag(n)Cy/?log(C,/* Diag(n)Cy/?)] + Y n(w)log n(w)
P s=_or w=—r

= i]I\lJf log trexp(M) + Z n(w)logn(w) s. t. Z n(w) (W2 My = f(6), Vo{=2r,...,2r}.

w=-r w—w'=6

Note here that by the classical Caratheodory interpolation theorem (see, e.g., [24, Chapter 2]), this is
exactly a(f) which is computed.

It can be minimized by (accelerated) projected gradient descent in M, since the function M — log tr exp(M)
is 1-smooth. We simply need to be able to project on the affine subspace, which can be done by solving a
linear System

In order to update the kernel 7, we use the exact same update as for maximizing the entropy. This is
illustrated in Figure @, where we show benefit of estimating the kernel rather than using a uniform one.

7.7 Example 2: Hypercube

We consider X = {—1,1}%, and o(x) = Diag(n)'/? 31: € R for 5 in the simplex in R4, Here B is

exactly the set of all self-adjoint operators with diagonal equal to 7. To compute the entropy, we consider

the set C' of positive matrices with unit diagonal, corresponding to E[(“f) (T)T]

*By Lagrangian duality, the minimizer of §||M — Z||% such that V6 € {—r,...,r},tr(MAs) = £(6) obtained as Z+> 5 sAs

with A maximizing > 5_ Ag(ﬁ; —trZAs) — % Zg’a,:ﬁ As g tr AsAgr.

—r
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To maximize the relative entropy with respect to the uniform distribution, we simply maximize

d+1
tr [C(p)'/* Diag(n)C(p)'/* log(C (p)'/* Diag(n)C (p)'/?) Z n; log 7,

which is a lower bound on »_, c¢_; 134 p(2)log p(z) + dlog 2. Thus, we get an upperbound on the entropy

d+1
— Y p(x)logp(z) < dlog 2—tr [ Diag(n)'"/*C(p) Diag(n)'/? log(Diag(n)'/*C(p) Diag(n)'/*)]+> _ n;logn;.
ze{—1,1}¢ j=1

With 7 constant equal to 1/(d+1), we get the upper bound: dlog2—
to be tight for d = 1.

1
T tr C'(p) log C'(p), which happens

0 0 2
Figure [, we compare these bounds on matrices C' corresponding to independent components with mean
vectors uniformly distributed, showing the potential benefits of the new upperbound on entropy.

1 1 d
This is to be compared to the upper-bound of [31], which is 3 log det <C(p) + 3 < L0 >> + 3 log ﬂ—e. In

8 Conclusion

In this paper, we presented properties of the von Neumann entropy and relative entropy of covariance op-
erators obtained from reproducing kernel Hilbert spaces. These notions are intimately related to the usual
notions of Shannon entropy and relative entropy, share many of their properties, and can be applied to any
type of data where positive definite kernels can be defined. They also come with additional computational
benefits, with several estimation algorithms with theoretical guarantees. We have also highlighted several
properties in terms of multivariate probabilistic modeling or variational inference, but several interesting
avenues for future research are worth exploring. First, exploring further approximation guarantees for log-
partition function estimation can probably lead to new improved algorithms for variational inference [58]
in continuous and discrete domains. Second, we could extend to Rényi entropies [36] 25] with similar
developments (along the lines of Appendix[A.4]). Finally, the optimization with respect to the probability
measure, which is at the core of log-partition estimation, can be extended to other optimization problems
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on probability measures, such as already done with similar tools for optimal transport [57] or optimal
control [I1].
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A Proof of convexity results on operators

In this section, we provide simple direct proofs of convexity results that we use in this paper. All of these
proofs are obtained from the literature, and in particular [33] 47] [46].

A.1 Joint convexity of the relative entropy

We consider a function f : R% — R, which is operator-convex, that is, for which the function A — f(A) is
convex as an operator-valued function, i.e., f (Z?:l )\iAi> < D1 Nif(A;). These functions can exactly
(t—1)°

_1)\2 00
be represented as: f(t) = a + B(t — 1) +~(t — 1)> + 5@ + / ﬁd’/(/\)a where 7,6 > 0 and v
0

is a positive measure with finite mass on Ry [33]. We have f(1) = a. The interesting case for this paper
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*(t—-1)2 1
is f(t) = —log(t)=1—1t —l—/ ( ) d\, but there are others, such as, for p € (0, 1]:

0 Attt (1+A)?2

P = —1—p(t—1)+ dA.

sin pm /"'OO (t—1)2 AP
T Jo A+t (14 N)?2

Given A and B two Hermitian operators, we denote by R4 the right multiplication by A and £ 4 the left

multiplication by A. We have, since L5 and R4 commute, and log L = Ljog p and log R4 = Rigg a:

D(A|B) = trAY%(log A)AY? —tr AY%(log B)A"? = tr [(log Ra)(A/?)AV2] — tr [AY2(log £ 5)(A'/?)]
<A1/2, [log R4 — log LB]A1/2> = <A1/2, —log [LBRZI]A1/2>,

where (M, N) = tr(M*N) denotes the usual dot-products between operators. Following [47], we thus have:

D(A|B) = (AY? —log [LpR;']AY?)
1
(LRt — DAY2 (LpRy + M) 7Y LRy — D AY?)————d)\
/<B (LR AT LBRY ) >(1+/\)2
= v wB [ (R ), CRy )R B - )
0 (14X
00 1
= trA—trB B —A), (L RA)"HB = A))———d.
A tr +/0 (B = 4), (85 + XRa)™ (B ~ A)) 57

Note we can ensure the finiteness of D(A|B) as soon as B~'/2AB~1/? is bounded. Given that the mapping
(u, M) + {u, M~1u) is convex, we obtain the joint convexity of the relative entropy. It can also be shown
more directly as shown below.

Proposition 12 Given positive invertible self-adjoint operators A;, B;, then

D(DonAill Yo aBi) < S AD(Ail| B,
=1 =1 =1

with equality if and only if for all j such that \; > 0,

log Bj —log A; = log (Zn: )\iBi> — log (Zn: )\iAi).
i=1

i=1
Proof Following [46, Theorem 7], we have: D(A4;||B;)—tr A;(log A—log B) = tr A;(log A; —log A+log B —

log B;) = tr A; — trexp(log A — log B + log B;) + B(A;| exp(log A — log B + log B;)), where B(:||-) is the
Bregman divergence (always non-negative), defined as B(A||B) = D(A||B) — tr A+ tr B. Thus

Z)\iD(AiHBi) — D(A|B)
_ ZA[ (Ail| By) trAi(logA—logB)]

= trA-— Z Ai trexp(log A — log B + log B;) + Z NiB(A;| exp(log A — log B + log B;)),
i=1 i=1
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which is greater than zero since the function C' +— trexp(K + log C) is concave. There is equality if and
only for all i such that \; > 0, A; = exp(log A — log B +log B;), because of the Bregman divergences being
equal to zero. ]

More generally, we get for random operators A and B, E[D(A|B)] > D(EA|EB), with equality if and
only if almost surely, log A — log B = loglEA — log EB. Note that the concavity of the function B +—
trexp(M + log B), which is crucial in deriving concentration inequalities for matrices and operators [56],
is simply obtained by partial Fenchel dualization of the relative entropy.

We can also provide more refined relationships at equality, following [39].

Proposition 13 Given positive invertible self-adjoint operators A;, B;, and strictly positive real numbers

A; that sum to 1, then
D(Do Al Yo ABi) = > AD(Ail| B,
i=1 i=1 i=1

implies that for all i, AiBZ-_1 = AB™!, where A=3"" | NiA; and B =" \iB;.

Proof Given the representation above, and the fact that (u, M) +— (u, M ~'u) is convex, we get the joint
convexity of (A, B) — D(A| B) is convex. In order to study the equality sign, we can use the lemma below,
and for each A > 0, [LBi + /\SRAZ.]_l(Bi —A;) = [LB + )\RA]_l(B — A). By letting A go to zero, we get
the result.
Note that following [39], we can also consider that

(LB, + ARa,) TN (Bi — Aj) = (L, Ry + M)~ LR, — I]1 is independent of i,

and is equal to (LBRZI + A1 [LBRZI — I] 1. Thus by using representations of a function f: Ry — R as

 dv(A
ft) = (t-1) / ty—i )\) for a certain signed measure dv, we can deduce that f[£ Biﬂ%zil][ is independent of i,
0

and equal to f [L BRXI]I . For example. with f(t) = logt, we get log B; — log A; independent of i. For
example. with f(t) =t — 1, we get B; A, ! independent of i. For f (t) = t*, BfA;* independent of i, for
any complex z. [ |

Lemma 1 If My, ..., M, are invertible and all \; are strictly positive and sum to 1, then

i=1 i=1 i=1 i=1
if and only if Mi_lui is independent of i, and equal to M~ u where M = S ANM and w= Y"1 .
Proof We consider the function f(u, M) = u' M~ 1, with Taylor expansion
Futd, M+A) = f(u, M)+26 " M u—u" MIAM Yut2(6—AM " u) " M- AM ~Lu)+O (| AP +]6]?).

We now use the following result on the remainder in Jensen’s inequality (which itself is a direct consequence
of the Taylor expansion with integral remainder taken at X, while expanded at EX):

Ef(X)— f(EX) = /01 E [(X —EX)T (X + (1 — )EX)(X — EX)] dt. (15)
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In our particular situation, by the invertibility assumption, the matrix M is invertible almost surely, and
having equality in Jensen’s inequality imposes to have (X —EX)T f”(tX + (1 —t)EX)(X —EX) = 0 almost
surely in t and X. Thus, at t = 0 and X = (u;, M;), we get: u; —u — (M; — M)M~'u = 0, which is exactly
Mi_lui = M u. [ |

A.2 Monotonicity of the relative entropy

Proposition 14 Given operators C;, i = 1,...,n, such that > | CFC; = I, then

(ZCAC*

Zc BC*> D(A||B).

Proof We have with w = exp(2im/n), using the joint convexity of the relative entropy and the expression
LS Wk =1
k=1 i=j"

D<§:C’ZAC§‘ f:q-Bq.*) < iD(CiAogfucch;):D(f:(eiej ) © B AE] f:(eiej )@@BC;)
i=1 i=1 i=1 i=1 i=1
_ ( Zwk@ ) f: 1)@ GAC] Zwk@ ) f: ie] ) @ CBC; ).

4,j=1 t,j=1

Consider the matrices M and N defined by blocks M;; = C;ACT and N;; = C;BCY, as well as, the matrix
Uy, defined by blocks (Uy)i; = 1i:jwkil, we get from the equation above:

D<§Q’AC{‘ gciBCZ‘) < D<%gUkMU;§ %;UkNU,;‘)

< 1 Zn: D(URMU;“UkMU;*) = D(M||N)

n

because each Uy is unitary. Moreover, we can write M = VAV* and N = VAV* with a an operator V'
defined by a column of blocks Cj, i = 1,...,n, so that V*V =3"" | C*C; = I. Thus D(M|N) = D(A|B),
which shows the desired bound.

Using propositions above, there is is equality if and only: log(C; BC}) — log(C; ACY) independent of ¢ and
log[UpNU; | —1og[Up MU} ] = Uk(log N —log M)) U} independent of k, that is log N —log M block diagonal.
Overall, we get equality if log N — log M is block diagonal with equal blocks.

We can also obtain necessary conditions for equality, that is, (C; BC))(C;ACS )~! independent of i, and
UpNUF[UNU}]™! = U, NM~U} independent of k, that is, NM~! block-diagonal with equal blocks.

|
This extends to a random operator C, such that E[C*C] = I, for which we get:

D(E[cAC]||E[CBC]) < D(A||B),
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A particular example is obtained from n Hermitian positive operators D1, ..., D,, such that ! | D; = I,
and we get, with u; = tr(D;A) and v; = tr(D; B):

> milog £l < D(A|B).
i=1 !

This corresponds to, if D; = > ) Niguir @ wig, to Cip, = )\%Ze,-ujk, so that

n

Z E;AE; = Z Aikeius Mue; = Z(tr AD;)eie;.
ik

ik i=1

A.3 Concavity of relative entropy

In this section, we consider two positive self-adjoint operators, M and N such that M < a/N for some «.
We consider the function:
f A — DAYVZMAYZ|AVEN AV,

It happens to be convex in (M, N). It is also concave in A in the set of positive bounded operators. This
is due to the representation, valid for invertible operators:

F(A) — tr MA + tr NA

o 1
= [TV MDA (Eaare+ ARy aaggasa) AV = M)
0
. ) o 1
_ /0 (V= M), (B Ry + AT Rar) N = M)) s

Since the mapping (A, B) = (A~! + B~Y)~! = B — B(A + B)™!B is matrix-concave [I, Corollary 1.1], we
get the desired concavity.

A.4 Extension to other divergences

As mentioned in [47], both the joint convexity and the monotonicity of the relative entropy D(A|B) in
Prop. and Prop. [I4] can be extended to most operator-convex functions on R, and

Dy(A||B) = (A2, flLpRy' A2,

with the relative entropy being D_,,. Among other interesting cases, we have:

o f(t)=(t—1)% with D;(A|B) =tr [(B— A)?A~].

12
o f(t)= t tl) , with Dy(A[|B) = tr [(B — A)?B~!].

« JB)= (tl_—i—lt) " with Dy(AB) = (A2, (L5 + Ra)LAV2).
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o f(t)=1— Vi, with Dy(A||B) = tr(A) — (AV2, [LpR;'] 7 A1),

Specialized to covariance operators, we have, with A = ¥, and B = ¥, and following the same reasoning
as in the proof of Prop. [
dgq

DsEE) < [ Dr(s@ipta)| Eee@i@) i

= [ #(5@)drta) = Dsiola),

which is the reverse f-divergence associated with the function f [19] [55]. We thus immediately get lower
bounds on:

e the square Hellinger distance D;(p|lq) = /x [1-(3—2(90))” apta) = ; / [(Zf_( ))1/ ’ (Zf (2 ))l/ | ()

fOI‘f(t):l—\/E,

e the reverse Pearson y?-divergence D (p||q) = /x {1—3—;(33)] dp(x) = / [Zz (x)— ;li (w)r%
for f(t) = (¢t —1)%,

. dg, 12 dp(z) / dq dp, 1% dr(z)
2— e - > = -~ 7
e the Pearson x d;vergence D¢(pllq) /x [1 a0 (a;)] da/dp(z) [dT (x) — I (x)} dq/dr(2)
for (1) = L1
: : dg, 12 dp(x)
h -L D = 1—— P
e the Vincze-Le Cam distance D¢(pl|q) /:x [ a0 (x)} 5 dg /dp(@)
dq dp 2 dr(z) (t—1)°
lto = - f t) =
equal to / [dT( it ] Jajdr ) + dpjar@) W =T
B Proof of lower bound (Prop. [l
Proof Starting from p(y fx x,y)dp(z) and ¢(y fx x,y)dq(z), we can provide an exact expression

in the usual data processmg inequality for the regular KL divergence [I§], with two joint distributions
p(xz,y) = p(x)h(z,y) and q(x,y) = q(x)h(x,y), so that, with f(u) = ulogu:

Dol = Dol = [ [ awns (B0 r@are)

p(w,y) : :
x dr dr(y) by Jensen’s inequality,
[ i) / 0B (@) ar(y) by quality

- fawr

Using Eq. (I3]), we thus get

Dl - Dl = [ [[amea(B55 - 20Y ([ )it

WV

'Qz
2 ’E
—
<
SN—
N—
QU
\]
—
<
N—
Il
=)
—~
=
=Y
N~—




Since for all x € X, t% +(1- t)’Lg inf e E 3 we can then bound as

a(
. q(x) w)_M27$T
Dl - Dl < s [ [ awpe (B - B) drwyir)
_ q(x) VRl p(fﬂ) _ ) ) BN
T v (@) /x/xq(y)h( ’y) @) ay) ) @(y)) dr(@)dr(y)
q() psv p(y)\?
< 2o S [ [ (5 - 5) dr@iint)
) [ )Y
+2oun 0 [ a0 (5 - 50) o
We assume Lipschitz-continuity for p and ¢ in the following form: for all x,y, ZW — 1| d(z,y)Cy,
|p(x - 1| < d(z,y)Cp, and ‘W - %| < d(7,y)Cpq for some distance d on X. Then the first term in the
bound above is less than 2C> o/ 81615 % ilelg/ h(x,y)d(z,y)*dr(y). For the second term, we write:
‘1@ B @‘ < PWlaly) —a)| + a()|ply) — p(y)|
ay) aly)! a(y)a(y)
_ W) Jxlay) = a@)lh(z, y)dr(z) + a(y) Jx [p(y) = pW)Ih(z, y)dr(z)
h Q(?J)Q(?J)
< CopW)a(y) [y Az, y)h(z, y)dr(z) + Coa(y)p(y) [y d(z, y)h(z, y)dr ()
h a(y)a(y)
(Cp + Clpw) vy < Gt Cop@) (o N
) [ e it ar(e) < LD a2 gyara))
Moreover
p(y)? p(z) [ 2p(y)* +2(p(y) — p(y))?
| Sy < st | ) )

p(x) (b(y) —p(®)* o 2@ 2 i ()2
< 2o (1 [P R ) < 2 S+ ()

zeX

4sup,cy qug (Cp+ C'q)2 SUD,ey —3(1 + Czdlam(DC)2) [ |

Overall, we get D(pllq) — D(pllg) < E(p,q) X sup/h(w,y)d(x,y)zdy, with E(p,q) = 2C2,, sup,cy &5 +
B

C Convergence of estimation algorithms

In this Appendix, we give convergence proofs for the estimation algorithms from Section [B starting with
concentration inequalities for operators and bounds on degrees of freedom.
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C.1 Concentration of sums of random self-adjoint operators

We recall in this Appendix classical results on the concentation of covariance operators.

Lemma 2 (Concentration of covariance operators [45], 56]) Let ¢ be mapping ¢ : X — H between
a measurable space X and a separable Hilbert space H, such that for all x € X, ||o(z)|| < R. Given

X, = / o(z)p(x)*dp(z), assume that Amax(X,) < p. Given xq,...,x, € X n i.i.d. samples from p, then,

X
for all u > 0,
2 2

1 ¢ trY 3
]P’()\max (Z‘,p - ZZ:;cp(a:,-) ® go(xi)) > u> < I‘M P (1 + u:;ﬂ (R? + %)2> exp ( - M}Zfﬂg))

We will apply the lemma above to @(x) = (X, + M)~Y2¢(z), with B, = /gp(a:) ® p(x)dp(x) and
x

.1
Y= - Z o(z:)@p(x), so that, R? = sup (p(x), (S, +A) " Lo(x)) = df™™()\), and tr ¥, is now tr [Zp(Zp+
i—1 zeX

M)~ = df(N), and p = 1, leading to:

P(Amax<(Ep—l—/\f)_l/Z(Ep—ip)(zp—l-/\f)_lﬂ) > u> < df()) (1+3<dfm2§jf; 4 3)2) exp (2 dfma);f)u i 5 /3>-

C.2 Degrees of freedom estimation

Proposition 15 (Estimation of degrees of freedom) Let p : X — H a mapping between a measurable
space X and a separable Hilbert space H. Let ¥, = / o(x)p(x)*dp(x), with p a probability distribution
x
and x1,...,x, € X n i.i.d. samples from p, and ¥, = %Z?:l o(z;) @ p(x;). Then,
SN d d? —9n
-1 -1
E| tr[S,(S, + A1) — t[5,(3, + AN Y| < = A+ 16dnexp (m)
where df(X) = tr [S,(3, + A1), and df™™(X) = sup,ex (p(@), (p + M)~ to(x)), which is assumed to
satisfy d = df™*(\) < n.
Proof We follow closely the proof of [45], which starts with:
A = tr[S, (2, + A7 = tr[2,(5, + A 7Y
= A (S, + M) TVEB(S, + M) TV 4 At (B, + M) TVEB(I - B)TB(S, + A1),

teading to 4] < Al tr [(%, + A1)V B(%, + A1)~2]| + | Bllhs — !

T o (B) 25 5000 8 Amax(B) < 1, for

B = (3, + X)7V2(%, — 3,)(3, + AI)~1/2,
Almost surely, |A] < max{df(A),n}. Thus, for u < 1,

_ _ 1
Al < Dy@)sumax{df(A),n} + 15, (B)<u ()\\ tr [(Sp + M) V2B(S, + A1) V]| + HBH%{SW)

< Ly (Bys>e max{df(A), n} + || BlEs F At [(Z, + ADTYEB(S, + AN T2

1—u
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Thus,
E[A] < P(Amax(B) > u) - max{df(A),n} + ﬁE[HBH%{S] +E[A tr (S, + AD)TV2B(S, + AV

We have:

max U 2 —nu2
B (hmas() > ) < dFO) (14 A ) e (za3) 72073)
and
E[IBIs] = [ (24 A5, — ole) @ o) (S + AD S, — ola:) © ole))
< %E[tr ((zp A o(x) ® (i) (B + M) o) @ 4,0(552'))] < %df(A)dfmaX(A)-
Moreover

E[A tr [(Z, + XD TY2B(S, + AD)V?]]] < )\\/Eﬂtr [(Zp + AD)=V2B(S, + AD~1/2]|?]

1

< A\/EEW(@, (Sp + AD)H(E, + AN ()]

< R, (5, + A o] <y Eamgar,

n

This leads to

1 1 1
< ~ Jfmax - max
E|A] < \/ndf (A)df(N) + - undf()\)df (N)

max 1/3)2 —nu?
3(df 15?22+ /3) ) exp (demax(/\) T 2u/3)]'

+max{df(\), n}df(\) (1 +

With u = 3/4, we get:

1 1
E|A| < \/ =A™ (A)EA) + 4 dF ()™ ()

3(df™a(\) + 1/4)2> exp < —n(3/4)? )}

+ max{df(\), n}df () (1+ OO 2AF™(\) + 1/2

Using df(\) < df™(\) = d, we have the bound:

d d? 16(4d + 1)? —9n
< — 44— AT ) ‘
E|A] < \/ﬁ—|—4n+dmax{d,n}<1+ — >exp<8(4d+1))

If d < n, we further get:

d d? 16(4d + 1)? —9n d d? —9n
< — 44 7 < — — )
EAl < ZH4g +d”<1+ 27n? >eXp<32d+8) S Ty T ibdnesp (32d—|—8>
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C.3 Degrees of freedom estimation (from projections)

Proposition 16 (Estimation of degrees of freedom (from projections)) Let ¢ : X — H a map-
) dp(x), with p a

(z
probability distribution and x1, ..., x, € X n i.i.d. samples from q such thatVx € X, q(x) > ap(z), andH the
orthogonal projection on the span of all p(x1), -, p(zn). Let Af™*(N) = sup ey (p(2), (Zq + M) "Lo(x)).
Then

ping between a measurable space X and a separable Hilbert space H. Let ¥, = [ o(x)¢
X

A~

E|tr[S,(Z, + ML) — tr[IIS, (IS, I + A1) 7|

—In

< 16df(aX)df(u) exp <m

)+ St [(Sg + a1 T8 (Sg + ) 71
if A" () = sup (). (Z + pl) " lp(a)) < n.

Proof We follow a more direct strategy as the previous proof, following estimation results for random
feature expansions and column sampling [43], 5].

A = tr[S,(3, + A7 — te[IIS, (IS, 1T + M)~
= A tr[(ITS, I+ A1) ~Y — (3, + A1)
= Atr[(%, + M) 7HE, — X, I0)(TIX,IT + AT) 1] using standard expansions of the matrix inverse,
= M [(Z, + M) 7THE, — TIE,I)(E, + M)
FAtr [(Zp + A THE, — IS IIE, 0T + AN, — IS,00)(S, + M) 7.

Using 2 = f[, we can further bound

A

N

Ao [(p + A 7HE, — TS,I0)(S, + M) 7Y

At [(Zp + ADTH( — IS, (1 — 1) + A8, (1 - IS, (S, + A7 using 12 =11,
tr [(Zp + M) T2\, — MIS,I 4 AS, — AE,IT — IS, + MIS,I + X,(1 — 1)X,)]

= 2Xtr [(Z, + A TES, (1 — )] + tr [(Z, + AT)72E2(1 — I0)

< 2t [(Zp + ADTIE,(I - 1D)].

We can thus use, with 3, = LS olz)e(x),

. . 1
I—Tl=lm /I —3,(3,+ul)™"' = = lim pu(%, a7t S, )Tt = T (% + pl)7L,
e _

u—0
if we have (3q 4 pul)~/2(2, — 3,)(S, + uI)~"/? < ul. This leads to, using Lemma 2}

2p

A<
1—u

tr [(Zp + M) IS, (S, + pud) 7,
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max 2 —nu?
3(df™™ (1) +u/3) ) exp ( nu > Therefore, we

with probability greater than 1 — df(u) (1 + 2 (1) 1 2u/3

un?
get, with u = 3/4:

3(df™™ () + u/3)2) exp < —nu? >

0<BA < (S +eAD)™ %, di)(1+ w2 2dI™™ (1) + 2u/3

21
+1-

3(df™™ (1) + u/3)? —nu’
< df(aX)df(p) (1 + i ) exp (2dfmax(u) + 2u/3>

tr [(Zg + o) 'S (Sg + )]

—tr [(Sq + aA) '8y (Sg + pI) ™!

21
—Uu

3(dfmaxw)+1/4)2 —n(3/4)2
< df(aA)df(u)(lJr (3/4)4n? )eXp<2dfmaX(u)+1/2>

+8utr [(Sq + aX) 'S (g + pl) 7] with u=3/4.

i

Using the same reasoning as in the proof of Prop. [I5] the probabilistic term is upper-bounded by

—9n . max

C.4 Proof of Proposition [7]

Proof We assume that p(z) > ¢(z)/« for all x € X. Given the integral representation of the entropy, we
have

A A +m A A
tr [2,logX,] — tr [E,log ¥,] = / (tr [Sp(S, + o) — tr [S,(5, + aA) 7] )ad),
0
it turns out it is possible to truncate large values of A. Indeed,

/ (0 [5(E + aAD ]t [$(8, + aAD ] )adA
A1

= tr3,log(X, + arI) — trX,log(X, + ar )

& 1
< tr¥plog(f + alil) —trE,log(aril) = log(l + aXi) — log(a;) < o
1

with a similar bound for the opposite.

Thus, we have the bound, with Ay > Ag:

A N A R
EA = |tr [ilp log flp] —tr [S,log 5y | < ﬁ +/ i E|df(aX) — df (aX)|adA —I—/ 1 E|df(aX) — df(a))|adA,
1 0 Ao
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where df(a)\) = tr [E,(3, + aAl)"!] and (:/l\f(a)\) =tr [f)p(f)p + aXl)~!] are the usual degrees of freedom
for ¥,. We have

df(a)) < df"™(a)) < 81615 (p(z), (a2+a)\l)_1cp(w)> :é

C(A),
where C'(\) = tr[X(X + AI)™!]. Thus, we get:
1 M ~
A < — +nag+ C’(/\)d)\ —I—/ E|df(a)) — df (a)|adA.
Of)\l Ao

For A > X\, we have df(\) < df™™(\) =d < éC(AO) = dp, which we assume to be less than n.

Thus _on
) < 16dn exp (m),

—9n
32d + 8

16dn exp (

>,|,_.

and we get the bound, using C'(\) <
1 Ao Modo o d? —9n
A < — A A)dA — +4— +16d — ) JadA
o tredet [ O +AO (\/ﬁJr n 10 "eXp<32do+8>)a
4 [N

< e [ COVA + (—= + 16ne ( —on )) C‘( )dA + C(\)2dA
< — — Xp (oo —
al; 0 0 Vn P 32dy + 8 na Jy,

We take \g such that dy = %, with a bound:

A < = fnare+ . C(\)d\ + 17 C()\)d)\Jr Lo C(N\)2d\
X TN 0 = —_
Oé)\l 0 \/_ Ao Ao

1 AO
< — F+nar + d)\+—/ d)\+—
Oé)\l 0 Ao

The condition on C, implies that C'(A f)\/z C(N)2dN < ¢, leading to C(A\) < %, leading to
%a < ,/A—g, and thus )y < 20(12g") Then

1 logn)? 1 17 (M 4
A < 1+ ocldoen)” o Ogn+—7 CON)dA + —<.
a\ no NG no

Al Ao+1
We take \; = Ao + n so that C(N)dX < / C(N)dA + log
Xo 0

Ao +

5 +711 < 2¢v/en/1+ Ao + logn. Then,
0

overall, we get:

2 2
1 + 8¢(logn) n 17 en) < 1+ ¢(8logn) n 17
no vn no N

which is the desired bound. [ |

A <

(2v/c+ 2x/§cl(;gan +1 (2v/c + logn),

40



C.5 Proof of Proposition
Proof We can combine with the proof of Proposition [ to get:

A = tr IS, T og IIX,II) — tr [$,log 2] = /0 o (tr [Sp(Sp + A7 — tr [IIS, IS, I+ M) 71 )dA,
which is always non-negative and such that, for p = ag), if df™**(ac)g) < n:

A1

A
A < / o [Ep(Sp + A7 HdA + / (tr [Sp(Sp + A7 — tr [IIS,IIIS, I+ M)~ )dA + Ai
0 Ao 1

Ao
< / df(a\)dA

M —9n -1 -1
+/)\0 16df aX)df(ae) exp (32dfmax(oz€/\o) n 8> + 8asAtr [(Zq 4+ al) T 5y (Zq 4+ agAl) ]]d)\ +—
1 [ 16 n -9 oM 1
< = AFNIN + — D exp (—— 2 / df(A\)d\ + —
a/o WA+, <325;1 + 8/n) g XA
all
+ / 8eAtr [(Bg + )18, (5, + sAI)—l} X
alg
< = df)\d)\+——e T / df(A\)d\ + —
a/o 9@ a B P (325g1 +8/n) 0 9 A1
al
+/ e tr [(Eq + )\I)_lEq(Eq + 6/\])_1} d), extending integration limits,
0
with df™(aehg) = 2.
We also have
N N
/ df(Ndx = > / — A = > olog(1+No™),
0 EA(,) cEA(D,)
and
N ) ) N
/0 M [(Sg+ M) TS (Bg +eA)THdy = Y / U+)\U+€)\d)\
ceA(Xq)
A/
1 1
- Z 1Ej / [ +er +)\]d)‘
reA(Sy) € Jo g T £ g
eo 1. o+eXN o+ N
= Z [— log — log ]
1—c¢le o o
ceA(Xq)
< Y Tlog(lNeo )= ! /ex df(N)dA.
1—¢ 1—¢ 0
ceA(Xq)
Thus, with € = ai)\odf_l(n/ﬁn),
1 1 alg ; 16 n -9 all ; 8 el ; 1
< - d)\d)\—i———e —_ / df(A)dX + / df(A)d\ + —.
S e R e (o) [ e 2 [T arga
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Polynomial decays. If df(\) < BA~Y*, then we have: 52 < B(ar,e)™Y%, and thus ¢ < L(B—B”>S.

(aXo) ™%, Thus, with € < 1/2,

alo
<
Moreover, /0 df(\)dA < =1/

BOé_l/S
<
1-1/s

8
l1—el—1/s

1
(Ea)\l)l_l/s + )\—1

16 n ( -9 > B

o) e+ e
(0) N XP 325,{14—8/71 1—1/8

EIB— (Oé)\l)l_l/s +

Now turning to asymptotic expansions, we get

“1/s _1/s “1/s B 1 s—1 1
A = (BN 4 L exp(-8u BT 4 BOw M) (20) T 1),

We can take (3, o< logn so that the term exp(—/,,/4) is negligible.

1-1/s s/2 and

s—1
We can choose \g such that BX, ~ B(Al/)\o)l_l/s(%> , that is, \g o Bs/z)\iﬂ(l‘)g”)

n

then )\338—1)/(25) pls+1)/2 (10%) (s—1)/

bﬂ)S(s_n/(ss_n)

2
, finally leading to A = O(BS(SH)/(?’S_D( -

Exponential decays. If df(\) < Blog(C/\)¢, then we have: ﬁﬁ < Blog(C/(ea)p))?, and thus e <

alg
)\0% exp(—(Bn/B,)"%). Moreover /0 Af(A\)dA ~ aXgBlog(C/Xoa)?. Thus, asymptotically,

A = O()\OB log(C'/ o) + ﬁﬁ exp(—ﬁn/él))\lB(log(C/)\l))d + M\eBlog(C/eA)? + )\il)

With \g o 01/2/\}/2 exp(—%(Bn/ﬁn)l/d), the first and third terms lead to

B(Z’l/z)\i/2 exp(—%(Bn/Bn)l/d) log(C/)\o)d = B(Z’l/z)\i/2 exp(—%(Bn/Bn)l/d) ( log C+log /\1

—1+(Bn/ﬁn)1/d)d-

1
With A\ % exp(fn/8), the second term is of order ﬁﬁ exp(—f,/8) (log C+log )\_))d_ We can then choose
n 1

1
Bn o (Bn)Y@+1)  to get the overall bound A = (log(BC’))d(\/ BC + B)exp (— Z(Bn)l/(dﬂ)). [ |
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C.6 Computation of degrees of freedom

We have, when o tends to zero, with v = = A = /\d ,
k(0)  tanh® g

1 1 1
E = E ——|we Z8, ||l = kY| < Z oyl
ot 1+ vexp(olw|) = 1+ vexp(ck) = 1+ vexp(ck)
1

< 72dkd—l 2dkd_1

Z vexp(ok) * Z

k}%log% kg%log%
(d—1)! 1 Ind-1, 1 1yd

P ) ()

(1—eo)-d Taley I+ s %%

< 2d$ [1 + (log %)d]

d! 1 o\d
< e 114 (log= + dlogtanh = ,
Sinhd(0/2)[ < &) s 2) ]

where we have used that, for v > e,

(1—€e779) Z exp(—ok)k* < (%bg %)au + Z exp(—ok)k®!

k>Llogl k>L1log 1

and Z exp(—ok) <

k>Llogl

v
Pt which leads to, with u, = Z@%bg% exp(—ok)k®:

1

1 —oya+1 —oya—1 Iy«
a(l—e ) uaga(l—e ) V(log;> +

1
(a—1)!

(1= € ) upr,

and thus u, < % {1 + %(10?5 %)a]

In order to bound the constant ¢ in Prop. [l we can split the integral into. We have for 8 = tanh? 3 >0,

> 1 B d1? tanh? 2 2d
c < d/\+/ e — 124 2(1o 2 d\
/B A2 0 sinhzd(0/2) [ ( A ) ]

< —+B/ Sthd e )[2+2(1og A) d]d)\:O(a‘d)

when o goes to zero.
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