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Abstract—Electron field emission from two dimensional
materials and in particular from graphene is modelled using the
Bardeen transfer Hamiltonian formalism. In the case of
graphene, a full electronic band model of the material (the tight-
binding model) is necessary to obtain reasonable results because
emission is not restricted to the vicinity of the Dirac points. The
emitted current density is small and follows a modified Fowler-
Nordheim law with respect to the applied field, with a prefactor
exponent for the field n = 1.5 intermediate between the values for
the 2D (n = 0) and 3D (n = 2) free electron gases. Our study
suggests that emission from graphene results almost exclusively
from defects.

I. INTRODUCTION

The original Fowler—-Nordheim model (FN) still forms
nowadays the dominant paradigm to understand electronic
field emission [1]. It provides, in particular, an analytical
relation beween emitted current density J and applied electric
field F:
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with n=2. % is the reduced Planck constant, q the absolute
value of the charge of the electron, m its mass, W the work
function of the emitting material. Although used widely and
successfully over the years, the FN model relies on a crude
description of the emitting electrode with a three dimensional
(3D) homogeneous electron gas which is obviously
questionable if the electrode is a two dimensional (2D)
material such a graphene [2-4]. We present here a new model
of field emission which is applicable to both 2D and 3D
materials [2].

Il. MODEL

The present general model is based on the Bardeen transfer
Hamiltonian formalism [5-6] coupled to a detailed description
of the electronic structure of the material. We consider a
portion of area S (in the (x,y) plane) of an emitting material of
thickness L. When subjected to the external electric field F, it
emits an averaged current density J(F) which is obtained by
integration over the electon momentum k in the first Brillouin
zone of the D-dimensional reciprocal space:

J(F) = g JJ P (F)(eq1. 2)

D = 2 or 3 refers to the dimensionality of the material. The
contribution of the electrons with momentum K is:

- 2
(F) = 05| f[, s dxdyMi(r, 20, F)|  (e0. 3)

where r = (x,y) and zo is the height of the electrostatic
potential barrier confining the electrons in the material. M}, is

given by:
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@, (r,z) is a material valence electron orbital and W, (r, z, F)
the continuum state that describes the electron outside the
material. In our implementation for graphene [2], ®,(r, 2) is
obtained from a tight-binding model [7] and W, (1, z, F) is the
product of a plane wave in r and of a properly normalized
Airy function in z.

- cbk(r' ZO)

I11. RESULTS

In order to validate the proposed formalism, we first apply
it to the material of the FN model which is a 3D free-electron
gas. We obtain:
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where Wg is the material valence band width. This result is
similar to the FN current density (eq. 1) if we substitute W to

1
(WWpg)z. In particular, the same field exponent n=2 is

1
obtained for the prefactor. As both quantities W and (W Wp)2
have the same order of magnitude, the present model provides
results close to the FN one.

Contrary to the FN model, the present formalism extends
naturally and immediately to 2D materials. In the case of a 2D

free electron gas : @, (r,z) = —e*p(2) where ¢(z) is a
52
bound state in z describing the motion of the confined

electrons perpendicular to the material plane. Insertion of this
expression in egs. 2-4 provides:
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In going from the 3D to the 2D free electron gas, the F? pre-
factor is lost as the field exponent changes from n=2 to n=0.
log J(F) is linearly dependent with respect to 1/F, with a slope
controlled by W+Wjs in the 2D case, the energy necessary to
extract an electron from the band bottom, instead of by W, the
work function necessary to extract an electron from the band
top, in the 3D case.

In the case of graphene, there is no compact analytical
form for the emitted current density but a numerical solution
to egs. 2-4 can be found and it can be fitted to an analytical
form akin to eq. 1, keeping the field exponent n in the pre-
factor and work function W as free fitting parameters. Figure 1
provides current densities obtained for the tight binding model
for graphene [2, 7] as well as fit results. The best fit is
obtained for n=1.53 and W=12.78 eV. A power law with
n=1.5, intermediate between the 2D and 3D free-electron gas
cases, is thus found to provide the best model for graphene. A
similar n=3/2 exponent has already been obtained
experimentally [8] as well as in a theoretical study of emission
from a graphene nanowall, where the graphene flake is
mounted perpendicularly to its substrate [9].

10‘15-\.".
Jnum

10%]

1.10

-1.05

-
=
&
@
L

F1.00

fit :
n=1.53, W=12.78 eV

Jnum (A/nmz)
=y
&
Jiit/dnum

1053
L0.95
loag
107 . ; - ; 0.90
0.1 0.2 0.3 0.4 0.5

1/F (nm/V)

Fig. 1 Full black line connecting symbols (left scale, A/nm2): emitted current
density Jnum as the function of the applied electric field F (V/nm), obtained by
numerical integration [egs. 2-4]. The parameters of the model are the same as
in [2]. Blue line (right scale): ratios between fitted and numerical results
Jiit/Jnum. The fit parameters are: n=1.53 and W=12.78 eV.

We know which regions of reciprocal space are the main
contributors to emission from the dependence of I,,(F) (eq. 3)
with respect to k. Interestingly, emission from the vicinity of
the K point - the so called Dirac point at the Fermi level where
the valence band touches the conduction one — is negligible.
Instead, emission is maximum in an annular region around the
I’ point (k=0). In fact, for both 2D and 3D materials, emission
is expected to be maximum for k vectors such that the energy

available to overcome the tunnelling barrier — i.e. the energy
associated to the the z motion (perpendicular to the potential
. . . . . 12k
barrier) - is maximum. This energy is Ae, = &, — Z;‘f
where ¢, is the material electron energy and k., its
momentum component parallel to the surface. Whereas Aey,
maximum is located for 3D materials on the Fermi surface
where 2 conditions (g, maximum — by definition of the Fermi

A2k
surface — and 2—” minimum - ie. k,,= 0) can be

simultaneously satisfied, this is not this case in general for 2D
materials where the maximum of g, does not correspond

. R LN - .
necessarily to k vectors for which —=2 is minimum (i.e.

k,,=0). In this case, Ae, maximum is obtained for k values
which do not belong to the Fermi surface. As a consequence, a
full band model is necessary to study emission from 2D
materials like graphene and linear approximations valid only
in the vicinity of the Dirac points are not sufficient.

IV.CONCLUSIONS

We have presented an extension of the Fowler-Nordheim
model to 2D materials based on the Bardeen formalism. The
model has been applied to free electron gas and to graphene.
We have shown that the usual Fowler-Nordheim expression
has to be modified to be valid for such materials. Notice
finally that the emitted current levels are low because the
electron kinetic energy corresponds to a motion parallel to the
emitting surface, which is not efficient in promoting emission
from the surface. This suggests that the significant emission
levels [8, 10-11] measured on graphene result almost
exclusively from deviations from the perfect graphene 2D
structure considered here.
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