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Abstract

We present rational solutions to the Kadomtsev-Petviashvili equation
(KPI) in terms of polynomials in x, y and t depending on several real
parameters. We get an infinite hierarchy of rational solutions written as
a quotient of a polynomial of degree 2N(N + 1) − 2 in x, y and t by a
polynomial of degree 2N(N + 1) in x, y and t, depending on 2N − 2 real
parameters for each positive integer N .
We construct explicit expressions of the solutions in the simplest cases
N = 1 and N = 2 and we study the patterns of their modulus in the
(x, y) plane for different values of time t and parameters. In particular,
in the study of these solutions, we see the appearance not yet observed of
three pairs of two peaks in the case of order 2.

PACS numbers :
33Q55, 37K10, 47.10A-, 47.35.Fg, 47.54.Bd

1 Introduction

We consider the Kadomtsev-Petviashvili (KPI) equation in the following nor-
malization

(4ut − 6uux + uxxx)x = 3uyy, (1)

where subscripts x, y and t denote partial derivatives.
This equation first appears in 1970, in a paper written by Kadomtsev and
Petviashvili [56]. The equation (1) was derived as a model for surface and
internal water waves [1], and in nonlinear optics [61].
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A lot of methods have been used to solve this equation; these methods are re-
viewed in the book by Ablowitz and Clarkson published in 1991 [2]. Matveev
used the Darboux transformation to construct solutions [60] in 1979. Dubrovin
gave for the first time solutions in terms of Riemann theta functions in the
framework of algebraic geometry in 1981 [3]. Freeman and Nimmo constructed
in 1983 solutions in terms of wronskians [4, 5] by means of tau functions. The
inverse scattering method has been applied to obtain solutions of the KPI equa-
tions in 1999 [64].
The first rational solutions were constructed in 1977 by Manakov, Zakharov,
Bordag, Its and Matveev [59]. Among the various researches concerning ratio-
nal solutions of the KPI equation, we can mention the works of the following
authors : Krichever in 1978 [57, 58], Satsuma and Ablowitz in 1979 [65], Peli-
novsky and Stepanyants in 1993 [62], Pelinovsky in 1994 [63].
We present multi parametric families of rational solutions to KPI equation as a
quotient of two polynomials in x, y and t depending on several real parameters.
These solutions presented here belong to an infinite hierarchy of solutions of ra-
tional solutions written as a quotient of a polynomial of degrees 2N(N +1)− 2
in x, y, and t by a polynomial of degree N(N + 1) in x, y, and t, depending on
2N − 2 real parameters for each positive integer N . We limit here the study to
the case of the simplest N = 1 and N = 2.
We study the patterns of the modulus of the solutions in the (x, y) plane for
different values of time t and parameters.
This work is part of a project to find rational solutions to different classical
partial differential equations. New types of rational solutions are proposed in
this article.
We will give the ideas of the proof of the results in the case of order N in a
future article. The proofs of the following results in the simple cases of the
first orders can be carried out by hand or with the help of a formal calculation
software.

2 Rational solutions of order 1

Theorem 2.1 The function v defined by

v(x, y, t) = −2
n(x, y, t)

d(x, y, t)2
(2)

is a rational solution to the KPI equation (1)

with
n(x, y, t) = −512x2 + (768 t+ 1024)x+ 512 y2 − 768 t− 288 t2,
and
d(x, y, t) = 16x2 + (−24 t− 32)x+ 9 t2 + 16 y2 + 24 t+ 32.
We represent the modulus of the solution for different values of t in the plane
(x, y). For t = 0, the maximum of the modulus is equal to 4. When the values
of t increase, the maximum of the modulus of the solution decreases rapidly.
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For example for t = 103, this value is equal to 0.16.

Figure 1. Solution of order 1 to KPI, on the left for t = 0; in the center for
t = 10; on the right for t = 103.

3 Rational solutions of order 2 depending on 2

parameters

We always consider the KPI equation defined by (1).

Theorem 3.1 The function v defined by

v(x, y, t) = −2
n(x, y, t)

d(x, y, t)2
, (3)

is a rational solution to the KPI equation (1), quotient of a polynomial n(x, y, t)
of degree 2N(N + 1) − 2 = 10 in x, y, t by a polynomial d(x, y, t)2 of degree
2N(N + 1) = 12 in x, y, t depending on 2 real parameters a1, b1

with n and d defined by
n(x, y, t) = −73383542784 x10 + (550376570880 t + 1712282664960)x9 + (−18590497505280 − 1857520926720 t2 −

11557907988480 t−220150628352 y2)x8+(1320903770112 ty2+34673723965440 t2+111542985031680 t+3715041853440 t3+

123284351877120+4109478395904 y2)x7+(−554779583447040−292800335708160 t2−4875992432640 t4−146767085568 y4
−

647242847354880 t − 21574761578496 ty2
− 33071516614656 y2

− 60679016939520 t3 − 3467372396544 t2y2)x6 +

(660451885056 ty4
− 782757789696 i

√

3y2a1 + 68263894056960 t4 + 4388393189376 t5 + 782757789696
√

3y2b1 +

1775294667030528+1456296406548480 t2+2054739197952 y4+439200503562240 t3+48543213551616 t2y2+142853296619520 y2+

5201058594816 t3y2 +2496508125511680 t−608811614208 i
√

3a1 +148821824765952 ty2 +608811614208
√

3b1)x5 +

(−4680952735334400 t2 − 321909141012480 y2
− 6657355001364480 t − 12719814082560 y4

− 411750472089600 t4 −

1820370508185600 t3−2283043553280
√

3tb1−9132174213120
√

3y2b1+7871064440832 i
√

3a1−260919263232 ia1b1−

4875992432640 t4y2
− 1238347284480 t2y4

− 279040921436160 t2y2
− 60679016939520 t3y2

− 7705271992320 ty4
−

535699862323200 ty2 + 2283043553280 i
√

3ta1 + 9132174213120 i
√

3y2a1 − 4049890959163392+ 146767085568 y6
−

2742745743360 t6−51197920542720 t5+2935341711360 i
√

3ty2a1−2935341711360
√

3ty2b1−7871064440832
√

3b1+

130459631616 b1
2

− 130459631616 a1
2)x4 + (9986032502046720 t2 + 197254963003392 y2 + 12149672877490176 t +

39529268379648 y4+1365277881139200 t4+4680952735334400 t3+521838526464
√

3y4b1+23613193322496
√

3tb1+
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3424565329920
√

3t2b1+45052059451392
√

3y2b1−39833674186752 i
√

3a1+2435246456832 ia1b1+45509262704640 t4y2+

11557907988480 t2y4+803549793484800 t2y2+279040921436160 t3y2+38159442247680 ty4+965727423037440 ty2
−

521838526464 iy4√

3a1−23613193322496 i
√

3ta1−3424565329920 i
√

3t2a1−45052059451392 i
√

3y2a1+782757789696 ita1b1+

6308636406054912 − 1369826131968 y6 + 25598960271360 t6 + 247050283253760 t5 − 4403012567040 i
√

3t2y2a1 −

27396522639360 i
√

3ty2a1+4403012567040
√

3t2y2b1+27396522639360
√

3ty2b1+39833674186752
√

3b1−391378894848 tb1
2
−

1217623228416 b1
2+1175462461440 t7−440301256704 ty6+391378894848 ta1

2+1217623228416 a1
2+2925595459584 t5y2+

1238347284480 t3y4)x3+(−13668381987176448 t2+840094797791232 y2
−14194431913623552 t−46769777934336 y4

−

2633035913625600 t4−7489524376535040 t3−3652869685248
√

3y4b1−2568423997440
√

3t3b1−89625766920192
√

3tb1−

26564842487808
√

3t2b1−118022480068608
√

3y2b1+103324028239872 i
√

3a1−9972914061312 ia1b1−156960518307840 t4y2
−

42929372528640 t2y4
−1086443350917120 t2y2

−602662345113600 t3y2
−88940853854208 ty4

−443823666757632 ty2
−

521838526464 iy2a1b1+3652869685248 iy4√

3a1+2568423997440 i
√

3t3a1+89625766920192 i
√

3ta1+26564842487808 i
√

3t2a1+

118022480068608 i
√

3y2a1−5479304527872 ita1b1−880602513408 it2a1b1−5991619501228032+4109478395904 y6
−

92643856220160 t6−614375046512640 t5+1174136684544 iy4√

3ta1+30821087969280 i
√

3t2y2a1+3302259425280 it3
√

3y2a1+

101367133765632 i
√

3ty2a1 − 30821087969280
√

3t2y2b1 − 101367133765632
√

3ty2b1 − 103324028239872
√

3b1 +

440301256704 t2b1
2+260919263232 y2b1

2+2739652263936 tb1
2
−3302259425280

√

3t3y2b1−1174136684544
√

3ty4b1+

4986457030656 b1
2
−8228237230080 t7−330598817280 t8+220150628352 y8+3082108796928 ty6

−2739652263936 ta1
2
−

1097098297344 t6y2
− 696570347520 t4y4 + 495338913792 t2y6

− 440301256704 t2a1
2

− 260919263232 y2a1
2

−

4986457030656 a1
2
−20479168217088 t5y2

−8668430991360 t3y4)x2+(10645823935217664 t2−2187416643305472 y2+

8987429251842048 t − 3913788948480 y4 + 2808571641200640 t4 + 6834190993588224 t3 + 963158999040
√

3t4b1 +

6175089229824
√

3y4b1+13282421243904
√

3t3b1+154986042359808
√

3tb1+67219325190144
√

3t2b1+160204427624448
√

3y2b1+

115964116992
√

3a1
2b1−260919263232

√

3y6b1+2567836929097728−38654705664 i
√

3a1
3
−133851582038016 i

√

3a1+

17974438133760 ia1b1+2435246456832 iy2a1b1−6175089229824 iy4√

3a1−13282421243904 i
√

3t3a1−154986042359808 i
√

3ta1−

67219325190144 i
√

3t2a1−160204427624448 i
√

3y2a1+14959371091968 ita1b1−963158999040 i
√

3t4a1+4109478395904 it2a1b1+

440301256704 it3a1b1+115964116992 i
√

3a1b1
2+260919263232 i

√

3y6a1+391378894848 ty2a1
2
−391378894848 ty2b1

2+

225998379417600 t4y2+66705640390656 t2y4+332867750068224 t2y2+543221675458560 t3y2+70154666901504 ty4
−

1260142196686848 ty2
−1956894474240 y6+153593761628160 t6+789910774087680 t5−5479304527872 iy4√

3ta1−

76025350324224 i
√

3t2y2a1 −15410543984640 it3
√

3y2a1 −177033720102912 i
√

3ty2a1 +782757789696 ity2a1b1 −

1238347284480 i
√

3t4y2a1 − 880602513408 i
√

3t2y4a1 + 76025350324224
√

3t2y2b1 + 177033720102912
√

3ty2b1 +

55099802880 t9+133851582038016
√

3b1−38654705664
√

3b1
3+220150628352 t3a1

2
−220150628352 t3b1

2
−2054739197952 t2b1

2
−

1217623228416 y2b1
2
−7479685545984 tb1

2+235092492288 t7y2+208971104256 t5y4
−247669456896 t3y6

−330225942528 ty8+

1238347284480
√

3t4y2b1+880602513408
√

3t2y4b1+15410543984640
√

3t3y2b1+5479304527872
√

3ty4b1−8987219066880 b1
2+

19852254904320 t7+1542794480640 t8−1027369598976 y8
−6164217593856 ty6+7479685545984 ta1

2+5119792054272 t6y2+

3250661621760 t4y4
− 2311581597696 t2y6 + 2054739197952 t2a1

2 + 1217623228416 y2a1
2 + 8987219066880 a1

2 +

47088155492352 t5y2+21464686264320 t3y4)x−3370285969440768 t2+1711891286065152 y2
−1925877696823296 t+

28991029248
√

3tb1
3
−270582939648

√

3a1
2b1+608811614208

√

3y6b1+56456405581824 y4
−1281410811297792 t4−

2661455983804416 t3−144473849856
√

3t5b1+130459631616
√

3y4b1−16804831297536
√

3t3b1−100388686528512
√

3tb1−

2490453983232
√

3t4b1−89234388025344
√

3y2b1−913217421312 ty2a1
2+913217421312 ty2b1

2
−146767085568 t2y2a1

2+

146767085568 t2y2b1
2
−101854064148480 t4y2

−26308000088064 t2y4+472553323757568 t2y2
−83216937517056 t3y2+

2935341711360 ty4+1640562482479104 ty2
−3594887626752 iy2a1b1−58119765884928

√

3t2b1+16804831297536 i
√

3t3a1+

100388686528512 i
√

3ta1+58119765884928 i
√

3t2a1+89234388025344 i
√

3y2a1−13480828600320 ita1b1+2490453983232 i
√

3t4a1−

5609764159488 it2a1b1+144473849856 it5
√

3a1−82556485632 it4a1b1+434865438720 iy4a1b1+28991029248 i
√

3ta1
3
−

1027369598976 it3a1b1−270582939648 i
√

3a1b1
2
−608811614208 i

√

3y6a1+90194313216 i
√

3a1
3+63403380965376 i

√

3a1−

10436770529280 ia1b1+2935341711360 y6
−98738846760960 t6+4631316922368 iy4√

3ta1+66387645038592 i
√

3t2y2a1+

19006337581056 it3
√

3y2a1 + 120153320718336 i
√

3ty2a1 − 293534171136 it2y2a1b1 − 86973087744 i
√

3ta1b1
2

−

1826434842624 ity2a1b1+185752092672 i
√

3t5y2a1+220150628352 i
√

3t3y4a1−195689447424 i
√

3ty6a1+2889476997120 i
√

3t4y2a1+

2054739197952 i
√

3t2y4a1−421285746180096 t5−66387645038592
√

3t2y2b1−86973087744
√

3ta1
2b1−185752092672

√

3t5y2b1−
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220150628352
√

3t3y4b1+195689447424
√

3ty6b1−120153320718336
√

3ty2b1−4132485216 t10−130459631616 iy4√

3a1+

73383542784 y10
−128566206720 t9−63403380965376

√

3b1+90194313216
√

3b1
3
−41278242816 t4a1

2+41278242816 t4b1
2+

217432719360 y4a1
2

− 217432719360 y4b1
2

− 513684799488 t3a1
2 + 513684799488 t3b1

2 + 2804882079744 t2b1
2 +

1797443813376 y2b1
2+6740414300160 tb1

2
−22039921152 t8y2

−26121388032 t6y4+46438023168 t4y6+123834728448 t2y8
−

548549148672 t7y2
− 487599243264 t5y4 + 577895399424 t3y6 + 770527199232 ty8

− 2889476997120
√

3t4y2b1 −

2054739197952
√

3t2y4b1−19006337581056
√

3t3y2b1−4631316922368
√

3ty4b1+5218385264640 b1
2
−16456474460160 t7−

1861148897280 t8+2348273369088 y8+1467670855680 ty6
−6740414300160 ta1

2
−5886019436544 t6y2

−4024628674560 t4y4+

2311581597696 t2y6
−2804882079744 t2a1

2
−1797443813376 y2a1

2
−5218385264640 a1

2
−33899756912640 t5y2

−

16676410097664 t3y4

and
d(x, y, t) = −110592 x6 +(497664 t+1548288)x5+(−933120 t2 −331776 y2

−5806080 t−9953280)x4+(933120 t3 +

995328 ty2 + 8709120 t2 + 3096576 y2 + 29859840 t − 98304 i
√

3a1 + 98304
√

3b1 + 35831808)x3 + (−524880 t4 −

1119744 t2y2
−331776 y4

−6531840 t3−6967296 ty2
−33592320 t2+221184 i

√

3ta1−221184
√

3tb1−14155776 y2
−

80621568 t + 688128 i
√

3a1 − 688128
√

3b1 − 71663616)x2 + (157464 t5 + 559872 t3y2 + 497664 ty4 + 2449440 t4 +

5225472 t2y2 + 1548288 y4 + 16796160 t3 − 165888 i
√

3t2a1 + 165888
√

3t2b1 + 21233664 ty2 + 294912 i
√

3y2a1 −

294912
√

3y2b1 + 60466176 t2 − 1032192 i
√

3ta1 + 1032192
√

3tb1 + 34947072 y2 + 107495424 t − 1572864 i
√

3a1 +

1572864
√

3b1 + 71663616)x − 35831808 − 53747712 t − 2433024 y4
− 40310784 t2 − 39813120 y2

− 104976 t4y2
−

186624 t2y4
− 7962624 t2y2

− 1306368 t3y2
− 1161216 ty4

− 26210304 ty2
− 110592 y6

− 3149280 t4 − 15116544 t3 −

41472
√

3t3b1−1179648
√

3tb1−387072
√

3t2b1+688128
√

3y2b1+1179648 i
√

3ta1+387072 i
√

3t2a1−688128 i
√

3y2a1+

221184
√

3ty2b1 −221184 i
√

3ty2a1 −786432
√

3b1 −65536 b1
2 +65536 a1

2
−19683 t6 −367416 t5 +786432 i

√

3a1 +

131072 ia1b1 + 41472 i
√

3t3a1.

We represent the modulus of the solution for different values of t in the plane
(x, y).

Figure 2. Solution of order 2 to KPI for t = 0, on the left a1 = 0, b1 = 103; in
the center a1 = 0, b1 = 0; on the right a1 = 103, b1 = 0.
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Figure 3. Solution of order 2 to KPI for t = 1, on the left a1 = 0, b1 = 0; in
the center a1 = 0, b1 = 105; on the right for a1 = 0, b1 = 105.

Figure 4. Solution of order 2 to KPI, on the left for t = 10, a1 = 0, b1 = 105;
in the center for a1 = 0, b1 = 0; on the right for a1 = 105, b1 = 0.

Figure 5. Solution of order 2 to KPI, on the left for t = 0, a1 = 104, b1 = 104;
in the center for t = 1, a1 = 105, b1 = 105; on the right for t = 10,

a1 = 105, b1 = 0.
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In this case of order 2, two types of configurations were highlighted.
For a1 6= 0 and b1 = 0, we get a figure with 3 peaks in which height decreases
when a1 grows.
Conversely, for b1 6= 0 and a1 = 0, we see the appearance of 6 peaks on a ring
in which height decreases as b1 grows.
For a1 6= 0 and b1 6= 0, we see the appearance of 3 couples of peaks on a ring in
which height decreases as a1 and b1 grow.

4 Conclusion

We have constructed rational solutions to KPI equation. To the best of our
knowledge, all these solutions and configurations have never been presented be-
fore.
We propose ourselves in a future research to give the general method to con-
struct rational solutions to KPI equation at order N .
We will show that these solutions can be written as a quotient of a polynomial
of degree 2N(N + 1)− 2 in x, y and t by a polynomial of degree 2N(N + 1) in
x, y and t, depending on 2N − 2 parameters.
The method described in the present paper provides a powerful tool to get ex-
plicit solutions to the KPI equation and to understand the behavior of solutions.
These solutions are different from those derived from the NLS equation [11, 12,
13, 29].
In both cases, peak modules are observed to decrease very rapidly with time t.
What is new in the study of these solutions is the appearance not yet observed
3 pairs of two peaks in the case of order 2. One can hope to discover other new
configurations in the study of solutions for higher orders.
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