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Abstract 

The present work deals with tunable electrical interfaces able to enhance both the harvested power and bandwidth of 
piezoelectric vibration energy harvesters. The aim of this paper is to propose a general, normalized, and unified performance 
evaluation (with respect to the harvested power and bandwidth) of the various electrical strategies that can tune the harvester’s 
frequency response. By mean of a thorough analysis, we demonstrate how such interfaces influence the electromechanical 
generator response through an electrically-induced damping and an electrically-induced stiffness. The choice of the strategy 
determines these two electrical quantities, and thus the achievable frequency response of the system. Thereafter, we introduce 
a collection of graphical and analytical tools to compare and analyze single- and multi-tuning electrical strategies, including a 
qualitative performance evaluation of existing strategies. Finally, we establish a unified comparison of single- and multiple-
tuning strategies which is supported by the definition and evaluation of a new optimization criterion. This comparison reveals 
which strategy performs best depending on the electromechanical coupling of the piezoelectric harvester and on the losses in 
the electrical interface. Furthermore, it quantifies the power and bandwidth gain brought by single- and multi-tuning strategies. 
Such quantitative criterion provides guidance for the choice of a harvesting strategy in any specific applicative case.  

Keywords: Piezoelectric vibration energy harvester, Electrical strategies, Adaptive interfaces, Frequency tuning, Comparison.

1. Introduction 

Piezoelectric vibration energy harvesters (PEH) convert 
energy from ambient vibrations into storable electrical energy 
that can be used to power sensors. Electrical interfaces for PEH 
come as a variety of strategies that have been attracting 
research interests for many years (for reviews, see e.g. [1] and 
[2]). The initial aim of PEH electrical interfaces is to extract 
the energy from PEH, rectify the piezoelectric voltage, and 
eventually store the collected energy [3]. In real environments, 
the vibration amplitude and frequency might vary with time. In 
order to optimize the collected energy in such environments, 
researchers proposed to additionally use electrical interfaces to 
adjust the PEH resonance frequency to make it as close as 
possible to the vibration frequency [4] [5]. Such tunable 
electrical interfaces enable the design of adaptive vibration 
energy harvesters to compensate for aging effects or 
environmental changes. However, the tradeoff between several 
design criteria such as bandwidth, extracted power, and/or 

power conversion efficiency—all dependent on the transducer 
characteristics—makes a general comparison difficult. Here, 
we introduce graphical and analytical tools to analyze existing 
electrical strategies. Based on these tools, we propose a unified 
evaluation and comparison of PEH electrical interfaces.  
In order to maximize the harvested power from a PEH, two 
parameters must be considered: the harvester resonance 
frequency, and the damping induced by the electrical interface 
[6]. Because of the relatively weak electromechanical coupling 
of most PEH in 1995-2010, the effect of the electrical interface 
on the resonance frequency was initially too small to be useful 
[7]. This explains why the first interface circuits developed in 
the literature aimed at maximizing the electrical damping 
without considering the resonance frequency. This was the 
case for the standard energy harvesting (SEH) interface [8], the 
Parallel and Series Synchronized Switch Harvesting on 
Inductance (P-SSHI and S-SSHI) [9], and the Synchronous 
Electrical Charge Extraction (SECE) [10]. All these circuits 
exhibit a single tuning parameter (or even no tuning parameter 
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in the case of the SECE) that must be tuned to maximize the 
extracted energy. Many improvements of the aforementioned 
interfaces have flourished in the literature, to further increase 
the electrical damping and maximize the extracted power for 
weakly coupled harvesters. For instance, the Synchronized 
Switch Harvesting on Capacitors (SSHC) is a compact version 
of the SSHI that uses capacitors to implement the voltage 
inversion [11]. The Tunable SECE [12] and Synchronous 
Electric Charge Partial Extraction (SECPE) [13] are two 
strategies derived from the SECE that exhibit a single tuning 
parameter that is used to maximize the electrical damping. 
Since the electromechanical coupling of piezoelectric  
vibration energy harvesters is increasingly strong as a 
consequence of material improvement and dimensional 
optimizations [14][15], some researchers recently proposed 
new strategies that exploit this coupling in order to tune PEH 
resonance frequency. For instance, single-tuning strategies 
such as the Phase-shifted SECE (PSSECE) [16], the shorted 
SECE (SSECE) [17] and the N-SECE [6] allow simultaneous 
control over both the electrical damping and the resonance 
frequency of the system. However, to control the PEH 
resonance frequency and electrical damping independently, a 
second tuning parameter is required [1]. Some recent strategies 
such as the Frequency Tuning SECE (FTSECE) [18], the 
Short-Circuit SECE (SCSECE) [19], the Phase-shifted SSHI 
(PS-SSHI) [20][21], and the Tunable Hybrid SSHI (TH-SSHI) 
[22] exhibit two tuning parameters, making them particularly 
efficient when associated with strongly coupled PEH. 
Therefore, many electrical strategies have already been 
designed for harvesting energy from both weak coupling and 
strong coupling harvesters. However, there is still a need to 
unify the two views, and determine a quantitative approach that 
defines the weaknesses and strengths of each particular 
electrical strategy depending on the PEH coupling. 
Furthermore, determining which strategy is the best in each 
case remains an open question that needs to be answered by a 
systemic approach.  
In this paper, we propose a thorough comparison of tunable 
electrical interfaces for piezoelectric vibration energy 
harvesting. The second and third sections recall the dynamics 
of linear piezoelectric harvesters connected to electrical 
interfaces exhibiting tuning parameters. We gather the 
electrical influences on the harvester’s frequency response 
under two dimensionless terms that correspond to an 
electrically-induced stiffness and an electrically-induced 
damping. Based on these well-established models, the fourth 
section introduces the formalism and tools that are applied in 
the fifth section to analyze and evaluate some well-known 
tunable strategies found in the literature. Finally, based on a 
new quantitative criterion (defined as the integral of the 
harvested power envelope, normalized by the integral of a 
reference envelope), the sixth section of this paper presents a 
unified comparison of single- and multi-parameter tuning 
interfaces. 

2. Electromechanical modelling of linear PEH 

2.1 Dynamics of the electromechanical harvester 

A piezoelectric harvester is traditionally made of piezoelectric 
material layers bonded to a mechanical resonator. In this paper, 
we focus on single-degree-of-freedom (SDOF) PEH. 

 
Figure 1. a. Single-degree-of-freedom piezoelectric energy 

harvesting system model, and b. its associated energy model. The 
electrical efficiency is defined in [23]. 

We assume that the mechanical behavior of the transducer is 
linear (i.e., linear mechanical damping and linear mechanical 
stiffness). As detailed in [24], an SDOF linear PEH can be 
modelled as an inertial mass 𝑀 attached to a mechanical 
damper 𝐷 and a spring of stiffness 𝐾!", as shown in 
Fig.1.a.	The piezoelectric material under strain generates a 
quantity of electrical charges proportional to the mechanical 
displacement 𝑥 of the mass. These charges are either stored in 
the piezoelectric material capacitance 𝐶# or collected into an 
electrical interface drawing an electrical current 𝑖. Owing to the 
converse piezoelectric effect, the piezoelectric element exerts 
a force (𝛼𝑣#) on the inertial mass, which is proportional to the 
voltage 𝑣# across the piezoelectric material. In this paper, we 
assume that:  
i) The external displacement 𝑦(𝑡)—and the associated 
acceleration 𝛾(𝑡)—is sinusoidal and we can write $

!%(')
$'!

=
𝛾)	sin	(𝜔𝑡) with 𝛾) being the acceleration magnitude and 𝜔 
its pulsation.  
ii) The amplitude of the vibration remains relatively small, and 
does not induce any significant nonlinear effect in the 
mechanical resonator or inside the piezoelectric material. 
 iii) The harvester exhibits a relatively large mechanical quality 
factor (𝑄) > 10). This assumption is valid for most harvesters 
in the literature ([6], [14], [20]) that operate at low-frequency 
and in low-power applications (typically smaller than 1kHz 
and 10mW).  
iv) The influence of the higher mechanical modes is considered 
negligible.  
v) The dielectric losses are negligible, compared to other power 
losses. This last assumption is reasonable for piezoelectric 
ceramics that usually exhibit high dielectric permittivity, as 
long as the electric field in the piezoelectric material remains 
relatively low [25], [26].  
The aforementioned assumptions are generally valid for 
ceramic-based PEH [4], but can also be extended to polymers 
and composites as long as the linear assumption remains 
reasonable. They lead to (1) which describes the dynamics of 
the system. 
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Where 𝛼 represents the force factor of the harvester, 𝑦 the 
external displacement applied on the whole electromechanical 
system, and 𝐵* the forcing term considering the input 
acceleration. (1) can be reformulated with dimensionless 
variables (defined in Table 1) in order to obtain (2) [1]. 

 7
�̈�(𝜃) + �̇�(𝜃)/𝑄& 	+ 𝑋(𝜃) + 𝑈(𝜃) = −	�̈�

𝐼(𝜃) = 	𝑘&! �̇�(𝜃) − �̇�(𝜃)
	 (2) 

Where 𝑄) = 9𝐾!"𝑀/𝐷	 is the mechanical quality factor of the 
resonator and 𝑘)+ = 𝛼+/(𝐾!"𝐶#) is the expedient 
electromechanical coupling coefficient. The dotted notation 
refers to the derivative with respect to the angle 𝜃 = 𝜔,𝑡, and  
𝜔, = 9𝐾!"/𝑀 is the short-circuit resonance pulsation of the 
harvester. As long as the assumptions (i-v) remain valid, the 
system (2) accurately models the dynamics of SDOF linear 
piezoelectric energy harvesters [1]. This model allows to make 
reliable predictions of the harvested power and has been 
experimentally validated with various piezoelectric energy 
harvesters and interface circuits, as reported in the literature 
(e.g., [4], [6], [16]). 

Table 1. Physical variables and their normalized expressions 
Variable Quantity (unit) Normalized variable 

𝜔 Vibration pulsation (rad.s-1) Ω = 𝜔/𝜔' 
𝑦 External displacement (m) 𝑌 = 𝐵%𝑦𝜔'!/(𝑀𝛾&) 
𝑥 Displacement of the  

mass 𝑀 (m) 
𝑋 = 𝑥𝜔'!/𝛾& 

𝑖 Piezoelectric current (A) 𝐼 = 𝛼𝑖/(𝐶$𝑀𝜔'𝛾&)	 
𝑣$ Piezoelectric voltage (V) 𝑈 = 𝛼𝑣$/(𝑀𝛾&)	 

3. Influences of the electrical interface on the PEH’s 
frequency response 

In this section, we derive how the electrical interface impacts 
the harvester’s frequency response. 

3.1 Electrically-induced damping and stiffness 

In the frequency domain, the transfer function between the 
first-harmonic 𝑈- of the piezoelectric voltage and the first-
harmonic 𝑋- of the displacement can be written as (3) [4], 

 
𝑈(
𝑋(
= 𝑘&! (𝜀)(Ω) + 𝑗𝜀*(Ω))	 (3) 

with 𝜀. and 𝜀/ being two dimensionless variables representing 
the electrically-induced damping and stiffness. This physically 
means that the electrically-induced force applied on the 
resonator (due to the converse piezoelectric effect) has an in-
phase term (𝜀)) and an out-of-phase term (𝜀*) with the 
mechanical displacement. The in-phase term contributes to an 
additional stiffness while the out-of-phase term contributes to 
an additional damping, both being electrically-induced. As a 
result of the first-harmonic assumption (detailed in Appendix 
B), all the influences of the electrical interface on the 
harvester’s frequency response can be gathered under these 
two terms, even if the electrical interface behaves nonlinearly. 
By combining (22) and (24) of Appendix A with (3), we 
express the conditions of optimality of 𝜀. and 𝜀/ that maximize 
the extracted power as follows: 

 

⎩
⎪
⎨

⎪
⎧𝜀*,,$- =

Ω
𝑘&! 𝑄&

𝜀),,$- =
Ω! − 1
𝑘&!

	 (4) 

(4) combined with the first-harmonic assumption (Appendix 
B) prove that a fine electrical tuning of 𝜀. and 𝜀/ could lead to 

extract the power limit 𝑃01)—whose expression is recalled in 
Appendix A—for any linear harvester, and for any vibration 
frequency. Equation (4) also shows that a stronger 
electromechanical coupling 𝑘)+  leads to lower optimal values 
of 𝜀. and 𝜀/. 

3.2 Extracted power as a function of 𝜀! and 𝜀"  

Rewriting the first equation of (2) in the frequency domain, we 
obtain (5). 

 𝑋 I(1 − Ω!) + 𝑗
Ω
𝑄&

J + 𝑈 = Ω!𝑌	 (5) 

Combining (5) with (3) under the first-harmonic assumption 
(Appendix B), we obtain the expression of 𝑋 in the frequency 
domain:  

 𝑋 =
Ω!𝑌

(1 − Ω! + 𝑘&! 𝜀)(Ω)) + 𝑗 K
Ω
𝑄&

+ 𝑘&! 𝜀*(Ω)L
	 (6) 

We can observe from (6) why 𝜀. and 𝜀/ can be considered as 
electrical damping and stiffness, respectively. Indeed, any 
change in 𝜀/ impacts the resonance frequency 𝛺23! of the 
system as 𝛺23! is the solution of (1 − 𝛺23!+ + 𝑘)+ 𝜀/(𝛺23!)) =
0. On the other hand, any change in 𝜀. modifies the damping 
of the system. Rewriting the second equation of (2) in the 
frequency domain, taking its complex conjugate, and 
multiplying both sides by 𝑈(𝜃), we obtain the apparent 
extracted power 𝑆34': 

 𝑆./- =
4𝑃01&𝑘&! Ω

𝑄&
(−𝑗(1 − 𝜀)) + 𝜀*)(𝜀) + 𝑗𝜀*)P𝑋P

!	 (7) 

Taking the real part of 𝑆34' leads to the expression of the 
normalized extracted power 𝑃562 = 𝑃34'/𝑃01). 

 	𝑃2,3 =
4𝑘&! 	𝜀*(Ω)

Ω
𝑄&

Q1 − Ω! + 𝑘&! 𝜀)(Ω)R
! + S Ω𝑄&

+ 𝑘&! 𝜀*(Ω)T
!	 (8) 

 𝑃562 ∈ [0,1] is a measure of how well a harvesting interface is 
able to extract a power close to the power limit, and depends 
on the harvester’s key parameters, 𝑘)+  and 𝑄). By determining 
the expressions of 𝜀. and 𝜀/ of the existing electrical 
strategies, we can express, from (8), their normalized power vs 
frequency responses for any linear harvester. If the condition 
of optimality given by (4) is fulfilled, the normalized extracted 
power is equal to its upper bound (𝑃34' = 𝑃789): 
 ∀(Ω, 𝑘&! ) ∈ (ℝ4\{0})!	, 𝑃2,3 K𝜀*!"# , 𝜀)!"#L = 1		 (9) 

Based on (8), the conditions given by (4) can be understood as 
the following two propositions: 

• The resonance of the electromechanical system 
should match the vibration frequency [4]. 

• At resonance, the damping induced by the 
electrical interface should be equal to the 
mechanical damping. 
 

4. Tools for the comparison of tunable strategies 

In this section, we present the tools required for a unified 
comparison and analysis of tunable strategies in the literature. 
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4.1 Toward an electrical control of the PEH’s frequency 
response 

Equation (9) given in Section 3.2 proves that the power limit 
𝑃789 can be extracted for any harvester and any vibration 
frequency as soon as the electrical damping and stiffness are 
equal to their optimal expressions given by (4). However, these 
optimal parameters depend on the vibration frequency, 
meaning that they need to be constantly adjusted as the 
vibration frequency changes. They also need to be adjusted 
with the variations of 𝑄), 𝜔,, and 𝑘)+  which might, for 
instance, be caused by aging or temperature shifts [27]. In order 
to make 𝜀. and 𝜀/ adjustable, we define a set of 𝑘 parameters 
𝜓1 ∈ 𝕍1, with 𝑖 ∈ {1, 𝑘} being the parameter index, and 𝕍1 the 
domain of definition of the 𝑖': parameter. These 𝑘 parameters 
must be electrically adjustable, and have an impact on the 
piezoelectric voltage waveform. They can, for instance, 
correspond to the instant when the energy is extracted from the 
harvester into the electrical interface [16], the quantity of 
charges reinjected in the harvester every semi period of 
vibration [13], or the capacitance of a capacitor placed in 
parallel with the piezoelectric material [28]. As a result of these 
adjustable parameters, the electrical damping as well as the 
electrical stiffness become functions of 𝜓1. Obviously, the 
expressions of these functions, as well as the domains of 
definition 𝕍1, depend on the choices of the tunable parameters 
𝜓1. Thus, we label an electrical strategy that introduces at least 
one tunable parameter (𝑘 ≥ 1) that influences 𝜀. and/or 𝜀/ as 
tunable electrical strategy. 

4.2 Electromechanical Influence Chart (EIC) 

A way to visualize the potential performances of a tunable 
electrical strategy is to plot all possible couples (𝜀., 𝜀/) 
associated with this strategy. The electromechanical influence 
of a strategy can be plotted as in Fig.2.a where the x-axis 
represents 𝜀. and the y-axis 𝜀/. The vertical blue-to-purple 
lines represent the optimal couple N𝜀."#$ , 𝜀/"#$O for a harvester 
exhibiting a given 𝑘)+  P∀Ω ∈ ℝ;∗T. These blue-to-purple lines 
show which region should be reached if one wants to maximize 
the extracted power for any particular vibration frequency for 
a given electromechanical coupling. Meanwhile, the green-to-
red lines represent the optimal N𝜀."#$ , 𝜀/"#$O at a given 
frequency Ω P∀𝑘)+ ∈ ℝ;∗T. The point of intersection of a red-
to-green line with a blue-to-purple line represents the unique 
couple N𝜀."#$ , 𝜀/"#$O maximizing the extracted power for a 
particular association of a vibration frequency and 
electromechanical coupling. Each electrical interface can 
consequently be represented in the (𝜀., 𝜀/) plane by a single 
dot (if this interface does not include any tuning, 𝑘 = 0), a 
directed smooth curve 𝒞!'2<'3=% (single-tuning interfaces, 𝑘 =
1) or a surface 𝒮!'2<'3=% (multi-tuning interfaces, 𝑘 ≥ 2). 
For instance, the dots (A, B, C) correspond to three couples 
(𝜀., 𝜀/) maximizing the extracted power for 𝑘)+ = 0.070 and 
for three vibration frequencies Ω, as detailed in Table 2. The 
dots (A’, B’, C’) correspond to three other couples (𝜀., 𝜀/) 
maximizing the extracted power for a weaker coupling, 𝑘)+ =
0.015. Figure 2.b. and 2.c. show the power frequency 
responses associated with those couples. A comparison 

between Fig. 2.b. and Fig. 2.c. shows that for an interface able 
to tune 𝜀/ in a finite range, a stronger coupling leads to an 
increase of the frequency tuning range, and consequently to a 
larger harvesting bandwidth. We can verify that the optimal 
electrical damping decreases as the coupling is increased. Note 
that the EIC is very similar to the impedance plot previously 
introduced in [29], except that the focus is on the mechanical 
side of the PEH instead of the electrical side. 

 
Figure 2. a. EIC showing optimal Ω and 𝑘&!  in the (𝜀*, 𝜀)) plane, b. 

power frequency responses corresponding to the dots A, B and C 
(coupling 𝑘&! = 0.07	𝑄& = 50) and the obtained power envelope 
𝑃.25  c. power frequency responses corresponding to the dots A’, B’ 
and C’ (𝑘&! = 0.015, 𝑄& = 50), and the obtained power envelope 

𝑃.25. 
Table 2. Optimal vibration frequency for the dots on Fig.2 

Dot 𝜀* 𝜀) 𝑘&!  Ω,$- 
(A) 0.28 -0.28 0.070 0.990 
(B) 0.28 0.56 0.070 1.020 
(C) 0.28 1.48 0.070 1.050 
(A’) 1.33 -0.28 0.015 0.998 
(B’) 
(C’) 

1.33 
1.33 

0.56 
1.48 

0.015 
0.015 

1.004 
1.010 

While the EIC constitutes a useful tool to visualize all the 
electrical influences linked with a particular strategy, it also has 
some limitations. The main issue with the EIC is that it only 
allows an estimation of the extracted power with a particular 
strategy, and not the net harvested power in a storage element 
(Fig.1.b.).  

4.3 Relations between extracted and harvested powers 

In order to take into account the interface losses when they 
appear to be non-negligible, the electrical efficiency 𝜂303" ∈
[0,1] is defined as follows: 

 𝜂.0.# =
𝑃6735
𝑃./-

=
𝑃6735

𝑃2,3	𝑃01&
	 (10) 

where 𝑃:<2> is the net harvested DC power in a storage element 
of the electrical interface (i.e., a capacitor or a battery). This 
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electrical efficiency is strategy- and topology-dependent. 
Expressions of this electrical efficiency have already been 
derived for various electrical strategies in [23], and will be used 
in the next sections of this paper. 

4.4 Power envelopes of electrical strategies 

Any combination of values taken by the 𝑘 parameters of a 
strategy can be associated with a single couple of electrical 
influence (𝜀., 𝜀/) and with a given harvested power vs 
frequency response 𝑃562(Ω) (8). The power-frequency 
response of the harvester can be adjusted in real-time by tuning 
𝜓1. Another way to evaluate the performances of a tunable 
electrical strategy (while taking the electrical efficiency into 
account) is to compute its power envelope 𝑃35>(Ω), defined by 
(11). 
 ∀𝑖 ∈ {1, 𝑘}, 𝑃.25(Ω) = max{𝜂.0.#𝑃2,3(Ω,𝜓1); 𝜓1 ∈ 𝕍1}	 (11) 

The power envelope represents the maximum harvested power 
of a tunable strategy with a fine optimization of the 𝑘 tunable 
parameters at each vibration frequency. This shows the power 
limit that can be achieved with a particular electrical strategy 
and is a good indication of its ability to tune the PEH’s 
frequency response. This power envelope has already been 
used in a few papers studying tunable electrical strategies 
[6][19][4]. 

5. Unified analysis of tuning strategies in the literature 

In this section, we evaluate the performances of existing 
tunable strategies by means of the aforementioned graphical 
tools. In order to organize this section, we classify the existing 
tunable electrical strategies in two families - Constant Voltage 
Extraction and Constant Displacement Extraction strategies - 
with an energy-based classification. This classification proves 
to be relevant since the choice of tuning parameters and the 
expression of the electrical efficiency (10) depend on the 
family (CVE or CDE) of a strategy, as explained in the 
following sections. 

5.1 Proposed classification of tunable strategies 

5.1.1 Constant Displacement Extraction Strategies 
 
The proposed classification of electrical strategies relies on 
energetic considerations, depending on which physical 
quantity remains unchanged between the start and the end of 
the energy extraction process. If the energy is extracted from 
the piezoelectric material within a very short time (compared 
to the period of mechanical vibration) - resulting in a negligible 
variation of the mechanical displacement between the start and 
the end of the energy extraction phase - then the strategy will 
be classified as a Constant Displacement Extraction (CDE) 
strategy. A well-known interface that can be classified as a 
CDE is the SECE. Indeed, as shown in Fig. 3, the energy is 
extracted from the piezoelectric harvester when the mechanical 
displacement 𝑥 is constant and equal to ±𝑥)<4. Thereafter, the 
extracted energy is stored in a storage capacitor 𝐶$"	whose 
voltage is DC. With CDE, the piezoelectric voltage varies 
during the energy extraction, meaning that an intermediate 
energy storage (such as an inductor) is required to transfer the 
energy to the constant voltage capacitor 𝐶$". Thus, in most 
CDE strategies, the harvesting process consists in temporarily 
storing energy from the harvester in the inductor, then 
transmitting it either to a storage capacitor or back to the 

harvester. The energy extracted during each vibration period is 
given by the area of the (𝑥	𝑣#) cycle 𝐸34' = ∮𝑥	𝑑𝑣#.  
The extracted power with CDE strategies is not intrinsically 
dependent on the voltage across the load capacitor 𝐶$". CDE 
tunable parameters consist in adjusting the value of the 
mechanical displacement right before the extraction. Some 
possible CDE tuning parameters are the frequency of the 
harvesting events 𝑓!? [6], the phase of the harvesting events 
𝜙!? with respect to the displacement extrema ±𝑥)<4 [16], and 
the voltage inversion ratio 𝛽!?—defined as the ratio between 
the piezoelectric voltage right after the harvesting event and the 
voltage right before the harvesting event [12][30].  Of course, 
this set of parameters is not exhaustive, and many others may 
be implemented. 

 
Figure 3.a. System implementation, b. normalized transient 

waveforms, c. Q𝑥		𝑣$R cycle of a CDE strategy (SECE), and d. power 
flow of a CDE strategy (SECE). 

In the literature, most CDE analyses provide the expression of 
the extracted power [6][16][18] and the expression of the 
harvested power is usually derived in an ad-hoc, case-by-case 
manner [31]. However, as proven in [23], the electrical 
efficiency of CDE strategies can be approximated as a function 
of the voltage inversion ratio 𝛽!? ∈ [𝛽)15, 1] and of the 
minimum inversion ratio 𝛽)15 (closely related to the quality 

factor of the interface, 𝑄3, by 𝛽)15 = −𝑒@
&
!'(). The expression 

of this electrical efficiency is recalled by (12), 

 𝜂.0.#|8*9 = 	 1 − 2
arccos(𝛽":) − 𝛽":n1 − 𝛽":!

𝜋	(1 − 𝛽":! )(1 − (ln(−𝛽&12));()
	 (12) 

where ln is the natural logarithm function. Combining (12) 
with CDE extracted power expressions, we can calculate the 
harvested power with any CDE, which can be compared with 
the harvested power with any CVE. 
 
5.1.2 Constant Voltage Extraction Strategies 
 
If the energy is extracted from the piezoelectric material with 
almost no variation of the voltage across the harvester, then the 
strategy will be classified as a Constant Voltage Extraction 
(CVE) strategy. A common interface that can be classified as a 
CVE is the PSSHI interface. Indeed, as shown in Figure 4, the 
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energy is extracted from the piezoelectric when the 
piezoelectric voltage 𝑣# is approximately constant and equal to 
a DC voltage, ±𝑉$". The extracted energy during each period 
is given by the area of the (𝑥	𝑣#) cycle 𝐸34' = ∮𝑣#	𝑑𝑥.
   

 
Figure 4. a Examples of a. system implementation, b. normalized 
transient waveforms, c. (𝑥	𝑣#) cycle of a CVE strategy (PSSHI), and 
d. power flow of a CVE strategy (PSSHI). 
The extracted power with CVE strategies is intrinsically 
dependent on the value of the extraction voltage 𝑉$". Since the 
voltage across the storage capacitance may vary with time if 
unregulated, it is necessary to find a way to adapt 𝑉$", making 
it independent from the voltage across the sensor 𝑉6A'. In most 
cases, this fine-tuning is performed using a DC/DC converter 
in discontinuous current mode (DCM), as shown in Fig. 4. As 
detailed in [32], the input resistance of the DC/DC converter is 
then a function of the DC/DC duty-cycle and switching 
frequency, meaning that a control of the duty-cycle (or 
switching frequency) allows to tune 𝑉$" to its optimal value. 
The choice of a tuning parameter which would not impact 𝑉$", 

while possible, is impracticable since this tuning parameter 
would have to compensate for any acceleration amplitude or 
𝑉$" changes. This is why all CVE in the literature, whether with 
one or two tuning parameters, include a tuning of 𝑉$" [33][34].  
The harvested power with any CVE can be simply expressed 
as (13), 

 𝑃6735 =
𝑉<#!

𝑅<#
		 (13) 

with 𝑅$" being the equivalent impedance connected to 𝐶$", as 
shown in Fig. 4. The losses during the electrical charge 
inversion process are given by (14) (with 𝛽!? = 𝛽)15 if all 
charges are reinjected as in PSSHI): 

 𝑃0,"" =
𝜔
2𝜋	𝐶$𝑉<#

! (1 − 𝛽":! )	 (14) 

Thus, from (13) and (14), we eventually find the electrical 
efficiency of CVE strategies: 

 𝜂.0.#|8=9 =
𝑃6735

𝑃6735 + 𝑃0,""
=

2𝜋
2𝜋 + Ω	𝑟<#(1 − 𝛽":! )

	 (15) 

with 𝑟$" = 𝑅$"𝐶#𝜔, the normalized load connected to 𝐶$". In 
the literature, analyses of CVE usually provide the expression 
of the harvested power 𝑃:<2>, since its derivation can be 
relatively straightforward [33][34][35]. Note that (15) does not 
take into account the efficiency of the DC/DC converter 
(shown in Fig. 4), because the contribution of the DC/DC to 
the overall losses can be significantly reduced with appropriate 
design choices and transistor sizing. 
 
5.1.3 Classification of well-known strategies as CDE/CVE 
 
Figure 5 shows a classification of some well-known harvesting 
strategies depending on their families (CVE/CDE) and taking 
into account how many tuning parameters they allow.  
Equation (8) combined with equations (15) (for CVE) or (12) 
(for CDE) leads to the harvested power envelopes (11) of all 
the CVE and CDE strategies as long as we know their electrical 
damping 𝜀. and electrical stiffness 𝜀/ expressions. The 
expressions of 𝜀. and 𝜀/ of some existing CDE (red) and CVE 
(green) in the literature (shown in Fig. 5) have been gathered 
in Appendix C. Based on these expressions, we can compute 
the EIC of each strategy as well as their power envelopes. The 
following sections present these results for single-tuning 
strategies (SEH, SOR, PSSHI, SSECE, etc.) and multi-tuning 
strategies (SCSECE, FTSECE, PS-SSHI, etc.). 

Figure 5.  Classification of existing literature strategies. References of each strategy are given in Appendix C.
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5.2 Single-tuning strategies 

5.2.1 Single-tuning CVE 
   
Most CVE strategies exhibiting a single tuning parameter can 
be gathered under three categories: 

• SEH [33] (and SEH-like strategies) where there is no 
energy reinjected in the PEH. 

• PSSHI and PSSHI-like strategies such as MS-SSHI 
[36], SSHC [11], SSHO [37], etc. where all the 
energy left in the piezoelectric material after the 
extraction is reinjected in the PEH (𝛽!? = 𝛽)15). 

• SOR [38] (and SOR-like strategies) where all the 
energy left in the piezoelectric material after the 
energy extraction is quickly evacuated and 
transformed into heat (𝛽!? = 0). 

For each strategy, the tuning parameter is the normalized load 
𝑟$" which controls the constant voltage 𝑉$". Figure 6 presents 
the power envelopes for a PEH exhibiting a quality factor 
𝑄) = 50 and a coupling coefficient 𝑘)+  of 0.002 (Fig.6.a), 
0.05 (Fig.6.b), and 0.3 (Fig.6.c). The minimum voltage 
inversion ratio 𝛽)15 has been fixed to −0.8. In each case, we 
also observe in Fig.6 the optimal values of the electrical 
damping 𝜀. and stiffness 𝜀/ associated with each strategy, and 

the values of these two parameters corresponding to the 
optimality criteria given by (4). For weakly coupled PEH 
(Fig.6.a), the harvested power is greater with PSSHI-like 
strategies than with SOR or SEH strategies. Indeed, the 
electrical damping induced by PSSHI (𝜀.,9CD|EFFGH =

I
J(-;K)*+)

) is much larger than the electrical damping induced 

by the SEH or SOR (𝜀.,9CD|FLG =
-
J
, 𝜀.,9CD|FMN =

I
J
	). This 

explains why the PSSHI extracts more energy when the 
harvester is weakly coupled and/or strongly damped, since, in 
this case, maximizing the extracted energy requires 
maximizing the electrical damping. For weakly coupled PEH, 
tuning 𝜀/ has little to no impact on the power envelopes. This 
explains why all the envelopes of Fig.6.a exhibit a single local 
extremum for Ω ≈ 1. This is why the literature on weakly 
coupled PEH interfaces focusses on maximizing the electrical 
damping while not considering (or even modelling) the 
electrical stiffness [38]. For stronger coupling values 
(Fig.6.b), the maximum of the power envelopes for each 
strategy are close to 𝑃01). Indeed, greater electromechanical 
coupling implies smaller optimal electrical damping (4). 
Figure 6.b. also shows that tuning 𝜀/ for moderately coupled 
PEH is useful, as shown in the case of the SEH where 𝜀/ 
follows 𝜀/,6#' on a small frequency band ∀Ω ∈ [1,1.03]. 
 

 
Figure 6.  Harvested power envelopes of single-tuning CVE: SEH (red), SOR (yellow), PSSHI (blue), and 𝑃01& (purple) with 𝑄& = 50, 

𝛽&12 = −0.8 and a. 𝑘&! = 0.002 b. 𝑘&! = 0.05 c. 𝑘&! = 0.3. 

 Figure 7.  EIC of a. single-tuning CVE: SEH (red), SOR (yellow) and PSSHI (blue), b.  single-tuning CDE: PSSECE (blue), NSECE 
(green), SSECE (red), and SSSHI (yellow).
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In the case of strongly coupled PEH (Fig.6.c), each extraction 
strategy allows to extract 𝑃01) for one (PSSHI and SOR) or 
two (SEH) vibration frequencies. Any further increase of the 
coupling would not result in a harvested power beyond 𝑃01). 
However, a stronger coupling opens doors for the tuning of 
both 𝜀. and 𝜀/, leading to a larger harvesting bandwidth and 
an increased robustness to shifts of the vibration frequency. 
We note that the 𝜀/ of SEH, contrarily to the 𝜀/ of SOR or 
PSSHI, remains in the vicinity of 𝜀/,6#' on a relatively large 
frequency band ∀Ω ∈ [1,1.15]. Hence, associated with a 
strongly coupled and/or weakly damped PEH, SEH reaches a 
broader harvesting bandwidth than SOR and PSSHI.  
The possible electrical influences P𝜀.(𝑟$"), 𝜀/(𝑟$")T of 
single-tuning CVE (SEH, PSSHI and SOR) have been 
computed on the EIC shown in Fig. 7.a. Even though PSSHI 
reaches large values of 𝜀. - which explains its effectiveness 
with weakly coupled and/or strongly damped PEH - its 
representation 𝜀/(𝜀.) only crosses each dashed line 
(representing the optimal couples (𝜀., 𝜀/) for a given PEH) a 
single time. This explains why there is only a single vibration 
frequency where the extracted power of PSSHI is equal to 
𝑃01). On the other hand, the maximum reachable value of 𝜀. 
with SEH is only 𝜋@-, which explains why the performances 
of SEH with a weakly coupled and/or highly damped PEH  are 
limited. However, for strongly coupled and/or weakly damped 
PEH, the SEH representation 𝜀/(𝜀.) crosses each dashed line 
twice. This explains why the SEH power envelope exhibits 
two local maxima of power [39] above a certain 
electromechanical coupling. 
 
 

5.2.2 Single-tuning CDE  
 
We also group existing single-tuning CDE under four 
categories, depending on their tuning parameter and their 
voltage waveforms: 

• PSSECE [16] (and PSSECE-like strategies) whose 
tunable parameter is the phase between the voltage 
extrema and the energy extraction. 

• SSECE [17] (and SSECE-like strategies) whose 
tunable parameter is the duration of a short-circuit 
sequence. 

• NSECE [6] (and NSECE-like strategies) whose 
tunable parameter is the energy extraction frequency. 

• Series SSHI (SSSHI) [40] and all the other strategies 
that allow a tuning of 𝛽!?: tunable SECE [30], DSSH 
[41], ESSH [42], SSHI-MR [43], etc. 

Figure 8 depicts the harvested power envelopes of these four 
groups of strategies for a PEH having a quality factor 𝑄) =
50 and an electromechanical coupling 𝑘)+  of 0.002 (Fig.8.a), 
0.05 (Fig.8.b), and 0.3 (Fig.8.c). The minimum voltage 
inversion ratio 𝛽)15 has been fixed to −0.8.  
 
As expected, for PEH exhibiting a low 𝑘)+ 𝑄), the harvested 
power is sensibly larger for the Series SSHI strategy than for 
the SECE-based interfaces. Similarly to what has been said for 
CVE interfaces, to optimize the extracted power for weakly 
coupled/strongly damped harvesters, maximizing 𝜀. prevails 
over tuning 𝜀/. This explains why all the power frequency 
responses exhibit a single global extremum for 𝛺) ≈ 1. As 
the coupling gets larger, the maximum power of all the tunable 
CDE strategies becomes close to 𝑃01).  

 
Figure 8.  Harvested power envelopes of SECE (black) and of single-tuning CDE: PSSECE (blue), NSECE (green), SSECE (red), 

SSSHI (yellow), and 𝑃01& (purple) with 𝑄& = 50, 𝛽&12 = −0.8, and a. 𝑘&! = 0.002 b. 𝑘&! = 0.05 c. 𝑘&! = 0.3. The harvested power 
envelopes of SECE, NSECE, PSSECE, have already been validated experimentally in [19] [6] [16]. 
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As depicted in Fig.8.c, for large values of 𝑘)+ , the bandwidths 
of PSSECE, SSECE and NSECE become significantly larger 
compared to the bandwidth of Series SSHI. Which of these 
three strategies exhibits the broadest harvesting bandwidth 
remains an open question (which will be discussed in the 6th 
section of this paper). However, one may notice that both 
NSECE and PSSECE exhibit two power maxima against a 
single one for SSECE, making them good candidates for 
harvesting energy on wide frequency bands.  
Figure 7.b shows the reachable values of (𝜀., 𝜀/) for the 
single-tuning CDE. For weakly coupled harvesters (right side 
of the plane), the only CDE that is able to reach 𝑃01) is the 
Series SSHI due to the important value of maxP𝜀.,-,,./T. 
However, the drawback of the Series SSHI can clearly be 
observed in Fig. 7.b: it is modeled as a horizontal line with a 
constant electrical stiffness (𝜀/,,,./ = 1), which shows its 
inability to tune the PEH resonance frequency. For strongly 
coupled harvesters (left side of the plane), all strategies are 
able to reach 𝑃01), for a single frequency with Series SSHI and 
SSECE, and two frequencies with PSSECE and NSECE. We 
can also observe that PSSECE exhibits the largest range of 𝜀/, 
going from 1 − 2/𝜋	 to 1 + 2/𝜋, larger than the 𝜀/ ranges of 
the SSECE and NSECE which both go from 0 to 1.  

5.3 Multi-tuning strategies 

This section focuses on double-tuning electrical strategies, 
that can control 𝜀. and 𝜀/ independently (on a defined 
frequency range) by means of two tunable parameters, 𝜓- and 
𝜓+. As shown in Fig.7, an interface with no tuning (such as 
the SECE strategy) can be represented as a single dot on the 
EIC, while a single-tuning interface can be represented as a 
smooth curve 𝒞!'2<'3=% (association of single dots). Thus, the 
representations of multiple-tuning interfaces (𝑘 ≥ 2) in the 
EIC are surfaces 𝒮!'2<'3=% (association of smooth curves). 
There are a few strategies in the literature that combine two 
tuning parameters: the TH-SSHI, the FTSECE, the SCSECE, 
and the PS-SSHI. Figure 9 presents the surface representations 
of these four strategies in the EIC. We can observe that the 
surfaces corresponding with the PS-SSHI and FTSECE are 
similar and particularly large. The diameter of their disk 
representation depends on the maximum 𝜀. reachable with 
each strategy, hence it is directly linked with 𝛽)15. In both 
cases, this diameter is equal to I

J
	-@K)*+
-;K)*+

. In the case of a 

lossless interface (	𝛽)15 → −1, 𝜂303" → 1), the surfaces of the 
FTSECE and PS-SSHI tend toward infinity. Figure 9 proves 
that both the FTSECE and PS-SSHI maximize the extracted 
power on a large frequency band. However, as discussed 
previously in this paper and in [23], there is a difference 
between extracted power and harvested power (the latter 
taking the electrical efficiency into account). Since the 
electrical efficiency decreases with a greater inversion (or a 
lower 𝛽!?), the difference between extracted power and 
harvested power can be particularly important for the FTSECE 
and PS-SSHI. Figure 10 illustrates the harvested power 
envelopes of these four strategies for a PEH having a quality 
factor 𝑄) = 50 and an electromechanical coupling 𝑘)+  of 
0.002 (Fig.10.a), 0.05 (Fig.10.b), and 0.3 (Fig.10.c). For 
weakly coupled PEH, the PS-SSHI and TH-SSHI allow to 
harvest more power than the FTSECE and SCSECE. Indeed, 
while all PS-SSHI, TH-SSHI, and FTSECE reach the same 
maximum value of 𝜀. (leading to the same extracted power), 
the electrical efficiencies of PS-SSHI and TH-SSHI are more 
important than FTSECE, which explains the difference in 
harvested power. The SCSECE, associated with a weakly 
coupled PEH, harvests less power than the other ones because 
of the relatively low value of max(𝜀.) = 4/𝜋. For strongly 
coupled PEH, Fig.10 shows that PS-SSHI and FTSECE power 
envelopes do not share the same shape. The global extremum 
of each envelope is reached for a different vibration frequency 
(Ω = 1 for PS-SSHI and Ω = 1.14 for FTSECE) even though 
their representations in the EIC are almost identical (Fig.9). 
Indeed, the electrical efficiency of PS-SSHI is maximized 
around the short-circuit resonance frequency of the PEH 
(Ω!" = 1) while the electrical efficiency of FTSECE is 
maximized around the open-circuit resonance frequency of the 
PEH (Ω6" = 91 + 𝑘)+ ). The power envelopes of TH-SSHI 
presents a valley between these two frequencies that can be 
understood from the unreachable couples (𝜀., 𝜀/) in Fig. 9.b. 
Finally, SCSECE exhibits an interesting power envelope, even 
though its surface on the EIC is limited (Fig.9.a). The 
electrical efficiency of SCSECE is constant (𝛽!? = 0	∀Ω), 
which explains why its power envelope exhibits a plateau for 
Ω ∈ [0.98,1.19]. The harvesting bandwidth of the SCSECE is 
the largest: ΔΩOPOQPQ = 0.29 against ΔΩRSOQPQ = 0.20, 
ΔΩTO@OOUV = 0.17 and ΔΩSU@OOUV = 0.18. On the other hand, 
the maximum value of the SCSECE power envelope is also 
the smallest, peaking at 0.78𝑃789. 

 
Figure 9.  Electromechanical influences charts of double-tuning strategies: a. SCECE, b. TH-SSHI, c. FTSECE and d. PS-SSHI.



 
Figure 10.  Harvested power envelopes of the PS-SSHI (blue), SCSECE (red), FTSECE (green), and TH-SSHI (yellow), with 𝑄& = 50, 
𝛽&12 = −0.8 and a. 𝑘&! = 0.002 b. 𝑘&! = 0.05 c. 𝑘&! = 0.3. The power envelopes have been validated experimentally in [19] [18] [22].

6. Quantitative comparisons of tunable strategies 

6.1 A quantitative criterion for evaluating strategies  

In the previous sections, we were able to represent each 
strategy with normalized and unifying tools such as the 
electromechanical influences chart and the power envelope. 
However, while there exists a quantitative criterion for 
determining the best strategy associated with weakly coupled 
PEH (the maximum value of the electrical damping), choosing 
the best strategy for moderately and strongly coupled PEH 
remains a tough issue. Indeed, from Fig.10, one might hardly 
determine which strategy is the best among the FTSECE, PS-
SSHI, or SCSECE. Furthermore, all simulations in the 
previous sections were run with a fixed  𝛽)15 = −0.8 (fixed 
electrical quality factor). With a better (or poorer) quality 
interface, the conclusions on the best interface would be 
fundamentally different. For all these reasons, this section 
defines a quantitative criterion, in order to compare strategies 
for any PEH coupling and any value of 𝛽)15. This criterion, 
named 𝜒"6)# is defined by (16). 

 𝜒"6)# =
∫ 𝑃𝑒𝑛𝑣,𝑠𝑡𝑟𝑎𝑡(Ω)dΩ
∞
0

∫ 𝑃𝑟𝑒𝑓(Ω)dΩ
∞
0

	 (16) 

A strategy’s 𝜒"6)# is defined as the integral of the harvested 
power envelope, normalized by the integral of a reference 
envelope noted 𝑃23*. This reference envelope corresponds to 
the harvested power envelope of a PEH associated with a 
strategy with no tunable parameter (𝑘 = 0) and no electrical 
losses (𝜂303" = 1). Furthermore, 𝑃23* reaches 𝑃01) for Ω = 1 
(meaning that 𝜀/|23* = 0 and 𝜀.|23* = 1/(𝑘)+ 𝑄))). The 
analytical expression of this reference envelope can be 
obtained from (8) and is given by (17). 

 𝑃23* =
4Ω

N𝑄𝑚(1 − Ω
2)O

2
+ (Ω + 1)2

	 (17) 

𝜒"6)# is dimensionless and depends on three factors: 𝑘)+  and 
𝑄) that both quantify the “quality” of a PEH, and 𝛽)15 that 
quantifies the “quality” of the inversion/transfer of electrical 
charges in the interface circuit. These dependencies are in 

agreement with the conclusions that were drawn from the 
previous sections of this paper: the performances of an 
electrical strategy depend both on the coupling and on the 
quality factor of the PEH, as well as on the quality of the 
electrical interface.  

6.2 Quantitative comparison of electrical strategies  

Figure 11.a presents the 𝜒"6)# of all the single-tuning 
strategies presented in this paper as a function of 𝑘)+ , with 
𝑄) = 50 and 𝛽)15 = −0.8. SSHI strategies (SSSHI and 
PSSHI) exhibit the highest 𝜒"6)# when the PEH is weakly 
coupled. Indeed, because they reinject electrical charges in the 
harvester (𝛽!? < 0), they exhibit high electrical damping 
values leading to important extracted power with weakly 
coupled PEH. SECE (and other CDE having a 𝛽!? = 0 such 
as NSECE, PSSECE, and SSECE) are relatively efficient with 
weak coupling PEH, because their electrical damping is 
relatively strong (max(𝜀.) = 4/𝜋). Finally, SEH is the least 
efficient strategy with weakly coupled PEH, because its 
electrical damping always remains below 1/2. These results 
underline the correlation between energy re-injection (𝛽!? 
value), maximal value of the electrical damping (max(𝜀.)) 
and performances of an electrical strategy associated with 
weak coupling PEH.  
As the coupling gets stronger, the increase of 𝜒"6)# for SSHI 
strategies and SOR slows down. Indeed, as shown previously, 
these strategies do not enable a tuning of the electrical stiffness 
while keeping the electrical damping optimal. Hence, they 
make poor use of stronger coupling and their harvesting 
bandwidth remains relatively constant for any 𝑘)+ . On the 
other hand, the 𝜒"6)# of SECE-based strategies (NSECE, 
SSECE, PSSECE) and SEH (which provide good control of 
𝜀/ over a small range of 𝜀.) outmatch the SSHI strategy’s 
𝜒"6)# when the coupling is strong enough. The single-tuning 
strategy that maximizes 𝜒"6)# for strongly coupled PEH is the 
PSSECE, which is understandable since: 

• Its 𝜀/ range of variation is the largest among the 
single-tuning strategies. 

• Its power envelope exhibits two local maxima. 
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One may notice that a larger coupling always leads (except in 
the case of SECE) to a higher 𝜒"6)#, meaning that selecting 
the best coupling mode (usually 3-1 mode for cantilever-type 
harvesters) and optimizing the dimensions of the harvester in 
order to maximize 𝑘)+  is extremely important [14]. 

Figure 11.b presents the 𝜒"6)# of all the double tuning 
strategies presented in this paper as a function of 𝑘)+ , with 
𝑄) = 50 and 𝛽)15 = −0.8. In weak coupling cases, the best 
strategies are, again, the ones that exhibit the largest electrical 
damping: TH-SSHI, CT-PSSHI, and PS-SSHI. Comparing 
Fig.11.b with Fig.11.a, we notice that the 𝜒"6)# of TH-SSHI 
and PS-SSHI are sensibly the same as the 𝜒"6)# of PSSHI. 
Indeed, adding a second tuning parameter has little to no use 
if the PEH coupling is weak. When the PEH coupling gets 
stronger (𝑘)+ ∈ [0.01,0.2]), we can observe in Fig.11.b that 
PS-SSHI still exhibits the largest 𝜒"6)#, closely followed by 

FTSECE. However, when 𝑘)+  exceeds 0.4, the strategy that 
maximizes 𝜒"6)# becomes SCSECE. The difference in terms 
of 𝜒"6)# between SCSECE and PS-SSHI/FTSECE continues 
to increase as the coupling gets stronger. The reason behind 
this result is that the electrical efficiency of SCSECE is 
constant for all frequencies and hence does not limit its 
harvesting bandwidth, contrary to FTSECE and PS-SSHI 
cases. Some capacitive tuning techniques (CT-PSSECE, CT-
SEH) exhibit particularly good performances for strong 
coupling PEH due to their high range of 𝜀/ and electrical 
efficiency which remains relatively high compared to 
strategies which require re-injecting energy (i.e., PS-SSHI and 
TH-SSHI that require a 𝛽!? < 0). We can note that TH-SSHI 
performances are relatively low, which stem from its inability 
to control 𝜀. and 𝜀/ independently on a large frequency range 
(“hole” in Fig.9.b). 

 
Figure 11.  𝜒"6)# of a. single-tuning CDE (solid lines) and CVE (dashed lines) and b. double-tuning strategies as a function of 𝑘&!  with 

𝑄& = 50 and 𝛽&12 = −0.8.

However, the results and conclusions obtained from Fig.11.a 
and Fig.11.b are not general because we supposed that the 
𝛽)15 of the interface was −0.8. While this is a relatively 
realistic value for 𝛽)15, some papers in the literature propose 
interfaces that go below this value by means of multiple 
discharges techniques [44] [36], clever engineering, and 
transistor sizing [45][46][47]. On the other hand, some 
interfaces relying on discrete components exhibit 𝛽)15 that are 
larger than −0.8. The impact of 𝛽)15 on the conclusions 
previously made will now be studied, in order to understand 
how 𝛽)15 impacts the choice of the interface. Figure 12 
presents the single-tuning strategies maximizing 𝜒"6)# as a 
function of 𝑘)+  and 𝛽)15.   
For weakly coupled / strongly damped harvesters, the strategy 
maximizing 𝜒"6)# is PSSHI for any value of 𝛽)15. This result 
is in agreement with the conclusions made in the previous 
sections. If the PEH is strongly coupled / weakly damped and 
𝑘)+  is greater than (approximately) 0.2, the best single-tuning 
strategy depends on the value of 𝛽)15. If the quality of the 
electrical interface is relatively good (𝛽)15 < −0.7), the 

strategy maximizing 𝜒"6)# is PSSECE, which is in agreement 
with the predictions made from Fig. 8 and Fig. 12. However, 
if the electrical interface exhibits heavy losses, (𝛽)15 >
−0.7), the best strategy becomes SEH.  

 
Figure 12. Single-tuning strategies maximizing 𝜒"6)# as a 

function of 𝑘&!  and 𝛽&12 (with 𝑄& = 50). 

10-4 10-3 10-2 10-1 100
0

2

4

6

8

10

12

14
CT-PSSECE
CT-SSSHI
CT-PSSHI
CT-SEH / SC-SEH
FTSECE
SCSECE
PS-SSHI
TH-SSHI

10-4 10-3 10-2 10-1 100
0

1

2

3

4

5

6

7

8
SECE
PSSECE
SSSHI
NSECE
SSECE
PSSHI
SEH
SOR

CVE

CDE Strong coupling
Moderate
coupling

Strong coupling

Moderate
coupling

Electromechanical coupling!!" [-] Electromechanical coupling!!" [-]

Fi
gu

re
 o

f m
er

it
"#
$ #

$%
&$

[-
]

Fi
gu

re
 o

f m
er

it
"#
$ #

$%
&$

[-
]

10-4 10-3
0

0.2

0.4

10-4 10-3
0

0.2

0.4Weak
coupling

Weak
coupling

CDE, '!" = 0

CVE, '!" = 0

CDE, '!" ∈ '#$%, 1 	

CVE, '!" = 1

CVE, '!" = '#$%

CVE, '!" = 1

CDE, '!" ∈ '#$%, 1 	

CVE / Hybrid, '!" = '#$%	

CDE, '!" = 0

C
om

pa
ris

on
 c

rit
er

io
n
! !
"#

$
[-]

C
om

pa
ris

on
 c

rit
er

io
n
! !
"#

$
[-]

10-3 10-2 10-1 100

km
2  [-]

-1

-0.9

-0.8

-0.7

-0.6

-0.5

-0.4

-0.3

m
in

 [-
]

PSSHI

SEH

PSSECE!!"#$ > 1
!!"#$ > 2

!!"#$
> 4

!!"#$
> 5

!!"#$
> 6

!!"#$ > 3

Higher PEH 
quality

Higher
electrical
interface 
quality

!!" 	 −

$ !
#$
	[−

]



Journal XX (XXXX) XXXXXX Morel et al  

 12  
 

Figure 13 presents the double tuning strategies maximizing 
𝜒"6)# as a function of 𝑘)+  and 𝛽)15. We can note that the 
double-tuning strategies indicated in Fig. 13 will always 
exhibit an 𝜒"6)# equal or greater as the ones shown in Fig. 12. 
Adding a second tuning becomes particularly beneficial (i.e. 
𝜒"6)# becomes 20% greater between Fig. 12 and Fig. 13) 
when 𝑘)+ 𝑄) > 7(1 + 𝛽)15), as shown by the dashed red line 
on Fig. 13. 

 
Figure 13. Double tuning strategies maximizing 𝜒"6)# as a 

function of 𝑘&!  and 𝛽&12 (with 𝑄& = 50). 
For weakly coupled / strongly damped harvesters, the strategy 
maximizing 𝜒"6)#	is PS-SSHI for any value of 𝛽)15. For 
greater values of 𝑘)+ , FTSECE becomes the best strategy as 
long as the electrical interface quality is good (𝛽)15 close to 
−1). When the product 𝑘)+ 𝑄) is important, (𝑘)+ 𝑄) > 15), 
the strategies maximizing 𝜒"6)# become SCSECE (if 𝛽)15 <
−0.65) and CT-SEH (and SC-SEH) (if 𝛽)15 > −0.65). 

6.3 Application of the proposed analysis   

6.3.1 Choice of the best electrical strategy 
 
In this section, we propose to apply the proposed analysis on 
two PEH from the literature in order to determine the best 
electrical interface to implement with these PEH. The first 
PEH (called PEH1), from [47], is a cantilever-beam ceramic-
based weakly coupled PEH. The second PEH (called PEH2), 
from [48], is a strongly coupled PEH made with PZT stacks. 
Table 3 summarizes the parameters of these two PEH. 
 

Table 3. Parameters of two PEH from the literature.  
Parameters PEH1 [47] PEH2 [48] Units 

𝜔' 474 952 [rad.s-1] 
𝑃01& 0.14a 30b mW 
𝒌𝒎𝟐  0.008 0.094 [-] 
𝑸𝒎 92 110 [-] 
𝒌𝒎𝟐 𝑸𝒎 0.74 10 [-] 

aEstimated from [47], for an acceleration of 1m.s-2. 
bFrom[48], for an acceleration of 0.2m.s-2. 
 
From Fig.12, because of its weak electromechanical coupling, 
the optimal single-tuning strategy associated with PEH1 is the 
PSSHI. From Fig.13, the optimal double tuning strategy is the 

PS-SSHI. Furthermore, because the low coupling of PEH1 
positions it on the left of the red line in Fig.13, there is little-
to-no interest in using double tuning strategies compared to 
single-tuning strategies. Therefore, in order to optimally 
collect energy from the PEH1, the designer should choose to 
implement the PSSHI strategy. 
The electromechanical coupling of PEH2 is much stronger. 
The optimal single-tuning strategy for PEH2 depends on the 
quality of the electrical interface (value of 𝛽)15). With an 
inductor exhibiting important conductive losses such as the 
one in [18], the optimal single-tuning strategy with PEH is the 
SEH. In the other hand, if the inductor exhibits less losses 
(such as the one in [9]), the best single-tuning strategy is the 
PSSECE. In the case of double tuning strategies, in most 
cases, the best strategy is the PS-SSHI. If the interface exhibits 
very few losses (𝛽)15 < 0.85) for instance with an integrated 
custom design with low-loss inductors such as the one in [47], 
the best double tuning strategy becomes the FTSECE. Note 
that PEH2 is always on the right of the red line in Fig. 13, 
meaning that double tuning interfaces will greatly increase the 
performances of the harvesting system compared to single-
tuning interfaces, at the cost of an increased complexity and 
self-power consumption. Therefore, in order to optimally 
collect the energy from PEH2, the designer should choose to 
implement either the PSSECE, the SEH, the FTSECE or the 
PS-SSHI, depending on the quality factor of the inductor, and 
on the tradeoff between additional tuning parameters and 
increased complexity. 
 
6.3.2 Thermal stability, aging, and vibration frequency shifts 
 
Using the expression of the normalized extracted power (8), 
the expressions of the electrical efficiency (12) and (15), and 
the expressions of the electrical damping and stiffness 
(Appendix C), it is possible to compute the harvested power 
envelopes that can be obtained with each PEH with any 
electrical interface. For example, the power envelopes of 
PEH1 and PEH2 associated with a few selected electrical 
strategies have been computed in Fig. 14 (for 𝛽)15 = −0.8). 
From Fig. 14, we can verify that the best interfaces for PEH1 
are PSSHI and PS-SSHI (as predicted by Fig. 12 and Fig.13). 
In the case of PEH2, the best single-tuning strategy is the 
PSSECE, and the best double tuning strategy is the PS-SSHI, 
which confirm the analysis of section 6.3.1. 
Figure 14 enables the prediction of the harvested power if the 
vibration frequency shifts away from the PEH resonance 
frequency. For example, in the case of PEH1 associated with 
the PSSHI interface, the harvested power is around 127µW if 
the vibration frequency is 75.5Hz. If the vibration frequency 
shifts to 74Hz, the harvested power drops to 40µW (31.5% of 
the max. power for a frequency shift of 2%). In the case of 
PEH2 associated with the PS-SSHI interface, the harvested 
power is around 30mW if the vibration frequency is 152Hz. If 
the vibration frequency shifts to 160Hz, the harvested power 
drops to 15.4mW (51% of the max. power for a frequency shift 
of 5.3%). Therefore, this shows that PEH2 is less sensitive to 
frequency shifts due to its large 𝑘)+  and by mean of a multi-
tuning electrical interface such as the PS-SSHI. 
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Figure 14. Power envelopes of a. PEH1 and b. PEH2 with various 
single- and multiple-parameters electrical strategies. 𝛽&12 = −0.8. 

 
Temperature variations might also be a cause for shifts in the 
PEH characteristics and mismatches between the harvester 
resonance frequency and the vibration frequency [27]. [49] 
shows that an increase of temperature (from 90°C to 120°C) 
leads to a shift of the resonance frequency from 1167Hz to 
1108Hz (5.5% frequency shift) of a PZT-based harvester. In 
[50], the resonance frequency shifts from 290.4Hz to 281.8Hz 
(3% frequency shift) when the temperature is increased from 
20°C to 100°C. A shift of the resonance frequency of the 
harvester has the same effect than a shift of the vibration 
frequency: in both cases, these shifts cause a mismatch 
between the vibration frequency and the resonance frequency. 
Therefore, the impact of such shift on the harvested power can 
be predicted from the power envelopes shown in Fig. 14. For 
example, if the resonance frequency of PEH2 shifts from 
152Hz to 144.4Hz (5% frequency shift) due to temperature 
fluctuations, the harvested power can be estimated, from Fig. 
14, to 15mW (50% decrease). 
Note that an increase of the temperature might also lead to a 
decrease of the electromechanical coupling. [27] shows that 
increasing the temperature from 20°C to 100°C leads to a drop 
of hard PZT coupling coefficient of about 25%. Because of 
the dependency of the electromechanical coupling on the 
temperature, the best electrical strategy with a given PEH at 
20°C might be different than the best electrical strategy with 
the same PEH at 120°C. Therefore, the designer should choose 
the electrical strategy that maximizes 𝜒"6)# considering the 
full range of temperature associated with the targeted 
application for its PEH. For example, in the case of PEH2, 
even if the electromechanical coupling gets lower due to 
temperature fluctuations, the best two-tuning electrical 
strategy, in most cases, remains the PS-SSHI.  
Finally, aging might be another source of mismatch between 
the vibration frequency and the PEH resonance frequency. As 
detailed in [49], PEH resonance frequency might drop by a 
few percent (after millions of cycles) and then stabilize 
because of aging processes. The effects of aging on the 

harvested power can also be estimated using power envelopes 
(Fig.14), and can be minimized with an appropriate choice of 
electrical strategy. 
 
6.3.3 Practical considerations concerning the electrical circuit 
 
The analysis tools and comparisons (Fig. 12 and Fig. 13) 
proposed in this paper allow the designer to choose the best 
electrical strategy for a given PEH. However, the designer 
should also pay attention to a few practical considerations that 
have not been discussed in this paper:  
i) If the coupling of the PEH is strong, the voltage across the 
piezoelectric elements tends to be large. Such large voltage 
can cause issues in terms of breakdown voltage in electronic 
components. This is particularly true in the case of ASIC 
implementation, where the breakdown voltage of integrated 
transistors can be relatively low (i.e., 10V as in [47]). On the 
one hand, if the voltage across the piezoelectric elements is 
too small (i.e., if the electromechanical coupling and the 
vibration amplitude are both weak), the electrical losses in the 
diodes of the interface circuit might completely hinder the 
performances of the harvester.  
ii) If the resonance frequency of the PEH is too high, the 
efficiency of nonlinear circuit operating synchronously with 
the vibration frequency (such as SECE and SSHI circuits) 
might drop, because of the increase of switching losses. 
iii) If the amplitudes of acceleration and voltage are too large, 
the mechanical resonator and the piezoelectric material 
(particularly if the PEH is made with polymers and 
composites) might start behaving nonlinearly, which is out-of-
the-scope of the proposed analysis. The impacts of such 
nonlinearities should be evaluated by the designer in a case-
by-case manner.  
Note that, depending on the vibration characteristics, the 
energy can also happen to be provided in burst (for example 
for shock harvesting) [47], [51], [52]. For such applications, 
additional strategies should be considered to allow 
intermittent use at the power management level. Our study 
focusses on the optimization of the harvested power during the 
harvesting process, in situations where the time during which 
energy is available in the environment is long enough for the 
system to reach steady state. 
 

7. Conclusion 

As the performances and electromechanical coupling of PEH 
gradually increases as a result of progress in material sciences 
and mechanical design, adding tunability to the electrical 
interface seems to be an appropriate approach in order to 
electrically enhance the performance of energy harvesting 
solutions. The choice of the tuning parameters determines the 
tuning ability and should be carefully considered, depending 
on the characteristics of the mechanical harvester, the targeted 
range of vibrations frequencies, and other implementation 
constraints that arise when considering particular real-life 
applications.  
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In this work, we proposed a unified analysis of the impact of 
the electrical interface on the harvester’s frequency response. 
We presented a comprehensive analysis of electrical strategies 
with various graphical and analytical tools, and provided a 
thorough comparison of these strategies. When harvesting 
energy from weakly coupled / strongly damped PEH, 
maximizing electrical damping is the most important design 
goal. In this case, Parallel, Series SSHI, and PS-SSHI are 
particularly well-adapted. When harvesting energy from 
strongly coupled / weakly damped PEH, the range of variation 
of the electrically induced stiffness as well as the shape of the 
power envelope become significant factors to consider. In this 
case, PSSECE and SEH (for single-tuning strategies) as well 
as SCSECE and FTSECE (for double-tuning strategies) are 
the most appropriate existing strategies. Thereafter, we 
applied the proposed analysis and tools to evaluate the 
performances of two PEH with various interface circuits, in 
order to find the best electrical strategy with each of these 
PEH. Finally, practical considerations such as thermal 
stability, frequency shifts, and aging, have been discussed.   
 
The recent integration of tunable strategies with self-powered 
self-convergent ASIC makes it possible to design 
piezoelectric generators that adapt their own resonance 
frequency to their environments in real-time. Such solutions 
pave the way towards the industrialization of robust and 
optimized vibration energy harvesters that combine energy 
autonomy with decision autonomy.  
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Appendix A - Power extraction limit of a linear PEH 

The mean power that is extracted by the electrical interface 
can be expressed as (18).  

 𝑃./- =
Ω𝑀𝛾&! 	
𝑘&! 2𝜋	𝜔'

z 𝑈(𝜃)𝐼(𝜃)𝑑𝜃
!L/N

'
	 (18) 

Considering that both 𝑈, 𝑋, and �̇� are 2𝜋/Ω periodic, 
combining (2) with (18) leads to (19), as detailed in [1]. 

 𝑃./- = −
Ω𝑀𝛾&! 	
2𝜋	𝜔'

z {�̇�!(𝜃)/𝑄& 	+	 �̈�(𝜃)�̇�(𝜃)|𝑑𝜃
!L/N

'
	 (19) 

Since both 𝑋 and �̇� are 2𝜋/Ω periodic, we can write 
 𝑋 = 𝑎W, +∑ (𝑎W5 cos(𝑛Ω𝜃) + 𝑏W5sin	(𝑛Ω𝜃));X

5Y-  as well as 
 �̇� = Ω∑ 𝑛(𝑏W5 cos(𝑛Ω𝜃) − 𝑎W5sin	(𝑛Ω𝜃));X

5Y- . Replacing 
these expressions in (19) and applying Parseval equality yields 
the expression of the extracted power with any harvesting 
strategy as a function of the displacement harmonics 
coefficients 𝑎W5 and 𝑏W5 (20). 

 𝑃./- =
Ω𝑀𝛾&! 	
2	𝜔'

}
𝑎O(𝐵%
𝑀 −
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��𝑛!𝑋2!
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��	 (20) 

With 𝑋5+ = 𝑎W5+ + 𝑏W5+  the squared magnitude of the 𝑛': 
displacement harmonic. Equation (20) is maximized and is 
equal to the well-known power limit 𝑃789 when the mechanical 
displacement harmonics respect the optimality conditions 
given by (21) [1].   

 

⎩
⎪
⎨

⎪
⎧ 𝑃./- = 𝑃RST =

𝐵%!𝛾&!𝑄&
8	𝜔'𝑀

𝑎O( =
𝐵%𝑄&
2Ω𝑀

∀𝑛 > 1, 𝑏O( = 𝑎O2 = 𝑏O2 = 0

	 (21) 

Appendix B – First-harmonic assumption 

The first-harmonic assumption is a well-known consideration 
made in the analysis of energy harvesting interfaces in order 
to simplify the problem by only considering the impact of the 
fundamental component of the piezoelectric voltage on the 
dynamics of the system (and assuming that all the higher 
harmonics are filtered due to the large quality factor of the 
mechanical resonator) [4][18]. This section proposes a 
demonstration of this assumption in order to study non-linear 
interfaces and their impact on the dynamics of the harvester. 
By considering the expansion of the piezoelectric voltage 𝑈 =
𝑎Z, + ∑ (𝑎Z5 cos(𝑛Ω𝜃) + 𝑏Z5sin	(𝑛Ω𝜃));X

5Y- , (2) can be 
rewritten as follows:  

 ∀𝑛 ≠ 1,

⎩
⎨

⎧𝑎O2(1 − 𝑛!Ω!) + 𝑏O2
𝑛Ω
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	 (22) 
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Ω
𝑄&

= −𝑏U( − 1
	 (23) 

From (22), the transfer function of the 𝑛': harmonic given by 
𝐻5 =

W+
Z+

  (∀𝑛 > 1) can be expressed. Similarly, the 
expression of the transfer function of the fundamental given 

by 𝐻- =
W0
Z0

 can be expressed from (23) if we assume that the 
conditions of optimality on 𝑎W- and 𝑏W- (21) are respected. 
The expression of 𝐻5 (∀𝑛 > 0) is given by (24). 

 
∀𝑛 > 0,𝐻2 =

𝑋2
𝑈2

=
1
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!Ω!
𝑄&!

	
(24) 

By considering that the vibration frequency will always 
remain relatively close to the resonance frequency of the 
vibration energy harvester, Ω = 1 + 𝛿Ω (with 𝛿Ω ≪ 1), and 
by neglecting the higher order terms, we eventually find (25). 
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Combining (25) with (20) leads to a new expression of the 
extracted power: 

 𝑃./- = 𝑃RST }1 −
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With 𝛼5+ = 𝑈5+/𝑈-+. (26) shows that the decrease of the 
extracted power from the voltage harmonics can be separated 
under two terms. The first one (in blue) can be considered 
negligible as long as the quality factor of the resonator is 
important. The second one (in green) can be considered 
negligible as long as the vibration frequency remains close to 
the resonance frequency of the harvester. These two 
assumptions can be considered true for most harvesters that 
exhibit relatively large quality factors (𝑄) > 20) and are 
usually excited around their resonance frequency (𝛿Ω < 0.3). 
This proves that respecting the conditions of optimality on the 
fundamental mechanical displacement (21) is, in most cases, 
a sufficient condition to almost reach the power limit for any 
harvester, vibration frequency, and vibration magnitude. 
However, this demonstration also shows that we should pay 
attention to the impact of the harmonics if we consider further 
enlargements of the frequency bandwidth of linear energy 
harvesters that might lead to large values of 𝛿Ω, even if the 
harvester exhibits a large quality factor. 

Appendix C – Electrical damping and stiffness of well-
known electrical strategies  

The expressions of 𝜀. and 𝜀/ of some existing CDE (red) and 
CVE (green) in the literature have been gathered in Table 4. 
The expressions of 𝜀. and 𝜀/ for SC-SEH [35], PS-SSHI [20], 
and TH-SSHI [22] are given in the corresponding references 
since they cannot be contained in Table 4.  

Note that the line CT-Strat (Capacitive Tuning Strategies) in 
Table 4 corresponds to any single tuning strategy with an 
additional tuning of a capacitance 𝐶#<2< placed in parallel with 
the piezoelectric element (𝑐 = [#121

[#121;[#
 is the dimensionless 

version of 𝐶#<2). Additional details on capacitive tuning 
strategies are given in Appendix D. 
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Appendix D – Capacitive-tuning strategies 

Adding a second tuning parameter to a single-tuning strategy 
can be easily done, by adding a tunable capacitance 𝐶#<2< in 
parallel with the piezoelectric material [28]. The tunable 
dimensionless parameter 𝑐 ∈ [0,1] is defined as 𝑐 = [#121

[#121;[#
 

with 𝐶# being the piezoelectric capacitance. The effect of 𝑐 on 
the smooth curves corresponding to the single-tuning 
strategies (𝒞EFFL[L|"Y, for PSSECE, 𝒞FLG|"Y, in the case of 
SEH) is a mathematical transformation, namely a directional 
scaling, with a scale factor of (1 − 𝑐, 1 − 𝑐). This is 
particularly interesting since this capacitive tuning has the 
same effect on every single-tuning technique, due to the 
intrinsic linearity of this approach. 
 �

𝜀*|8V;"-37-(𝜓(, 𝑐) = (1 − 𝑐)𝜀*|"-37-(𝜓()
𝜀)|8V;"-37-(𝜓(, 𝑐) = (1 − 𝑐)𝜀)|"-37-(𝜓()

	 (26) 

Two examples of strategies are represented in the EIC in 
Fig.15: CT-PSSECE (PSSECE with an additional capacitive 

tuning) and CT-SEH (SEH with an additional capacitive 
tuning). All the reachable values of (𝜀., 𝜀/) with these double-
tuning strategies are displayed in light yellow. We can note 
that representing SC-SEH (Table 4, [35]) in the EIC would be 
strictly identical to the representation of CT-SEH shown in 
Fig.15. Despite the relative simplicity of the additional 
capacitive tuning, we can observe that the harvesting 
bandwidth reached at high coupling (Fig.16.c) is particularly 
large in the cases of CT-PSSECE, CT-SEH, and CT-SSHI. As 
predicted, the harvesting bandwidth of CT-PSSECE is, for a 
strongly coupled PEH, the most important one (max(𝜀/) =
1 + 2/𝜋). The harvesting bandwidth of CT-SSSHI and CT-
SEH are almost equal and relatively important (max(𝜀/) =
1). Finally, the additional capacitive tuning presents little to 
no advantage when associated with PSSHI. 
 

 
Figure 15.  Double-tuning strategies including a combination of single-tuning strategies with an additional capacitive tuning:  

a. CT-PSSECE and b. CT-SEH. 

 
Figure 16.  Harvested power envelopes of the CT-PSSECE (blue), CT-SEH (red), CT-SSSHI (yellow), and CT-PSSHI (green), with 𝑄& =

50, 𝛽&12 = −0.8 and a. 𝑘&! = 0.002 b. 𝑘&! = 0.05 c. 𝑘&! = 0.3
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We can observe the directional scaling linked with the 
additional capacitive tuning. Because of this directional 
scaling, the resonance frequency tuning range of a 
capacitively tuned strategy is defined by the maximum value 
of 𝜀/ — the higher (max	(𝜀/)), the larger the harvesting 
bandwidth of the strategy. In the literature, the PSSECE is the 
single-tuning strategy that exhibits the highest max	(𝜀/)=1 +

2/𝜋, so we can suppose that the PSSECE is the best strategy 
to combine with capacitive tuning. This prediction is 
confirmed by the harvested power envelopes of the double-
tuning strategies shown in Fig. 16: CT-SEH, CT-PSSECE, 
CT-SSSHI (SSSHI with an additional capacitive tuning), and 
CT-PSSHI (PSSHI with an additional capacitive tuning).

 
Table 4. Table gathering all the analytical expressions of electrical damping and stiffness of well-known CVE (green) and CDE (red) 
strategies.  

 Strategy Param. 
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PSSECE 𝝓𝒔 [−
𝜋
2 ,
𝜋
2] 

4
𝜋 cos

((𝝓𝒔) 1 +
2
𝜋 sin

(2𝝓𝒔) 
[16] 

Tun. SECE 𝜷𝒔𝒘 [𝛽,"-, 1] 4
𝜋
1 − 𝜷
1 + 𝜷 1 [12] 
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SC-SEH (𝒓𝒅𝒄, 𝚫𝝓) ℝ' × [0, 𝜋] See [35] See [35] [35] 

CT-SEH (𝒓𝒅𝒄, 𝒄) ℝ' × [0,1] 8𝒓𝒅𝒄Ω(1 − 𝒄)
(2𝒓𝒅𝒄Ω + 𝜋)(

 
𝒓𝒅𝒄Ω(1 − 𝒄)
𝒓𝒅𝒄Ω + 𝜋/2	

 
[28] 

PS-SSHI (𝒓𝒅𝒄, 𝝓𝒔) ℝ' × [0, 𝜋] See [20] See [20] [20] 

SCSECE (𝝓𝒔, 𝚫𝝓) [0, 𝜋] × [0, 𝜋] [cos(𝝓𝒔) + cos(𝝓𝒔 + 𝚫𝝓)](

𝜋

+ sin
(2𝝓𝒔)
2𝜋

+ 2
cos(𝝓𝒔 + 𝚫𝝓)sin	(𝝓𝒔)

𝜋  

1 −
𝚫𝝓
𝜋 +

sin(2𝝓𝒔 + 2𝚫𝝓)
2𝜋  

[19] 

FTSECE (𝜷𝒔𝒘, 𝝓𝒔) [−
𝜋
2 ,
𝜋
2] × [𝛽,"-, 1] 

4
𝜋
1 − 𝜷𝒔𝒘
1 + 𝜷𝒔𝒘

cos((𝝓𝒔) 1 +
2
𝜋
1 − 𝜷𝒔𝒘
1 + 𝜷𝒔𝒘

sin(2𝝓𝒔) 
[18] 

TH-SSHI (𝒓𝒅𝒄, 𝜷) ℝ' × [𝛽,"-, 1] See [22] See [22] [22] 

CT-Strat (𝝍𝟏, 𝒄) 𝕍0 × [0,1] (1 − 𝒄)	𝜀#|67897(𝝍𝟏) (1 − 𝒄)	𝜀$|67897(𝝍𝟏) Appendix D 

 
 


