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Abstract. The carré du champ method is a powerful technique for proving in-
terpolation inequalities with explicit constants in presence of a non-trivial met-

ric on a manifold. The method applies to some classical Gagliardo-Nirenberg-

Sobolev inequalities on the sphere, with optimal constants. Very nonlinear
regimes close to the critical Sobolev exponent can be covered using nonlinear

parabolic flows of porous medium or fast diffusion type. Considering power
law weights is a natural question in relation with symmetry breaking issues for

Caffarelli-Kohn-Nirenberg inequalities, but regularity estimates for a complete

justification of the computation are missing. We provide the first example of a
complete parabolic proof based on a nonlinear flow by regularizing the singular-

ity induced by the weight. Our result is established in the simplified framework

of a diffusion built on the ultraspherical operator, which amounts to reduce the
problem to functions on the sphere with simple symmetry properties.
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1. Introduction and main results. The Gagliardo-Nirenberg-Sobolev interpola-
tion inequality,

p−2
d ‖∇u‖

2
L2(Sd) + ‖u‖2L2(Sd) ≥ ‖u‖

2
Lp(Sd) ∀u ∈ H1(Sd, dµ) ,

is usually attributed to W. Beckner [5] but can also be found in [7, Corollary 6.1].
With some restriction on p, it was even proved earlier in [1, 2, 3] by the carré du
champ method. Here dµ is the uniform probability measure on the d-dimensional
sphere Sd corresponding to the measure induced by Lebesgue’s measure on Sd ⊂
Rd+1, up to a normalization constant 1/|Sd|, and p is an arbitrary exponent in the
range 2 < p ≤ 2∗ if d ≥ 3, where the critical exponent is defined as 2∗ := 2 d/(d−2).
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The inequality holds true for any finite p > 2 if d = 1 or 2: in this case, we adopt the
convention that 2∗ = +∞ and shall write that p ∈ (2, 2∗). The norms are defined
with respect to dµ, that is,

‖u‖Lq(Sd) :=

(∫
Sd
|u|q dµ

)1/q

.

We can rewrite the interpolation inequality as

‖∇u‖2L2(Sd) ≥
d

p− 2

(
‖u‖2Lp(Sd) − ‖u‖

2
L2(Sd)

)
∀u ∈ H1(Sd, dµ) , (1)

which now makes sense for any p ∈ [1, 2) ∪ (2, 2∗] if d ≥ 3, and for any p ∈
[1, 2)∪(2,+∞) if d = 1 or d = 2. The case p = 2∗ is the critical case of the inequality
and the usual Sobolev inequality on Rd, with optimal constant, is recovered using
the stereographic projection. The case p = 2 has of course to be excluded, but it
is easy to pass to the limit in (1) as p → 2 and obtain the logarithmic Sobolev
inequality on Sd, i.e.,

‖∇u‖2L2(Sd) ≥
d

2

∫
Sd
|u|2 log

(
|u|2

‖u‖2
L2(Sd)

)
dµ ∀u ∈ H1(Sd, dµ) \ {0} . (2)

For brevity, we shall refer to this case as the p = 2 case. Equality in (1) and (2) is
achieved by constant functions. The constants d/(p − 2) in (1) and d/2 in (2) are
optimal. If ϕ is an eigenfunction (a spherical harmonic function) of the Laplace-
Beltrami operator ∆ on Sd such that −∆ϕ = dϕ, we use u = 1 + εϕ as a test
function. A Taylor expansion at order two in ε→ 0 shows that (1) and (2) cannot
hold with larger constants. This is of course the easy part of the result. The really
difficult part is to prove that (1) and (2) are true respectively with the constants
d/(p− 2) and d/2. Over the years various proofs have been proposed:

1) The strategy of W. Beckner in [5] relies on the sharp Hardy-Littlewood-
Sobolev inequalities of E.H. Lieb in [32], Legendre duality and monotonicity
properties of the coefficients in a decomposition on spherical harmonics.

2) The proof of M.-F. Bidaut-Véron and L. Véron in [7] is based on nonlinear
elliptic methods initiated for the study of critical points in [31].

3) The carré du champ method introduced by D. Bakry and M. Émery in [2] uses
semi-groups defined by linear parabolic flows and it is restricted for d ≥ 2 to

p ≤ 2# where 2# := 2 d2+1
(d−1)2 < 2∗. We refer to [4] for a general presentation

of the method and results which go far beyond functional inequalities, and
to [30, 26] for recent developments.

4) There are various other proofs based on stereographic projection and sym-
metrizations, transformations of Emden-Fowler type as in [34] or [19], mass
transport in [13], inversion symmetry and direct use of spectral properties
in [29], at least for some specific values of p, which we will not discuss here.

It turns out that the approaches 2) and 3) are based on similar computations as was
discussed by J. Demange in [14] and the restriction p ≤ 2# can be lifted by extending
the carré du champ method to nonlinear parabolic equations of porous medium
and fast diffusion type. The overall strategy is based on the entropy methods:
see [10, 9, 11] for early results on nonlinear parabolic equations by the carré du
champ method, [15] for a recent review and [8] for further details. The method
has been made systematic in a series of papers [17, 20, 18, 23, 16] with important
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consequences on symmetry and symmetry breaking issues studied in [22, 25, 24], on
which we will come back below.

The point of view of 3) is beautiful as it provides a clear structure and, at least
from a formal point of view, a gradient flow interpretation. This allows to order
computations which are otherwise extremely complicated in 2) and involve a rather
non-intuitive use of test functions. However, there is a price to pay as the regularity
needed to justify all necessary integrations by parts is not a priori granted for the
solutions of the nonlinear parabolic equations when singular weights are present. A
major advantage of 2) is indeed that the elliptic regularity theory can be invoked
to justify the computations.

In this paper, we are interested in weighted interpolation inequalities of the form∫
Sd
|∇u|2 dµn ≥

Cn,p
p− 2

((∫
Sd
|u|p dµn

) 2
p

−
∫
Sd
|u|2 dµn

)
∀u ∈ H1(Sd, dµn) (3)

where dµn = Z−1
n ρn−d dµ is a probability measure built on dµ with a weight ρn−d

where ρ = ρ(x) is such that ρ(x)2 = 1− (x · e)2, for some given, fixed e ∈ Sd, and n
is generically not an integer. A motivation to study of (3) is for instance to consider
the case 0 < n < d so that the weight has a singularity at x = e, or the case n > d so
that the operator associated to the Dirichlet form degenerates at x = e. Because of
the rotation invariance, there is no loss of generality in assuming that e is the north
pole and we shall consider cylindrical coordinates (z, ω) ∈ [−1, 1]× Sd−1 such that

x = z e + ρω where ρ =
√

1− z2. A deep reason for studying (3) comes from its
relation with some Caffarelli-Kohn-Nirenberg inequalities (see [26] for more details),
which goes as follows. Let us consider the stereographic projection from Sd (with
cylindrical coordinates) onto Rd (with spherical coordinates) given by

[−1, 1]× Sd−1 3 (z, ω) 7→ (s, ω) ∈ [0,+∞)× Sd−1

where

s =
√

1+z
1−z ⇐⇒ z = s2−1

s2+1 = 1− 2
s2+1 and ρ =

√
1− z2 = 2 s

s2+1 .

To the function u ∈ H1(Sd, dµn), we associate the function on w on Rd such that

w(s, ω) =
(

2
1+s2

)n−2
2 u(z, ω) .

Here we consider the case p = 2n/(n− 2). Inequality (3) becomes∫
Rd

|∇w|2 sn−1 ds dω ≥ Cn,p
p− 2

|Sd|1−
2
p

(∫
R+×Sd−1

|w|p sn−1 ds dω

) 2
p

which can be rewritten simply as∫
Rd

|∇w|2 |x|n−d dx ≥ Cn,p
p− 2

|Sd|1−
2
p

(∫
Rd

|w|p |x|n−d dx
) 2

p

. (4)

To relate (4) with the Caffarelli-Kohn-Nirenberg inequalities, let us do one more
change of variables as in [22] and define

f(r, ω) = w(s, ω) with s = rα , α =
d− 2− 2 a

n− 2
=

1

4
(d− 2− 2 a) (p− 2)

for some new parameter a ∈ (0, (d− 2)/2). With

b := a + 1− d
n , Ca,b =

Cn,p

p−2
|Sd|1−

2
p

α
1− 2

p
and Dαf :=

(
1
α
∂f
∂r ,

1
r ∇ωf

)
,
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we can reformulate (3) as∫
Rd

|Dαf |2

|x|2 a
dx ≥ Ca,b

(∫
Rd

|f |p

|x|b p
dx

) 2
p

. (5)

These equivalences are of course formal: the range of the exponents has limitations
and in the case n > d ≥ 3 for instance, we should consider only p = 2 p/(d−2+2 b−
2 a) with the restriction 0 ≤ a ≤ b ≤ a + 1 < d/2. Moreover, the functional setting
has to be properly defined by considering either functions f which are smooth with
compact support in Rd \ {0}, or a space obtained by completion with respect to
the norm corresponding to the left-hand side in (5). A standard issue is to decide
whether optimality is achieved among radial functions or not. This can be done by
elliptic methods: see [12, 27, 22]. However, the intuition of the proof of [22] relies
on the carré du champ method and, as it is discussed at length in [21], a complete
parabolic proof is so far missing: the extension of the carré du champ method to
weighted, nonlinear diffusion equations is only formal.

In this paper, we focus on a parabolic approach of (3) based on a regularization
of the weight and the carré du champ method. The discussion of the symmetry
issues will be ignored as it involves various cases and requires elementary although
very technical computations. For this reason, we shall restrict our study to sym-
metric functions on Sd depending only on the z variable. In that setting, the usual
Laplace-Beltrami operator becomes the d-ultraspherical operator while the oper-
ator associated with (3) is now an n-ultraspherical operator for some real valued
parameter n.

Let us consider functions of the variable z ∈ [−1, 1]. We define the probability
measure

dνn(z) := Z−1
n ρn−2 dz where Zn :=

√
π Γ(n2 )

Γ(n+1
2 )

, ρ =
√

1− z2 ,

for some real parameter n > 0, the space L2([−1, 1], dνn)) with scalar product

〈f1, f2〉 :=
∫ 1

−1
f1 f2 dνn and the corresponding norm ‖f‖2 := 〈f, f〉1/2. For any

q > 2, let

‖f‖q =

(∫ 1

−1

|f |q dνn
)1/q

.

The self-adjoint ultraspherical operator

Ln f := (1− z2) f ′′ − n z f ′ = ρ2 f ′′ − n z f ′

has the fundamental property

〈f1,Ln f2〉 = −
∫ 1

−1

f ′1 f
′
2 ρ

2 dνn (6)

and if f = f1 = f2, we have −〈f,Ln f〉 = ‖ρ f ′‖22. We denote by H1([−1, 1], dνn)
the space of the functions f ∈ L2([−1, 1], dνn) such that ‖ρ f ′‖22 + ‖f‖22 < ∞. We
extend the notion of critical exponent using

2∗ :=
2n

n− 2
∀n > 2 (7)

and adopt the convention that 2∗ = +∞ if n ≤ 2.
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Theorem 1. Let n > 0. Then for any p ∈ [1, 2) ∪ (2, 2∗) if n ≤ 2 and any
p ∈ [1, 2) ∪ (2, 2∗] if n > 2, we have

‖ρ f ′‖22 ≥
n

p− 2

(
‖f‖2p − ‖f‖22

)
∀ f ∈ H1([−1, 1], dνn) , (8)

while for p = 2, we have

‖ρ f ′‖22 ≥
n

2

∫ 1

−1

f2 log

(
f2

‖f‖22

)
dνn ∀ f ∈ H1([−1, 1], dνn) . (9)

The constants in (8) and (9) are sharp.

The logarithmic Sobolev inequality (9) has been proved in [33, Theorem 1] for
any real number n ∈ (0,+∞). It is obtained by taking the limit as p → 2 and
we assume from now on that p 6= 2 without further notice. Inequality (8) with
p = 2∗ and a real parameter n > 2 can be found in [34] and in the whole range of
p > 2 in [6] with a proof based on elliptic estimates which is very similar to the
proof of [7]. Inspired by [14], results for the ultraspherical operator with n ∈ N
were proved in [17, 18, 23] using entropy methods, linear and nonlinear diffusion
equations and appropriate versions of the carré du champ method. As far as we
know, when n is not an integer, no rigorous proof based on flows has been provided
if n > 1 and 2# < p < 2∗, where

2# :=
2n2 + 1

(n− 1)2
(10)

is the Bakry-Émery exponent. The ultraspherical operator is considered in [2] and
the limitation to the range p ≤ 2# for using the heat flow is made clear in [3].
This limitation can be lifted by considering a nonlinear diffusion equation (see [23]
for detailed explanations and earlier references therein) when n is an integer (we
refer to [35, 36] for the theory of fast diffusion and porous medium equations). With
n ∈ R+\N, regularity properties and an approximation method are needed to prove
Theorem 1.

2. Ultraspherical operators and carré du champ methods. This section is
devoted to the proof of Theorem 1. We start by a few observations which motivate
our method.

2.1. Preliminary remarks. The case p = 1 of (8) is the Poincaré or spectral gap
inequality associated with Ln and can be written as

−〈f,Ln f〉 ≥ n ‖f‖22 ∀ f ∈ H1([−1, 1], dνn) such that

∫ 1

−1

f dνn = 0 .

The ultraspherical operator has purely discrete spectrum λk = k (k+n− 1), k ∈ N,
with eigenfunctions f0 = 1 and f1(z) = z associated with k = 0 and k = 1. A basis
of eigenfunctions is provided by the Gegenbauer or ultraspherical polynomials. The
optimality of the constants in (8) and (9) is easy to check using f = f0 + ε f1 as a
test function and then considering the limit as ε→ 0+. See [18, 16, 28] for the next
order term.

Equality in (8) and (9) is achieved only by constant functions if p < 2∗ and by
fa,b(z) = a |1 − b z|(n−2)/2 for some real numbers a and b with |b| < 1 if n > 2
and p = 2∗. The fact that the optimizers fa,b are not limited to constant functions
in the critical case reflects the invariance under conformal transformations. It is
elementary to check that for an appropriate choice of t 7→ (a(t), b(t)), fa(t),b(t)
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solves the fast diffusion equation that will be considered in Section 2.3. The family
(fa,b) can be characterized by considering the remainder term in the carré du champ
method. See [23, Proposition 4.1] when n ∈ N.

As already mentioned, when n is an integer, Ln can be interpreted as the re-
striction of the Laplace-Beltrami operator on Sn to symmetric functions depending
only on z = x · e, x ∈ Sn, where e ∈ Sn is a given, fixed unit vector in Rn+1. An
important consequence is that the Comparison Principle applies and the whole reg-
ularity theory of classical diffusion equations also applies. Arguing by density, one
can indeed reduce the proof of the inequalities to functions which are bounded from
above and from below by positive constants. Solutions of the evolution equations
are then smooth and bounded away from 0 for any positive time and integrations
by parts can be performed with no special precaution. However, when n 6∈ N, some
additional care is needed. We shall distinguish two cases:

1. If we use linear flows which preserve finite dimensional spaces generated by
Gengenbauer polynomials, then we can argue by density. Again no special
precautions are needed. All values of p ≥ 1 are covered if n ≤ 1, while this
induces the limitation 1 ≤ p ≤ 2#, with 2# defined by (10) if d > 1. Details
are given in Section 2.2.

2. If either 1 < n ≤ 2 and 2# < p < +∞ or n > 2 and 2# < p ≤ 2∗ with
2∗ defined by (7), we have to use a nonlinear diffusion equation: see [23,
Proposition 4.2] when n ∈ N. Based on a formal computation in Section 2.3
and a regularization in Section 2.4, Theorem 1 is proved in Section 2.5.

In Case 1, it is possible to assume as in [4, page 71] that “the carré du champ
operator Γ is defined on a suitable algebra of functions in the L2(Sd, dµn)-domain”
of the diffusion operator. When the weighted heat flow has to be replaced by its
nonlinear counterpart, which occurs in Case 2, this is not possible anymore.

2.2. A computation based on the heat flow. We consider the case p ∈ (2,+∞)
if n ≤ 1 and p ≤ 2# otherwise. The two following identities are classical but rely
on computations that will be generalized in Section 2.3, so let us give some details.

Lemma 2. Let n > 0 be a real number. For any positive function u ∈ C2 such that
u′(±1) = 0, we have∫ 1

−1

(Ln u)2 dνn =

∫ 1

−1

|u′′|2 ρ4 dνn + n

∫ 1

−1

ρ2 |u′|2 dνn , (11)〈
|u′|2

u
ρ2,Ln u

〉
=

n

n+ 2

∫ 1

−1

|u′|4

u2
ρ4 dνn − 2

n− 1

n+ 2

∫ 1

−1

|u′|2 u′′

u
ρ4 dνn . (12)

Proof. Using the commutator
[
d
dz ,Ln

]
u = − 2 z u′′ − nu′, we observe that∫ 1

−1

(Ln u)2 dνn = −
∫ 1

−1

u′ (Ln u)′ ρ2 dνn

= −
∫ 1

−1

u′ (Ln u′) ρ2 dνn −
∫ 1

−1

u′
([

d
dz ,Ln

]
u
)
ρ2 dνn

=

∫ 1

−1

u′′
(
u′ ρ2

)′
ρ2 dνn +

∫ 1

−1

u′ (2 z u′′ + nu′) ρ2 dνn

=

∫ 1

−1

|u′′|2 ρ4 dνn + n

∫ 1

−1

ρ2 |u′|2 dνn ,
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which establishes (11). Identity (12) is obtained by writing that∫ 1

−1

(Ln u)
|u′|2

u
ρ2 dνn = −

∫ 1

−1

u′
(
|u′|2

u
ρ2

)′
ρ2 dνn

=

∫ 1

−1

|u′|4

u2
ρ4 dνn − 2

∫ 1

−1

u′′
|u′|2

u
ρ4 dνn + 2

∫ 1

−1

u′
3

u
ρ2 z dνn

and using

2

∫ 1

−1

u′
3

u
ρ2 z dνn = − 2

n+ 2

∫ +1

−1

(
ρn+2

)′ u′3
u

dz

Zn
=

2

n+ 2

∫ 1

−1

(
u′

3

u

)′
ρ4 dνn

=
6

n+ 2

∫ 1

−1

u′′
|u′|2

u
ρ4 dνn −

2

n+ 2

∫ 1

−1

|u′|4

u2
ρ4 dνn .

In both cases, we repeatedly use (6) and no boundary term appears because of the
assumption u′(±1) = 0.

Proof of Theorem 1 if p ∈ [1, 2) ∪ (2,+∞), n = 1, or p ∈ [1, 2) ∪ (2, 2#], n 6= 1.
Let us start by a few formal computations and consider the flow

∂u

∂t
= Ln u+ κ

|u′|2

u
ρ2 (13)

with initial datum u(t = 0, ·) = u0 and notice that

d

dt

∫ 1

−1

up dνn = p (κ− p+ 1)

∫ 1

−1

up−2 ρ2 |u′|2 dνn

so that
∫ 1

−1
|u(t, ·)|p dνn =

∫ 1

−1
|u0|p dνn =: up for any t ≥ 0 if κ = p − 1. With

v = up, the flow (13) is given by

∂v

∂t
= Ln v (14)

and up =
∫ 1

−1
v dνn is the mass, which does not depend on t. The flow (14) is the

restriction of the heat flow on Sn to symmetric functions depending only on z, if n
is an integer. In the general case, if we assume that u′(t,±1) = 0 for any t ≥ 0,
then straightforward computations show that

1

2

d

dt

∫ 1

−1

ρ2 |u′|2 dνn = −
∫ 1

−1

(Ln u)
∂u

∂t
dνn = −

∫ 1

−1

(Ln u)

(
Ln u+ κ

|u′|2

u
ρ2

)
dνn ,

1

2

d

dt

∫ 1

−1

|u|2 dνn =

∫ 1

−1

u
∂u

∂t
dνn =

∫ 1

−1

u

(
Ln u+ κ

|u′|2

u
ρ2

)
dνn

= − (κ− 1)

∫ 1

−1

ρ2 |u′|2 dνn .

By Lemma 2 and using κ− 1 = p− 2, we obtain

1

2

d

dt

∫ 1

−1

(
ρ2 |u′|2 +

n

p− 2

(
|u|2 − u2

))
dνn

= −
∫ 1

−1

|u′′|2 ρ4 dνn + 2
n− 1

n+ 2
κ

∫ 1

−1

u′′
|u′|2

u
ρ4 dνn −

n

n+ 2
κ

∫ 1

−1

|u′|4

u2
ρ4 dνn



8 J. DOLBEAULT, A. ZHANG

where u :=
(∫ 1

−1
up dνn

)1/p

is preserved if κ = p− 1. The r.h.s. is negative for any

p > 1 if n = 1 and any p > 1 such that

p ≤ 2n2 + 1

(n− 1)2
=: 2# if n 6= 1 .

See Appendix A for details. This computation is not new and goes back to [2, 3].
Hence we have learned that

d

dt

∫ 1

−1

(
ρ2 |u′|2 +

n

p− 2

(
|u|2 − u2

))
dνn ≤ 0 .

It is a standard property of the flow (14) that v converges to
∫ 1

−1
v dνn = up as

t→ +∞, from which we infer that, for any t ≥ 0,∫ 1

−1

(
ρ2 |u′0|2 +

n

p− 2

(
|u0|2 − u2

))
dνn

≥
∫ 1

−1

(
ρ2 |u′(t, ·)|2 +

n

p− 2

(
|u(t, ·)|2 − u2

))
dνn

≥ lim
s→+∞

∫ 1

−1

(
ρ2 |u′(s, ·)|2 +

n

p− 2

(
|u(s, ·)|2 − u2

))
dνn = 0 .

This is precisely the proof of (8) written at any time t ≥ 0 for a solution of (13)
with an arbitrary initial datum u0 ∈ H1([−1, 1], dνn), and in particular at time t = 0
for u0. When n is an integer, it is clear that there are no boundary terms because of
the interpretation of Ln as the restriction of the Laplace-Beltrami operator on Sn
to functions which depend only on z. If n is not an integer, the computations
can be justified without assuming that u′(t,±1) = 0 for any t ≥ 0 by considering a
decomposition of the functions on Gegenbauer polynomials. For any approximation
by a finite sum of such polynomials, integrations by parts can be carried out and the
result follows by density of the Gegenbauer polynomials. These remarks justify the
above computations and complete the proof in the case under consideration.

2.3. A formal computation based on a nonlinear diffusion flow. To over-
come the limitation p ≤ 2#, as in [18, 23], let us consider the nonlinear flow

∂u

∂t
= u2−2β

(
Ln u+ κ

|u′|2

u
ρ2

)
(15)

for some exponent β to be chosen and notice that

d

dt

∫ 1

−1

uβp dνn = β p
(
κ− β (p− 2)− 1

) ∫ 1

−1

uβ(p−2) ρ2 |u′|2 dνn = 0

with κ = β (p− 2) + 1 so that u =
(∫ 1

−1
uβp dνn

)1/(βp)

is preserved. Then v = uβp

solves
∂v

∂t
=

1

m
Ln vm ,

where β and m are related by

m = 1 +
2

p

(
1

β
− 1

)
. (16)
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Assuming that all integrations by parts can be done without adding boundary terms,
simple but formal computations shows that

d

dt

∫ 1

−1

u2β dνn = 2β

∫ 1

−1

u2β−1 ∂u

∂t
dνn

= 2β

∫ 1

−1

u

(
Ln u+ κ

|u′|2

u
ρ2

)
dνn = 2β (κ− 1)

∫ 1

−1

ρ2 |u′|2 dνn ,

d

dt

∫ 1

−1

ρ2
∣∣(uβ)′

∣∣2 dνn = − 2

∫ 1

−1

Ln (uβ)uβ−1 ∂u

∂t
dνn

= − 2β2

∫ 1

−1

(
Ln u+ (β − 1)

|u′|2

u
ρ2

)(
Ln u+ κ

|u′|2

u
ρ2

)
dνn ,

and, after collecting the terms,

1

2

d

dt

∫ 1

−1

(
ρ2
∣∣(uβ)′

∣∣2 +
n

p− 2

(
u2β − u2β

))
dνn

= −β2

∫ 1

−1

(
Ln u+ (β − 1)

|u′|2

u
ρ2

)(
Ln u+ κ

|u′|2

u
ρ2

)
dνn

+
nβ

p− 2
(κ− 1)

∫ 1

−1

ρ2 |u′|2 dνn .

Assuming that u′(t,±1) = 0 for any t ≥ 0, we deduce from Lemma 2 that

− 1

2β2

d

dt

∫ 1

−1

(
ρ2
∣∣(uβ)′

∣∣2 +
n

p− 2

(
u2β − u2β

))
dνn

=

∫ 1

−1

|u′′|2 ρ4 dνn − 2
n− 1

n+ 2
(κ+ β − 1)

∫ 1

−1

u′′
|u′|2

u
ρ4 dνn

+

[
κ (β − 1) +

n

n+ 2
(κ+ β − 1)

] ∫ 1

−1

|u′|4

u2
ρ4 dνn

because nβ
p−2 (κ− 1) = n so that the coefficient of

∫ 1

−1
ρ2 |u′|2 dνn vanishes.

Lemma 3. Let n > 0 be a real number with n 6= 1 and take any p > 2# such that
p ≤ 2∗ if n > 2. With the above notations, there is a choice of β such that any
smooth solution of (15) satisfies

d

dt

∫ 1

−1

(
ρ2
∣∣(uβ)′

∣∣2 +
n

p− 2

(
u2β − u2β

))
dνn ≤ 0 .

The precise range R(n, p) of the admissible values of β is detailed in Appendix A
and we refer to [18, 23, 16] for further details. The integrations by parts are justified
whenever n is an integer and u can be considered as a symmetric function on Sn.
When n is not an integer, the above computations are formal: it has to be justified
that no boundary terms appear at z = ±1 when integrating by parts. This is what
we are left with for completing the proof of Theorem 1. Indeed, up to this issue,
the monotonicity of

t 7→
∫ 1

−1

(
ρ2
∣∣(u(t, ·)β)′

∣∣2 +
n

p− 2

(
u(t, ·)2β − u2β

))
dνn

and the fact that its limit as t→ +∞ is 0 provides us with a proof of (8).
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2.4. Regularization. We consider the probability measure dνε,n defined by

νε,n dz = dνε,n := Z−1
ε,n ζε dνd with ζε =

(
1 + ε− z2

)n−d
2 ,

with normalization constant Zε,n. Here ε is a positive parameter that is intended
to be small and

d = inf{k ∈ N : k ≥ n} .
On the space L2([−1, 1], dνε,n) equipped with the scalar product

〈f1, f2〉ε,n :=

∫ 1

−1

f1 f2 dνε,n ,

we shall denote by ‖f‖q,ε,n the Lq([−1, 1], dνε,n) norm of f and define a generalized

ultraspherical operator by 〈f1,Lε,n f2〉 = −
∫ 1

−1
f ′1 f

′
2 ρ

2 dνε,n. Explicitly we have:

Lε,n f := (1− z2) f ′′ − z

(
d+ (n− d)

1− z2

1 + ε− z2

)
f ′ = (1− z2) f ′′ − `ε,n f

′ (17)

using the notation

`ε,n(z) := z

(
n− ε n− d

1 + ε− z2

)
.

The natural functional space is

H1([−1, 1], dνε,n) :=
{
f ∈ L2([−1, 1], dνε,n) : ‖ρ f ′‖2,ε,n <∞

}
.

We are now interested in the interpolation inequalities

‖ρ u′‖22,ε,n ≥
λ

p− 2

(
‖u‖2p,ε,n − ‖u‖22,ε,n

)
∀u ∈ H1([−1, 1], dνε,n) (18)

in the range

p > 2# :=
2n2 + 1

(n− 1)2
if n 6= 1 , and p ≤ 2∗ =

2n

n− 2
if n > 2 . (19)

Our goal is to determine the largest possible value of λ such that (18) holds in the
asymptotic regime as ε→ 0+.

Let us consider the regularized nonlinear flow

∂u

∂t
= u2−2β

(
Lε,n u+ κ

|u′|2

u
ρ2

)
(20)

with κ = β (p− 2) + 1. Our first observation is a regularity result.

Lemma 4. Assume that d ≥ 1 is an integer, n ∈ (0, 1) ∪ (1,+∞) is such that
d− 1 < n < d, p > 2#,

1 < β <
n

n− p
if p < n and β 6= n+ 2

n+ 2− p
. (21)

For any h0 ∈ (0, 1) small enough and any h1 > 0, there exists some ε0 > 0 such
that, for any solution u of (20) with initial datum u0, such that h0 < u0 < 1/h0

and |u′0| ≤ h1 and for any ε ∈ (0, ε0), then we also have

h0 < u(t, ·) < 1

h0
and |u′(t, ·)| ≤ h1 ∀ t > 0 .
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Proof. For any ε > 0, the operator Lε,n can be considered as an elliptic operator
on Sd, acting on the special class of symmetric functions which depend only on z.
The standard theory of parabolic equations applies and h0 < u(t, ·) < 1/h0 follows
from the parabolic Maximum Principle. Moreover, Lε,n is non-degenerate with
smooth coefficients, so that the solution is smooth for any t > 0.

Next we apply the Maximum Principle to u′ as follows. By differentiating (17),
we obtain

(Lε,n f)
′

= L̃ε,n(f ′)− `′ε,n f
′ where L̃ε,n g := (1− z2) g′′ − (2 z + `ε,n) g′

and observe that

`′ε,n(z) = n− ε (n− d)
1 + ε+ z2

(1 + ε− z2)2
(22)

is nonnegative because

`′ε,n(z) ≥ n− (n− d)
1 + ε+ z2

1 + ε− z2
≥ 2 (d− n)

1 + ε− z2
≥ 0 .

For some α to be chosen later, with vα = uβp and m given by (16), Eq. (20) can be
rewritten as

α vα−1 ∂v

∂t
=

1

m
Lε,n (vmα) = α vmα−1

(
Lε,n v − (1−mα) ρ2 |v′|2

v

)
,

that is,
∂v

∂t
= v(m−1)α

(
Lε,n v − (1−mα) ρ2 |v′|2

v

)
.

Let w := v′. By differentiating both sides of the equation with respect to z, we
obtain

∂w

∂t
= v(m−1)α

(
L̃ε,n w − `′ε,n w − 2 (1−mα) ρ2 v

′

v
v′′

+ (1−mα) ρ2 |v′|2 v′

v2
+ 2 (1−mα) z

|v′|2

v

)
− (1−m)α v(m−1)α−1 w

(
Lε,n v − (1−mα) ρ2 |v′|2

v

)
.

We can again consider v and w as smooth functions on Sd which depend only on z,
and we know that w(±1) = 0, otherwise v would not be smooth. The function w
has a minimum and a maximum.

We first look for an upper bound of w. If the maximum is nonpositive, there is
nothing to prove as we readily know that maxw ≤ 0. Otherwise, for any t > 0,
at a maximum point of w, such that w(t, ·) > 0, then we know that v′′ = w′ = 0,

L̃ε,n w = (1− z2)w′′ ≤ 0 and wLε,n v = − `ε,n w2, so that ∂w/∂t has the sign of

(1− z2)w′′ + pε
(w
v
, z
)
w

where

pε(f, z) := (1−mα)
(
1 + (1−m)α

)
(1− z2) f2 +

(
2 (1−mα) z

+ (1−m)α `ε,n(z)
)
f − `′ε,n(z) .

We learn from (16) and (21) that 2− n (1−m) > 0 and m 6= n
n+2 . With the choice

α =
2

(n+ 2)m− n
,
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we have pε(f, z) = a(z) f2 + bε(z) f + cε(z) with

a(z) := (1−mα)
(
1 + (1−m)α

)
(1− z2)

= −
n (1−m)

(
2− n (1−m)

)(
(n+ 2)m− n

)2 (1− z2) ,

bε(z) := 2 (1−mα) z + (1−m)α `ε,n(z) =
2 (1−m)

(n+ 2)m− n
(d− n) ε

1 + ε− z2
z ,

cε(z) := − `′ε,n(z) = −n+ ε (n− d)
1 + ε+ z2

(1 + ε− z2)2
.

Let us consider the discriminant δε(z) := bε(z)
2 − 4 a(z) cε(z). Since

lim
ε→0+

δε(z) = − 4n2 (1−m)
2− n (1−m)

((n+ 2)m− n)2
(1− z2) ,

then, away from a fixed, small neighbourhood of z = ±1, we know that pε(f, z) < 0
whatever f is. We recall that n < d.

We observe that close to z = −1, we also have pε(f, z) < 0 for any f ≥ 0,
uniformly with respect to ε > 0. In a neighbourhood of z = +1, we also have
pε(f, z) < 0 if

f(z) <
(n+ 2)m− n
2 (1−m) z ε

≤ −cε(z)
bε(z)

(
1 + o(1)

)
and lim

ε→0+

cε(z)

bε(z)
= −∞ .

Altogether, for any given f̄ , we can find some ε0 = ε0(f̄) > 0 such that

pε(f, z) < 0 ∀ (f, z, ε) ∈ [0, f̄ ]× [−1, 1]×
(
0, ε0(f̄)

)
.

The Maximum Principle applies and we learn that the condition

sgn
(
n+ 2− β (n+ 2− p)

)
u′(t) ≤ |α|

β p
h−1

0 f̄ =
h−1

0 f̄

|n+ 2− β (n+ 2− p)|
:= h1

is stable under the action of the regularized nonlinear flow (20) as soon as ε ∈(
0, ε0(f̄)

)
. This provides us with an upper bound on u′(t, ·).

The lower bound

sgn
(
n+ 2− β (n+ 2− p)

)
u′(t) > − h−1

0 f̄

|n+ 2− β (n+ 2− p)|
= −h1

is obtained by similar estimates, with exactly the same discussion, at a minimum
point of w, such that w(t, ·) < 0, which concludes the proof with ε0 = ε0(f̄) and

f̄ =
∣∣n+ 2− β (n+ 2− p)

∣∣h0 h1 .

Remark. For a generic choice of α in the proof of Lemma 4, we can notice that

limε→0+ δε(z) = 4n (1−mα)
(
1 + (1−m)α

)
(1− z2) +

(
2−

(
(n+ 2)m− n

)
α
)2
z2

changes sign as a function of z ∈ [−1, 1), unless we choose α = 2 /((n+ 2)m− n).
This is the main reason for the choice of α in the proof.
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2.5. Carré du champ method and approximation. In the range (19), we con-
sider the operator defined by (17). In order to prove Theorem 1, we approximate
the ultraspherical operator Ln by Lε,n with ε > 0. As a first step, the two identi-
ties (11) and (12) of Lemma 2, which are associated to Ln, have to be replaced by
the corresponding inequalities for Lε,n with ε > 0.

Lemma 5. Assume that d ≥ 1 is an integer, n ∈ R and ε > 0. For any positive
function u ∈ C2, we have∫ 1

−1

(Lε,n u)2 dνε,n =

∫ 1

−1

|u′′|2 ρ4 dνε,n + n

∫ 1

−1

ρ2 |u′|2 dνε,n

− ε (n− d)

∫ 1

−1

1 + ε+ z2

(1 + ε− z2)2
ρ2 |u′|2 dνε,n

(23)

and∫ 1

−1

(Lε,n u)
|u′|2

u
ρ2 dνε,n =

n

n+ 2

∫ 1

−1

|u′|4

u2
ρ4 dνε,n−2

n− 1

n+ 2

∫ 1

−1

u′′
|u′|2

u
ρ4 dνε,n

+ 2 ε
n− d
n+ 2

∫ 1

−1

u′
3

u

ρ2 z

1 + ε− z2
dνε,n . (24)

Proof. For any ε > 0, we recall that the operator Lε,n can be seen as a uniformly
elliptic operator with smooth coefficients, acting on a core of symmetric C2 functions
defined on Sd. Here by symmetric functions, we simply mean functions defined
on Sd which depend only on the z-coordinate. Integrations by parts can therefore
be performed without any special precautions and no boundary terms have to be
taken into account. Taking (22) into account, the commutator[

d
dz ,Lε,n

]
u = − 2 z u′′ − `′ε,n(z)u′ = − 2 z u′′ − nu′ + ε (n− d)

1 + ε+ z2

(1 + ε− z2)2
u′

can be used to prove that∫ 1

−1

(Lε,n u)2 dνε,n = −
∫ 1

−1

u′ (Lε,n u)′ ρ2 dνε,n

= −
∫ 1

−1

u′ (Lε,n u′) ρ2 dνε,n −
∫ 1

−1

u′
([

d
dz ,Lε,n

]
u
)
ρ2 dνε,n

=

∫ 1

−1

u′′
(
u′ ρ2

)′
ρ2 dνε,n

+

∫ 1

−1

u′
(

2 z u′′ + nu′ − ε (n− d)
1 + ε+ z2

(1 + ε− z2)2
u′
)
ρ2 dνε,n

=

∫ 1

−1

|u′′|2 ρ4 dνε,n + n

∫ 1

−1

ρ2 |u′|2 dνε,n − ε (n− d)

∫ 1

−1

1 + ε+ z2

(1 + ε− z2)2
ρ2 |u′|2 dνε,n .

This completes the proof of (23).
As for the second identity, we write that∫ 1

−1

(Lε,n u)
|u′|2

u
ρ2 dνε,n = −

∫ 1

−1

u′
(
|u′|2

u
ρ2

)′
ρ2 dνε,n

=

∫ 1

−1

|u′|4

u2
ρ4 dνε,n − 2

∫ 1

−1

u′′
|u′|2

u
ρ4 dνε,n + 2

∫ 1

−1

u′
3

u
ρ2 z dνε,n .
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Since

2

∫ 1

−1

u′
3

u
ρ2 z dνε,n = − 2

d+ 2

∫ +1

−1

(
ρd+2

)′ u′3
u
ζε

dz

Zε,n Zd

=
2

d+ 2

∫ 1

−1

(
u′

3

u
ζε

)′
ρ4

ζε
dνε,n

=
6

d+ 2

∫ 1

−1

u′′
|u′|2

u
ρ4 dνε,n −

2

d+ 2

∫ 1

−1

|u′|4

u2
ρ4 dνε,n +

2

d+ 2

∫ 1

−1

u′
3

u

ζ ′ε
ζε
ρ4 dνε,n

and
ζ ′ε
ζε

= − (n− d)
z

ρ2
+ ε (n− d)

z

1 + ε− z2

1

ρ2
,

we obtain

2

∫ 1

−1

u′
3

u
ρ2 z dνε,n =

6

n+ 2

∫ 1

−1

u′′
|u′|2

u
ρ4 dνε,n −

2

n+ 2

∫ 1

−1

|u′|4

u2
ρ4 dνε,n

+ 2 ε
n− d
n+ 2

∫ 1

−1

u′
3

u

ρ2 z

1 + ε− z2
dνε,n

and (24) follows.

Now let us draw some consequences of Lemma 5. The time derivative of the
functional

F [u] :=

∫ 1

−1

ρ2
∣∣(uβ)′

∣∣2 dνε,n +
λ

p− 2

(∥∥uβ∥∥2

2,ε,n
−
∥∥uβ∥∥2

p,ε,n

)
along the nonlinear the flow (20) is given with γ := (κ+ β − 1)/(n+ 2) by

1

2β2

d

dt
F [u(t, ·)]

= λ

∫ 1

−1

ρ2 |u′|2 dνε,n −
∫ 1

−1

(
Ln u+ (β − 1)

|u′|2

u
ρ2

)(
Ln u+ κ

|u′|2

u
ρ2

)
dνε,n

= (λ− n)

∫ 1

−1

ρ2 |u′|2 dνε,n −
∫ 1

−1

|u′′|2 ρ4 dνε,n

+ 2
n− 1

n+ 2
(κ+ β − 1)

∫ 1

−1

u′′
|u′|2

u
ρ4 dνε,n

−
(
κ (β − 1) +

n

n+ 2
(κ+ β − 1)

)∫ 1

−1

|u′|4

u2
ρ4 dνε,n

− ε (n− d)

(
2 γ

∫ 1

−1

u′
3

u

ρ2 z

1 + ε− z2
dνε,n −

∫ 1

−1

|u′|2 1 + ε+ z2

(1 + ε− z2)2
ρ2 dνε,n

)
.

We recall that κ+ β − 1 = β (p− 1). If p < 2∗ = 2n/(n− 2), or p = 2∗ and n > 2,
and λ = n, then the right-hand side is nonpositive when ε = 0 for some choice
of β, according to Lemma 3. See [18], [23, Section 3] and Appendix A for further
details. For ε > 0, small enough, we can also control the sign of the right-hand side
by taking a slightly smaller value of λ. The detailed statement goes as follows.
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Lemma 6. Assume that 0 < n < d and take β 6= 0 be such that (26) holds. Let u
be a solution of (20) with initial datum u0 such that the assumptions of Lemma 4
hold for some h0 ∈ (0, 1) and h1 > 0. With the choice

λ = n+ ε (n− d)

(
β (p− 1)

n+ 2

h1

h0

)2

, ε ∈ (0, ε0) ,

where ε0 > 0 is obtained in Lemma 4, we have d
dtF [u(t, ·)] ≤ 0 for any t ≥ 0.

Proof. Let a be a positive constant given by

a = γ
h1

h0
with γ :=

κ+ β − 1

n+ 2
,

With the estimate∣∣∣∣∣
∫ 1

−1

u′
3

u

ρ2 z

1 + ε− z2
dνε,n

∣∣∣∣∣
≤ h1

2h0

(
a

∫ 1

−1

ρ2 |u′|2 dνε,n +
1

a

∫ 1

−1

|u′|2 ρ2

(1 + ε− z2)2
dνε,n

)
,

we obtain that

− ε (n− d)

(
2 γ

∫ 1

−1

u′
3

u

ρ2 z

1 + ε− z2
dνε,n −

∫ 1

−1

|u′|2 1 + ε+ z2

(1 + ε− z2)2
ρ2 dνε,n

)

≤ ε |n− d|
(
γ
h1

h0

)2 ∫ 1

−1

ρ2 |u′|2 dνε,n .

Taking into account the fact that κ+ β − 1 = β (p− 1) completes the proof.

The condition n < d arises from the proof of Lemma 6, because the term∫ 1

−1

|u′|2 1 + ε+ z2

(1 + ε− z2)2
ρ2 dνε,n

as to carry a negative sign. In a neighbourhood of z = ±1, the weight 1+ε+ z2

(1+ε−z2)2 is

indeed of the order of ε−2 and we are not aware of an estimate in order to control it.
Hence the case n > d is so far open.

Proof of Theorem 1 if p > 2#. We choose β in the range R(n, p) such that (21)
holds and fix an arbitrary η ∈ (0, n). Let us consider a positive function u0 on
[−1, 1] and assume that, as a symmetric function on Sd, it is smooth. Let

h1 := ‖u′0‖L∞(Sd) and h0 = min
{
‖u0‖L∞(Sd), ‖u−1

0 ‖
−1
L∞(Sd)

}
.

Let us choose ε > 0 small enough so that λ as in Lemma 6 satisfies λ ≥ n−η. From
the monotonicity of F , we obtain that F [u0] ≥ 0, which means that∫ 1

−1

ρ2
∣∣(uβ0 )′

∣∣2 dνε,n ≥ n− η
p− 2

(∥∥uβ0∥∥2

p,ε
−
∥∥uβ0∥∥2

2,ε

)
.

The inequality being true for any η > 0, it also holds with η = 0. By density of
smooth positive functions in the set of nonnegative functions in H1([−1, 1], dνn), we
deduce that the inequality holds for any nonnegative function in H1([−1, 1], dνn).
Notice that β = n

n−p and β = n+2
n+2−p can be obtained as limit cases.
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Appendix A. On the parameters in the carré du champ method. Here
we collect elementary computations which determine the range of the parameters
for which the Bakry-Émery computation gives a sign to the remainder terms. This
amounts to find the range of the parameters for which a quadratic form is nonneg-
ative.

Set n > 0 and β 6= 0. Let us recall that κ = β (p−2)+1 and to any C2 function u,
we associate the function

q[u] := |u′′|2 − 2 b u′′
|u′|2

u
+ c
|u′|4

u2

with

a = 1 , b =
n− 1

n+ 2
(κ+ β − 1) and c = κ (β − 1) +

n

n+ 2
(κ+ β − 1) .

Then q = q[u] is pointwise nonnegative under the reduced discriminant condition

δ := b2 − a c ≤ 0 .

• If β = 1, q is negative if

0 ≥
(
n− 1

n+ 2
κ

)2

− n

n+ 2
κ =


(
n−1
n+2

)2

(p− 1)
(
p− 2#

)
if n 6= 1 ,

− n
n+2 (p− 1) if n = 1 ,

that is, for any p > 1 if n ≤ 1 and, if n > 1, any p ∈ [1, 2#].

• If β 6= 1, q is negative if there exists a value of β ∈ R such that δ as defined in (26)
is nonpositive. After replacing κ by its value, we can consider δ as a quadratic
polynomial of β, which can be written as

δ(β) =

(
n− 1

n+ 2
β (p− 1)

)2

−
[

n

n+ 2
β (p− 1) +

(
1 + β (p− 2)

)
(β − 1)

]
, (25)

that is, δ(β) = Aβ2 − 2B β + C where

A =

(
(n− 1) (p− 1)

n+ 2

)2

+ 2− p , B =
n+ 3− p
n+ 2

and C = 1 .

A very special case corresponding to (n, p) = (3, 6), has to be excluded, because in
that case one has A = B = 0. It can be handled either by approximation or by
considering a power of u: see [18, 23] for more details. In case n > 2, since δ(β) is
quadratic in β and δ(0) = 1, a necessary and sufficient condition for the existence
of a β such that δ(β) ≤ 0 is that the reduced discriminant is nonnegative, which
amounts to

B2 −AC =
4n

(n+ 2)2
(p− 1) (2n− p (n− 2)) ≥ 0 .

If n > 2, notice that this can be rewritten as

B2 −AC =
4n (n− 2)

(n+ 2)2
(p− 1) (2∗ − p) ≥ 0 .

Taking (16) into account, the condition δ ≤ 0 determines the admissible range of m
and amounts to

m−(n, p) ≤ m ≤ m+(n, p) and p ≤ 2∗ if n > 2 , (26)
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where (see Fig. 1 and also [16, Fig. 2])

m±(n, p) :=
1

(n+ 2) p

(
n p+ 2±

√
n (p− 1)

(
2n− (n− 2) p

))
.

When n > 2, note that the square root above is a well defined real number under
the assumption p > 1 only if p ≤ 2∗. With n ≤ 2, notice that the admissible range
is extended to arbitrarily large values of p and that

lim
p→+∞

m±(n, p) =
n+ 2

√
n (2− n)

n+ 2
.

The range of the admissible values of β is given by

R(n, p) =
{
β ∈ R : m−(n, p) ≤ m ≤ m+(n, p) where m is given by (16)

}
.

Proposition 7. Let n > 0 and p > 2. With the above notations, if κ = β (p−2)+1,
then δ ≤ 0 if and only if β ∈ R(n, p).
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Figure 1. Admissible ranges of m for n = 0.25, 1, 1.8 (first
line, from the left to the right) and n = 2, 3, 4 (second line). The
dotted and dashed curves correspond respectively to m = n/(n+2)
and m = (n − 2)/n. In Lemma 4, Condition (21) amounts to
(n− 2)/n < m < 1 and m 6= n/(n+ 2).

As a consequence, we have that for any function u > 0 smooth enough q[u] ≥ 0.
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