N
N

N

HAL

open science

FORCED WAVES FOR A THREE-SPECIES
PREDATOR-PREY SYSTEM WITH NONLOCAL
DISPERSAL IN A SHIFTING ENVIRONMENT
Jong-Shenq Guo, Francois Hamel, Chin-Chin Wu

» To cite this version:

Jong-Shenq Guo, Francois Hamel, Chin-Chin Wu. FORCED WAVES FOR A THREE-SPECIES
PREDATOR-PREY SYSTEM WITH NONLOCAL DISPERSAL IN A SHIFTING ENVIRONMENT.
Journal of Differential Equations, In press, 345, pp.485-518. 10.1016/j.jde.2022.11.039 .  hal-
03576709

HAL Id: hal-03576709
https://hal.science/hal-03576709
Submitted on 16 Feb 2022

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-03576709
https://hal.archives-ouvertes.fr

FORCED WAVES FOR A THREE-SPECIES PREDATOR-PREY SYSTEM
WITH NONLOCAL DISPERSAL IN A SHIFTING ENVIRONMENT

JONG-SHENQ GUO, FRANCOIS HAMEL, AND CHIN-CHIN WU

ABSTRACT. We consider a three-species predator-prey system involving two competing
predators and one prey. The species diffuse with nonlocal dispersal kernels with possi-
bly non-compact support, and they interact in a heterogeneous environment moving with a
positive forced speed such that the environment is favorable to the prey in the absence of
predators far ahead of the shifting boundary and it is unfavorable far behind. Such systems
arise in the modeling of population dynamics under the effect of a shifting environment,
such as climate change. We show on the one hand the existence of waves connecting the
trivial state to the unique constant positive co-existence state for any value of the forced
speed. On the other hand, we show the existence of critical positive speeds for the existence
of waves connecting the trivial state to the states corresponding to the absence of one or
two predators.

1. INTRODUCTION

Nonlocal dispersal models arise in population dynamics to describe long-distance dispersal
of individuals [24, 25, 28]. Recently, the effect of environmental heterogeneity has drawn a lot
of attention in biological applications. In this paper, we consider the following predator-prey
system with two weak competing predators and one prey:

u(x,t) = diMu)(z,t) +riu(z,t) [-1 —u(z, t) — kv(z, t) + aw(z, )],
(1.1) ve(z,t) = doNa[v](z,t) +rov(x,t) [—1 — hu(z,t) — v(x,t) + aw(z,t)],
wi(z,t) = dsNs[w](z,t) +rsw(x,t) [a(z — st) — bu(x,t) — bv(z,t) — w(z, )],

T
X

in which the nonnegative quantities u = u(x,t) and v = v(z,t) are the densities of two
predators and w = w(x,t) is the density of the single prey, for z,t € R.

Throughout the paper, the parameters di,ds,ds,r1,72,73,a,b, h, k are all positive, and
a, b, h, k are such that

1.2 1 h k<1 b< ———.
(1.2) a>1, 0<hk<l 0< <2W—U
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Meanwhile, NV [u], N2[v] and N3[w] formulate the spatial nonlocal dispersal and are defined
by

;

Mlu)(z,t) = (Jyxu)(z,t) —u(x,t) = /R (y)u(x —y, t)dy — u(z,t),

Ji
Nofv](z,t) = (Joxv)(x,t) —v(x,t) = /R(]g(y)v(x —y, t)dy — v(x,t),

Ns[w](z,t) = (Jsxw)(z,t) —w(z,t) = /RJg(y)w(:p —y, t)dy — w(z,t),

\
in which, throughout the paper, the functions J; : R — R (i = 1,2, 3) are probability kernel
functions satisfying

(J1) J; is nonnegative, measurable with respect to the Lebesgue measure, [, J;(y)dy = 1,
and there are ; > 0 and " € Rsuch that ;- < 0 < y;" and J; > 0in (y; —n;, y; +m)
and in (y;" — i, 4" + m:);

(12) Jg Ji(y)y dy = 0;

(J3) there exist —oo < A\ <0 <\ < +oo such that I;(N\) < +oo for all A € (5\2, 5\1), and
L;(\) — +ooas A\ | A and A 1 S\i, where

L) = [ ey

Conditions (J1)-(J3) imply that each function I; is strictly convex and of class C™ in (A, \;),
that I;(0) = 1, I/(0) = 0, and I;(\) = 400 for all A\ € (—o0, ;] if —oo < \; (resp. for all
A € [\, +00) if \; < +00). If J; has a compact support, then \; = —oo and )\; = 400.
Conditions (J1) and (J3) imply that each function y — J;(y)y is in L'(R) and, if J; is even,
they necessarily yield (J2), and A; = —\; in (J3). We point out that the conditions (J1)-(J3)
are satisfied in particular if J; is nonnegative, continuous, even, has a unit integral over R
and if I;(\) < 400 for some A > 0. But the conditions (J1)-(J3) cover more general dispersal
kernels J;, in particular the kernels J; can be non-symmetric.

The function « in (1.1), describing the heterogeneity, is assumed to be continuous in R
and the given positive constant s denotes the environmental shifting speed. Throughout this
paper we also impose the following conditions on a:

(al) « has limits a(300) at oo, such that —oo < a(—00) < 0 < a(+00) < 400, and
a(z) < a(+oo) for all z € R;

(a2) there exist C' > 0 and p > 0 such that a(+o00) — a(z) < Ce #* for all large z.
Condition (al) means that the environment is favourable to the prey ahead of the shifting
boundary x = st, then gradually deteriorates until it becomes hostile to the species far behind
this shifting boundary. We point out that the function « is not assumed to be monotone.

Biologically, parameters (di,ds,ds), (h,k), a and b represent the diffusion coefficients,
competition rates, conversion rate and predation rate, respectively. The assumption 0 <
h,k < 1 means that the two predators are weak competitors. Moreover, the negative net
growth rate —r; (i = 1,2) of each predator means that each predator cannot survive without
the feeding of the prey. The terms —rju(x,t)? and —ryv(z,t)? stand for the intra-specific
competition inside each predator population. The smallness of the predation rate b means
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that the predation has a relatively low impact on the prey, whereas the largeness of the
conversion rate a is related to the relatively large fitness of the predators in the presence of
the prey. The intrinsic growth rate of prey is given by rza(z — st) which is temporal-spatial
dependent and takes both positive and negative values. From the modeling point of view,
the function « represents the shifting environment effect, such as climate change. Although
this term does not appear in the equation of each predator, the changing effect actually
affects indirectly both predators due to the fact that predators are fed by prey.

We are concerned with the existence of forced waves for (1.1). Namely, a traveling wave
solution of (1.1) with speed s is a solution in the form

(u,v,w)(m,t) - (¢1)¢27¢3)(2)7 =T — St»
with C'(R) functions ¢y, ¢, 3. Then (¢y, do, ¢b3) satisfies

—s¢1(2) = diNi[@1](2) + 111(2) [-1 — ¢1(2) — k2(2) +ags(2)],  z €R,
(1.3) —s¢h(2) = daNa[a](2) + rada(2) [-1 — h1(2) — d2(2) +ags(2)], 2z €R,

—sd53(2) = dsN3[¢s](2) + r303(2) [a(2) — bgi(2) — bea(2) — ¢3(2)], 2 €R,
where

Nildi)(2) = / Tz — y)dy — éu(=), i = 1,2,3.

R

Throughout the paper, by a solution of (1.3), we always mean a triplet (¢1, @2, ¢3) of C*(R)
nonnegative bounded functions. Since the environment is hostile to the species far behind
the shifting boundary = = st, by the assumption on «, it can be expected that all species go
extinction eventually. Hence we impose the boundary condition

(qblu ¢27 ¢3)(_OO) - (07 07 0)
On the other hand, without loss of generality we may assume that
(1.4) a(+o00) = 1.

Condition (1.4) is assumed in all main results (Theorems 1.1-1.6). Then the following states
are the only possible constant and non-trivial limiting states (¢1, @2, ¢3)(+00) at z = +oc:

E, :=(0,0,1), E5:=(up,0,wy), E3:=(0,uy,w,), Ey:=(u",v"w"),

where the real numbers w,, w,, u*, v*,w* are all positive and given by

a—1 _b+1
Up = ab+1’ Wp == ab+1’
1+ by 2 h—k 1—n 1—k
Y= = > 1 v = -1 = *—1).
W VT T o T Tl ) s (et =)

Biologically, the state E; corresponds to a saturated aboriginal prey living in the habitat
and there are two invading alien predators; Es or Ej3 is a pair of aboriginal co-existent
predator-prey and an invading alien predator; lastly, F, is the positive co-existence state.
The study of forced waves has attracted a lot of attention recently. We refer the reader
to, e.g., [2, 3, 4, 5, 6, 18, 19, 22, 23, 29, 38] for the case of scalar equations with local
diffusion and to [12, 13, 27, 31, 37] for the case of scalar equations with nonlocal dispersal.
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For two-species models, we refer the reader to [34] for a cooperative model, [1, 14, 30, 33, 35]
for competition models, and [10] for a predator-prey system with both classical diffusion
and nonlocal dispersal. Recently, forced waves for a three-species predator-prey system were
investigated in [11] for two competing preys and one predator with the classical diffusion.
In [11], the authors obtained both front and pulse types forced waves.

In the case of nonlocal dispersal, one usually assume that each kernel function is of compact
support (so that A; = —oo and \; = 400 in (J3)). One of the motivations of this work is
to remove the restriction on the compact support of kernel(s). This question has been left
open in [10] for the two-species predator-prey system.

We now describe our main results as follows. We repeat that the condition (1.2) is assumed
in all results, as are (J1)-(J3) and (al)-(a2). First, the following theorem provides the
existence of waves connecting (0,0,0) and the co-existence state E,, whatever the positive
forced speed s may be.

Theorem 1.1. In addition to (1.2) and (1.4), suppose

1—h 1-kFk
(1.5) b<min{ P }

a 2a

Then, for any s > 0, there exists a positive' solution (¢, o, ¢3) of (1.3) such that

(91, ¢2, ¢3)(—00) = (0,0,0) and (¢1, ¢z, ¢3)(+00) = Ej.

Next, for waves connecting (0,0,0) and the predator-free state £y = (0,0, 1), we let
(1.6) sii= inf Q;(A), Qi(A):= LY l\ ( )
A€(0,7:)

From (1.2) and (J1)-(J3) and the comments after (J1)-(J3), each function Q; (i = 1,2) is
continuous and positive in (0, );), @Q;(A\) — +oo as A L 0 or A T X; (this last property is
immediate if \; < 400, and it holds as well if A; = +o0 since I7(\ = Ju Ji(y)yeNdy — +oo

L Ae(0,N), i=1,2.

as A — 400 = J\; in that case). Hence, each s is positive and the infimum in (1.6) is
a minimum, and it is reached by a unique A} € (O, Ai) (since I” is positive in (0, ), and
even in the whole interval of definition (\;, A;)). Furthermore, Q; is decreasing in (0, \7] and
increasing in [\, j\l) Then we have

Theorem 1.2. Suppose (1.2) and (1.4). If s > max{s},ss}, then there exists a positive
solution (¢1, ¢2, ¢3) of (1.3) such that

(17) (¢17 ¢27 ¢3)(_OO) = (07 07 O) and (¢17 ¢2a ¢3)(+OO) = El-
Moreover, when (A, \;) = (—00,4+00) for some i € {1,2}, then a positive solution (¢1, ¢o, Ps)
of (1.3) and (1.7) exists only if s > s;.

For the waves connecting (0, 0,0) and the mixed state Ey = (u,, 0, w,), we let

(a=1)(1—h)

(1.8) B := —1 — hu, + aw, = T

>0

1By positive, we mean that each component ¢; (i =1,2,3) is positive in R.
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and

da[13(N) — 1] + 793 Ae (0 5\2)

(1.9) sy = inf  Ry(N), Ra()) =

A€(0,32) A
As for Q; in (1.6), the function Ry is continuous and positive in (0, A,), Ra(A) — 400 as A | 0
or AT ;\2, s3* is positive and the infimum in the definition of s3* is a minimum, reached by
a unique A\5* € (0, \;). Furthermore, Ry is decreasing in (0, A3*] and increasing in [A5*, As).
Then we have

Theorem 1.3. In addition to (1.2) and (1.4), suppose

(110) HlaX{dl,dg} S dg, Jl = JQ = J3 m R,
and
(111) 7“1[1-’-]47(&-1)] STQ/BQ.

If s > s3* and s > Ra(p), with p > 0 as in (a2), then there exists a positive solution
(01, 2, P3) of (1.3) such that

(1.12) (01, 92, d3)(—00) = (0,0,0) and (¢1, P2, d3)(+00) = Ey.

Moreover, when (Ay, A2) = (—00,+00), a positive solution (¢1, da, d3) of (1.3) and (1.12)
exists only if s > s5*.

Notice that, if condition (a2) is satisfied for a certain p > 0, so is it for every p’ € (0, p|.
Therefore, in Theorem 1.3, one can always assume without loss of generality that p € (0, 5\2)
and that Rs(p) is a real number. We also point out that, if a(z) = a(+o00) for all z large
enough, then (a2) is satisfied for all p > 0, hence p can be chosen so that Ry(p) = s3* and
the condition s > Ra(p) in the statement can then be dropped.

By exchanging the roles of v and v, a similar theorem to Theorem 1.3, on forced waves
connecting the trivial state and Ej3, can be derived. We omit it here.

One should notice that the above theorems hold under the assumptions (J1)-(J3) on
kernels J;, i = 1,2, 3, and conditions (al)-(a2) on «. In particular, the kernel functions J;,
1 =1,2,3, are not assumed to be compactly supported or symmetric. It is worth to mention
that the method of this work can also be applied to the 2-species system studied in [10] and
that the compact support assumption and the symmetry of the kernels can then be removed.

Next, we turn to the derivation of waves with critical speeds. We divide our main results
into three cases. The following two theorems show, under some conditions, the existence
of forced waves connecting the trivial state to the predator-free state F; = (0,0, 1), for the
minimal possible shifting speed. We recall that s} and s are defined in (1.6).

Theorem 1.4. In addition to (1.2) and (1.4), suppose that s{ = s5, and that Jy and Jo have
compact supports. Then a positive solution of (1.3) with (1.7) exists for s = s} = s3.

Note that the condition s} = s3 is fulfilled especially if d; = ds, 11 = 79, and J; = J5 in R.

Theorem 1.5. In addition to (1.2) and (1.4), suppose that s; > s3 and that J; has a compact
support. Then a positive solution of (1.3) with (1.7) exists for s = s}.
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Note that, from the comments after (J1)-(J3), the condition s} > s} is fulfilled if dy > do,
ry > 1o, (di,r1) # (do, 1), and J; = Jo in R. A similar result to Theorem 1.5 also holds if
s5 > si and if J; has a compact support (namely, in that case, a forced wave connecting the
trivial state and E; with the critical speed s = s} exists).

Lastly, the next theorem shows, under some conditions, the existence of forced waves
connecting the trivial state to the mixed state Ey = (up,0,w,), for the minimal possible
shifting speed.

Theorem 1.6. In addition to (1.2) and (1.4), suppose that di = dy = d3, that J == J, =
Jo = J3 in R, and that J has a compact support. We also assume that (1.11) holds and
tha

0,

tp> A5, where p > 0 is as in (a2) and A5* > 0 denotes the unique minimum of Ry in
Ag) = (0,4+00). Then a positive solution of (1.3) with (1.12) exists for s = s3*.

By exchanging the roles of v and v, a similar theorem to Theorem 1.6 on forced waves
connecting the trivial state and E3 with critical speed can be derived. We omit it here.

Predator-prey systems such as (1.1) are neither cooperative nor competitive, and the
maximum principle does not hold for these systems. Furthermore, due to the heterogeneity
of the function «, the systems (1.1) and (1.3) are not invariant by translation with respect
to the spatial variable, and new difficulties then arise in comparison with the existence of
traveling waves for homogeneous predator-prey systems (we refer to, e.g., [7, 8, 9, 20, 21] for
the existence of waves for various homogeneous predator-prey systems with local diffusion,
and to [15, 16, 17] for the study of spreading speeds for such homogeneous systems with
local or nonlocal dispersal).

With respect to the paper [10] on systems with both classical diffusion and nonlocal
dispersal, we introduce in the present paper, in order to remove the assumption on compact
support, some new ideas based on the Schauder fixed-point theorem, the suitable definition
of upper and lower solutions, and translation strategies described in Section 2. The existence
of forced waves connecting co-existence or predator-free states to the trivial state then relies
on the construction of suitable upper and lower solutions, which is quite intricate for this
three-species system.

Organization of the paper. Section 2 presents a general framework for the existence
of waves, based on fixed point methods and translation strategies. Theorems 1.1-1.3 on
the existence of super-critical waves connecting (0,0,0) and Ey, F; or Ey are proved in
Sections 3-5. Section 6 is devoted to the proof of Theorems 1.4-1.6 on the existence of forced
waves with critical speeds.

2. PRELIMINARIES

First, we introduce the notion of generalized upper-lower solutions of (1.3).
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Definition 2.1. Continuous functions (¢, ¢, ¢3) and (?1,?2,?3) are called a pair of upper
and lower solutions of (1.3) if ¢; > ¢ iR, 1 =1,2,3, and the following inequalities

(21)  U(2) = AM[B](2) + 561(2) + 1161(2) [-1 = G1(2) — k,(2) + ads(2)] <0
(22)  Us(2) i= oNL[By)(2) + 56 (2) + 12y (2) [—1 = 1y, (2) — By(2) + ads(2)] <O
(2.3)  Us(2) 1= dsNa[5s] (2) + 565 (2) + 1305(2) [(2) — b6, (2) — bg,(2) — B(2)] <O
(24)  Li(2) = diMi[9,](2) + 59, (2) + 110, (2) [-1 = ¢, (2) — kdy(2) + ag,(2)] =0,
(25)  La(2) = daN3[9,)(2) + 58, (2) + 120, (2) [~ 1 — hehy (2) — @, (2) + ag,(2)] =0
(26)  L(2) = dsNs[@,](2) + 58, (2) + 30, (2) [a(2) — by (2) — bdy(2) — 6,(2)] >0

hold for all z € R\ E for some finite subset E (possibly empty) of R (the functions ¢, and o,
are assumed to be of class C' in, at least, R\ E).

Next, from the Schauder fixed-point theorem, we can derive the existence of wave profiles as
follows. Note that our proof below actually only requires the nonnegativity and integrability
of the kernels J;.

Lemma 2.2. Let s > 0 be given. Let (¢, ¢y, ¢3) and (9., ¢, 0,) be a pair of nonnegative
bounded upper and lower solutions of (1.3). Then (1.3) admits a solution (¢1, o, P3) such
that ﬂ < ¢ < ¢, inR foralli=1,2,3.

Proof. First of all, we denote
M = max {||al oo @), D1/l o0 ), | Pall oo @), [|05]] ooy }
and we define a positive constant £ as follows:
(2.7) p = max{oy, 09,03} >0,
where
(2.8) o1 :=di+ 71 (2M + kM + 1), 09 :=dy+12(2M +hM + 1), 03 :=d3+rsM(b+ 3).

We also fix an arbitrary positive continuous function W : R — R (a weight function) such
that W(z) — 0 as z — £oo and we consider the Banach space

X = {(¢1, b0, 03) : o € CO(R) N L=(R), i = 1,2,3}
endowed with the norm
(2-9) ||(<Z51, G2, ¢3)||X = maX{H¢1W||L°°(R)7 ||(/52W||L°°(R); ||¢2W||LOO(R)}-
We then set
[ = {(¢1,02,03) : s € C°(R), 0< ¢ < ¢ < ¢; in R, i =1,2,3},

which is a non-empty convex closed bounded subset of (X, || - ||x)-



8 J.-S. GUO, F. HAMEL, AND C.-C. WU

Then we transform the differential system (1.3) to an integral operator (as in e.g. [17, 21]),
and we will apply a fixed point theorem in I'. To do so, we set, for ® := (¢1, ¢, ¢3) € T,

F[®)(y) == Boi(y) + diN[d1](y) +r101(y) [=1 — ¢1(y) — kd2(y) + ads(y)], v € R,
Fy[®)(y) == Ba(y) + daNa[da](y) + r202(y) [=1 — hon(y) — ¢a(y) + ads(y)], v €R,
F3[®)(y) := Bes(y) + dsN3[gs](y) + r3da(y) [a(y) — bpr(y) — boaly) — ¢3(y)], y €R,

and then
P[®] := (P[], P[P, P5[®]),

eBz/s +oo 1 [to°
P[®](z) := / e PV E D] (y) dy = —/ e PVSE[®) (2 +u)du, z€ R, i=1,2,3.
z 0

S S

For each ® € T', the functions F;[®] are bounded and continuous in R and then so are the
functions B;[®], for i = 1,2, 3. Furthermore, the functions P;[®] are actually of class C''(R).
It is straightforward to check that a fixed point ® = (¢y, ¢, ¢3) of P in ' is a C*(R) solution
of (1.3) such that ¢ < ¢; < ¢, in R fori=1,2,3.

To derive a fixed point of P in I'; we first show that P maps I" into I". To this aim, we let
¢ € I'. Then, using 8 > oy in (2.7)-(2.8) together with the definition of I', we get that

Fi[®)(2) > F1[(9,: b2, 8,))(2),

hence P[®](z) > P1[@1,52,Q3)](2), for all z € R. On the other hand, by the definition of
upper-lower solutions, especially (2.4) and the finiteness of the set £ in Definition 2.1, we
have

1 [t

P9y, 65, 0,)1(2) = —/ IR (4, 62, 6,)](y) dy

S

= hIIl/ eﬁ(Z*y)/s Fl[(él’ ¢2’?3)](y> dy
€0 [z,+00)\Ute g (t—&,t+e) S
L o y)/s 5
> liminf A==/ < — ¢ (y) + —Ql(y)) dy = ¢ (2)
S0 J 2 400)\Ure s (t—e,t+e) S

for all z € R, since ¢ is continuous in R. Hence, P;[®](2) > ¢, () for all z € R. Similarly,
we can derive
S g_bl iIl R?

< P[®] < P2[@17§_52753)] <¢, inR,
1> 27_3)] < P3[(I)] < P3[(?17?27 ¢3)] < ¢3 in R)
obtain that P(I') C I'.

Now, we observe that, from the definition of I' and the boundedness of the functions ¢, and
¢; (i =1,2,3), there is a positive constant M such that |F;[®](z)| < M for all ® € T, z € R
and i = 1,2,3, hence |P[®](2)] < M/ and |B[Q](2)| = |BR[®](2) — Fi[®](2)|/s < 2M /s
forall ® € T', z € R and i = 1,2, 3. Therefore, from Arzela-Ascoli theorem (applied in each
compact interval [—m, m| with m € N), together with a diagonal extraction process and the
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definition (2.9) of the norm ||-||x in X, it follows that each sequence in P(I") has a converging
subsequence in (X, || - ||x) (the limit then belongs to I" from the previous paragraph and the
closedness of T').

Furthermore, for any ® € I' and any sequence (®,)ney in I' such that ||®, — ®||x — 0
as m — +oo, one has in particular ®,(2) — ®(z) as n — +oo in R? for every z € R
and, together with the boundedness of the sequence (®,),eny in L°(R)? and the Lebesgue
dominated convergence theorem, one gets that F;[®,](z) — F;[®](z) as n — 400 for every
z € Nand i = 1,2,3. With the boundedness of the sequence (Fi[®,], Fo[®,], F3[Py])nen in
L>=(R)3, one infers that P[®,](z) — P[®](z) as n — +oo in R? for every z € R. Therefore,
each converging subsequence of the sequence (P[®,])nen in (X, || - ||x) must converge to the
unique possible limit P[®], and finally P[®,] — P[®] in X as n — +o0.

We conclude from the previous two paragraphs that P : I' — I' is completely continuous. It
thus follows from the Schauder fixed-point theorem that P has a fixed point ® = (¢1, @2, ¢3)
in T', which is then a C''(R) solution of (1.3) such that ¢ < ¢ < ¢; in R for i = 1,2, 3. This
completes the proof of the lemma. a 0

Moreover, due to the negativity of a(—o0), we have the following universal result for the
left-hand tail limit. Since its proof is almost the same as that of [10, (3.19)] (see also [32]),
we omit it here safely.

Proposition 2.3. It holds (¢1, 2, ¢3)(—o0) = (0,0,0) for any nonnegative bounded solution
(¢1a ¢27¢3) Of (13)

Note that any nonnegative nontrivial (in the sense that each component is not identically 0
in R) solution (¢1, @9, ¢3) of (1.3) must be positive (in the sense that ¢; > 0 in R for i =
1,2, 3), by a property similar to the strong maximum principle: indeed, if ¢;(zy) = 0 for some
i€ {1,2,3} and 2y € R, then ¢.(z9) = 0, and (J;*¢;)(29) = 0 from the equation, hence ¢; =0
in [20 —y5 —mi, 20—y +mi] with m; > 0 and —oo < y; < 0 < g7 < +o0 as in (J1); one would
then get that ¢; = 01in [z0—ky; —kn;, 20 —ky; +kn;] for all k € N by an immediate induction;
by choosing positive integers n and k such that zo +ny;” € [20 — ky; — kni, 20 — ky; +kn;], it
follows that ¢;(zo+ny;") = 0, and then ¢; = 0 in [20+ (n— 1)y;" — i, 20 + (n — 1)y;” + ;] and
also ¢; = 0 in [z — nn;, 20 + nn;] by induction; finally the non-empty set {z € R : ¢;(z) = 0}
would be both open and closed (by continuity of ¢;), hence ¢; = 0 in R, a contradiction.

It is interesting to note from the boundedness of « (since it is continuous and has finite
limits at £00) and (a2) that a(+o00)—a(z) < Ce ?* for all z € R, if we choose the constant C
larger. Then for any positive constant A it holds

a(z 4+ A) > a(+00) — e for all z € R, with ¢ := Ce™*4,

Observe that € > 0 can be made as small as we want, if we choose A large enough. We further
note that (¢1, g2, ¢3)(-+A) is a solution of (1.3) if and only if (¢1, @2, ¢3) is a solution of (1.3)
with « replaced by a(- + A). Therefore, in the sequel, (up to a translation) condition («a2)
can be rephrased without loss of generality as

(2.10) a(z) > a(+o00) —ee? for all z € R,

for a suitable choice of € > 0 as small as we need.
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Now, we consider the following scalar equation

(2.11) —s¢/(2) = dN1¢](2) + ré(z) [a(2) — ¢(2)], 2 €R,

where parameters s, d, r are positive constants, and

Ngl(z) = / J()b(= — y)dy — 6(2)

in which the kernel J is assumed to satisfy (J1)-(J3) with some constants > 0, —oco <
Yy~ <0 <y" < +ooin (J1), and —oco < A<0< A< +4ooin (J3), and the continuous
heterogeneous function « is assumed to satisfy (al)-(a2), but its limit at 400 is not assumed
to be equal to 1 in general, that is, (1.4) is not assumed here. Recall from [27, Theorem 4.5]
that a positive nondecreasing solution ¢ of (2.11) satisfying

(2.12) d(—00) =0 and ¢(+00) = a(+00),

is known to exist when J is assumed to be even and compactly supported and when « is
assumed to be nondecreasing. Without the symmetry of J and the assumption of compact
support of J, and without the monotonicity of a, we still get the existence of a forced wave
for (2.11)-(2.12) (which may nevertheless not be monotone in general):

Proposition 2.4. Under assumptions (J1)-(J3) on J, with some constants n > 0, —oo <
yo <0<yt < +ooin (J1), and —c0 < A <0< )< 400 in (J3), and under condi-
tions (al)-(a2) on a, problem (2.11)-(2.12) with s > 0 admits a positive C*(R) solution ¢
such that a(+00) > ¢(2) > a(+00) — Be % for all z € R, for some \g > 0 and B > 0.

Proof. First, we give a pair of super-sub-solutions to (2.11) as follows. It is clear that the
constant function ¢(z) = a(+o0) is a super-solution of (2.11), in the sense that

ANTB|(2) + s8 (2) + 1(2) [o(2) — B(2)] < 0 for all z € R.
For the sub-solution, we consider the nonnegative bounded function
#(2) = max{a(+00) — e %, 0}

for some small positive constant Ay € (0, p), where p > 0 is the positive constant appearing
in (a2). To choose Ay, we let

g0 = I — 1] — sA, T(\) = / J(y)eMdy, X e [0, ).

R
Note that g(0) = 0 and ¢'(0) = —s, since

g\ = d/ yJ(y)eMdy — s and /yJ(y)dy =0
R R

due to the assumptions (J1)-(J3). Hence there is a A € (0, min{p, \}) such that g(\,) < 0.
Now, we choose £ > 0 small enough such that

(2.13) g(No) + 7ngc,[(Jroo)p/Ao = g(N\o) + reelp/Xo)na(+o0)
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and (2.10) holds for this . Then for z > —Ag' Ina(400) =: 29 we have ¢(z) = a(+o0) —
e~ > 0 and, since ¢(x) > a(400) — e % for all € R, we get that

dN[9](2) + s¢(2) + ré(2)[a(2) — ¢(2)]

> / J(y) (e O(Z*y))dy — d(a(400) —e %) 4+ sAge 07 4 ro(2)[a(z)—d(2)]
= — ”\Oz{d[I()\o) — 1] = sA\o} + 7 (a(+00) — %) (a2) — a(+00) + e %)

> —e M d[I(N) — 1] — sAo} — re(a(+o00) — e 20%)eP?

> —e M2 d[I(Ng) — 1] —shg+rea(+o0)e” P20} > =202 [g(\) frgelp/ro) maltoo)] 5 o

using (2.10) and (2.13), together with A\g < p and z > zp = —\;' Ina(+oc0). Furthermore,
for z < 2y, we have ¢ = 0 in a neighborhood of z and dN'[¢](z) +s¢'(2) +7r¢(2)[a(z) — d(2)] =

d(J * ¢)(z) > 0. Hence ¢ is a sub-solution of (2.11), in a sense similar to Definition 2.1,
that is, it is continuous in R, of class C* in R\ {z}, and it satisfies dN[9](z) + s¢'(z) +
r¢(2)a(z) — ¢(2)] = 0 for all z € R\ {20}

Next, since 0 < ¢ < ¢ = a(+00), it follows with the same arguments as in the proof of
Lemma 2.2 that there is a C'(R) solution ¢ of (2.11) such that 0 < ¢ < ¢ < ¢ = a(+00)
in R. Hence, ¢(+00) = a(+00), since ¢(+00) = ¢(+00) = a(+00). Furthermore, from the
definition of ¢ and the boundedness of ¢, there is B > 1 such that ¢(z) > a(+0c)— Be % for
all z € R. Fi;lally, ¢ is positive due to the strong maximum principle (as for the proof of the
positivity of (¢1, ¢2, ¢3) after the statement of Proposition 2.3) and the property ¢(—o0) =0
can be proved in the same way as that in [10, (3.19)] (see also [32]), since a(—o00) < 0. We
omit it here. This completes the proof of the proposition. U

We remark here that the solution ¢ of (2.11)-(2.12) obtained in Proposition 2.4 also
satisfies condition of the type (a2) by construction, since it is trapped between ¢(z) =

max{¢(+00) — 7% 0} and ¢(2) = ¢(+00).

3. PROOF OF THEOREM 1.1

Throughout this section, we suppose (1.2) and (1.4)-(1.5). The proof of Theorem 1.1 is
similar to that of [10, Theorem 2.1]. We only provide here a brief outline of the proof as
follows. We fix any s > 0. Recall from (1.2) and (1.5) that

v3:=1=2b(a—1) >0, v2:=(1 —h—2ab)(a—1) >0, v := (1 — k —2ab)(a — 1) > 0.

First, let ¢, be a positive C!(R) solution of

—s¢(2) = dsN3[9,)(2) + 30, (2) [a(2) — 2b(a — 1) — ¢,(2)], z € R,
?3(_00) = 07 93(_‘_00) =73

Such 93 exists, by Proposition 2.4 applied with the continuous function o — 2b(a — 1) instead

of a, with limit 73 = a(+00) — 2b(a — 1) = 1 —2b(a — 1) > 0 at +oo and limit a(—o0) —

2b(a — 1) < 0 at —oo. Furthermore, by Proposition 2.4, ¢, is constructed such that ¢, <

¢,(+00) =73 in R, and ¢, converges to 3 exponentially at +oc.
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Next, note that the continuous bounded function ag, —1 — h(a — 1) is such that
ag,(—00) =1 —h(a—1)=—-1-h(a—1) <0, ag,(+00) —1—h(a—1) =12 >0,

and ag, — 1 —h(a — 1) < ag,(+00) —1 — h(a — 1) in R. By Proposition 2.4 again, there
exists a positive C*(R) solution ¢, of

{—s@;(z) = doN3[0,)(2) + 120, (2) [ad,(2) — 1 — h(a— 1) — ¢,(2)], z €R,
?2(_00) =0, 92(+OO) = 72,

such that ¢, < ¢ (+00) = 72 in R and ¢, converges to 7, exponentially at +oco. Similarly,
there exists a positive C'!(R) solution ¢, of

{—s@;w = dM[8,)(2) + 116, (2)[ag,(2) =1 — k(a— 1) — ¢ (2)], z € R,
¢ (—00) =0, ¢, (+00) = >0,

such that ¢ < ¢ 1(—1—00) = in R and ¢, converges to 71 exponentially at +-oc.

It is straightforward to verify that (¢, ¢y, ¢5) = (e —1,a—1,1) and (¢, ¢,, ¢,) are a pair
of C'(R) nonnegative bounded upper-lower-solutions of (1.3), such that ¢ < ¢, in R for all
i =1,2,3 (the last property holds since (71, 72,73) < (a—1,a—1,1) comp_(:nentwise). Hence
the existence of positive wave profile (¢1, @2, ¢3) of (1.3) follows from Lemma 2.2, with

0<¢ <¢<¢ mRfori=1,23

Note that
¢; = liminf ¢;(2) >, >0, i=1,2,3.

)
zZ—+00

With this information, the same proof of [10, Lemma 3.4] can be applied to derive that
(1, 2, ¢3)(+00) = E,. We also refer the reader to the proof of [21, (4,1)]. Indeed, setting

¢ :=limsup ¢(2), i = 1,2,3,
z—r+00
picking any € > 0 small enough and considering the family of contracting parallelepipeds
[T2_,[ms(6), M;(8)] (with 6 € [0,1]) defined by

=1

(0)
my(0) == 0u*+ (1 —=0)(y1 —¢), M) :=0u*"+(1—-0)(a—1+¢),
ma(0) = 0v* + (1 —0)(y2 —e), M) :=0v"+(1—60)(a—1+¢),
ms3(0) := 0w* + (1 — 0)(y3 — €2), M3(0) := Ou* + (1 — 0)(1 +&?),

we can show that 0 € © and sup © = 1, where
©:={0c0,1)| m(0) < ¢; <of <M(0),i=1,2,3}.

The details can be found in [10, 21]. We omit them here. Hence (¢1, ¢, ¢3)(+00) =
(u*,v*,w*) = Ejy, and the proof of Theorem 1.1 is complete, thanks to Proposition 2.3.
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4. PROOF OF THEOREM 1.2

Throughout this section, we suppose (1.2) and (1.4). For the sufficiency part, let us assume
without loss of generality that s7 > s3, with s} and s} defined by (1.6), and let us then fix
s > s7. First, we set

(4.1) g\ =d L) =1 —sA+ri(a—1), i=1,2, A€ [0, \).

From (1.2) and (J1)-(J3) (and the comments after (J1)-(J3)), there exist 0 < A < Ay < Ay
such that g1(\1) = g1(A2) = 0, g1(A) < 0 if and only if A € (A1, \2), and ¢1(A) < 0 if and
only if A € [A1, Ag]. Similarly, since s > sj, the equation g2(A) = 0 has two positive roots

A3, A with 0 < A3 < Ay < Ay Moreover, go(A) < 0 if and only if A € (As, ), and go(X) < 0
if and only if A € [A3, A\4]. Set now

(4.2) g3(A) == d3[I3(\) — 1] — sA.
Note that ¢g3(0) = 0 and ¢4(0) = —s < 0. Hence we can choose
(4.3) 0 < Ao < min{Ay, A3, p, Az}
such that

93(Ao) <0,

where p > 0 is as in («2). We then define, for z € R,

¢,(2) =min{(a — 1)e™"* a — 1}, ¢, (2) = max{(a — 1)e ™% — pie=m# 0},

(4.4) ¢y(2) = min{(a — 1)e % a — 1}, ¢,(2) = max{(a — 1)e 3% — ppeH2% 0},
b3(2) = 1, ,(2) = max{1 — e”%*,0},
where the positive constants p;, p;, ¢ = 1,2, are chosen (in the following order) such that
(45) A < < Hlin{)\g, A+ )\0},
(4.6) p1>max{a—1 rl(a—l)[Qa—l—l—k(a—l)]}
’ —g1(11) ’
(47) )\3 < 2 < min{)\4, )\3 + /\0},
(4.8) p2>max{a—1 r2(a—1)[2a—1+h(a—1)]}.
’ —G2(p2)

Note that the continuous functions [ and ¢, are nonnegative, bounded in R, of class C*

except at finitely many real numbers, and that [ ¢, in R, fori=1,2,3.
Then we have

Lemma 4.1. With s > s7 > s5 and the above notations, there exists a positive solution
(1, 2, ¢3) of (1.3) such that O <di < ¢ inR,i=1,23.

Proof. We choose € > 0 small enough such that
(49) g3()\0) +ery < 0.

Also, up to a translation, condition (2.10) holds for this .
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We now verify (2.1)-(2.6) hold for (¢,, @, ¢5) and (¢,:¢,,®,) defined in (4.4) for all z € R
except finitely many points. For (2.1), the inequality is obvious for z < 0 since ¢, < a — 1
inR, ¢, =a—1in (—o0,0], and ¢, = 1 in R. It then suffices to consider z > 0. As in the
proof of Proposition 2.4, using ¢, (y) < (a — 1)e™*¥ for all y € R and ¢,(z) = (a — 1)e™™*
for all z > 0, we have
(4.10) AN [G](2) + 56,(2) < (a — De M {dy[I; (A1) — 1] — sA; } for all z > 0,
and thus

AN[6,)(2) + 561 (2) + 1161 (2) [-1 = 6,(2) — k,(2) + agy(2)]
S (CL — 1)6_)\1Z{d1[[1()\1) — 1] — S)\l -+ ’1"1(—1 -+ a)} =0.
Hence (2.1) holds for all z # 0. Similarly, (2.2) holds for all z # 0, using

(4.11)

(4.12) g2(A3) = do[l2(A3) — 1] — sAg +1a(a— 1) = 0.

It is trivial that (2.3) holds for all z € R, since a(z) < a(+o00) =1 and ¢ (z) > 0, ¢,(2) > 0
for all z € R.

For (2.4), since p; >a—1>0 and p1 > A >0 there is a unique z; := (u1—A;) ' In(py /(a—1)) >0
such that ¢ (z) =0 for all 2 < 2; and

¢, (2)=(a— De ™2 —pie™% >0 forall z > 2.

It is trivial that (2.4) holds for z < z;. On the other hand, since ¢ (y) > (a—1)e MY —p e ry

for all y € R with equality in [z1,+00), with 0 < A} < p; < Ay < 5\1, it follows that, for
every z > z1,

(4.13) diN[@,](2)+s¢(2) > (a=1)e M {di[LL(M) = 1] =shi}—pre” " *{di [l () —1]=sp },
and
116, (2) [=1 = &, (2) = kéy(2) + ag,(2)]

> rif(a—1)e ™% — pre {1 — (a — e ™ — k(a — 1)e ™ + a — ae %}

> ri(a—1)[(a—1)e ™% = pre ™ —ri(a — e ™*[(a — 1)(e™% + ke %) + ae 7]
Hence, since g1(A;) = 0, we have, for z > 2,

Li(2) = e {=prgi(pn) —ri(a—1)[(a—1) (P27 pelnim2a)2) 4 gelinido)z])
> e "H{=pigi(p) —ri(a —1)[2a — 1 + k(a — 1)]} > 0,

due to (4.3) and (4.5)-(4.6). Hence (2.4) holds for all z # z;.
Similarly, since py >a—1>0 and pg > A3 >0, there is a unique 29:= (ps—X3) 'In(pa/(a—1)) >
0 such that ¢ (z) = 0 for all z < 2, and

¢,(2) = (a— e % — pye 27 > 0 for all z > 2.

Then, as in the previous paragraph, we can easily check that (2.5) holds for all z # 2z,
using (4.3) and (4.7)-(4.8), together with go(A3) = 0. We omit the details.
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Finally, (2.6) holds trivially for z < 0. For z > 0, we compute, using (1.4) and (2.10),
Ly(z) = dsN3[0,](2) + s¢l(2) + ragy(2)[a(2) — by (2) — bdy(2) — ¢ (2)]

Z —B_Aoz{dg[lg(/\o) - 1] - 8/\0}
+r3(1 — e™0%)[1 —ge™ —b(a — 1)e™™* — b(a — 1)e 3% — 1 + e %]
Z —e_AOz{dg[Ig(/\o) - 1] — 8)\0} — 67"3(]. — e—)\oz)e—pz7

using 2b(a — 1) < 1 (by (1.2)) and e % > ™% for z > 0 (since A\g < ;) for j = 1,3.
Moreover, since 0 < Ay < p by (4.3), we deduce that

L3(z) > —e 2 {ds[I3(Ng) — 1] — s\g + 73} >0 for all z > 0,

by the choice of ¢ in (4.9). Hence (2.6) holds for all z # 0.

Lemma 2.2 then yields the existence of a nonnegative bounded solution (¢1, @9, ¢3) of (1.3)
such that gb < ¢; < ¢; in R for i = 1,2,3. In particular, each function ¢; is nonnegative
and nontr1v1al hence it is positive in R by the strong maximum principle, as explained after
Proposition 2.3. The proof of Lemma 4.1 is thereby complete. O

Proof of Theorem 1.2. By Lemma 4.1 and the definition of the upper-lower-solutions in (4.4),
the positive solution (¢1, ¢o, ¢3) of (1.3) given in Lemma 4.1 satisfies

(¢1, 2, P3)(+00) = (0,0,1) = E.

Then, together with Proposition 2.3, the existence part of Theorem 1.2 follows.

For the only if part, we follow the idea of [10, Theorem 3.5]. Assume that there exists a
positive solution (¢, ¢, ¢3) of (1.3) and (1.7) for some s > 0, and assume that (5\1,5\1) =
(—o0, +00) for some i € {1,2}. Without loss of generality, let us assume that ¢ = 1. Set

((2) := ¢\ (2)/p1(z). Then ( satisfies
—s((z) = d; {/ Ji(y @) Wy — 1| +ri[—1 — ¢p1(2) — kda(2) + aps(2)], z € R.
It follows from [36, Proposition 3.7]? that the limit —\ := lim,_,, ., ((2) exists in R (neces-
sarily, A > 0, since ¢; > 0 in R and ¢;(+00) = 0) and )\ satisfies
SA = dl[ll(/\) - 1] + Tl(a - ].)

Since I1(0) =1 and 7 (a — 1) > 0, it follows that A > 0, hence we obtain that s > s}, owing
to the definition of s} in (1.6). Thereby the proof is complete. O

5. PROOF OF THEOREM 1.3

Throughout this section, we suppose (1.2) and (1.4), together with (1.10)-(1.11). For the
sufficiency part, let us assume that s > Rs(p) and s > s3*, where p > 0 is the constant

2Notice that, in addition to the assumption (A;,A\;) = (—00,400), J; is assumed to be even and of
class C1(R) in [36], but the proof of [36, Proposition 3.7] still works under assumptions (J1)-(J3) for Ji,
under the assumption (g, A1) = (—o0, +00).
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n (a2), and Ry and s3* are defined in (1.9). We recall that 2 > 0 is defined in (1.8). From

(J1)-(J3) and (1.2), the function G5 defined by

(5.1) Go(\) = do[I(A) — 1] — sA + 71205, A € [0, Xa),

has two positive zeroes A5, Ag such that 0 < A5 < A\g < Xo. Note that Go(A) < 0 if and only

if A € (A5, A6), and Ga(A) < 0 if and only if X € [A5, Xg]. Since s > Ry(p) and p > 0, one

necessarily has p < Ay and Ga(p) < 0, hence p > As.

We recall that u, = (e —1)/(ab+ 1) and w, = (b+ 1)/(ab+ 1) and we define, for z € R,

0,(2) = min{u, + Ae=2% q — 1}, @1(2) = max{u,(1 — e %), 0},

(5.2) 0o(2) :=min{(a — 1)e % a — 1}, ¢,(2) == max{(a — L)e %% — ge=*,0},
¢5(2) := min{w, + bu,e5% 1}, ?,(2) = max{w,(1 — e=%%), 0},

where

(5.3) A=a—-1-u,

and the positive constants v and ¢ are chosen to satisfy

ro(a —1)[(1+ h)(a — 1) + aw,)] }

—Ga(v) '

Note that 0 < u, < a — 1 (hence, A > 0), 0 < w, < 1, w, + bu, = 1, and that all functions

Qi and g_zﬁZ are continuous, nonnegative, bounded in R, of class C! except at finitely many

points, with Ql < ¢,inR fori=1,2,3.
Then we have

(5.4) As < v < min{Xg, 2X5}, ¢ > max {a —1,

Lemma 5.1. With s > s3*, s > Ra(p) and the above notations, there ezists a positive
solution (¢1, ¢2, ¢3) of (1.3) such that ¢ < ¢ < ¢, inR,i=1,23.

Proof. Choose € € (0,79//r3) so that, up to a translation, (2.10) holds for this . We verify
(2.1)-(2.6) hold for (¢,, b, ¢3) and (¢, ®,: ¢,) defined in (5.2) for all z € R except finitely

many points.
That (2.1)-(2.3) hold for z < 0 is trivial. For z > 0, since

—1—0¢,(2) — ko,(2) + ags(z) < —1 —u, — Ae ™™ + aw, + abuy,e” > = 0,

we obtain

L{l(z) S A€_/\5Z{d1[ll<)\5)—1]—8/\5} S A€_>\5Z{d2[12()\5)—1]—8>\5} < AB_ASZGQ<)\5) = 0,
since I;(A5) —1 > 0 (from the general properties explained after (J1)-(J3)) and since d; < dy
and J; = Jy in R by (1.10). Hence (2.1) holds for all z # 0.

For z > 0, we compute

Z/{Q(Z) < (& — 1)67>\5Z{d2[[2(>\5) — 1] — S)\5}
+ra(a — 1)e"¥*{ (=1 — hu, + aw,) + [hu, — (a — 1) + abuy)e” 5%}
= ry(a—1)e **[hu, — (a — 1) + abu,) <0,

using —1 — hu, + aw, = B2, Ga(As) = 0 and hu, — (a — 1) + abu, < (1 +ab)u, — (a—1) = 0.
Hence (2.2) holds for all z # 0.
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Still for z > 0, we have
alz) = b9, (2) = b9, (2) — ¢5(2) < 1 —buy(l — ™) —w, — bue ™ =0,
hence
Us(2) < bupe *{d3[I3(\s) — 1] — sAs} < bupe ¥ {da[Ix(\s) — 1] — sAs} < 0,

since I3(A\;) —1 >0, d3 < dy and J3 = J, in R, by (1.10). Hence (2.3) holds for all z # 0.
For (2.4), it is trivial for z < 0. For z > 0, we have

diNi[9,)(2) + 59 (2) = —upe™ ™ {da[11(N5) — 1] = sXs}

and

7’1?1(2) [—1 - ?1<Z) — k)q_bQ(Z) + a?g(g)] = Tlup(l _ e—)\sz)[_l . ]{J(CL . 1)]€—>\5z’
using —1 — u,, + aw, = 0. Hence we obtain

L1(2) —upe_k"’z{dl [I1(A\5) — 1] — sAs + [l + k(a — 1)]}

—upe_)\5z{d2[]2<)\5) — 1] - S>\5 + TQ/BQ]} =0
since I;1(A5) —1>0,d; < ds, Jy = Join R and [l + k(a — 1)] < roffy, by (1.10)-(1.11).
Hence (2.4) holds for all z # 0.

Note that, since ¢ > a — 1 and v > )3, there is a unique 21 := (v — A5) ' In(¢/(a — 1)) > 0
such that

ARV,

(a—1)e ™% —qe ™ >0, 2>z,

92(2) - { 0, z < z.

Clearly, (2.5) holds for z < z;. For z > z;, we compute
dg./\fg[%](z) + 5@'2(2) > (a— l)e_’\5z{d2[]2()\5) — 1] = sAs} — qe 7 "*{dy[Io(v) — 1] — sv},
using @2(y) > (@ — 1)e™™Y — ge™¥¥ for all y € R, with equality at z. Also, we have, since
Bo = —1 — hu, + awy,
ra,(2)[=1 = hoy(2) — 8,(2) + ag,(2)]
o9, (2){B2 — h(a — De ™% 4+ huye ™% — (a — 1)e™% 4 ge™"* — aw,e %7}
rol(a — 1)e % — ge™*|{Ba — [(1 + h)(a — 1) + aw,)e 7%}
roBa[(a — 1)e ™ — ge ] — ro(a — 1)[(1 4 h)(a — 1) + aw,]e 2%,

AVARAY,

for all z > z;. Hence, using G(\5) = 0, we obtain, for z > z,

L,(2) ¢ {=qG2(v) = ra(a = D[(1 + h)(a = 1) + aw,Je!” )}
e " {=qGs(v) = ra(a = DA + h)(a = 1) + awp]} > 0,

using v < 2Xs; and (5.4). Hence (2.5) holds for all z # z;.

AV VS
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Finally, we consider (2.6). It suffices to consider the case z > 0. For z > 0, we have
B,(2) = wp — wye 5% > (), while B,(y) = wp — wye Y for all y € R. Hence

d3N3[£53](Z> + 8?;(2) Z —U}pe_A5Z{d3[Ig(/\5) — 1] — S/\5}
> —wpe_)\sz{dg[lg()\g)) — 1] — S)\5} = rgﬁgwpe_’\“,

since I3(As) —1 > 0, d3 < do, J3 = Jo by (1.10), and Ga(A;) = 0. Also, for z > 0, using
1—buy—w, =0, A=a—-1—u, and 2b(a — 1) < 1, together with (1.4) and (2.10), we
compute

ragy(2)[a(z) — by (2) = bdy(2) — ¢y(2)] = 730, (2){—ee™ +[1 — 2b(a — 1)]e™"}

—pz —A52
> —rgwpee 7 > —rywyee” 7,

due to p > As. Hence, for z > 0, L3(2) > rofew,e % — rzw,ce 5% > 0 since € < r935/73.
We conclude that (2.6) holds for all z 7 0.

Since 0 < ¢, < ¢, in R for i = 1,2,3, and each function ¢, is nontrivial, the conclusion of
Lemma 5.1 follows from Lemma 2. 2, as at the end of the proof of Lemma 4.1. OJ

With Lemma 5.1, Theorem 1.3 can be proved in the same way as that of Theorem 1.2.
We safely omit it here.

6. WAVES WITH CRITICAL SPEED

This section is devoted to the proofs of Theorems 1.4-1.6 on the existence of forced waves
with critical speeds. Three cases are considered: two of them are concerned with waves
connecting the trivial state (0,0,0) and the predator-free state £y = (0,0, 1), and the last
one is concerned with waves connecting the trivial state (0,0,0) and the mixed state E, =
(up, 0,w,). Throughout this section, in addition to (1.2) and (1.4), we assume that J; is
compactly supported. Hence there is a positive constant S > 0 such that

(6.1) Ji(y) =0 for almost every |y| > S.
In particular, A\; = —oo and A\, = +o0 in (J3).

6.1. Waves connecting (0,0,0) and E; = (0,0,1) in the case s = si: proof of
Theorem 1.4. In this subsection, we assume that s} = s, with s > 0 defined in (1.6),
and that J, is also compactly supported. Even if it means increasing S > 0, we can assume
without loss of generality that

(6.2) Jo(y) =0 for almost every |y| > S.
We consider the critical speed

s = 5] = 8.
For i = 1,2, let A* > 0 be the unique minimum of Q; in (0, ;) = (0,+00) given by (1.6).
With g; defined in (4.1) with s = s = s}, one has g;(\f) = 0, and A! is the unique positive
root of this equation. Since Q;(Af) = 0 for i = 1,2, we also have

(6.3) s =81 =5, =d / Ji(y)yeidy = ds / Ja(y)ye ¥ dy.
R R
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With p > 0 as in («2) and g5 as in (4.2), we choose a constant \g > 0 such that
0 < Ao < min{A}, A3, p} and g3(N\o) = ds[I3(Ng) — 1] — shg < 0.
We then define

;

(a —1)Bze ™7 2> 2, - {(a —1)Bze ™%, 2> z,

a—1, z < 2z, a—1, z < 2o,

(6.4) z < z3,

0,
( A§z7

a— 1)Bze % — pyzt/%e z > 2y,

O, 4 S 24,

, 9,(2) = max{1 — e~ ") 0},

\ 3

{(a —1)Bze N — p3zl/2e7M2 2 > 2,
1

where the parameters B, z1, 29, 20, D3, 23, P4, 24 are chosen in the following order:
e B > max{\je, \je} large enough such that z; — z] > S and z5 — 2§, > S, where
0<z2] <1/A] <2z,0<z2, <1/A\5< 29, and
AT AT oMz N

(6.5) B = - - _

2 21 29 24

(notice that the smallest positive root z] of each equation B = e*i*/z actually does
not appear in (6.4), but it will play a role in the proof of Lemma 6.1 below; observe
also that e)i#/z < B for z € [2], 2], and that z; > 2/ + S > S, for i = 1,2);

e 2y > max{z, 22} such that

(6.6) b(a — 1)Bz(e M* + e %) < e 2= for all 2 > 2

(the choice of zj is possible since 0 < A\g < min{A}, A\5});
e p3 > 0 large enough such that z3 := {p3/[(a — 1)B|}*> > 2 and

8riB(a—1)x max {(z49)*?[(a—1)B2*(e * + ke *3%) +aze 2]}

o / Ji(y)yPevdy
R

e ps > 0 large enough such that z4 := {ps/[(a — 1) B]}?* > 2 and

(6.7) p3 >

Y

87”23(@—1) Xm>ag( {(Z+S)3/2[(a—1)Bz2<€_A§Z+h€_>\IZ)+a26_>\0(z_20)]}

d2/ Ja(y)yPevdy
R

It is straightforward to check that the functions ¢, and ¢, are continuous in R, nonnegative,

(68) Pa>

bounded, of class C! except at finitely many points, and that ¢, < ¢; in R, fori=1,2,3.

Lemma 6.1. Under the above assumptions and notations, there exists a positive solution
(1, 2, P3) of (1.3) such that O << ¢ inR,i=123.
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Proof. We choose € > 0 small enough such that
(6.9) e ga(Ng) +ers < 0.

Also, up to a translation, condition (2.10) holds for this €.

We now verify (2.1)-(2.6) for (¢,, ¢y, ¢3) and (¢, 0,: ¢,) defined in (6.4), for all z € R
except finitely many points. First of all, it is trivial that (2.1) and (2.2) hold for z < z; and
z < 2y respectively, since ¢, = a—1in (—00, 21), ¢y = a—1 in (—0o0, 25), and since ¢, < a—1,
Gy <a—1,¢5 =1, ¢, > 0and ¢, > 0in R. For z > 21, we have ¢,(2) = (a — 1)Bze™*
and, since z —y >z — S > 2| for all y € [, S], we also have

G1(z—y) < (a— DBz —y)e N forall y €[S, 5]

(indeed, if z — y > z1, we have equality in the above inequality, and if 2] < z —y < 2z, we
have eMG=¥) /(2 —y) < Band ¢,(z —y) =a— 1 < (a — 1)B(z — y)e *1G7Y)). Hence, for all
z > zp, using J; = 0 almost everywhere outside [—95, 5],

S
Ni[o](z) < (a-1)B VS Ti(y)(z — y)e NEDdy — Ze_x;z}
(6.10) = (a—1)B { /R Ji(y)(z — y)e MV dy — Ze—m]

= (=08 | [y - 1] - (@15 [ ey
R R
This implies, using ¢;(z) > 0, ¢,(z) > 0 and ¢,(2) = 1,

U(z) < (a—1)Bze M {dy [[L(A}) — 1] — sA] +71(a — 1)}

(6.11) —(a —1)Be™# [dl / Ji(y)yeivdy — s] =0,
R

because of (6.3) and g1(A;) = 0. Hence (2.1) holds for all z # z;. Similarly, we have
Us(z) < 0 for all z > 2y, because go(A5) = 0 and (6.2)-(6.3) hold. Hence (2.2) holds for all
z # zy. That (2.3) holds for all z € R is trivial, since a(z) < 1, ¢5(2) = 1, ¢,(2) > 0 and
¢,(2) >0 for all z € R.

It remains to check (2.4)-(2.6). Since ¢, = 0 in (—o0, 23] and ¢, > 0 in R, (2.4) clearly
holds for z < z3. For z > z3 (> 0), we have ¢ (z) = (a — 1)Bze™*1* — pgz'/?e~ %1% Note also
from the definitions of ¢ . and z3 that

¢, (x) > (a— 1)Bxe M® — pgz!/2e~% for all > 0.
Then, using z > z3 > 29 > z; > S, we have

6,(z—y)i(y) = [(a—1)B(z—y)e MY —py(z—y)2e X1 EW] ]y (y) for all y € [-5, ).
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Using J1(y) = 0 for almost every y & [—5, 5], it follows that, for all z > z3,
lel[Ql](z)—i—s?'l(z) > (a — 1)Bze M#{dy[I,(\}) — 1] — s}

(612 (=08 {a [ vy - s} 4 pudya2e

—pseMZ {dl/RJl(y)(z —y)2NYdy — s\IZM? 4 2;1/2} .
On the other hand, we have, for all z > z3 (> 2o > max{zy, 22}),
¢, (2)[=1 = ¢,(2) — ky(2) + ag,(2)]
(= 16,(2) = 1B1(2) = 1k (2)Ba() — rad (2)e 0
= ri(a—1)?Bze ™% — ry(a — 1)psz/2e™% — ri(a — 1)2B?22(e72M% 4 ke~ Ai+A2)7)

—ria(a — 1)Bze”\fz”\°(z’z‘)).

Vv

Hence we deduce from ¢;(A}) = 0 and (6.3) that, for all z > z3,
L1(2) = e [p3Ai(2) — Aa(2))],
where

1/2
?

. s
Ai(z) == d4 {21/2 —/Jl(y)(z - y)l/Ze’\lydy] + A2 — SRV ri(a—1)z
R

Ag(z) = Tl(a _ 1)2322,2(67/\12 + kef)\gz) + Tla(a o 1)Bze—Ao(z—z0).
=0a

(6.13)

Now, using g1 (A}) nd (6.3) again, we may rewrite A; as

S
) * Y .
Ay (Z> = dl/RJl (y)|:2,’1/2— (Z_y)1/2_ W} eAlydy = dl/SJI (y)[ZI/Q_ (2—y)1/2— m] 6)\1ydy.
Since
2 2

12 (N2 Y Y Y _
: (z=v) 2212 221/2(21/2 + (2 — y)1/2)2 = 8(z + S5)3/2 fory € |=5,5],

we obtain that

d "
(6.14) Ai(z) > S(TlS)?’/Q/ Ji(y)y*ervdy for all z > z;.
R

Therefore, £1(z) > 0 for all z > 23, by the choice of ps in (6.7). Hence (2.4) holds for all
z # z3. Similarly, (2.5) holds for all z # 24, using especially g2(A\5) = 0 together with (6.3)
and (6.8).

Finally, (2.6) holds trivially for z < z5. For z > 2, using zy > max{z1, 22} > 0 together
with (1.4), (2.10), (6.6) and Ay < p, we have

a(z)—bg_zﬁl(z)—bq_bz(z)—gﬁ?)(z) > 1—ce P*—b(a—1)Bz(e M* e 2%%) — 14 t0(=20)
> —ge P > —ge M0,
It follows that, for all z > z,
L3(z) —e™20G=20) Lda[I5(Ng) — 1] — Ao} — r3e[l — e P0(z=20)] g0z

6.15
( ) _ef)\oz[e)\ozogzs(/\o) + ng] Z 07

(A\VARYS
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due to (6.9). Hence (2.6) holds for all z # 2.
Since 0 < ﬂ < ¢,in R for i = 1,2,3, and each function ﬂ is nontrivial, the conclusion of
Lemma 6.1 follows from Lemma 2.2, as at the end of the proof of Lemma 4.1. [l

Clearly, the solution (¢1, @2, ¢3) given in Lemma 6.1 satisfies (41, ¢o, ¢3)(+00) = (0,0, 1).
Together with Proposition 2.3, Theorem 1.4 follows.

6.2. Waves connecting (0,0,0) and E;, = (0,0,1) in the case s} > si: proof of
Theorem 1.5. In this subsection, in addition to (6.1), we assume that s} > s}, with sf >0
defined in (1.6), and we consider the critical speed

*

8281.

We recall that A¥ > 0 is the unique minimum of Q; in (0, A;) = (0, +00). Similarly to (6.3),
we also have

(6.16) s=s]=d; / Ji(y)yei¥dy.
R

Since s = st > s, with gy given by (4.1) in [0, Ay), it then follows from (1.2) and (J1)-(J3)
(and the comments after (J1)-(J3)) that there exist 0 < A3 < Ay < Ay such that

92(A3) = g2(A\1) = 0,

and g2(A) < 0 if and only if A € (A3, A\y). With g3 given by (4.2) in [0, 5\3), we have g3(0) =0
and ¢4(0) = —s < 0. Hence we can choose a constant Ay > 0 such that

(6.17) 0 < Ao < min{A5, A, p, As} and gs(A) < 0,
where p > 0 is as in («2). We also fix a real number u3 such that
A3 < pz < min{Ag, A3 + Ao}
We then define

( B.(2) = (a —1)Bze ™%, 2z > 2,
' a—1, z < 2z,
(a — 1)Bze 7% — pszt/2e7 M2 2 > 2,
6.18 z) =
( ) 91( ) {07 z S 25,
¢y(2) =min{(a — De™™* a — 1}, ¢,(2) = max{(a — 1)e* — pge#*, 0},
[ &5(2) =1, ,(2) = max{l — e~ %E2), 0},

where the parameters B, z1, 2o, ps, 25, P¢ are chosen in the following order:

e B > \je large enough such that z; — 2] > S, where S is as in (6.1) and 0 < 2| <
1/M\} < z are defined by
eMa 6)\’1‘21

B = = ;

2 21
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e 2, > z; such that
(6.19) b(a — 1)Bze % 4 bla — 1)e™* < e G720 for all 2 > 2

(the choice of zj is possible since 0 < A\g < min{As, Aj});
e ps > 0 large enough such that z5 := {ps/[(a — 1)B|}*> > 2 and

8ri(a—1)B X max {(2+8)3/2[(a— 1)3226—/\1‘24_]{;(@_1)26—A3z+a26—>\0(z—zo)]}

dy / Ji(y)yrevdy
R

e ps > 0 large enough such that zg := (uz — A3) "' In(ps/(a — 1)) > 2 and

ro(a — 1) FPg } |

—ga(p3)

(620) Ps >

?

(6.21) Pe > max {a -1,

with

Ps := max {h(a— 1)Bze~Withs=ns)z 4 (g 1)6_(2’\3_“3)2+ae_A3Z_A°(Z_Z°)+“3z}
z>0

(the choice of pg is possible since g < Az + Ao < min{2A3, A + A3}).

It is straightforward to check that the functions ¢ and ¢, are continuous in R, nonnegative,
bounded, of class C! except at finitely many points, and that o, < ¢, in R, fori=1,2,3.

Lemma 6.2. Under the above assumptions and notations, there exists a positive solution

(61, 92, 03) of (1.3) such that ¢, < ¢ < ¢; in R, i =1,2,3.

Proof. As in the beginning of the proof of Lemma 6.1, we first choose ¢ > 0 small enough
such that (6.9) holds, as well as condition (2.10), up to a translation.

We now verify (2.1)-(2.6) for (¢, ¢y, ¢3) and (¢, 9,.¢,) defined in (6.18), for all = € R
except finitely many points. Firstly, it is trivial that (2.1) holds for z < 2, since ¢; < a — 1,
¢y =1, ¢, > 0and ¢, > 0 in R. Secondly, it follows from (6.16) and g1(A}) = 0 that (2.1)
holds for all z > 2, domg as in (6.10)-(6.11) in the proof of Lemma 6.1. Hence (2.1) holds
for all z # z;. Thirdly, as in (4.10)-(4.12) in the proof of Lemma 4.1, we have Us(z) < 0,

e. (2.2), for all z # 0, using g2(A3) = 0. Fourthly, that (2.3) holds for all z € R is trivial,
smcea<1 ¢ >Oand¢ > 01in R.

[t remains to show (2. 4) (2.6). Since ¢ (z) = 0 forall z < z5 and ¢, > 0 in R, (2.4) clearly
holds for 2 < z5. For 2 > 25 (> 2 > 0), we have ¢ (z) = (a —1)Bze %~ — ps2'/2e=%. Note
also from the definitions of ¢ . and zs that

¢ (z) = (a— 1)Bxe % — pya!/?e7% for all > 0.
Then, using z > z5 > 29 > 21 > S, we have

6,(z—y)i(y) > [(a—1)B(z—y)e MY —ps(z—y)2e 1 EW] ]y (y) for all y € [-5, ).
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Using Ji(y) = 0 for almost every y & [—S, S], it follows that, for all z > zs,

diN1[9,](2) + 59 (2) > (a — ) Bze ™™ {d,[I,(A\}) — 1] — sA}}

—(a —1)Be™* {dl/Jl (y)yevdy — s} + psdy 2t/ 2e N
R

— *Z * * S
—pse {dl/RJI(y)<Z — )P MVdy — sAj2M? + 221/2} :

On the other hand, we have, for all z > z5 (> 2y > z; > 0),

ro,(2)[-1 - ¢ () — ks (2) + ag,(z)]
ri(a—1)g,(2) = 1161(2) — r1kGy(2)8a(2) — r1ad, (2)e
= ri(a—1)?Bze™* —r(a — 1)pszt/2e i

-7 (0,— 1)232226—2)\Tz —le(a— 1)2Bze—()\{+/\3)z —rla(a— 1)326—)\{2—)\0(2—%).

v

Hence we deduce from g;(A\f) = 0 and (6.16) that £;(z) > e *[psAs(z) — A4(2)] for all
z > 25, where

1/2
J

As(z) == d4 [21/2 — / Ji(y)(z — y)l/Qe)‘Iydy} + sAi21/? — YR ri(a—1)z
R

Ay(2) :=ri(a — 1)2B%22e % + rik(a — 1)2Bze ™ + ria(a — 1) Bze 0=%0),

Since Aj has the same expression as A; in (6.13), we can proceed as in the proof of (6.14),
using ¢1(A}) = 0 and (6.16) again, and we obtain that

d
>
As2) 2 g gy

Then, £1(z) > 0 for z > z5, by the choice of p5 in (6.20). Hence, (2.4) holds for all z # z;.
Now, as in (4.13) in the proof of Lemma 4.1, we have, for every

/ Ji(y)y2ervdy for z > 2.
R

1
Z> 2 = ln( p6>>zo>zl>0,
[Lg—)\g a—1

one has
doN5[9,](2) + 58, (2) > (a—1)e 9 {da[I2(Ng) = 1] = sAs} —pse "**{da[Is(p13) — 1] —sp13},

while

ra0,(2)[=1 = ho (2) — 6,(2) + ad,(2)]

> ry(a—1)[(a—1)e %% —pge 3% —h(a—1) Bze~AiPs)2 (q—1)e =237 ge~Razho(z20) ]
Hence we obtain from go(A3) = 0 and (6.21) that
Lo(2) > e {—pgga(ps) —ro(a — 1)Ps} > 0 for all z > z,

Together with the fact that (2.5) holds trivially for z < z¢, we obtain (2.5) for all z # z.
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Finally, (2.6) holds trivially for z < z5. For z > 2z, using zg > 23 > 0 together
with (1.4), (2.10), (6.19) and \g < p, we have

a(z)—bq_bl(z)—b%(z)—fg(z) > 1—ce ™ —bla—1)Bze M?—b(a—1)e 3% — 14 Ao(==0)

> —ge PP > —ge Mo,

With (6.9), it follows as in (6.15) that L£5(z) >0 for all 2> z;. Hence (2.6) holds for all z# 2.
Since 0 < gﬁz < ¢, in R for i = 1,2,3, and each function [ | Is nontrivial, the conclusion of
Lemma 6.1 follows from Lemma 2.2, as at the end of the proof of Lemma 4.1. [l

Clearly, the solution (¢1, @2, ¢3) given in Lemma 6.2 satisfies (¢1, ¢o, ¢3)(+00) = (0,0, 1).
Together with Proposition 2.3, Theorem 1.5 follows.

6.3. Waves connecting (0,0,0) and Ey = (u,,0,w,): proof of Theorem 1.6. In this
subsection, in addition to (6.1), we assume that dy = dy = d3, J; = Jo = J5 in R, that (1.11)
is satisfied, and that p > A3*, where p > 0 is as in (@2) and A5* > 0 denotes the unique
minimum of the function Ry defined by (1.9) in (0,As) = (0, +00). We here consider the
critical speed

5= 55",
where s5* > 0 is defined in (1.9) too. With 3, and G5 defined in (1.8) and (5.1) with s = s3*,

one has G5(A5*) = 0, and A3* is the unique positive root of this equation. Similarly to (6.3),
since R)(A5*) = 0, we also have

(6.22) s = dy / o)y vy,
R
Recalling A =a —1—u, > 0 as in (5.3) and w, + bu, = 1, we then define
(
— u, + ABze 27 2> 2, Uy, — u,Bze 7 2> 2,
or(z) =4 " 0,(2)=19,. "
a—1, z < 2, 0, z < 29,

3,(2) {(a —1)Bze ™% 2> 2,

a—1, z < 2y,

(6.23) . .
) {(a —1)Bze ™22 — 2127272 2 > ¥
Z) =

2

— B {wp +bu,Bze 2% 2 > 2, 2) = {wp —wyBze ™2 2> 2,
,(2) =

17 ZSZl, Oa Zézla

\
where the parameters B, ¢*, z* are chosen as follows:

e B > \*e large enough such that z; — zo > S, where S is as in (6.2) and 0 < 25 <
1/A\5* < z are such that
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e ¢* > 0 large enough such that 2* := {¢*/[(a — 1)B|}* > 2; and
8ry(a —1)(2a — 1)B? x mggc{(z + 5)3/22e7NF)

(6.24) ¢ >
4 / Jo(y) e Vdy
R

It is straightforward to check that the functions Qz and ¢, are continuous in R, nonnegative,
bounded, of class C! except at finitely many points, and that ﬂ < ¢, inR, fori=1,2,3.

Lemma 6.3. Under the above assumptions and notations, there exists a positive solution
(1, 2, ¢3) of (1.3) such that O <¢i< ¢ inR,i=1,23.

Proof. We first choose € > 0 small enough such that

7’2526

6.25 <
(6:25) e

Also, up to a translation, condition (2.10) holds for this .

Next, we verify (2.1)-(2.6) for the functions defined in (6.23), for all z € R except finitely
many points. As before, we only need to show (2.1)-(2.6) for z > z; or z > z*, respectively:
indeed (2.1)-(2.6) hold trivially for z < 21 or z < 2" respectively since 0 < ¢ < ¢, <a—1,
0<¢, < ¢y <a—1land0< ¢, < ¢4 < 1 in R, together with the precise definitions (6.23).

For z > 2, ¢1(2) = u, + ABze "% and

(6.26) é1(2 —y) <up+ AB(z —y)e 7Y forall y € [-S, 5]

indeed, z —y > z1 — 9 > 29 and if z — y > z;, we have equality in the above inequality,

) ) y y
whereas if 25 < z —y < 21, we have "G /(z —y) < Band ¢)(z —y) =a—1=u, + A <
u, + AB(z — y)e 2" =7¥)). Hence

Ni[¢](2) < ABze ¥ [(A)") — 1] — ABeAE*Z/ Ji(y)yer? Vdy.
R

Also, using ¢, = 0 together with —1 —u,, + aw, = 0 and A=a—-1-u,=abu,, we have
—1—¢,(2) — ko, (z) + ags(z) < =1 —wu, — ABze ™2 + aw, + abu,Bze "% = 0.
This implies that, using G2(A5*) = 0 and (6.22) together with d; = dy and J; = Ja,
U(z) < ABe L) ~ 1 - 3}~ ABe 5 [dr [ TSy s
= —ABryfyze % < () :

for all z > z;. Thus, (2.1) holds for all z # z;.
Similar calculations lead to

Up(2) < (a—1)Bze 2 #{dy[Iy(N\*) — 1] — sA}* + raf5}
—(a— 1>B€7A§*Z [dz / 3/67/\5*1”1:]2@)5@ - 3]
R

+hu, — (@ — 1) + abuy)ry(a — 1) B? 2272277 < ()
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for all z > 2, using Go(A5*) =0, (6.22) and hu, — (a — 1) + abu, < (ab+1)u, — (a—1) = 0.
Therefore, (2.2) holds for all z # 2;.
As for (2.3), since ¢, > 0 and 1 — bu,, — w, = 0, we get that

a(z) —bp (2) — bo,(2) — 03(2) <1 —buy, +bu,Bze "% —w, — bu,Bze " * =0

for every z > z;, and, together with G2(A3*) = 0 and (6.22), it follows that

Us(z) < buyBze 2 #{d3[I3(\y*) — 1] — s\5*} — bu,Be ™22 |:d3/ Js(y)ye 2 Vdy — s
R
= —bupBTQ/BQZG_/\S*Z <0,

since J3 = Jy and d3 = dy. As a consequence, (2.3) holds for all z # 2.

—A5*z

For £y and (2.4), one has, for every z > z1, ¢ (2) = u, — upBze and

b, (2 —y) > up —u,B(z — y)e 2 V) for all y € [, S]
with the same arguments as for the proof of (6.26), hence
diM[$](2) + s¢,(2) > —upBze 2 {di[I1(N5*) — 1] — sA5*}
—l—upBe’)‘;*Z{dl / T (y)yer? Yy — 5}
A5z -

= upBryfaze”

due to Go(A\5*) =0, (6.22), di = dy, and J; = J,. On the other hand, using u, — aw, = —1,
there holds

—1-¢(2) - kpy(2) + ad,(z) = (=1 —wu,+aw,) + Bze " #[u, — k(a — 1) — aw,)]
= —[1+k(a—1)]Bze*
for all z > 2, hence

L1(2) Uy Bryfaze ™% — 1y (u, — upBze ™ #)[1 + k(a — 1)| Bze %'

>
> usze_/\s*z{MﬁQ — [l +k(a—1)]} >0,

using ref3s > r1[1 + k(a — 1)] by (1.11). Thus, (2.4) holds for all z # 2.

To show (2.5) for z > z* (> z;), we can proceed for instance as in (6.12) in the proof of
Lemma 6.1 to reach

d2N2@2](Z) + SQ;(Z) > (a— 1)3267&% {d2 {/ ‘]2(9)6/\;*%3/ o 1} B S)\;*}
R
—(a —1)Be™2"* {dQ/ Jo(y)ye s Vdy — s} + q*dye 212
R

ok =Nz i 1/2 A%* . wx _1/2 L
q'e {d2/RJ2(y)(Z y)te Vdy — s\yz +221/2},
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while
ra0,(2)[=1 = hoy(2) — 6,(2) + ag,(2)]
= 7"292(2)[ 1 — hu, — hABze 2% — 3,(2) + aw, — aw,Bze %]
> rafady(2) — rady(2) (A + aw,) Bze ™7 — ragy(2)
> 1rofa0,(2) = ra(a —1)(2a — 1) B?22e 247

using hA+aw,+(a—1) < A+aw,+(a—1) = 2a—1. It follows from G2(A3*) = 0 and (6.22)
that Lo(2) > e 2 %[q* A5(2) — Ag(2)] for 2 > 2*, where

As(2) :==ds {21/2 - / Jo(y) (2 — y) 2 Vdy | 4+ Ay 22— 5 81/2 — rafp2!?
R z
Ag(2) == 19(a — 1)(2a — 1) B?2%e 27,
Then, using Go(A5*) = 0 together with (6.22) and (6.24), the same arguments as those in
the proofs of Lemmas 6.1 and 6.2 give L£4(z) > 0 for all z > 2z*. Therefore, (2.5) holds for
all z # 2*.

Finally, let us consider £3. For z > z1, ¢,(2) = w, — w,Bze2"*

and
B(z —y) > w, —w,B(z — y)e 2" EY) for all y € [-8, 5],

as in the proof of (6.26) for instance. Then, using d3 = dy and J3 = Js, together with
G2(A3*) = 0 and (6.22), one infers that

dzNS[?g](2)"‘5?;(2)2—’60;:326 F{ds]I ()\**)—1}_3)\3*}"‘7”;736AS*Z{dS/RJz,(y)yeAE*ydy—S}
= wargﬁgze’)‘g*z
for all z > z;. On the other hand, using (2.10), bu, +w, = 1 and 2b(a — 1) < 1, we obtain
a(2) = by (2) — boy(2) — &,(2)
> 1—ce ™ —bu, — bABze ™™ —b(a — 1)Bze ™™ * —w, + w,Bze 2% > —ce™F*
for all z > z;, whence

L3(2) > wyBrofyze 27 — 7“3@3(2)56_”2 > wye 2 *(Bryfaz — r3e) > 0,

using p > A" and Brofazy > A5ferafa/ 5" = roflae > r3e (because z; > 1/A5*, B > A\*e
and because of (6.25)). As a consequence, (2.6) holds for all z # 2.

Since 0 < (bi < EZ in R for i = 1,2, 3, and each function (bi is nontrivial, the conclusion of
Lemma 6.3 follows from Lemma 2.2, as at the end of the p_roof of Lemma 4.1. OJ

Clearly, the solution (¢1, ¢2, ¢3) given in Lemma 6.3 satisfies (¢1, ¢a, ¢3)(+00) = (uy, 0, w,).
Together with Proposition 2.3, Theorem 1.6 follows.
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