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a b s t r a c t 

A general methodology to simulate acoustic propagation in ducts with extended-reacting 

liners in the time domain is presented, including a generic perforated sheet on the air- 

material interface. The Linearized Euler Equations (LEE) with a mean flow profile are 

solved in the duct and the linearized equations on an equivalent fluid are solved in the 

liner material. The auxiliary differential equation method (ADE) is used to prevent the 

computation of convolution integrals, and leads to a formulation compatible with high- 

order numerical schemes. The methodology is illustrated for the case of liners consisting 

of rigid-frame porous materials and a prototype of locally-resonant acoustic metamateri- 

als. A one-dimensional (1D) test case is first used to validate the algorithm and assess the 

numerical error. The numerical order of the algorithm is the expected one, independently 

of the interface, as long as the number of poles retained in the partial fraction expansions 

involved in the formulation is high enough. The algorithm is then applied to a realistic 

two-dimensional (2D) configuration in a duct with flow, and is used to illustrate the re- 

strained validity of the locally-reacting approximation. Finally, the impact of the flow Mach 

number on the acoustic performance of porous and metamaterial extended-reacting liners 

is briefly assessed. 

© 2021 The Authors. Published by Elsevier Ltd. 

This is an open access article under the CC BY-NC-ND license 

( http://creativecommons.org/licenses/by-nc-nd/4.0/ ) 
1. Introduction 

Acoustic liners are commonly used to attenuate the fan and engine noise of commercial aircraft. Classical configurations 

based on SDOF or DDOF Helmholtz resonators are well suited for the tonal noise component, but their broadband perfor- 

mance remains limited. New liner configurations are currently being investigated for application to the future generation of 

airliners. 

Extended-reacting liners consisting of porous materials with improved broadband capabilities are being considered [1–

3] . Porous materials are known to be excellent broadband sound absorbers. Only their mechanical properties, the need of 

hydrophobic materials, and maybe its limited performance at low frequencies have limited their development and use in 

this domain of application. Another type of liners which are currently being investigated for aeronautical applications are 

metamaterial-based liners [4,5] . In particular, locally-resonant metamaterials are capable of absorbing sound at low frequen- 

cies using a small material depth, which is certainly an advantage compared to liners based on Helmholtz resonators or 
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porous liners, that require large depths to attenuate low frequencies. This might be particularly interesting for the new 

generation of ultra-high bypass ratio turbofans. Mixed porous-metamaterial configurations (sometimes called ‘metaporous’) 

have also been investigated [6] . 

As opposed to locally-reacting liners, which behave as a surface impedance, extended-reacting liners require that the 

sound propagation within the material is computed simultaneously to the duct. This is accomplished defining the effective 

properties of the medium, which in general depend on the frequency (and on the propagation direction for anisotropic 

media). A number of semi-analytical and numerical models have been proposed in the literature to study the propagation 

of sound in ducts with porous materials, including the boundary element method [7] , the finite element method [8] , the

point-collocation method [9] and the mode-matching method [10,11] . Here we propose a time-domain approach. Time- 

domain simulation is the natural choice to study transient propagation problems. The solution can be obtained with high 

accuracy at a low computational cost, using optimized high order finite-difference schemes [12,13] and low-storage high- 

order temporal schemes [14] , by the finite-difference time-domain (FDTD) approach. Other advantages include the simple 

account for the nonlinearity of sound propagation and the nonlinearity of the material behavior, and for the spatial gradients 

of the mean flow or the liner properties. Besides, direct noise computations, in which the aerodynamic field and the acoustic

field are solved at the same time, start to be performed in the literature for flows in a lined duct [15–17] . Such simulations

require a time-domain formulation of the boundary conditions. 

In general, the inverse Fourier transform of the frequency-domain equations with frequency-dependent effective den- 

sity and compressibility leads to time-domain equations involving convolution integrals. The calculation of these integrals is 

computationally-expensive, and so various approaches have been proposed to either simplify them, or prevent their com- 

putation entirely. Simplified equations are obtained by considering low- and high-frequency asymptotics of the effective 

medium [18] . Further simplification of the material, for example by using Zwikker and Kosten’s model [19] or Hamet and

Bérengier model [20,21] , allows a straightforward time-domain formulation without convolution integrals, at the expense 

of an inaccurate broadband description of the material [22] . Reformulating the equivalent fluid equations for the Wilson’s 

relaxation model [23] allows a numerical evaluation of the convolution integrals, applicable in the entire frequency range 

but with the limitation of large storage requirements. The same reformulation was also applied for the Johnson-Champoux- 

Allard-Lafarge (JCAL) model [24] . The recursive convolution method [25] , the Z-transform method [26] and the auxiliary 

differential equation method (ADE) [27] are three numerical methods developed for time-domain propagation of electro- 

magnetic waves in dispersive media, that avoid the computation of convolution integrals. They have started to be used in 

acoustics. Thus, the ADE method [28] was applied for wave propagation in a porous medium for the Wilson’s relaxation 

model. Recently, the Z-transform method [29] was employed on the full equivalent fluid equations, with an application to 

the JCAL model. As opposed to the other approaches, ADE allows not only to account for materials with frequency-dependent

effective properties, but also to maintain a high-order accuracy in time [28] , making it compatible with high-order numer- 

ical schemes. As a general method to obtain a time-domain formulation for the propagation of waves on linear dispersive 

media, ADE has been recently applied to locally-reacting acoustic metamaterials [30] . The ADE method is here proposed to 

compute accurately and efficiently the propagation of sound within the liner material. 

Acoustic liners are usually covered with a perforated sheet or a wire mesh, with several purposes: to add additional

dissipation through the perforates, to minimize the impact of the liner on the flow, and to protect the liner material from

intense turbulence. In general, the thickness of the perforated plates is much smaller than the acoustic wavelength, which 

suggests an effective model based on a pressure jump. At low and moderate pressure levels the pressure jump varies linearly

with the normal velocity through the perforates, defining an impedance. A first estimation of this impedance is obtained 

by assuming that it is a real constant, as only the real component is responsible for acoustic dissipation, and in a number

of cases it varies slowly with frequency. However, an accurate modeling requires that the impedance is a complex-valued 

function of frequency [31,32] . The effect of a grazing flow over the perforates has also been addressed, leading to corrections

of the perforate impedance [33,34] . In previous time-domain approaches of locally-reacting liners, the impedance of the 

perforated sheet is simply added to the impedance of the cavities, and a time-domain implementation of the impedance 

boundary can be used [35–37] . Here we propose the use of ADE to account for arbitrary perforated sheets in the context of

extended-reacting liners. 

The objectives of this study are two-fold. First, introducing a time-domain methodology to compute sound propagation 

in flow ducts with extended-reacting liners, including a generic perforated sheet at the air-material interface, and which is 

compatible with high-order low-dispersion low-dissipation schemes. And second, to showcase its applicability to the case of 

rigid-frame porous liners and a prototype of locally-resonant metamaterial. 

The paper is organized as follows. Section 2 shows the lined duct configuration. Section 3 presents the formulation, 

including the equations in the flow duct, in the liner material and through the air-material interface. In Section 4 the various

liner materials used are introduced. The validation against an analytical solution in a 1D test case, involving reflection and 

transmission at an interface between two semi-infinite media, is presented in Section 5 . The numerical error of the FDTD

algorithm introduced by the treatment of the liner material and interface is also evaluated. Finally, the application to the 

2D lined duct with flow is presented in Section 6 , including a validation against experimental results and an assessment of

the validity of the locally-reacting approximation. 
2 
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Fig. 1. Sketch of the geometry of the 2D lined duct. 

 

 

 

 

 

 

2. Lined duct configuration 

A two-dimensional (2D) straight duct of height H is considered, with a side cavity of length L m 

and depth H m 

filled with

the liner material. A perforated sheet can be placed at the air-material interface. A sketch of the configuration is shown in

Fig. 1 . The duct can sustain a parallel mean flow with vanishing velocity on the rigid and lined walls. 

3. Time-domain equations 

3.1. In the flow duct 

In the flow duct, small isentropic perturbations are assumed to propagate on an underlying mean parallel flow without 

density gradients and heat transfer. The Reynolds decomposition of the flow variables is: 

P (x, y, t) = P 0 + p(x, y, t) , U(x, y, t) = U 0 (y ) + u (x, y, t) , V (x, y, t) = v (x, y, t) , (1)

where p, u and v are the perturbations of pressure, axial velocity and wall-normal velocity, respectively. Introducing them 

into the two-dimensional Euler equations and retaining only the linear terms in the perturbations lead to the following form 

of the Linearized Euler Equations (LEE): 

∂u 

∂t 
+ U 0 

∂u 

∂x 
+ 

d U 0 

d y 
v + 

1 

ρ0 

∂ p 

∂x 
= 0 , (2a) 

∂v 
∂t 

+ U 0 
∂v 
∂x 

+ 

1 

ρ0 

∂ p 

∂y 
= 0 , (2b) 

∂ p 

∂t 
+ ρ0 c 

2 
0 

(
∂u 

∂x 
+ 

∂v 
∂y 

)
+ U 0 

∂ p 

∂x 
= Q, (2c) 

where c 0 and ρ0 are the mean sound speed and density, set to 340 m s −1 and 1.225 kg m 

−3 , respectively, and Q is a forcing

term. The following model for the mean velocity profile is used: 

U 0 (y ) = Mc 0 
n y + 1 

n y 

(
1 −

∣∣∣1 − 2 y 

H 

∣∣∣n y 
)

(3) 

where M is the flow Mach number defined through the bulk velocity, and n y is a parameter directly related to the boundary

layer displacement thickness. The displacement thickness has been set to 2% of the duct height throughout this study. 

3.2. In the liner material 

In order to obtain the time-domain equations, we start from the equations in the frequency domain, where the effective 

density and the inverse effective compressibility of the medium can be simply defined as functions of frequency (only 

isotropic materials are considered in this study). It is assumed there is no mean flow in the liner material. The equations

governing sound propagation inside the material are (assuming all variables vary in time like e j ωt ): 

j ω ρe (ω ) ̂  u + 

∂ ̂  p = 0 , (4a) 

∂x 

3 
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j ω ρe (ω ) ̂ v + 

∂ ̂  p 

∂y 
= 0 , (4b) 

j ω C e (ω ) ̂  p + 

∂ ̂  u 

∂x 
+ 

∂ ̂  v 
∂y 

= 0 . (4c) 

The ADE method is used to transform the above equations to the time-domain. The effective density and compressibility 

are approximated by a partial fraction decomposition: 

ρe (ω) = ρe ∞ 

+ 

Nrρ∑ 

k =1 

A ρk 

λρk + j ω 

+ 

Niρ∑ 

l=1 

(
B ρl + j C ρl 

αρl + j βρl + j ω 

+ 

B ρl − j C ρl 

αρl − j βρl + j ω 

)
, (5a) 

C e (ω) = C e ∞ 

+ 

NrC ∑ 

k =1 

A Ck 

λCk + j ω 

+ 

NiC ∑ 

l=1 

(
B Cl + j C Cl 

αCl + j βCl + j ω 

+ 

B Cl − j C Cl 

αCl − j βCl + j ω 

)
. (5b) 

There exist various algorithms in the literature to determine the poles of the partial fraction expansions of given ρe (ω) 

and C e (ω) , such as vector fitting [38] or the Padé approximants [39] . In order that the solutions are stable all poles must

have a positive real part, i.e. λρk , λCk , αρk , αCk > 0 . This can be explicitly imposed in both methods. Vector fitting has been

used throughout this study. 

The partial fraction expansions of ρe (ω) and C e (ω) can be obtained from an analytical model of the liner material, as

done thereafter. It can also be directly extracted from measurements with an impedance tube, using the transfer function 

method [40] . This approach is of particular interest for novel acoustic materials, for which accurate analytical models are 

not yet available. 

Introducing the partial fraction expansions of ρe and C e into Eqs. (4a - 4c ), and taking the inverse Fourier transform leads

to: 

ρe ∞ 

∂u 

∂t 
+ 

∑ 

k 

A ρk φ
x 
ρk + 2 

∑ 

l 

(
B ρl ψ 

xr 
ρl + C ρl ψ 

xi 
ρl 

)
+ 

( ∑ 

k 

A ρk + 2 

∑ 

l 

B ρl 

) 

u + 

∂ p 

∂x 
= 0 , (6a) 

ρe ∞ 

∂v 
∂t 

+ 

∑ 

k 

A ρk φ
y 

ρk 
+ 2 

∑ 

l 

(
B ρl ψ 

yr 

ρl 
+ C ρl ψ 

yi 

ρl 

)
+ 

( ∑ 

k 

A ρk + 2 

∑ 

l 

B ρl 

) 

v + 

∂ p 

∂y 
= 0 , (6b) 

C e ∞ 

∂ p 

∂t 
+ 

∑ 

k 

A Ck φCk + 2 

∑ 

l 

(
B Cl ψ 

r 
Cl + C Cl ψ 

i 
Cl 

)
+ 

( ∑ 

k 

A Ck + 2 

∑ 

l 

B Cl 

) 

p + 

(
∂u 

∂x 
+ 

∂v 
∂y 

)
= 0 , (6c) 

where the auxiliary functions φx 
ρk 

, φy 

ρk 
, φCk come from the real poles, and ψ 

xr 
ρl 

, ψ 

yr 

ρl 
, ψ 

xi 
ρl 

, ψ 

yi 

ρl 
, ψ 

r 
Cl 

, ψ 

i 
Cl 

come from the complex

conjugate poles. All of them are defined as convolution integrals of the form: 

φx 
ρk = 

∫ t 

0 

∂u 

∂t 
exp [ −λρk (t − τ )] d τ − u, 

which can be transformed through time derivation to the following set of partial differential equations: 

∂φx 
ρk 

∂t 
+ λρk φ

x 
ρk + λρk u = 0 , k = 1 , ..., Nrρ (7a) 

∂φy 

ρk 

∂t 
+ λρk φ

y 

ρk 
+ λρk v = 0 , k = 1 , ..., Nrρ (7b) 

∂φCk 

∂t 
+ λCk φCk + λCk p = 0 , k = 1 , ..., NrC (7c) 

∂ψ 

xr 
ρl 

∂t 
+ αρl ψ 

xr 
ρl + βρl ψ 

xi 
ρl + αρl u = 0 , l = 1 , ..., Niρ (7d) 

∂ψ 

xi 
ρl + αρl ψ 

xi 
ρl − βρl ψ 

xr 
ρl − βρl u = 0 , l = 1 , ..., Niρ (7e) 
∂t 

4 
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Fig. 2. Characteristics traveling towards the interface and away from the interface, in the air side and the material side. 

 

 

 

∂ψ 

yr 

ρl 

∂t 
+ αρl ψ 

yr 

ρl 
+ βρl ψ 

yi 

ρl 
+ αρl v = 0 , l = 1 , ..., Ni ρ (7f) 

∂ψ 

yi 

ρl 

∂t 
+ αρl ψ 

yi 

ρl 
− βρl ψ 

yr 

ρl 
− βρl v = 0 , l = 1 , ..., Ni ρ (7g) 

∂ψ 

r 
Cl 

∂t 
+ αCl ψ 

r 
Cl + βCl ψ 

i 
Cl + αCl p = 0 , l = 1 , ..., NiC (7h) 

∂ψ 

i 
Cl 

∂t 
+ αCl ψ 

i 
Cl − βCl ψ 

r 
Cl − βCl p = 0 , l = 1 , ..., NiC (7i) 

3.3. Air-material interface 

The air and the material have their own specific equations and computational domains. In order to transmit information 

between the two domains, the air-material interface is treated through the characteristic variables. Note that a comparable 

approach has been recently proposed for a frequency-dependent transmission boundary condition [41] . As opposed to the 

original variables, the characteristic variables have a well-defined propagation direction. This way, the condition that the 

perturbations traveling away from the interface are determined only from the perturbations traveling towards the interface 

can be explicitly imposed. A sketch of the characteristics in the air side and in the material side is shown in Fig. 2 . 

The incoming characteristics, traveling towards the interface from the air side and the liner material side, are, respec- 

tively: 

q i a = p a − ρ0 c 0 v a , (8a) 

q i m 

= p m 

+ ρe ∞ 

c e ∞ 

v m 

. (8b) 

where ( p a , v a ) and ( p m 

, v m 

) are the acoustic pressure and normal velocity at the interface from the air side and liner

material side, respectively and c e ∞ 

= (ρe ∞ 

C e ∞ 

) −1 / 2 is the high-frequency limit of the sound speed in the material . Note

that the wall normal is pointing away from the liner. Similarly, the outgoing characteristics, traveling away the interface 

from the air side and the liner material side, are, respectively: 

q o a = p a + ρ0 c 0 v a , (9a) 

q o m 

= p m 

− ρe ∞ 

c e ∞ 

v m 

. (9b) 

The outgoing characteristics are then updated from the incoming ones, using the interface properties. Three cases are 

considered: 

• In the case of a free interface, the pressure and normal velocity are continuous across the interface. One can then express

the outgoing characteristics as a function of the incoming ones with the relations: 

q o a = 

ρe ∞ 

c e ∞ 

− ρ0 c 0 
ρ c + ρe ∞ 

c e ∞ 

(q i a − q i m 

) + q i m 

, (10a) 

0 0 

5 
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q o m 

= 

ρ0 c 0 − ρe ∞ 

c e ∞ 

ρ0 c 0 + ρe ∞ 

c e ∞ 

(q i m 

− q i a ) + q i a . (10b) 

• When there is a purely resistive screen a pressure jump exists at the interface, p a − p m 

= R sh v , while the normal velocity

is continuous, v a = v m 

= v . The outgoing characteristics are now: 

q o a = 

R sh + ρe ∞ 

c e ∞ 

− ρ0 c 0 
R sh + ρ0 c 0 + ρe ∞ 

c e ∞ 

(q i a − q i m 

) + q i m 

, (11a) 

q o m 

= 

R sh + ρ0 c 0 − ρe ∞ 

c e ∞ 

R sh + ρ0 c 0 + ρe ∞ 

c e ∞ 

(q i m 

− q i a ) + q i a . (11b) 

• Finally, in the case of a perforated plate characterized by a frequency-dependent complex impedance Z sh (ω) , the outgo-

ing characteristics are, in the frequency domain: 

ˆ q o a = 

Z sh (ω) + ρe ∞ 

c e ∞ 

− ρ0 c 0 
Z sh (ω) + ρ0 c 0 + ρe ∞ 

c e ∞ 

( ̂  q i a − ˆ q i m 

) + 

ˆ q i m 

= K sh 1 (ω)( ̂  q i a − ˆ q i m 

) + 

ˆ q i m 

, (12a) 

ˆ q o m 

= 

Z sh (ω) + ρ0 c 0 − ρe ∞ 

c e ∞ 

Z sh (ω) + ρ0 c 0 + ρe ∞ 

c e ∞ 

( ̂  q i m 

− ˆ q i a ) + 

ˆ q i a = K sh 2 (ω)( ̂  q i m 

− ˆ q i a ) + 

ˆ q i a . (12b) 

Similarly to what has been done with ρe (ω) and C e (ω) , partial fraction expansions of K sh 1 and K sh 2 are used to obtain

the time-domain interface conditions: 

K sh 1 = K ∞ 1 + 

Nint ∑ 

k 

A K1 k 

λK1 k + j ω 

, 

K sh 2 = K ∞ 2 + 

Nint ∑ 

k 

A K2 k 

λK2 k + j ω 

. 

Introducing these into Eq. (12) we obtain 

q o a = K ∞ 1 (q i a − q i m 

) + 

∑ 

k 

A K1 k φK1 k + q i m 

, (14a) 

q o m 

= K ∞ 2 (q i m 

− q i a ) + 

∑ 

k 

A K2 k φK2 k + q i a , (14b) 

and the auxiliary equations for the interface are 

d φK1 k 

d t 
+ λK1 k φK1 k = q i a − q i m 

, k = 1 , ..., Nint, (15a) 

d φK2 k 

d t 
+ λK2 k φK2 k = q i m 

− q i a , k = 1 , ..., Nint. (15b) 

The functions φK1 k and φK2 k are the auxiliary functions of the interface. Similarly to the effective density and effective 

compressibility, the functions K sh 1 and K sh 2 are fitted using a partial fraction expansion with a prescribed number of 

poles. In this case only real poles are considered due to the dissipative nature of the perforated plate, but a generalization

to complex-conjugate pole pairs is straightforward. 

Once the outgoing characteristic variables are updated depending on the interface properties (with Eq. (10), (11) or (12)) 

the pressure and the wall-normal velocity at each side of the interface are corrected with the relations 

p a = 

1 

2 

(q o a + q i a ) , v a = 

1 

2 ρ0 c 0 
(q o a − q i a ) , p m 

= 

1 

2 

(q o m 

+ q i m 

) , v m 

= 

1 

2 ρe ∞ 

c e ∞ 

(q i m 

− q o m 

) , (16)

that are obtained from Eqs. (8) and (9) . 
6 
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3.4. Numerical schemes 

Equations (2a - 2c ), ( 6a - 6c ), ( 7a - 7i ), ( 14a - 14b ) and ( 15a - 15b ) are integrated in time using the low-storage six-stage fourth-

order Runge-Kutta scheme, denoted by RK46-L in [14] . The spatial derivatives are computed using optimized eleven-points 

fourth-order finite differences schemes. In detail, the centered scheme FDo11p proposed in [12] is used for the interior 

points, and the noncentered schemes FD 010 , FD 19 , FD 28 , FD 37 and FD 46 proposed in [13] are employed for the interface

and boundary points. In order to prevent grid-to-grid numerical instabilities, optimized selective filters are used. For the 

interior points, the centered eleven-points sixth-order filter proposed in [42] is used and at the interface and the bound- 

aries of the domain, the second-order selective filters SF 03 , SF 15 , SF 28 , SF 37 and SF 46 proposed in [13] are employed. In

the 2D configuration, anechoic inlet and outlet sections are achieved through sponge zones [43] , including non-reflecting 

boundary conditions [44] . The sponge zones extend 1 m upstream and 1 m downstream. The grid size in the central region

of the duct, including the lined section, is uniform along the x -axis, and it decreases in the y direction towards the walls

with a stretching factor of 0.99. A total of 65 grid points have been used across the main duct section, corresponding to

d y = 3 . 6 · 10 −4 m on the duct axis and d y = 2 . 6 · 10 −4 m on the walls. The grid size in the x direction is then d x = 3 . 6 · 10 −4

m. The grid size in the liner cavity is uniform in both directions, and is such that it is continuous at the air-material in-

terface. The filtering strength is set to 1 for all selective filters, except for the totally off-centered selective filter SF 03 for

which the filtering strength is reduced to 0.1. In all cases the CFL (Courant-Fridrichs-Lewy) number is limited to 0.75, which

corresponds to a timestep of d t = 0 . 6 · 10 −6 s, and the total simulation time is 0.02 s. 

Besides, to ensure a stable simulation, some conditions on the value of the poles should be also fulfilled. Indeed, the ADE

equations have the general form: d u/ d t + λu = 0 , neglecting any source term. When solving numerically this equation, −λ
should be in the stability region of the time-integration scheme to have a stable simulation [45] . The values of λ d t, α d t

and β d t for ρe , C e , K sh 1 and K sh 2 should then not be too large. For the Runge-Kutta algorithm employed here, a maximal

value of 4 is a good rule of thumb. 

The procedure to advance the FDTD algorithm in time for the general case is the following: 

1. compute the spatial gradients of p, u, v throughout the domain 

2. update fields of the flow variables, p, u, v , the auxiliary functions in the material, φρk , φCk , ψ ρl , ψ Cl , and the auxiliary

functions of the interface, φK1 k , φK2 k 

3. compute the incoming characteristics at the interface q i a , q 
i 
m 

with Eq. (8) 

4. compute the outgoing characteristics at the interface q o a , q o m 

with Eqs. (10), (11) or (12) depending on the interface

properties 

5. compute the values of p m 

, v m 

, p a , v a at the interface from the incoming and outgoing characteristics with Eq. (16) and

impose zero wall-normal velocity on the rigid walls 

4. Sound-absorbing materials and interfaces 

The models for the materials and interfaces used hereafter are briefly presented. Concerning sound-absorbing materials, 

two types are considered: rigid-frame porous materials described by the Johnson-Champoux-Allard semiphenomenological 

model (JCA) [46] , and prototypical models describing locally-resonant acoustic metamaterials. Both types of material allow 

a description of sound propagation using an equivalent fluid approach. 

4.1. Rigid-frame porous materials 

The proposed numerical methodology has been applied to two different rigid-frame porous materials described by JCA. 

For completeness, the equations for the effective density and compressibility in JCA are summarized in Appendix A . The

model parameters are presented in Table 1 . Note that the resistivity, σ, is equivalent to the viscous permeability through

k 0 = μ/σ, where μ is the dynamic viscosity. The fit using a partial fraction expansion is equally applicable to the JCAL model

or the Johnson-Champoux-Allard-Pride-Lafarge (JCAPL) model if a more accurate description of the material is required. It 

has been checked that the low- and high-frequency limits of the partial fraction expansions match the limits of the JCA

model. In particular, the divergent behavior of ρe at ω → 0 is naturally described by one real pole with λρ ≈ 0 . 

The error of the rational functions that approximate ρe (ω) and C e (ω) ( Eqs. (5a - 5b )) diminishes fast with the number

of poles. The vector fitting algorithm selects automatically real poles only to describe the porous materials, as expected for 

purely dissipative media. Fig. 3 shows the root-mean-square errors for both the aluminum foam and the polyurethane foam. 
Table 1 

JCA parameters of the porous materials considered. 

Porous material φ α∞ � (m) �′ (m) σ (N · s ·m 

−4 ) 

Polyurethane foam 0.98 1.04 2.0 ·10 −4 5.0 ·10 −4 2850 

Aluminum foam 0.645 2.25 1.0 ·10 −4 3.5 ·10 −4 19700 

7 
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Fig. 3. Truncation error of the partial fraction expansions of ρe for the polyurethane foam ( ) and the aluminum foam ( ), and of C e for the polyurethane 

foam ( ) and the aluminum foam ( ). 

Fig. 4. (a) Real component and (b) imaginary component of the effective compressibility of the polyurethane foam ( ) and the aluminum foam ( ), 

together with the approximation using 5 real poles ( and , respectively). 

 

 

 

 

The error for ρe is computed as (an analogous expression applies to C e ): 

error = 

√ √ √ √ √ 

∑ 

n 

(
ρ

JCA 

e (ω n ) − ρe (ω n ) 
)2 

∑ 

n ρ
JCA 

e (ω n ) 2 
, 

where ρ
JCA 

e is the effective density obtained from JCA, and ρe is its approximation using a rational function. The frequency 

vector is set to ω n = 2 π f n , with f n = 1 , 2 , 3 , ... 20 0 0 0 Hz. Overall, the error diminishes exponentially with Nr, but with a

rate that differs between ρe and C e and also between the materials. At a visual level, no improvement can be detected for

Nr > 4 . Fig. 4 shows C e (ω) corresponding to the polyurethane foam and the aluminum foam and the fits using 5 real poles.

4.2. Locally-resonant acoustic metamaterials 

Acoustic metamaterials have attracted the attention of researchers as well as manufacturers during the last two decades, 

since it was shown experimentally that materials with negative effective density and/or effective compressibility (real parts) 

can exist and can be manufactured [47] . In particular, the so-called locally-resonant acoustic metamaterials, characterized 

by an acoustic wavelength much larger than the microstructure size, allow the approximation of sound propagation through 

them using effective models. Using effective medium theory several models have been deduced for the effective medium 

around the local resonances. A widely used model is a continuous distribution of local harmonic oscillators leading to an 

effective com pressibility of the form [48–51] : 

ρ0 c 
2 
0 C e (ω) 

φ
≈ 1 − F C ω 

2 
∗C 

ω 

2 − ω 

2 
∗C 

− j �C ω 

, (17) 

where ω ∗C and �C are the natural resonance frequencies of the effective medium and their damping coefficients, respectively. 

The porosity of the metamaterial has been included in the model, which allows a deviation of the high-frequency limit with
8 
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Fig. 5. (a) Real effective density ( ), real effective com pressibility ( ) and imaginary effective compressibility ( ) of a metamaterial with a local 

resonance of the effective compressibility at 10 0 0 Hz; (b) effective sound speed. 

Table 2 

Parameters of the perforated plates. 

Perforated sheet φsh , porosity e, thickness (mm) d, hole diameters (mm) 

PS1 0.2 0.5 2.0 

PS2 0.05 2 0.4 

 

 

 

 

 

 

 

 

 

 

 

 

 

respect to the density and compressibility of ambient air. An analogous expression can be supposed for the effective density: 

φρe (ω) 

ρ0 

≈ 1 − F ρω 

2 
∗ρ

ω 

2 − ω 

2 ∗ρ − j �ρω 

. (18) 

Time-domain simulations of sound propagation using these effective medium models have been recently shown to be 

well-posed [30] . If one assumes that �C < 2 ω ∗C and �ρ < 2 ω ∗ρ, these models are equivalent to a pair of complex-conjugate

poles. For example, for the effective compressibility: 

C e (ω) = 

φ

ρ0 c 
2 
0 

+ 

j C C 
αC + j βC + j ω 

+ 

−j C C 
αC − j βC + j ω 

, 

αC = −�C 

2 

, βC = 

√ 

−�2 
C 

+ 4 ω 

2 
∗C 

2 

, C C = 

φ

ρ0 c 
2 
0 

F C ω 

2 
∗C √ 

−�2 
C 

+ 4 ω 

2 
∗C 

. 

For simplicity, only a resonance of the effective com pressibility at 10 0 0 Hz has been considered in this study, leading

to two kinds of behavior: a double-positive material (DP), where ρe > 0 and C e > 0 , and a band gap (BG), where ρe > 0

and C e < 0 . Within the BG, the sound speed (real component) vanishes and thus sound propagation through the material is

theoretically suppressed. As a baseline case we have set F C = 2 , �C = 300 and φ = 1 . Fig. 5 a shows the effective density and

the effective com pressibility. Three frequency bands can be identified depending on the relative signs of ρe and C e : a DP

region for f < 10 0 0 Hz, a BG in 10 0 0 Hz < f < 1460 Hz, and a DP for f > 1460 Hz. Fig. 5 b shows the real part of the sound

speed in the metamaterial. It is close to zero in the band gap, and undergoes a sudden increase in the BG-DP boundary.

Note that only in the low- and high-frequency limits the sound speed in the material approaches the sound speed of air. 

4.3. Perforated plates 

There exist a number of models of Z sh (ω) for perforated plates and screens. Here the classical model of Maa [31,52] has

been used, but more refined models can be applied if necessary. In this study two perforated plates have been considered,

corresponding to largely different geometries. PS1 is a very thin plate with large circular perforations and large porosity. On 

the other hand, PS2 is a thick plate with very small holes and low porosity. Their geometrical values are shown in Table 2 .

Their impedance is shown in Fig. 6 a,b. It appears that two real poles are sufficient to describe accurately the functions K sh 1 

and K sh 2 in a large frequency range. Fig. 6 c,d show the fit of K sh 1 corresponding to PS1 and PS2 with two real poles. 

5. 1D test case: validation against analytical solution 

Results of a 1D test case are here presented with the aim of validating the methodology proposed in section 3 for

extended-reacting liners with a dissipative interface. In addition, it is checked that the global order of accuracy of the nu-
9 
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Fig. 6. (a,b) Real and imaginary components of the impedance of the perforated sheets PS1 ( ) and PS2 ( ); (b,c) real and imaginary components 

of the auxiliary interface function K sh 1 for PS1 ( ) and PS2 ( ), and their approximations with 2 real poles ( and , respectively). 

Fig. 7. Sketch of the 1D test case configuration. 

 

 

 

 

 

 

 

 

 

 

 

 

merical solver is not degraded, and the different sources of error are highlighted. The codes used to produce these results

are available in the supplementary material. 

The 1D test case configuration is shown in Fig. 7 . A plane wave pulse incident on an interface between air and a sound-

absorbing material is partly reflected and partly transmitted. The interface is located at x = 0 , the semi-infinite medium

x > 0 and x < 0 corresponds to the air and to the material, respectively. Note that the interface can be dissipative and

induce a pressure jump. The analytical solution to this problem is detailed in Appendix B . The same numerical schemes

and selective filters of the 2D configuration are used, except for the second-order non-centered selective filters that are 

not employed in this section. The grid size is uniform everywhere in the domain, with a reference value of d x = 0 . 005 m.

The time step is set so that the CFL number, defined by CFL = c 0 d t / d x, is equal to one, which yields a reference time step

d t = 1 . 47 × 10 −5 s. The strength of the selective filters is set to 0.2 for all the simulations. The FDTD algorithm is advanced

in time starting from the initial conditions: 

p(x > 0 , t = 0) = p 0 (x − x s ) , p(x < 0 , t = 0) = 0 

v (x > 0 , t = 0) = −p 0 (x − x s ) / (ρ0 c 0 ) , v (x < 0 , t = 0) = 0 

where p 0 is a Mexican hat pulse 

p 0 (x ) = 

(
1 −

[ 
x 

B 

] 2 )
exp 

( 

−
[

x √ 

2 B 

]2 
) 

of width B = 0 . 015 m and centered initially at x s = 1 m. With this value of B, the incident pulse has frequency contents up

to approximately 15 kHz. The auxiliary functions are all initialized to zero. 

Fig. 8 a shows three successive snapshots of the pressure field obtained for a semi-infinite layer of polyurethane foam 

covered by the perforated plate PS2. The pulse at t 1 is the incident pulse. At t 2 the incident pulse impinges on the perforated

sheet. Note the pressure jump at the interface due to the perforated sheet. Finally, at t f the pulse transmitted through the

perforated sheet and propagating in the foam and the pulse reflected at the interface are clearly identified. Fig. 8 b shows

the associated error distributions, determined with the analytical solution. Note that the error is small both for the reflected 

and transmitted pulse. 
10 
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Fig. 8. (a) Pressure field from FDTD in the air and in the polyurethane foam covered with PS2, at t 1 = 1 . 5 ms (initial pulse, ), t 2 = 2 . 9 ms (during 

impingement on the impedance wall, and ) and t f = 3 . 7 ms (transmitted and reflected pulses, and ); (b) error of the pressure field 

from FDTD. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

In order to analyze more precisely the error induced by the treatment of the material and of the interface, a convergence

study as the timestep d t is reduced from its reference value is now performed. The errors are determined separately for 

the air domain ( x > 0 ) and the material domain ( x < 0 ), with the aim of characterizing individually the reflection and the

transmission. The following measure of the global error is considered: 

εtot = 

√ ∫ | p(x, t f ) − p ana (x, t f ) | 2 d x ∫ | p ana (x, t f ) | 2 d x 
, (19) 

where the integral is performed at a time t f = 3 . 7 ms over each considered domain. The errors in the air and material

domains are hereafter indicated by the superscript a and 

m , respectively. The error curves are obtained at a constant CFL = 

c 0 d t/ d x of 1, which implies that the mesh size varies linearly with the time step. 

In the general case, the numerical solution from FDTD has two sources of error, namely the modeling error induced by

the pole truncation of ρe and C e and of K sh 1 and K sh 2 , and the numerical error, due to the discretization: 

p − p ana ︸ ︷︷ ︸ 
total 

= p − p ana , mod ︸ ︷︷ ︸ 
numerical 

+ p ana , mod − p ana ︸ ︷︷ ︸ 
modeling 

, 

where p is the numerical solution, p ana is the analytical solution built from the exact values of ρe , C e and Z sh , and p ana , mod is

the analytical solution built from the truncated partial fraction expansions of ρe , C e , K sh 1 and K sh 2 . Note that if the medium

on both sides of the interface corresponds to air the error associated to the truncation of ρe and C e is zero, and in the

case of a free or constant resistance interface the interface conditions are exact. In order to characterize these two error

contributions, we define the numerical error εnum 

and the modeling error εmod by: 

εnum 

= 

√ ∫ | p(x, t f ) − p ana , mod (x, t f ) | 2 d x ∫ | p ana (x, t f ) | 2 d x 
, εmod = 

√ ∫ | p ana , mod (x, t f ) − p ana (x, t f ) | 2 d x ∫ | p ana (x, t f ) | 2 d x 
, 

where the full analytical solution is always used as the normalization factor for consistency. 

Fig. 9 a illustrates the convergence of the error for the reflected wave with the time step for the polyurethane foam

covered with PS2. For large timesteps, the total error is mostly due to the numerical error. The decrease of the error with the

timestep is thus depending on the numerical schemes and the numerical order of the FDTD algorithm emerges. For smaller 

timesteps, the error converges to the modeling error due to the truncation of ρe and C e and/or the interface functions K sh 1 

and K sh 2 , and ceases to depend on the timestep. The corresponding convergence of the error for the transmitted pulse is

shown in Fig. 9 b. In this case, except for the largest timesteps, the total error is entirely due to the modeling error. 

Fig. 10 depicts the total error ( εtot ) curves and the modeling error ( εmod ) corresponding to an increasing number of real

poles used to describe the effective density and effective compressibility of the aluminum foam without any covering sheet. 

The errors determined for the reflected and transmitted waves show a saturation of the total error at small timesteps, due

to the pole truncation error. The pole truncation error decreases fast until 4 real poles, while the error for 5 poles is only

marginally lower than with 4 poles, indicating a certain saturation. Note that such saturation was not observed in the error

of ρe and C e (see Fig. 3 ). At the largest timestep, the total error for the reflected wave is dominated by the numerical error,

and is approximately independent of the number of poles retained. 

Similarly, Fig. 11 shows the total error curves and the modeling error curves associated to the pole truncation of K sh 1 and

K sh 2 ( εmod ), for two semi-infinite layers of air separated by the perforated plate PS2 using 2, 4 and 6 real poles to describe 
11 
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Fig. 9. εtot ( ), εnum ( ) and εmod ( ) corresponding to the polyurethane foam covered with PS2 determined (a) for the reflected wave in the 

air and (b) for the transmitted wave in the foam. 

Fig. 10. εtot and εmod corresponding to the aluminum foam without a perforated sheet for 2 real poles ( , ), 3 real poles ( , ), 4 real 

poles ( , ) and 5 real poles ( , ) of ρe and C e , determined (a) for the reflected wave in the air and (b) for the transmitted wave in the 

foam. 

Fig. 11. εtot and εmod for two semi-infinite layers of air separated by the perforated sheet PS2 using 2 interface poles ( and ), 4 interface poles 

( and ) and 6 interface poles ( and ) determined (a) for the reflected wave and (b) for the transmitted wave. 

 

 

 

 

 

 

K sh 1 and K sh 2 . The shape of the curves is similar to that in Fig. 10 , for both the reflected and transmitted waves. At small 

timesteps the decrease of the total error saturates due to the interface pole truncation error. Note that increasing from 4 to

6 poles does not lead to a significant decrease of the pole truncation error. At large timesteps the total error is dominated

by the numerical error and appears to be independent of the number of poles retained. 

Fig. 12 shows the numerical error curves for several simulations associated to different configurations: a semi-infinite 

medium corresponding to a porous medium or by air and with or without covering sheet, which can be a purely resistive

screen or a perforated plate. All these curves, both for the reflected and transmitted waves, show the same variations with

the timestep. In particular, at small timesteps the numerical error decreases as d t 4 , which corresponds to the lowest order

of all the numerical schemes employed in this test case (Runge-Kutta, finite-difference and selective filters). 1 Overall, this 

convergence study shows that the numerical treatment of the porous medium and of the interface does not degrade the 

order of accuracy of the solver. Therefore, the methodology proposed here is in particular well-suited for high-order solvers. 

In this section the FDTD code has been validated against the analytical solution in a 1D configuration. The role of the

number of poles retained for the effective density and compressibility and for the broadband interface condition in the 
1 It should be noted that the use of the second-order non-centered filters near the interface would lead to a reduction of the accuracy order from fourth 

order to second order. 
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Fig. 12. εnum determined (a) for the reflected wave and (b) for the transmitted wave and for various configurations: a semi-infinite layer of air ( ), 

aluminum ( ) or polyurethane ( ) without covering ( ) or covered with a resistive sheet with R sh = 0 . 5 ρ0 c 0 ( ) or with the perforated plate PS1 

( ) or PS2 ( ). 

 

 

 

 

 

 

 

total numerical error has been exposed. Finally, the numerical order of the algorithm has been shown to be recovered, 

independently of the liner material or the perforated sheet, as long as a sufficient number of poles is retained. 

6. 2D lined duct 

The solver is applied now to a 2D duct with a side cavity filled with the liner material (see Fig. 1 ). Cavities ranging from

a short and deep cavity with L m 

/H m 

= 0 . 25 , to a long and shallow cavity with L m 

/H m 

= 10 , have been considered. While the

former cavities are expected to be approximately locally-reacting (at moderate frequencies), the latter is a case of marked 

extended-reacting behaviour, as will be shown in Sec. 6.4 . The forcing consists of a plane pulse located either upstream or

downstream of the treated section: 

Q(x, t) = λ(t) 
x − x S 

x c 
exp 

( 

−
[

( x − x S ) √ 

2 x c 

]2 
) 

, (20) 

λ(t) = 

t − t S 
t c 

exp 

( 

−
[

(t − t S ) √ 

2 t c 

]2 
) 

, (21) 

where x c = 8 d x, t S = 5 · 10 −4 s and t c = 10 −4 s. These values have been chosen to assure that the vast majority of the signal

energy is below the cutoff frequency of the rigid duct, and also that the temporal pulse is entirely located at t > 0 . 

6.1. Scattering matrix 

For frequencies lower than the rigid duct cutoff frequency, and assuming a uniform mean flow, the acoustic field in the 

upstream (1) and downstream (2) rigid sections is the sum of a right-propagating (+) and a left-propagating (-) convected 

plane waves: 

ˆ p 1 (x, ω) = A 

+ 
1 exp (−j k + 0 x ) + A 

−
1 exp ( j k −0 x ) , 

ˆ p 2 (x, ω) = A 

+ 
2 exp (−j k + 0 x ) + A 

−
2 exp ( j k −0 x ) , 

k + 0 = 

ω 

c 0 (1 + M) 
, k −0 = 

ω 

c 0 (1 − M) 

where A 

+ 
1 
, A 

−
1 

are the complex amplitudes in the upstream rigid section, and A 

+ 
2 
, A 

−
2 

are the complex amplitudes in the

downstream rigid section. The response of the liner to incoming plane waves can be defined in terms of a scattering ma-

trix: (
A 

+ 
2 

A 

−
1 

)
= 

(
T + R 

−

R 

+ T −

)(
A 

+ 
1 

A 

−
2 

)
, 

where T + , T − are the transmission coefficients for an upstream source and a downstream source, respectively, and R + , R −

are the corresponding reflection coefficients. The transmission and reflection coefficients are complex functions of frequency. 

If M = 0 the system is symmetric and thus T + = T − = T and R + = R − = R . In this case T and R are determined by a single

simulation. The presence of a mean flow breaks the +/- symmetry, and two simulations corresponding to two different 

configurations are needed to determine the four scattering coefficients. The transmission and reflection coefficients have 

been computed here using the two-source method [53,54] , which is widely used in experiments. Two sensors upstream 

and two sensors downstream have been used to compute the scattering matrix. The distance between the sensors of each 
13 
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Fig. 13. Comparison of the pressure signal on the opposite wall of the liner, at the center of the lined section, for the short cavity filled with the 

polyurethane foam, without the GTS method ( ) and with the GTS method ( ). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

pair is slightly smaller than half the wavelength of the plane waves traveling upstream (the most restrictive case), i.e. c 0 (1 −
M) / (2 f max ) , where f max is the largest frequency considered. This moves the first λ/ 2 -indeterminacy to a frequency slightly

larger than f max . The details of the calculation of the scattering matrix from the sensor signals are included in Appendix C .

6.2. Gradient term suppression method (GTS) 

The LEE equations on a mean shear flow over a lined wall can sustain hydrodynamic instabilities, which are excited by

incoming sound waves. These unstable modes can be physical [55,56] or generated by the discretization of the continuous 

equations [57] . Time-domain simulations are especially susceptible to instabilities because they are broadband in nature 

and so any unstable mode will be excited. Indeed, from the FDTD simulations it appears that the hydrodynamic instability 

is ubiquitous in the extended-reacting liners considered here, as soon as the Mach number exceeds about 0.1. The instability 

appears to be stronger on an extended-reacting liner than on the equivalent locally-reacting liner, for both short and long 

cavities. Though not presented here, the addition of a smooth-wall turbulent viscosity profile has also been tested, and it 

is not enough to transform the instability from absolute to convective, which has been shown to be the case for certain

locally-reacting liners [58] . 

In this study we have used the gradient term suppression method (GTS) [59] to eradicate all instabilities. This method is

simple and robust, and is close to competing methods in the case of jets [60] . It was also shown to be efficient to suppress

the hydrodynamic instability generated over a locally-reacting liner [61] . The main drawback is that the GTS method also 

modifies the acoustic field. Its impact on the acoustic duct modes was assessed in [61] . The GTS method consists of elimi-

nating the mean flow gradient term in the x -momentum equation ( v d U 0 / d y ) responsible for the acoustic-vorticity coupling

in the LEE equations [59] . Fig. 13 shows the pressure signal sampled on the opposite wall of the liner, at the liner central

section, for the short cavity filled with the polyurethane foam, with and without GTS. Note the good match of the initial

acoustic pulse and the suppression of the oscillations due to the instability by GTS. 

6.3. Validation against experimental results 

The experimental results of Aurégan and Singh [62] with a rigid-frame, Nickel-Chrome porous liner ( φ = 0 . 99 , α∞ 

=
1 . 17 , � = 1 . 0 · 10 −4 m , �′ = 2 . 4 · 10 −4 m) have been used to validate the FDTD code. In this case the duct height was 0.015

m, the liner length 0.2 m, and the liner depth 0.025 m. The comparison for M = 0 is shown in Fig. 14 a. The predictions

of both | T | and | R | are excellent. The same results in the case of M = 0 . 2 are shown in Figs. 14 c,d. The trends of | T + |
and | R + | are remarkably accurate overall. On the other hand, while the trends of | T −| and | R −| are well predicted, their

value is overestimated by about 10-20%. The measured pattern of | T + | reveals oscillations in the range 50 0-150 0 Hz that

are not captured by the temporal simulations. These are related to the hydrodynamic instability wave that grows along the 

lined wall. The frequency of the peaks and troughs is determined by the relative phase lag of the acoustic wave and the

instability wave at the liner end section [56,62] . The GTS method suppresses completely the instability wave and therefore

the oscillations are absent from the simulations. 

Given the remarkable accuracy of the predicted scattering coefficients for M = 0 , it is likely that the differences observed

at M = 0 . 2 are not due to an inaccuracy of the JCA parameters of the metallic foam, but due to an actual mis-modeling of

either the mean flow profile, the presence of a mean flow in the material [56] , or the use of GTS. However, the present

results show that a good approximation can be achieved with the current simplified model. 
14 
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Fig. 14. (a,b) FDTD prediction of | T | , | R | ( ) and measurement ( ), for M = 0 ; (c,d) FDTD prediction of | T + | , | R + | ( ), and | T −| , | R −| ( ), and 

measurement of | T + | , | R + | ( ) and | T −| , | R −| ( ), for M = 0 . 2 and a liner cavity with L m = 200 mm and H m = 25 mm. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

6.4. Extended-reacting behavior 

In this section the approximation of extended-reacting liners by a surface impedance is addressed. While in the 1D 

configuration the layer of sound-absorbing material is always equivalent to its surface impedance, this is not true in general 

in 2D or 3D configurations. In this case a locally-reacting behavior can only be expected when sound waves inside the liner

cavity propagate in the wall-normal direction, i.e. when only the plane wave mode propagates inside the liner cavity. A first

condition is that the acoustic wavelength in the main duct is much larger than the cavity length, which is equivalent to a

low-frequency condition, f � c 0 /L m 

. This assures that the most excited mode in the cavity is the plane wave mode. Another

condition is that the cavity depth is much larger than the acoustic wavelength inside the cavity. This ensures that the least

attenuated mode, i.e. the plane wave mode, will dominate the acoustic field. While the first condition is purely geometric, 

the second one depends also on the material. Note that a mean flow in the duct changes the wavelength of the acoustic

waves: the wavelength of downstream-propagating waves increases, and the wavelength of upstream-propagating waves 

decreases. An impact of the flow on the validity of the locally-reacting approximation is then expected, which increases 

with the Mach number. 

As a showcase of locally-reacting and extended-reacting behavior we have considered two cavities: a short and deep one 

( L m 

= 10 mm and H m 

= 40 mm) and another one which is long and shallow ( L m 

= 100 mm and H m 

= 10 mm). While the

short cavity fulfills the geometric condition for a locally-reacting behavior in the considered frequency range, the long cavity 

does not, except at very low frequencies, and therefore a marked extended-reacting behavior can be expected independently 

of the liner material. The duct height is set to H = 0 . 02 m, and the length of the duct section with a uniform grid is 0.392

m (limited by the beginning of the sponge zones). The central section of the cavity is fixed at the central section of the

duct. The upstream and downstream sources are located at 0.046 m from the upstream and downstream sponge zones, 

respectively. The inner pressure sensors are fixed at 0.05 m from the long cavity and at 0.1 m from the short cavity. The

outer sensors are separated by 0.05 m from the sources. It has been checked that changes of these distances don’t affect

significantly the scattering matrix. 

A modified version of the FDTD solver has been used to compute the acoustic field in the case of a locally-reacting liner,

with a surface impedance determined by: 

Z s (ω) = −j Z e (ω) cot ( k e (ω) H m 

) + Z sh (ω) , (22) 

where the material characteristic impedance, Z e , and wavenumber, k e , are defined as 

Z e (ω) = 

√ 

ρe (ω) 

C e (ω) 
, k e (ω) = ω 

√ 

ρe (ω) C e (ω) . 

The no-flow impedance boundary condition is used because the mean flow velocity is zero on the lined wall. The locally-

reacting solver uses the same numerical schemes than the extended-reacting FDTD solver, and the ADE method is used to 

transform the impedance boundary condition to the time-domain [37] . 

Simulations are performed for the two porous materials and for the metamaterial, whose effective properties are shown 

in Figs. 4 and 5 a. As an example, the computational cost of the approach is indicated for the aluminum foam. The effective

density and compressibility are approximated using 5 poles. There are thus 18 variables for the material domain: p, u, v
and 15 auxiliary functions ( φx 

ρk 
, φy 

ρk 
and φCk for 1 ≤ k ≤ 5 ), while there are three variables in the air domain: p, u and v .

There are 92500 points in the air domain and 9100 points in the material domain for the long cavity and 3800 points for

the short cavity. Compared to the simulation with an impedance boundary condition, this leads to an increase of memory 
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Fig. 15. Successive snapshots of the pressure field for the short cavity (a-g) and the long cavity (h-n), both filled with the aluminum foam, at M = 0 . 3 

and with the upstream source; short cavity: starting from t = 9 . 6 · 10 −5 s and sampled every 9 . 6 · 10 −6 s; long cavity: starting from t = 7 . 68 · 10 −5 s and 

sampled every 1 . 92 · 10 −5 s. 

 

 

 

 

 

 

 

 

 

 

 

 

usage by 60 % and 25 % for the long and short cavity, respectively, and to a corresponding increase of CPU time by 80 % and

by 50 %. 

6.4.1. Porous material 

Fig. 15 a-g display the evolution of the pressure field in the duct section lined with the short cavity filled with the

aluminum foam, with a mean flow at M = 0 . 3 and the acoustic source placed upstream (flow goes from left to right). It

is appreciated that the plane wave mode dominates the pressure field both in the duct and within the cavity. The latter

indicates that substituting the cavity by a locally-reacting liner seems to be appropriate in this case. Fig. 15 h-n show the

analogous plots for the long cavity. Note that, while the pressure is continuous at the air-material interface, the y -gradient

of the pressure is discontinuous. In this case the near-plane mode (which coincides with the least attenuated mode) of the

lined section seems to be dominant along the lined section. 

Fig. 16 a,b,c,d compare the transmission (a,c) and reflection (b,d) coefficients against the predictions using a locally- 

reacting approximation, corresponding to the two porous materials for the short and deep cavity (a,b) and the long and 

narrow cavity (c,d). In the locally-reacting approximation the impedance of the liner is calculated using Eq. (22) . While the

locally-reacting approximation is accurate for the short cavity for all materials tested, it fails for the long cavity, as expected. 

In short cavities it is generally observed that the approximation is worse around the λ/ 4 -resonances of the cavity, and that

in this situation the approximation is better for the high resistivity porous materials than for low resistivity materials. When 

approaching these cavity resonances the waves propagating inside the cavity have a larger impact on the acoustic field in 

the main duct, and thus the locally-reacting approximation leads to higher relative errors of the transmission and reflection 

coefficients. Higher resistivity materials lead to higher decay rates of the plane wave mode inside the cavity, diminishing 

the strength of the cavity resonance and thus diminishing the relative error of the locally-reacting approximation. Fig. 17 a,b

show the transmission and reflection coefficients of the short cavity filled with aluminum foam for M = 0 . 3 . The locally-

reacting approximation is also excellent in this case, with slightly lower accuracy in the case of the downstream source, 

which can be explained by the smaller wavelength of the plane waves traveling upstream. 

It is interesting to examine the surface impedance along the lined wall from the extended-reacting liner simulations. It 

is obtained from the Fourier transforms of the pressure and wall-normal velocity at the interface: 

Z s (x, ω) = − ˆ p (x, ω) 

ˆ v (x, ω) 
. (23) 

In the case of an ideal locally-reacting liner, the surface impedance should be constant along the liner, independent from 

the source location, independent from the flow, and equal to the value provided by Eq. (22) . The surface impedance of
16 
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Fig. 16. FDTD prediction of | T | , | R | for the extended-reacting polyurethane foam liner ( ), extended-reacting aluminum foam liner ( ), locally- 

reacting polyurethane foam liner ( ), and the locally-reacting aluminum foam liner ( ), corresponding to the short cavity (a,b) and the long cavity 

(c,d) at M = 0 . 

Fig. 17. FDTD prediction of | T + | , | R + | corresponding to the extended-reacting case ( ) and the locally-reacting case ( ), and prediction of | T −| , | R −| 
corresponding to the extended-reacting case ( ) and the locally-reacting case ( ), for the short cavity filled with aluminum foam at M = 0 . 3 . 

 

 

 

 

 

 

 

 

the short cavity filled with aluminum foam at M = 0 and M = 0 . 3 , for an upstream source and a downstream source, are

plotted in Fig. 18 a,b (10 0 0 Hz) and Fig. 18 c,d (40 0 0 Hz). Note that the surface impedance obtained from the extended-

reacting configuration suffers significant changes along the liner, even without flow. As expected, the curves corresponding 

to M = 0 are symmetric with respect to the center of the liner. The mean flow breaks this symmetry. The mean value of

surface impedance from the extended-reacting configuration is, however, not far from the locally-reacting impedance, the 

extended-reacting effect being approximately antisymmetric with respect to the center of the liner. At both frequencies, and 

especially at 10 0 0 Hz, the cavity is approximately equivalent to a point-like impedance, with the dominant contribution 

coming from the plane wave inside the cavity. In this situation, the effect of higher-order evanescent modes inside the 

cavity may be important in the immediate vicinity of the air-material interface, but become negligible away from it. It is

nevertheless surprising that the plane wave scattering coefficients from the extended-reacting and locally-reacting liners are 

so close for the short cavity, given these differences in surface impedance between both cases, and between upstream and 

downstream sources. 

6.4.2. Locally-resonant metamaterial 

Fig. 19 a,b,c,d compare the transmission (a,c) and reflection (b,d) coefficients against the predictions using a locally- 

reacting approximation, corresponding to the short cavity (a,b) and the long cavity (c,d), filled with a metamaterial based 

on a local resonance of the effective compressibility at 10 0 0 Hz. As for the porous materials, the locally-reacting approxi-

mation in the short cavity is excellent in all the frequency range considered. In the case of the long cavity the agreement is

overall worse, as expected. Fig. 20 a,b show the absolute value of the transmission coefficient for the short cavity (a) and the

long cavity (b) at M = 0 . 3 , corresponding to the extended-reacting and the locally-reacting cases. Interestingly, the locally-

reacting approximation for the short cavity is overall worse than without flow. With the upstream source the prediction 

from the locally-reacting approximation is reasonable for all frequencies. But for the downstream source important differ- 
17 
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Fig. 18. Surface impedance along the short cavity filled with aluminum foam, at (a,b) 10 0 0 Hz and (c,d) 40 0 0 Hz, for the extended-reacting liner with 

an upstream source at M = 0 ( ), M = 0 . 3 ( ), the extended-reacting liner with a downstream source at M = 0 ( ), M = 0 . 3 ( ), and the 

locally-reacting approximation ( ). 

Fig. 19. Transmission and reflection coefficients for the extended-reacting case ( ) and the locally-reacting approximation ( ), of the short cavity 

(a,b) and the long cavity (c,d) filled with a metamaterial with a local resonance of the effective compressibility at 10 0 0 Hz, F C = 2 and �C = 300 , at M = 0 . 

 

 

 

 

 

 

 

 

 

ences are observed, notably around the cavity resonances at 750 Hz and 2500 Hz. This is attributed to the effect of flow

on the wavelength of incoming waves: in the case of a downstream source the wavelength of the incoming plane waves is

significantly lower than without flow (about a 30% lower), limiting the validity of the long wavelength assumption. 

Concerning the long cavity, it is observed that below 10 0 0 Hz the locally-reacting approximation is not accurate for

both upstream and downstream sources. Similarly to the case without flow, from about 10 0 0 Hz to about 1500 Hz the

transmission coefficient from the locally-reacting approximation approaches the transmission coefficient of the extended- 

reacting liner. 

Notice that in the range 10 0 0 Hz < f < 150 0 Hz the locally-reacting approximation of the long cavity is reasonably

accurate for both M = 0 and M = 0 . 3 . This frequency band coincides with the frequency band where the sound speed inside

the material cavity is close to zero (see Fig. 5 b). For long cavities, it is the least attenuated mode of the lined section

that dominates the acoustic field. We have computed the eigenmodes of the duct lined with a metamaterial layer of depth

H m 

= 0 . 01 m for both the extended-reacting case and the locally-reacting approximation, for M = 0 . We have used a second-

order finite-difference discretization in the wall-normal direction. In the extended-reacting case, the continuity of pressure 

and wall-normal velocity has been imposed at the air-material interface. In terms of pressure the interface condition is: 

ˆ p a = 

ˆ p m 

, 

1 

ρ0 

∂ ̂  p a 

∂y 
= 

1 

ρe (ω) 

∂ ̂  p m 

∂y 
, 
18 
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Fig. 20. | T + | for the extended-reacting case ( ) and the locally-reacting approximation ( ), | T −| for the extended-reacting case ( ) and the 

locally-reacting approximation ( ), for the metamaterial in the short cavity (a) and the long cavity (b), at M = 0 . 3 . 

Fig. 21. (a) Wavenumbers of the least attenuated mode for the long cavity ( H m = 0 . 01 m) filled with the metamaterial, corresponding to the extended- 

reacting case ( ) and the locally-reacting approximation ( ); (b) mode shapes (amplitude) of the least attenuated mode for the extended-reacting liner at 

10 0 0 Hz ( ), 1250 Hz ( ) and 1500 Hz ( ), and amplitude of the least attenuated mode for the locally-reacting liner at 10 0 0 Hz ( ), 1250 

Hz ( ) and 1500 Hz ( ). The metamaterial has a local resonance of the compressibility at 10 0 0 Hz, with parameters F C = 1 . 7 and �C = 300 . 

 

 

 

 

 

 

 

 

 

 

 

 

 

In the locally-reacting case the impedance obtained from Eq. (22) is imposed at the boundary through: 

∂ ̂  p a 

∂y 
= − ρ0 ω 

j Z s (ω) 
ˆ p a . 

Fig. 21 a shows the wavenumbers of the least attenuated mode for frequencies in the range 100 Hz < f < 2000 Hz. Fig. 21 b

shows the amplitude of the least attenuated mode at three different frequencies, for the extended-reacting and locally- 

reacting cases. In the frequency range 10 0 0 Hz < f < 1500 Hz the wavenumbers and the mode shapes of the extended-

reacting and locally-reacting cases are similar, explaining the match in the transmission and reflection coefficients. 

6.5. Impact of the mean flow on the acoustic performance 

In this section we evaluate the impact of the Mach number on the plane wave scattering of the long cavity filled with

aluminum foam and with the locally-resonant metamaterial. 

Fig. 22 a,b show the scattering coefficients of the long porous cavity. The effect of M on the transmission coefficients is

simple: a small and approximately uniform increase of | T + | , and a small and approximately uniform decrease of | T −| . The

effect on the reflection coefficients is similar concerning the levels, i.e. | R + | augments and | R −| diminishes. But also, it is

observed that the peaks of | R ±| shift to lower frequencies. The reason is that for the short cavity the peaks are associated

to cavity resonances in the direction normal to the duct, so that the change in axial wavelength of the plane waves in the

main duct doesn’t change the resonant frequencies. On the other hand, the peaks in | R ±| of the long cavity are associated

to axial resonances of the cavity, which are more sensitive to the wavelength of the plane waves in the main duct and thus

to M. 

In the case of the long cavity filled with locally-resonant metamaterial the behavior is quite different overall (see 

Fig. 22 c,d). Increasing M causes a slight shift of both | T + | and | T −| to higher frequencies, with almost no effect on the

overall trend or the levels, even for the highest frequency. The effect on the reflection coefficients is larger, and much more

similar to the case of the porous liners, i.e. increasing M causes an approximately uniform increase of | R + | and a decrease
19 
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Fig. 22. | T | , | R | at M = 0 ( ), | T + | , | R + | at M = 0 . 1 ( ), M = 0 . 2 ( ) and M = 0 . 3 ( ), | T −| , | R −| at M = 0 . 1 ( ), M = 0 . 2 ( ) and 

M = 0 . 3 ( ), for the long cavity filled with aluminum foam (a,b) and with the locally-resonant metamaterial (c,d). 

 

 

 

 

 

 

 

of | R −| . The good performance of the metamaterial-based liner with flow which acts as a sound barrier around the reso-

nance frequency, for both upstream and downstream sources, illustrates the potential of this type of material in aeroacoustic 

applications. 

7. Conclusions 

In this study a full FDTD methodology to compute the acoustic field of a flow duct treated with general extended-reacting

liners, including a perforated sheet, has been introduced and validated. The liner material is treated as an equivalent fluid, 

and the ADE method is used to substitute the convolution integrals that appear in the time-domain equations by a set

of auxiliary differential equations which can be solved simultaneously to the mass and momentum equations, allowing 

the use of high-order spatial and temporal schemes. Its use has been illustrated for rigid-frame porous materials and a 

simple prototype of effective medium for a locally-resonant metamaterial. While simulations have been performed for 2D 

geometries, the extension to the 3D case is straightforward. 

In a first stage the FDTD algorithm has been validated against the analytical solution in a 1D configuration, corresponding 

to reflexion and transmission at an interface with a semi-infinite liner. The various contributions to the total error have been

highlighted: the truncation of the partial fraction expansion of the effective density and compressibility, the truncation of 

the partial fraction expansions involved in a general broadband interface condition, and finally the pure numerical error. The 

latter dominates the total error as long as the number of poles retained is high enough, and follows the expected order of

the numerical schemes used. 

In a second stage, the FDTD algorithm has been applied to a 2D flow duct treated with extended-reacting liners, and

successfully validated against experimental results of porous liners with and without flow. The GTS method has been shown 

to be effective at suppressing the hydrodynamic instability, with only a small impact on the acoustic component. Interest- 

ing features in the performance of liners based on a locally-resonant metamaterial have been identified which illustrate 

their potential in this application. In particular, it has been shown that the transmission coefficient of metamaterial-based 

liners in the presence of a mean flow remains low and close to the no-flow transmission coefficient around the leading

resonance frequency of the metamaterial. Furthermore, it appears that around this frequency the liner behaves closely to 

its locally-reacting counterpart. This might allow designing these liners around the resonance using their locally-reacting 

approximation, i.e. directly through their impedance. 

Future work will focus on the development of metamaterials for lined duct flow applications and on their modeling 

for time-domain simulations. In addition, the proposed treatment of the interface could also be used to investigate the 

attenuation due to empty cavities lined by a perforated plate, for which extensive experimental data are available [63] . 
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Appendix A. Johnson-Champoux-Allard-Pride-Lafarge model 

The JCAPL semi-phenomenological model [46] describes a large family of rigid-frame porous media. The effective density 

and effective compressibility, in the equivalent fluid formulation, are fully characterized by 8 parameters: the porosity ( φ), 

the tortuosity ( α∞ 

), the viscous length ( �), the thermal length ( �′ ), the viscous permeability ( k 0 ), the thermal permeability

( k ′ 0 ), the static viscous tortuosity ( α0 ), and the static thermal tortuosity ( α′ 
0 ): 

ρe (ω) 

ρ0 

= 

1 

φ

(
α∞ 

+ 

1 

j X 

( 
√ 

j MN 

2 + b 2 − b + 1) 
)
, (A.1a) 

ρ0 c 
2 
0 C e (ω) = φ

(
γ − γ − 1 

C 

)
, C = 1 + 

1 

j X 

′ 
(√ 

j M 

′ (N 

′ ) 2 + (b ′ ) 2 − b ′ + 1 

)
, (A.1b) 

b = 

2 α2 
∞ 

k 0 
�2 φ(α0 − α∞ 

) 
, b ′ = 

2 k ′ 0 
(�′ ) 2 φ(α′ 

0 
− 1) 

, (A.1c) 

X = 

ωρ0 k 0 
μ0 φ

, X 

′ = 

ωρ0 k 
′ 
0 P r 

μφ
, (A.1d) 

M = 

ωρ0 

μ0 

, M 

′ = 

ωρ0 P r 

μ
, (A.1e) 

N = 

2 α∞ 

k 0 
�φ

, N 

′ = 

2 k ′ 0 
�′ φ , (A.1f) 

The full JCAPL model reduces to the Johnson-Champoux-Allard-Lafarge model (JCAL) by setting b = b ′ = 1 , and the

Johnson-Champoux-Allard model (JCA) is obtained by setting k ′ 
0 

= φ�′ 2 / 8 . 

Appendix B. Analytical solution for the reflection and the transmission of a plane wave pulse at an interface between 

two semi-infinite fluid media 

Details on the analytical solution for the transmission and reflection of an acoustic pulse at an interface between air and

a sound-absorbing material in the form of an equivalent fluid are given here. 

In air ( x > 0 ), the pressure can be written in the time domain as: 

p a ana (x, t) = p 0 (x − x s + c 0 t) + [ r ∗ p 0 ](x + x s − c 0 t) (B.1)

where the first contribution corresponds to the incident pulse traveling leftwards and the second contribution to the re- 

flected pulse at the interface, traveling rightwards. The operator ∗ denotes convolution and r(t) is the impulse response 

associated to the reflection coefficient. Eq. B.1 can also be written as the inverse Fourier transform 

p a ana (x, t) = 

1 

2 π

∫ + ∞ 

−∞ 

1 

c 0 
ˆ p 0 ( k 0 ) 

(
e j k 0 (x −x s ) + R (ω) e −j k 0 (x + x s ) )e j ωt d ω. (B.2) 

In the above expression, k 0 = ω/c 0 is the wavenumber in air and R is the reflection coefficient: 

R (ω) = 

Z e (ω) + Z sh (ω) − ρ0 c 0 
Z e ( ω) + Z (ω) + ρ0 c 0 

, (B.3) 

sh 
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where Z e (ω) = 

√ 

ρe (ω) /C e (ω) is the characteristic impedance of the material and Z sh (ω) accounts for a possible pressure

jump at the interface, due e.g. to a resistive screen or a perforated plate. Finally, ˆ p 0 is the Fourier transform of the incident

pulse: 

ˆ p 0 (k ) = 

∫ ∞ 

−∞ 

p 0 (x ) e −j kx d x, (B.4) 

which, for the Mexican hat used in this study, is given by: 

ˆ p 0 ( k ) = 

√ 

2 πB (kB ) 2 exp 

(
−k 2 B 

2 

2 

)
. (B.5) 

In the sound-absorbing material ( x < 0 ), the pressure of the pulse transmitted through the interface can be expressed as

the following inverse Fourier transform: 

p m 

ana (x, t) = 

1 

2 π

∫ + ∞ 

−∞ 

1 

c 0 
ˆ p 0 ( k 0 ) e 

−j k 0 x s T (ω) e j k e x e j ωt d ω (B.6) 

where k e (ω) = ω 

√ 

ρe (ω) C e (ω) is the wavenumber in the material and T (ω) is the transmission coefficient, given by: 

T (ω) = 

2 Z e (ω) 

Z e (ω) + Z sh (ω) + ρ0 c 0 
(B.7) 

Appendix C. Determination of the scattering matrix from the time-domain simulations 

The plane wave scattering matrix is determined from the time signals of 2 pressure sensors upstream and 2 pressure 

sensors downstream, corresponding to two different source configurations: a downstream source (I) and an upstream source 

(II). The four complex equations (one for each pair of sensors and each source configuration) can be re-arranged into the

following matrix system: (
R 

I 
1 T II 21 

T I 12 R 

II 
2 

)
= 

(
R 

+ T −

T + R 

−

)( 

I 
R II 2 

T II 
12 

T I 12 

R I 
2 

I 

) 

, (C.1) 

where 

R 1 = 

ˆ p −
1 

ˆ p + 
1 

= 

H 12 ,u exp (− jk + 
0 

x 1 u ) − exp (− jk + 
0 

x 2 u ) 

exp ( jk −
0 

x 1 u ) − H 12 ,u exp ( jk −
0 

x 2 u ) 
, 

R 2 = 

ˆ p + 
2 

ˆ p −
2 

= 

H 12 ,d exp ( jk −
0 

x 2 d ) − exp ( jk −
0 

x 1 d ) 

exp (− jk + 
0 

x 1 d ) − H 12 ,d exp (− jk + 
0 

x 2 d ) 
, 

T 12 = 

ˆ p + 
2 

ˆ p + 
1 

= H 11 ,du 

exp (− jk + 
0 

x 1 u ) + R 1 exp ( jk −
0 

x 1 u ) 

exp (− jk + 
0 

x 1 d ) + (1 /R 2 ) exp ( jk −
0 

x 1 d ) 
, 

T 21 = 

ˆ p −
1 

ˆ p −
2 

= H 11 ,ud 

R 2 exp (− jk + 
0 

x 1 d ) + exp ( jk −
0 

x 1 d ) 

(1 /R 1 ) exp (− jk + 
0 

x 1 u ) + exp ( jk −
0 

x 1 u ) 
, 

H 12 ,u = 

ˆ p x 1 u 

ˆ p x 2 u 
, H 12 ,d = 

ˆ p x 1 d 

ˆ p x 2 d 
, H 11 ,du = 

ˆ p x 1 d 

ˆ p x 1 u 
, H 11 ,ud = 

ˆ p x 1 u 

ˆ p x 1 d 
, 

where the downstream and upstream wavenumbers are defined as 

k + 0 = 

ω 

c 0 (1 + M) 
, k −0 = 

ω 

c 0 (1 − M) 
. 

The linear system (C.1) is solved successively for all frequencies. 

Supplementary material 

Supplementary material associated with this article can be found, in the online version, at doi: 10.1016/j.jsv.2021.116137 . 
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