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A Picard-Borel algebra is a commutative unital complex algebra A such that every family of pairwise linearly independent invertible elements of A is linearly independent, and a Picard-Borel ideal I in a commutative complex unital algebra A is an ideal I of A such that the quotient algebra A/I is a Picard-Borel algebra.

In a preliminary paper the author proved that every commutative unital Fréchet algebra which is a Picard-Borel algebra is an integral domain. The main result of the present paper is that all Picard-Borel ideals in commutative unital Fréchet algebras are prime. This result seems to be relevant for Michael's problem, since dense Picard-Borel ideals could play a role in the construction of discontinuous characters on some commutative unital Fréchet algebras.

Introduction

Recall that a Fréchet algebra (F -algebra) is a locally multiplicatively convex complete metrizable complex algebra. As observed by Michael in [START_REF] Michael | Locally multiplicatively convex topological algebras[END_REF], such an algebra A is isomorphic to the inverse limit of a projective system of Banach algebras. When A is commutative and unital, this implies that the spectrum of every x ∈ A is given by the formula σ A (x) = {χ(x) : χ ∈ Spec(A)}, where Spec(A) denotes the space of continuous characters on A. Arens proved more generally in [START_REF] Arens | Dense inverse limit rings[END_REF] that if (x 1 , . . . , x n ) is any finite family of elements of A then a n-uple (λ 1 , . . . λ n ) ∈ C n belongs to the joint spectrum σ A (x 1 , . . . , x n ) of (x 1 , . . . , x n ) if and only if there exists χ ∈ Spec(A) such that λ j = χ(x j ) for 1 ≤ j ≤ n. It follows from Arens' result that if A is rationally generated by a finite family of elements of A then all characters on A are continuous.

Michael's problem, the question of continuity of characters on commutative unital F -algebras, remains open in the general case (see [START_REF] Esterle | Kaplansky's and Michael's problems : a survey[END_REF] for a survey on this question). The following result, which could lead to a positive answer to this question, was obtained by Dixon and the author in [START_REF] Dixon | Michael's problem and the Poincaré-Fatou-Bieberbach phenomenon[END_REF].

Theorem 1.1 Assume that there exists a discontinuous character on some 1 commutative unital F -algebra. Then lim ← (C pn , F n ) = ∅ for every projective system (C pn , F n ) n≥1 such that F n : C pn+1 → C pn is holomorphic for n ≥ 1.

Classical results by Fatou and Bieberbach (see for example [START_REF] Dixon | Michael's problem and the Poincaré-Fatou-Bieberbach phenomenon[END_REF], [START_REF] Rosay | Holomorphic maps from C n → C n[END_REF]) show that there exists for p ≥ 2 one-to-one holomorphic mappings F : C p → C p such that F (C p ) in not dense in C p . The ranges of such maps are called Fatou-Bieberbach domains. The existence for some p ≥ 2 of a nonincreasing sequence (U n ) n≥1 ) of Fatou-Bieberbach domains in C p such that ∩ n≥1 U n = ∅ would thus imply that all characters on Fréchet algebras are continuous, but despite some recent progress in the study of Fatou-Bieberbach domains [START_REF] Forstneric | Holomorphic families of Fatou-Bieberbach domains and applications to Oka manifolds[END_REF], [START_REF] Forstneric | Fatou-Bieberbach domains in C n \ R k[END_REF], [START_REF] Fornaess | A Fatou-Bieberbach domain intersecting the plane in the unit disc[END_REF], [START_REF] Sabiini | Chaînes de contractions holomorphes et domaines de Fatou-Bieberbach[END_REF], [START_REF] Vivas | Fatou-Bieberbach domains as basins of attaction of automorphisms tangent to the identity[END_REF], the existence of such a sequence remains unknown.

A Picard-Borel algebra is a commutative unital complex algebra A such that every family of pairwise linearly independent invertible elements of A is linearly independent, and a Picard-Borel ideal in a commutative unital complex algebra A is an ideal I of A such that the quotient algebra A/I is a Picard-Borel algebra. These notions arose from an attempt by the author [START_REF] Esterle | Picard's theorem, Mittag-Leffler methods, and continuity of characters on Fréchet algebras[END_REF] to pave the way to the construction of discontinuous characters on a 'test algebra' U to be described later.

The notion of Picard-Borel algebra had been introduced before under a different name by Roitman and Sternfeld in [START_REF] Roitman | When is a linear fuctional multiplicative ?[END_REF], in relation with the Gleason-Kahane-Żelasko theorem [START_REF] Gleason | A characterization of maximal ideals[END_REF], [START_REF] Kahane | A characterization of maximal ideals in commutative Banach algebras[END_REF], [START_REF] Jarosz | When is a linear functional multiplicative ?[END_REF]. It seems natural to call these algebras Picard-Borel algebras since Borel's proof of the Picard theorem on entire functions [START_REF] Borel | Sur les zéros des fonctions entières[END_REF] shows that the algebra H(C) of entire functions on C belongs to this class. The relevance of the notion of Picard-Borel ideals to Michael's problem follows from the fact that the 'test algebra' U possesses dense Picard-Borel ideals I such that the existence of a discontinuous character on any commutative Falgebra would imply the existence of a character on U/I or, equivalently, the existence of a (necessarily discontinuous) character on U vanishing on I.

An immediate verification shows that the union of a chain of Picard-Borel ideals is a Picard-Borel ideal, and so every Picard-Borel ideal is contained in a maximal Picard-Borel ideal. So Michael's problem is equivalent to the following question : do all dense maximal Picard-Borel ideals of the 'test algebra' U have codimension >1 ? Notice that it is not even clear whether any dense maximal Picard-Borel ideal of U has codimension >1.

We give in section 4 easy examples of trivial and nontrivial Picard-Borel algebras which are not integral domains. The purpose of the paper is to show that all Picard-Borel ideals in commutative F -algebras are prime, a fact which could play a crucial role in the study of dense maximal Picard-Borel ideals in F -algebras. For closed Picard-Borel ideals this result was obtained by the author in [START_REF] Esterle | Proceedings of the International Conference on Topological Algebras and Applications[END_REF] using Gelfand theory, but those Picard-Borel ideals which are relevant to Michael's problem are dense.

Picard-Borel and weak Picard-Borel algebras

All algebras considered in the sequel are complex algebras. If A is a commutative unital algebra, 1 denotes the unit element of C, we identify λ1 ∈ C.1 with the complex number λ, and GL(A) denotes the group of invertible elements of A.

As usual σ A (x) := {λ ∈ C : x -λ / ∈ GL(A)} denotes the spectrum in A of x ∈ A. More generally

σ A (x 1 , . . . , x n ) := {(λ 1 , . . . , λ n ) ∈ C n | (x 1 -λ 1 )A + . . . + (x n -λ n )A A}
denotes the joint spectrum in A of a finite family (x 1 , . . . , x n ) of elements of A.

For p ≥ 1, C[X 1 , . . . , X p ] (resp. C(X 1 , . . . , X p )) denotes the algebra of complex polynomials (resp. rational functions) in p (commuting) variables, The ideal of elements of C[X 1 , . . . , X p ] without constant term is denoted C 0 [X 1 , . . . , X p ], so that the algebra C 0 [X -1 1 . . . , X -1 p ] ⊕ C(X 1 , . . . X p ] is the algebra of Laurent polynomials in p variables.

Let A be a commutative unital algebra. For α = (α 1 , . . . , α p ) ∈ N p , set |α| = α 1 +. . .+α p , X α = X α1 1 . . . X αp p , and

x α = x α1 1 . . . x αp p for x = (x 1 , . . . , x p ) ∈ A p . For p = α∈N p |α|≤d o (p) λ α X α ∈ C[X 1 , . . . , X p ], set as usual p(x) = α∈N p |α|≤d o (p) λ α x α , and define in a similar way f (x 1 , . . . , x p ) for f ∈ C 0 [X -1 1 . . . , X -1 p ] ⊕ C(X 1 , . . . X p ] when x ∈ GL(A) p . Definition 2.1 (i) A weak Picard-Borel algebra is a commutative, unital alge- bra A such that card(C \ σ A (x)) ≤ 1 for every x ∈ A \ C.
(ii) A Picard-Borel algebra is a commutative, unital algebra A such that every family (u λ ) λ∈Λ of invertible elements of A which are pairwise linearly independent is linearly independent.

It follows from these definitions that every unital subalgebra of a (weak) Picard-Borel algebra is a (weak) Picard-Borel algebra.

A Picard-Borel (resp weak Picard-Borel) algebra A will be said to be trivial if GL(A) = C. is Notice that weak Picard-Borel algebras (resp. Picard-Borel algebras) are those commutative unital complex algebras which have the Picard property (resp. the Borel property) in the sense of [START_REF] Roitman | When is a linear fuctional multiplicative ?[END_REF]. It is very easy to see that a Picard-Borel algebra is a weak Picard Borel algebra. More precisely the following result was proved in [START_REF] Roitman | When is a linear fuctional multiplicative ?[END_REF]. Proposition 2.2 Let A be a commutative unital algebra. then the following conditions imply each other (i) A is a weak Picard-Borel algebra.. (ii) Every family (u j ) 1≤j≤3 of three invertible elements of A which are pairwise linearly independent is linearly independent.

We refer to [START_REF] Roitman | When is a linear fuctional multiplicative ?[END_REF] for a (very short) proof of this elementary result. A commutative unital algebra is said to have the Gleason-Kahane-Żelasko property if every linear functional φ on A such that φ(1) = 1 and such that Ker(φ) ∩ GL(A) = ∅ is a character on A. The Gleason-Kahane-Żelasko theorem [START_REF] Gleason | A characterization of maximal ideals[END_REF] [START_REF] Kahane | A characterization of maximal ideals in commutative Banach algebras[END_REF] shows that Banach algebras have this property, but Roitman and Sternfeld observed in [START_REF] Roitman | When is a linear fuctional multiplicative ?[END_REF] that no nontrivial Picard-Borel algebra has this property.

Denote by A the subalgebra of C(X 1 , X 2 ) consisting of elements of the form

f = p Π m i=1 (X1+λiX2+λ 2 i )
, where (λ 1 , . . . , λ m ) is a finite family of complex numbers, and where p ∈ C[X 1 , X 2 ]. Roitman and Sternfeld showed in [START_REF] Roitman | When is a linear fuctional multiplicative ?[END_REF] that A is a weak Picard-Borel algebra.

Since Ker(φ) ∩ GL(A) = ∅ for every linear functional φ on A, A has trivially the Gleason-Kahane-Żelasko property, so A is not a Picard-Borel algebra, and A does not possess any character.We do not know any example of a Picard-Borel algebra without any character.

An easy computation shows that Span(

X 1 , X 1 + X 2 + 1) ∩ GL(A) = ∅ for λ, µ ∈ C, which shows that σ A (X 1 , X 1 + X 2 + 1) = ∅, despite the fact that Card(C \ σ A (f )) ≤ 1 for every f ∈ A \ C.
Another example of a weak Picard-Borel algebra which is not a Picard-Borel algebra is given by the Fréchet algebra

H(C 2 )/z 1 z 2 H(C 2 ) (see section 3).
Recall that the Jacobson radical Rad(A) of a commutative unital complex algebra A is the intersection of all maximal ideals of A, and that A is said to be semisimple if Rad(A) = {0}. We conclude this section with the following easy result proved in [START_REF] Esterle | Proceedings of the International Conference on Topological Algebras and Applications[END_REF].

Proposition 2.3 Let A be a weak Picard-Borel algebra. (i) A is semisimple. (ii) If x ∈ A \ C, then the map p(X) → p(x) is a one-to-one homomorphism from C[X] into A. (iii) If x ∈ GL(A) \ C * , then the map r(X) → r(x) is a one-to-one homomorphism from C 0 [X -1 ] ⊕ C[X] into A.
In particular every nontrivial Picard-Borel algebra contains a copy of the Picard-Borel algebra

C 0 [X -1 ] ⊕ C[X].

Picard-Borel ideals in Fréchet algebras and Michael's problem

Denote by H(U ) the algebra of holomorphic functions on an open set U ⊂ C p , which is a F -algebra with respect to the topology of uniform convergence on compact set. The fact that H(C) is a Picard-Borel algebra follows from Borel's proof of the Picard theorem [START_REF] Borel | Sur les zéros des fonctions entières[END_REF], [START_REF] Nevanlinna | Le théorème de Picard-Borel[END_REF], and implies that H(C p ) is a Picard-Borel algebra for p ≥ 1.

An ideal I of a commutative unital algebra A is said to be a Picard-Borel ideal (resp. weak Picard-Borel ideal) if the quotient algebra A/I is a Picard-Borel algebra (resp. weak Picard-Borel algebra)

The author showed in [START_REF] Esterle | Proceedings of the International Conference on Topological Algebras and Applications[END_REF] that Picard-Borel Fréchet algebras are integral domains, by using the fact that the space of continuous characters on a weak Picard-Borel F -algebra is connected with respect to the Gelfand topology. This follows from the extension to F -algebras of the Shilov idempotent theorem [START_REF] Dales | Banach algebras and automatic continuity[END_REF], [START_REF] Rosenfeld | Commutative F -algebras[END_REF]. This shows that closed Picard-Borel ideals in F -algebras are prime. In particular the quotient algebra H(C 2 )/z 1 z 2 H(C 2 ) provides an example of a weak Picard-Borel F -algebra which is not a Picard-Borel algebra.

We now explain the relevance of dense Picard-Borel ideals in F -algebras to Michael's problem. Denote by C N [[X]] the algebra of all formal power series in infinititely many commuting variables (X n ) n≥1 , and denote by ∆ the space of sequences α = (α n ) n≥1 of nonnegative integers such that the set supp(α)

:= {n ≥ 1 | α n > 0} is finite or empty. For α ∈ ∆ set |α| = +∞ n=1 α n and X α = Π n∈supp(α) X αn n , with the obvious convention X α = 1 if α is the zero sequence. For n ≥ 1 set ∆ n := {α ∈ ∆ | supp(α) ⊂ {1, . . . , n}, |α| ≤ n}. For f ∈ C N [[X]], α ∈ ∆, denote by f (α) ∈ C the coefficient of X α in the power series expansion of f, and set p n (f ) = α∈∆n | f (α)| for n ≥ 1. The topological algebra (C N [[X]], (p n ) n≥1
) is a F -algebra, and we have

f = α∈∆ f (α)X α (f ∈ C N [[X]]).
The following F -algebra, discussed in [START_REF] Dixon | Michael's problem and the Poincaré-Fatou-Bieberbach phenomenon[END_REF], [START_REF] Esterle | Picard's theorem, Mittag-Leffler methods, and continuity of characters on Fréchet algebras[END_REF] is the second of the "test algebras" for Michael's problem introduced by Clayton in [START_REF] Clayton | A reduction of the continuous homomorphism problem for Falgebras[END_REF].

Definition 3.1 U := ∩ n≥1 {f ∈ C N [[x]] | f n := α∈∆ | f (α)|n |α| < +∞}, I p := X 1 U + . . . + X p U for p ≥ 1, and I ∞ := ∪ p≥1 I p .
The algebra U is a F -algebra with respect to the sequence ( . n ) n≥1 of submultiplicative norms, and U is a "test algebra" for Michael's problem, which means that the existence of a discontinuous character on any commutative Falgebra would imply the existence of a discontinuous character on U. As usual c 00 denotes the space of complex sequences which vanish eventually, and 1 denotes the space of summable complex sequences. The following result was proved by the author in [START_REF] Esterle | Picard's theorem, Mittag-Leffler methods, and continuity of characters on Fréchet algebras[END_REF].

Theorem 3.2 Let λ = (λ n ) n≥1 ∈ 1 \c 00 , and set I ∞,λ := I ∞ + +∞ n=1 λ n X n U.
Then I ∞,λ is a dense Picard-Borel ideal of U, and the following statements imply each other (i) There exists a discontinuous character on some commutative F -algebra.

(ii) The Picard-Borel algebra U/I ∞,λ possesses a character.

Condition (ii) is indeed equivalent to the existence of a (necessarily discontinuous) character φ on U such that I ∞,λ ⊂ Ker(φ).

The union of a chain of (weak) Picard-Borel ideal is obviously a (weak) Picard Borel ideal, and so every (weak) Picard-Borel ideal is contained in a maximal (weak) Picard-Borel ideal.

Maximal weak Picard-Borel ideals of codimension

> 1 cannot be maximal, since σ A (x) = ∅ for x ∈ A \ C if A is a division algebra of dimension > 1.
So any information on maximal weak Picard-Borel ideals or maximal Picard-Borel ideals would be relevant to Michael's problem. The fact that all Picard-Borel ideals are prime will be proved in the next section.

4 Picard-Borel ideals in F -algebras are prime Some Picard-Borel algebras are not integral domains. For example the quo-

tient algebra C[X 1 , X 2 ]/X 1 X 2 C[X 1 , X 2 ]
is a trivial Picard-Borel algebra which is not an integral domain.

Now denote by H 0 (C) the space of entire finctions on C vanishing at the origin, and consider the space A := C 0 [X] × H 0 (C) × C, equipped with the product (p, f, λ)(q, g, µ) = (pq + µp + λq, f g + µf + λg, λµ). Then A is a unital algebra isomorphic to a subalgebra of H(C 2 )/z 1 z 2 H(C 2 ), and the invertible elements of B have the form (0, e h -e h(0) , e h(0) ) ≈ e h where h ∈ H(C). So A is a Picard-Borel algebra which is not an integral domain.

Let A be a commutative unital F -algebra. Recall that Spec(A) denotes the space of continuous characters on A, equipped with the usual Gelfand topology. For a ∈ A we denote by C a [X] the set of polynomials which do not vanish on σ A (a), so that C a [X] = C \ {0} if Spec(A) = C, and we denote by C a (a) the algebra of elements of the form p(a)q(a) -1 where p ∈ C[X], q ∈ C a [x]. The algebra A is said to be singly rationally generated if there exists a ∈ A such that C a (a) is dense in A, in which case a in called a rational generator of A. In this situation it is well-known that the map χ → χ(a) is a homeomorphism from Spec(A) onto σ A (a). Notice that if I is a weak Picard-Borel ideal of a commutative unital F -algebra A then ∩ χ∈Spec(A) Ker(χ) ⊂ I, since x -λ ∈ GL(A) for every λ = 0 if x ∈ ∩ χ∈Spec(A) Ker(χ). Proposition 4.1 Let A be a singly rationally generated commutative unital Falgebra. Assume that Spec(A) has no isolated points and that principal ideals of A are closed, and let I be a weak Picard-Borel ideal of A.

If ∩ χ∈Spec(A) Ker(χ) I, then I = Ker(χ) for some χ ∈ Spec(A).

Proof : Set Z(I) := {χ ∈ Spec(A) | χ(x) = 0 ∀x ∈ I}. Then Z(I) is a proper closed subset of Spec(A), and Spec(A) \ Z(I) is not a singleton since Spec(A) has no isolated points. Let a be a rational generator of A, let χ ∈ Spec(A), and let x ∈ Ker(χ). There exist a sequence (r n ) n≥1 of elements of C a (X) such that x = lim n→+∞ r n (a), and so It follows from the proposition that the only nonzero weak Picard-Borel ideals of H(C) and C \ {0} are given by the kernels of point evaluations.

lim n→+∞ r n (χ(a)) = lim n+∞ (χ(r n )(a)) = 0. So x = lim n+→+∞ r n (a) -r n (χ(a)) ∈ (a -χ(a))A since r n (a) -
For f ∈ H(C), n ≥ 0 denote by f (n) the n-th Taylor coefficient of f at the origin and, similarly, denote by f (n) the n-th Laurent coefficient of f at the origin for f ∈ H(C \ {0}), n ∈ Z.

Let A be a commutative unital F -algebra, and let I be an ideal of A. For

f ∈ H(C), a ∈ A, set f (a) = +∞ n=0 f (n)a n , and set φ n := n p=1 C p n X n-p Y p-1 for n ≥ 1, so that Y φ n (X, Y ) = (X +Y ) n -X n . Then φ n (a, b) ≤ n ( a + b ) n-1
for a, b ∈ A and for every submultiplicative seminorm . on A. So the series

+∞ n=1 f (n)φ n (a, h) converges in A for every h in A. Since f (a + h) -f (a) = h +∞ n=1 f (n)φ n (a, h) , the map f : a + I → f (a) + I is a well-defined homomorphism from H(C) into A/I for every a ∈ A. Now assume that a + I is invertible in A/I, let b ∈ A such that ab -1 ∈ I, and set h = ab -1. For f ∈ H(C \ {0}) set f (a + I) = n∈Z f (n)c n + I,
with the convention c n = a n for n ≥ 0 and c n = b -n for n < 0. Then the linear map f → f (a + I) is well-defined for every a ∈ A. Let f, g ∈ H(C \ {0}).

We have c p c q = c p+q if pq ≥ 0. Now assume that p > 0 and q < 0. If p + q ≥ 0 then c p c q = a p+q (ab) -q = c p+q (1 + hφ -q (1, h)), and if p + q < 0 we have c p c q = b -p-q (ab) p = c p+q (1 + φ p (1, h)).

Let f, g ∈ H(C \ {0}). Since φ k (1, h) ≤ k(1 + h ) k-1 for k ≥ 1 and for every submultiplicative seminorm . on A, it follows from Cauchy's inequalities that the series p>0,q<0 f (p) g(q)c p+q φ -q (1, h) and p<0,q>0 f (p) g(q)c p+q φ -p (1, h) converge in A, and we have, for a ∈ A,

f (a)g(a) -(f g)(a) = h p>0,q<0 f (p) g(q)c p+q φ -q (1, h) + p<0,q>0 f (p) g(q)c p+q φ -q (1, h) ∈ I. So the map f → f (a + I) is a well-defined homomorphism from H(C \ {0}) into A/I if a + I is invertible in A/I.
It follows from Proposition 4.1 that we have the following folklore result. Proof : If I is not a weak Picard-Borel ideal of H(C 2 ), then I is not a Picard-Borel ideal of H(C 2 ). Now assume that H(C 2 )/I is a weak Picard-Borel algebra. Let π : f → f + I be the natural surjection of H(C 2 ) onto H(C 2 )/I, and for j = 1, 2 set

H j (C) := {f (z j ) := f ∈ H(C)} (resp H j,0 (C) := {f ∈ H j (C) | f (0) = 0}).
Then π(H j (C)) ⊂ H(C 2 )/I is a weak Picard-Borel algebra, and so

H j (C) ∩ I is a weak Picard-Borel ideal of H j (C). If, say, H 1 (C) ∩ I = {f ∈ H 1 (C) | f (λ) = 0}
for some λ ∈ C, we would have π(z 1 ) = λ. Then 0 = π(z 1 )π(z 2 ) = λπ(z 2 ). So either λ = 0, which would mean that z 1 ∈ I, or λ = 0, which would mean that z 2 ∈ I. Since none of these situations occur we see that H 1 (C) ∩ I = {0}, and, similarly, H 2 (C) ∩ I = {0}.

Clearly, H j,0 (C) = z j H j (C), and so

f 1 f 2 ∈ I for f 1 ∈ H 1,0 (C), f 2 ∈ H 2,0 (C). Let f 1 ∈ H 1,0 (C) and let f 2 ∈ H 2,0 (C) such that f 1 -f 2 ∈ I. Then z j f j ∈ H j (C) ∩ I = {0} for j = 1, 2, and so f 1 = f 2 = 0.
Let f 1 ∈ H 1,0 (C) and let f 2 ∈ H 2,0 (C). We have (e f1 + e f2 -1)(e -f1 + e -f2 -1)

= ((e f1 -1) + (e f2 -1) + 1)((e -f1 -1) + (e -f2 -1) + 1)

∈ (e f1 -1)(e -f1 -1) + e f1 -1 + (e f2 -1)(e -f2 -1) + e f2 -1 + e -f1 + e -f2 -1 + I = 1 + I.

So π(e f1 + e f2 -1) is invertible in H(C 2 )/I, and π(e f1 + e f2 -1) -1 = π(e -f1 + e -f2 -1).

Now let f 1 , g 1 ∈ H 1,0 (C), let f 2 , g 2 ∈ H 2,0 ( 
C), and assume that there exists λ ∈ C such that e f1 + e f2 -1 ∈ λ(e g1 + e g2 -1) + I. Then z 1 (e f1 -λe g1 ) ∈ H 1 (C) ∩ I = {0}. So e f1 = λe g1 , and λ

= 1 since f 1 (0) = g 1 (0) = 0. Hence f 1 -g 1 ∈ H 1,0 (C) ∩ 2iπZ = {0}. The same argument shows that f 2 = g 2 .
Set

F := {π(e z1 + e z2 -1), π(e z1 + e 2z2 -1), π(e 2z1 + e z2 -1), π(e 2z1 + e 2z2 -1)}.

Then F is a family of invertible elements of H(C 2 )/I which are pairwise linearly independent, but F is not linearly independent since we have (e z1 + e z2 -1) -(e z1 + e 2z2 -1) -(e 2z1 + e z2 -1) + (e 2z1 + e 2z2 -1) = 0, which shows that I is not a Picard-Borel ideal of H(C 2 ). Let A be a commutative unital Fréchet algebra, let I be an ideal of A, let π : x → x + I be the natural surjection from A onto A/I and let (x 1 , . . . , x p ) be a finite family of elements of A. If (h 1 , . . . , h p ) ∈ I p , then f (x 1 + h 1 , . . . , x p + h p ) ∈ f (x 1 , . . . , x p ) + I, and so the formula φ(f ) = f (x 1 , . . . , x p ) + I defines a unital homomorphism from H(C p ) into A/I such that φ(z j ) = π(x j ) for 1 ≤ j ≤ p. Proof : Let I be an ideal of a commutative unital Fréchet algebra which is not prime, and let x 1 , x 2 ∈ A \ I such that x 1 x 2 ∈ I. For f ∈ H(C 2 ), set as above φ(f ) = f (x 1 , x 2 ) + I.

Set J := Ker(φ). We have φ(z 1 z 2 ) = π(x 1 x 2 ) = 0, and so z 1 z 2 ∈ J, but z 1 / ∈ J and z 2 / ∈ J since φ(z 1 ) = π(x 1 ) = 0 and φ(z 2 ) = π(x 2 ) = 0. It follows from the lemma that H(C 2 )/J is not a Picard-Borel algebra, and so φ(H(C 2 )) is not a Picard-Borel algebra. A fortiori A/I is not a Picard-Borel algebra.

Set C * := C\{0}. We now give the details of a result, mentioned in [START_REF] Esterle | Proceedings of the International Conference on Topological Algebras and Applications[END_REF], which shows that every nontrivial Picard-Borel algebra has a 'large' unital subalgebra which possesses many characters. (ii) If a subgroup G of GL(A) satisfies the conditions of (i), then for every multiplicative functional φ on G there exists a character χ on span(GL(A)) such that χ(g) = φ(g) for every g ∈ G.

  r n (χ(a)) ∈ (a -χ(a))A and since principal ideals of A are closed. So Ker(χ) = (a -χ(a))A. Now let M be a maximal ideal of A containing I, and let χ ∈ Spec(A)\Z(I). If M is dense then a -χ(a) / ∈ M since (a -χ(a))A = Ker(χ) is maximal. If M is closed then M = Ker(φ) for some φ ∈ Z(I), and a -χ(a) / ∈ Ker(φ) since φ(a -χ(a)) = φ(a) -χ(a) = 0. So a -χ(a) + I is invertible in A/I for every χ ∈ Spec(A) \ Z(I), and there exists λ ∈ C such that a -λ ∈ I. Then λ ∈ σ A (a), there exists φ ∈ Spec(A) such that λ = φ(a), and Ker(φ) = (a -φ(a))A = I since Ker(φ) is maximal.

Corollary 4 . 2

 42 Let A be a commutative unital F -algebra, let I be a weak Picard-Borel ideal of A such that dim(A/I) > 1, and let u / ∈ C.1 be an element of A/I. (i) The map f → f (u) is a one to-one algebra homomorphism from H(C) into A/I.

(

  ii) If, further, u is invertible in A/I, then the map f → f (u) is a one-to-one homomorphism from H(C \ {0}) into A/I.Let u ∈ H(C) be a nonconstant function. With the above notations the map f → f (e u ) is a one-to-one homomorphism from H(C \ {0}) into H(C) which shows without any computation that H(C \ {0}) is a Picard-Borel algebra.For p ≥ 1, 1 ≤ j ≤ p denote by z j : (λ 1 , . . . λ p ) → λ j the j-th projection map from C p onto C. Lemma 4.3 Let I be an ideal of H(C 2 ) such that z 1 / ∈ I, z 2 / ∈ I, z 1 z 2 ∈ I. Then I is not a Picard-Borel ideal of H(C 2 ).

  For f ∈ H(C p ), set as usual f (x 1 , . . . , x p ) := . . . , 0)x m1 1 . . . x mp p   .

Theorem 4 . 4

 44 Every Picard-Borel ideal of a commutative unital F -algebra is prime.

Proposition 4 . 5

 45 Let A be a Picard-Borel algebra. (i) There exists a subroup G of GL(A) such that G ∩ C * = {1} and such that GL(A) = C * G.

Proof : Assertion (i) follows from quite standard arguments, but we give a proof for the convenience of the reader. Let F be the family of all subgroups of GL(A) such that G ∩ C * = {1}, assume that C * G GL(A), and let u ∈

It follows from Zorn's lemma that F possesses maximal elements with respect to inclusion, and every maximal element G of F satisfies the conditions of (i).

(ii) This follows from the fact that a subgroup G satisfying the conditions of (i) is a linearly independent set such that span(G) = span(GL(A)). Now let A be a commutative unital F -algebra, and denote by GL 0 (A) the component of the unit in GL(A) so that exp(A) ⊂ GL 0 (A) ⊂ GL(A). An example of a commutative F -algebra such that exp(A) GL 0 (A) is given in [START_REF] Davie | Homotopy in Fréchet algebras[END_REF], and H(C * ) provides an example of a Picard-Borel algebra A such that exp(A) = GL 0 (A) GL(A).

Let A be a Picard-Borel F -algebra. If GL(A) = exp(A), then G = exp(Ker(χ)) satisfies (i) for every χ ∈ Spec(A). If, further, A is finitely rationally generated, then all characters on A are continuous, and, while discontinuous characters on span(Inv(A)) can be constructed using the proposition, those which can be extended to the whole of A are continuous.

The algebra H(C) possesses dense prime ideals which have been studied a long time ago [START_REF] Helmer | Divisibility properties of integral functions[END_REF], [START_REF] Henriksen | On the ideal structure of the ring of entire functions[END_REF], [START_REF] Henriksen | On the prime ideals of the ring of entire functions[END_REF] and are not weak Picard-Borel ideals indeed. While information about closed ideals of H(C p ) can be found in [START_REF] Lelong | Entire functions of several complex variables[END_REF] for p ≥ 2, we did not find in the litterature a description of dense prime ideals of H(C p ), besides the obvious fact that if I is a dense ideal of H(C p ) then the joint spectrum of (z 1 + I, . . . , z p + I) is empty. The author thinks that no Picard-Borel ideal of H(C p ) is dense, but was not able so far to prove it.