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MAXIMAL MEASURE AND ENTROPIC CONTINUITY OF LYAPUNOV
EXPONENTS FOR C" SURFACE DIFFEOMORPHISMS WITH LARGE
ENTROPY

DAVID BURGUET

ABSTRACT. We prove a finite smooth version of the entropic continuity of Lyapunov expo-
nents of Buzzi-Crovisier-Sarig for C*° surface diffeomorphisms [9]. As a consequence we show
that any C", r > 1, smooth surface diffeomorphism f with heop(f) > %lim sup,, % log™ ||df™||
admits a measure of maximal entropy.

INTRODUCTION

The entropy of a dynamical system quantifies the dynamical complexity by counting dis-
tinct orbits. There are topological and measure theoretical versions which are related by a
variational principle : the topological entropy of a continuous map on a compact space is
equal to the supremum of the entropy of the invariant (probability) measures. An invariant
measure is said of maximal entropy when its entropy is equal to the topological entropy,
i.e. this measure realizes the supremum in the variational principle. In general a topological
system does not admit measures of maximal entropy. But such measures exist for systems
satisfying some expansiveness properties. In particular Newhouse [12] has proved their exis-
tence for C'*° systems by using Yomdin’s theory. In the present paper we show the existence
of a measure of maximal entropy for C" smooth surface diffeomorphisms with 1 < r < 400
with large entropy.

Other important dynamical quantities for smooth systems are given by the Lyapunov
exponents which estimate the exponential growth of the derivative. For C*° surface diffeo-
morphisms, J. Buzzi, S. Crovisier and O. Sarig proved recently a property of continuity in the
entropy of the Lyapunov exponents with many statistical applications [9]. More precisely, for a
C* surface diffeomorphism f, if v, is a sequence of ergodic measures with limy h(vg) = hiop(f),
then the Lyapunov exponents of vy are going to the (average) Lyapunov exponents of u. We
prove a C" version of their result for 1 < r < 4o00.

1. STATEMENTS

We define now some notations to state our main result. For a diffeomorphism f on a com-
pact Riemannian surface (M, ||-||) we let F' : PT'M © be the induced map on the projective tan-
gent bundle PTM = T*M /41 and ¢ : PTM — R be the continuous observable on PT'M given
by (z,v) ~ log||d.f(v)||. For k € N* we define more generally ¢y : (z,v) +— log ||dyf*(v)||.
Then we let A*(2) = limsup,,_,, o L log ||d, ™|, resp. A~ (z) = liminf,_, o + log ||ds f"|, for
any € M and A" (u) = [ AT (x) du(z) for any f-invariant measure f.
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2 DaviD BURGUET

Also we put AT(f) := lim, % log||df"||. For a f-invariant measure p with A*(z) > 0 >
A~ (z) for p a.e. x, there are by Oseledets® theorem one-dimensional invariant vector spaces
E+(x) and £_(x), resp. called the unstable and stable Oseledets bundle, such that

1
Vae. xVve&i(x)\ {0}, nLi\rfoo - log ||dg ™ (v)|| = M ().

Then we let 4 be the F-invariant measure given by the lift of ;1 on PT'M supported on the
one-dimensional Oseledets unstable bundle. When writing i we assume implicitly that the
push-forward measure p on M satisfies AT (z) > 0 > A\~ (z) for p a.e. x.

Theorem (Buzzi-Crovisier-Sarig, Theorem C in [9]). Let f be a C", with r > 1, surface
diffeomorphism. Assume there is a sequence (ﬁ,j)k of ergodic F-invariant measures converging
to fi.
Then there are F-invariant measures fig and i with fi = (1 — B)jg + BT, B > 0, such

that:

e A (z)>0> A" (x) for ur-a.e. x,

o [odin=0,

. A ()M (F1
o limsupy_, 4o A(vg) < Bh(u) + AU,

Observe that AT () = [¢di; LN [¢din = BAT(p1), therefore f = limg iig;’i% In
particular when f is C*° and h(vg) goes to the topological entropy, then f is equal to 1
and therefore AT (1) goes to AT (). We state an improved version of Buzzi-Crovisier-Sarig
Theorem, which allows to prove the same entropy continuity of Lyapunov exponents for C”

surface diffeomorphisms with large enough entropy.

Main Theorem. Let f be a C", with r > 1, surface diffeomorphism. Assume there is a
sequence (ﬁ;)k of ergodic F-invariant measures converging to i with [ ¢dji > o > w

Then there are F-invariant measures fig and i with fi = (1 — B)jg + B, B > 0, such
that

e A (z)>a>0> )\ (x) for uy1-a.e. x,
o [ddfig=q,
o limsupy_,, o h(vx) < Bh(p) + (1 - B)a.

The Main Theorem implies Buzzi-Crovisier-Sarig statement. Indeed, either limj AT (1) =
AT(f)
T

Jodp < w and we get by Ruelle inequality, limsup; h(vg) < or we are in the

settings of the Main Theorem for some « € }ﬁ(f) min <f¢dﬂ, ’\+_({)> [ By applying

r r

the Main Theorem, there is then a decomposition g = (1 — B4)fi0.a + ﬁaﬂia satisfying
limsupy,_, oo M(vk) < Bah(pt1,0) + (1 — Bo)o. But it follows from the proofs that Supi1,q is a
component of Suq with 8 and pq being as in Buzzi-Crovisier-Sarig’s statement (see Remark

2). In particular Boh(p1,a) < Bh(p1), therefore limsupy,_, o h(vg) < Bh(p) + ATARATST

r—1

Corollary. Let f be a C", with r > 1, surface diffeomorphism satisfying hiop(f) > w
Then f admits a measure of maximal entropy. More precisely, if (vg)r is a sequence of

ergodic measures converging to p with limy h(vg) = hiop(f), then
d h(:u) = htop(f),

*We refer to [13] for background on Lyapunov exponents and Pesin theory.
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o limu AT () = AT (p).

It was proved in [8] that any C" surface diffeomorphism satisfying hop(f) > w admits

at most finitely many ergodic measures of maximal entropy. In the other hand, J. Buzzi has

built examples of C" surface diffeomorphisms for any +oco > r > 1 with h)fi”((ff)) arbitrarily

close to 1/r without measure of maximal entropy [6]. Such results were already known for
interval maps [3, 5, 7.

Proof of the Corollary. By using the notations of the Main Theorem with hop(f) > o >
()
T

, we have

hiop(f) = lim h(wy),

k——+o0

< Bh(p1) + (1 = B)a,
S Bhtop(f> + (1 - B)Oz,
(1= B)htop(f) < (1= B)ex.

But hiop(f) > a, therefore § =1, i.e. g = p and limg AT (vg) = AT (). Moreover higy(f) =
limg 400 A(vg) < Bh(p1)+(1—B)a = h(p). Consequently p is a measure of maximal entropy.
U

2. MAIN STEPS OF THE PROOF

We follow the strategy of the proof of [9]. We point out below the main differences:

e hyperbolic and neutral empirical component. For AT (vg) > a > 0 we split the orbit
of a vi-typical point x into the hyperbolic part and its complement the neutral part.
The hyperbolic part is given by the integers k lying between to M-close consecutive
a-hyperbolic times for the sequence (¢(F¥2)), with & = (z, &4 (z)). We then consider
the associated M-empirical measures and their limit in k£, then in M. In this way we
get an invariant component of fi (called the hyperbolic component). This decomposi-
tion follows exactly the approach in [9]. But here o > 0 is fixed, whereas « is taken
close to zero in [9].

e Entropy computations. To compute the asymptotic entropy of the v4’s in terms of the
entropy of its neutral and hyperbolic empirical component, we use the static entropy
w.r.t. partitions and its conditional version. Instead the authors in [9] used Katok’s
like formulas and combinatorial arguments.

o C" Reparametrizations. Finally to estimate the entropy of the neutral component and
the local entropy of the hyperbolic component we use here reparametrization methods
from [4] and [2] respectively rather than Yomdin’s reparametrizations of the projective
action F' as done in [9]. This is the principal difference with [9)].

2.1. Hyperbolic times and associated empirical measures. In this section we mostly
follow the presentation of the neutral decomposition of Section 6 in [9]. We work with the
map F' induced on the projective tangent bundle and with the continuous observable ¢, but
the same construction may be applied to any continuous observable of a topological system.

We let H be the a-hyperbolic set and E(z)) C Z for & € PTM be the associated set of
a-hyperbolic times at z:

H = {x e PTM, Vi > 0 ¢y(F~'3) > al}},



4 DaviD BURGUET

E(@)={necZ, F'i € H}.

When a < b are two consecutive times in E(&), then [a,b] is a neutral block as defined in
9], ie. ¢p(F?2) < kafor all 1 <k < --- <b—a. From ¢p_q_1(F2) < (b —a— 1)a and
Gp—a(F%) > (b— a)a we get:

(2.1) |Pp—a(FE) = (b — a)a] < [|¢]co-
For all M we let
EM(3) = U [a,b].

a<beE(Z), |a—bl<M
The complement of EM (#) is made of neutral blocks of length larger than M. We consider
the associated empirical measures :

1
~M § :
VTL, [/Ji.m == E 6Fk§3‘
ke EM (£)N[0,n[

Let v be an ergodic measure with AT(v) > « > 0. By applying the Ergodic Maximal
Inequality (see e.g. Theorem 1.1 in [1]) to the measure preserving system (F~1,77) with the
observable ¢ = a — ¢ o F~1, we get with A = {, 3k >1 S5 »(F~ %) > 0}:

/Whﬁ > 0.
A

But A = PTM \ H, therefore [,(a —¢poF 1) do" < [(a —dpo F 1) do" = a— AT (v). In
A)=a o g Let XM be the indicator function of {z,0 € EM(%)}.

lllloo
By Birkhoff ergodic theorem, there is a set G of full v-measure such that the empirical measures

particular we have 0+ (H) >

(ﬂyn> with & = (x,&4(z)) are converging for any = € G and any M € N* to EM = Mp+
/n

in the weak- topology. We also let 7™ = i+ — €M, Moreover we put Sar = [ xM dit, then

. A M A M
M =By-& and AM = (1—Bu) - 7™ with &, 7’ being thus probability measures. Finally
in the next sections we will write &M, n™ | ,u%n, ... for the push-forward measures on M of
EM Mt
Lemma 1. The empirical measures éM and 7™ satisfy the following properties:

(1) EM >N for M > N.

(2) Bar > 0 for M large enough,

(3) |[ odi — o] < 19=

M
(4) for & (Kar) =1 with Ky := {&, 30 <m < M with ¢p(2) > ma}.

Proof. The first item follows obviously from the definitions. The second item follows from
DT (H) = lim, L4E(2)N[1,n] > 0for #* a.e. & and the inequality lim sup,, & sup; § (E(2) \ EM(2))N
[1,n] < 1/M. To prove the third item, it is enough to sum Inequality (2.1) over all neutral
blocks [a,b[ in the complement set of E*(2). The last item follows immediately from the

definition of the empirical measure fM and the compactness of K.
O

For & € PT'M we let m,,(2) = max E(z) N[0, n[.
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Lemma 2.
(%) 51 for vt ae. @
n
Proof. For o+ ae. #, we have €,(2) := 1¢,(2) — AT(v) = 0 and m,(&) — +oo. Then

by definition of m, (& ) the interval of integers [m,(Z),n] lies in a neutral block starting at
mn (%), therefore ¢, &) (F™(®1) < a(n — my(2)). Consequently

(n = mn(2) AT () + nen(2) *mn( )em ) (n*mn(i))v

%(/\JF(V) - a)(n—mn(i)) < [en()] + [€m, () (£)] = 0.

i) (
(@)(2

[ /\

0

2.2. Entropy of conditional measures. A measurable partition ¢ is subordinated to the
Pesin unstable local lamination W* of v if the atom of ¢ containing x is a neighborhood of z
inside the curve W*(x) and f~'¢ = ¢. By Rokhlin’s disintegration theorem, there is for v-a.e.
x a probability measure v, on ¢(z), called the condiational measures on unstable manifolds,
satisfying v = [ v, dv(z). Ledrappier-Young [11] proved the existence of such subordinated
measurable partitions and that for v-a.e. z, we have with B, (z,p) being the Bowen ball

Bn(xa p) = ﬂ0§k<n fikB(fklUp):

(2.2) lim hm inf ! log vy (By(z, p)) = h(v).
n

p—0

Fix an error term & depending’ on v. There is p > 0 and a measurable set F C G with

v(F) > 0 such that the empirical measures (/fLM

. . . A]\4’
%n)n are converging uniformly in z € F to £,

i.e. for all continuous function ¢ : PT'M — R
1

(2.3) - > YFR) S / ¢ d¢M uniformly in z € F

" e EM @)L

and such that

1
Vx € F,lim inf—ﬁ log vy (B (x,p)) > h(v) — 6.
We fix z, € F with v, (F) > 0 and we let ¢ be the probability measure induced by v,, on

F. We let D be the C" curve given by the Pesin local unstable manifold W*(z,) at z.. For a
finite measurable partition P and a Borel probability measure p we let H,(P) be the static

entropy, H(u) = — > 4cp 11(A) log pu(A). For a partition P of M, we let P" = \/Z;é f7*P be
the n-iterated partition, n € N. We also let P, be the atom of P containing the point x € M.

Lemma 3. For any (finite measurable) partition P with diameter less than p, we have

lim inf ~H (P") > h(v) — 4.
n n

In the proof of the Main Theorem we will take § = () %5 0 for the converging sequence of ergodic
measures (Vg)k-
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Proof.
ool o 1 L
liminf —H¢(P") = lim mf/ ——log ((P}') d((x), by definition of H,
n n n n
1
> /lim inf - log ¢(P}') d¢(x), by Fatou’s Lemma,
1
> /lim inf —— log v, (P}') d((x), by definition of (,
n n

1
> /liminf—log vy (Bn(z, p)) d¢(z), as diam(P) < p,
n n
> h(v) — 4, by the choice of F.

0

2.3. Entropy splitting of the neutral and the hyperbolic component. In this section
we split the entropy contribution of the neutral and hyperbolic components. We consider a
partition P with v(0P) = 0 and with diameter less than p. Fix M. For each n € N and
r € F we let EM(x) = EM(2) N [0,n]. We also let EM be the partition of F with atoms
Ap = {x € D, EM(2) = E} for E C [0,n[. Given a partition Q of M, we also let Q% be
the partition of F finer than EY with atoms {z € F, E)(z) = E and Vk € E, ffz € Q) } for
E C [0,n] and (Qp)rer € QF. For a measure 1 and a subset A of M with n(A) > 0 we denote

by na = 777(]?;)') the induced probability measure on A. Moreover, for sets A, B we let AAB

denote the symmetric difference of A and B, i.e. AAB = (A\ B)U(B\ A).

Lemma 4. For any partition Q with £M(0Q) = 0 we have

2 121
2 12logi@

U U J.

(2.4) h(v) < ﬁM%H}I(Qm) + lim sup %HC(P"\QE%) +

Proof. As the complement of EM () is the disjoint union of neutral blocks with length larger

than M, there are at most AM = E;%MHI (1) possible values for E} () so that

1 1
;HC(P") = 5Hc(P"\Ef‘f) + He(EN),

1

< L H(P"[EM) +log A,

n
lim i f1H(P”)<1' 1H(P”|EM)+ 2
1m inr — 1m sup — —.
" n ¢ = . pn ¢ n M

Then

1 1 M 1 M
EHC(Pn|Eﬁ4) < EHC(QE" EN) + EHC(P”|QE" )-

For E C [0,n] we let (g n = E) J ,u%n dCa,. Observe that (g, and fE/n are converging to
§M and [y respectively uniformly in E when n goes to infinity (as ((F) = 1). By Lemma 6
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in [2] we have for all n > m € N*:

He (@ EY) = 3 C(AR) He, , (QP),
E

<D ((AptE <;H<E,R(Qm) +6m logﬁQW) .
E

‘E

Then as £M(0Q) = 0 we get by taking the limit in n:

_ 1 y | O 1210gtQ
timsup | H Q% EY) < s Hn (Q) 4 48,

1 | 1 2 121

h(v) =8 < liminf —He(P") < Bur— Hen (Q™) + limsup ~ He(P"Q%) + — + %W‘

O

2.4. Bounding the entropy of the neutral component. In this section we assume the

ergodic measure v satisfies AT (v) > a > w We bound the term lim sup,, %HC(P”]QE%[)
in the right member of Lemma 4, which corresponds to the local entropy contribution plus
the entropy in the neutral part. In the next statement, for any ¢ > 0 we let ||dfP||¢ : z

[z fP[le := subye (o) lldy f1]-

Lemma 5. For allp, M € N*, there are €, > 0 and vp pr > 0 with limsup,, limsup,; vp.m = 0
such that for any partition Q with diameter less than € < €, we have:

M + 2
imsup & He(P1Q%) < (1=p)at (1o + 2 ) ([ FEIP g = [ agh)

We will prove Lemma 5 assuming a semi-local Reparametrization Lemma (Proposition 1).
Let r > 1. Following [Jcurve o : [—¢, €] — M is said (resp. strongly) (e, r)-bounded when the
image of o is contained in the ball centered at o(0) with radius equal to the radius of injectivity
of the Riemannian surface and & := exp;(lo) oo satisfies maxy_1 ...  [|[d*&| < ||d7|| (resp. < 1).

The curve o is said strongly (e,r,n)-bounded for n € N* if f¥ o o is (e,r)-bounded for all
k= 0,---,n—1. When o is strongly (e,7,n)-bounded, then the distorsion is uniformly
bounded along o, i.e. for all & = (z,v;), ¥ = (y,vy) in PTM tangent to o and for all
k=0,---,n—1 we have |¢p,_(F¥&) — ¢pp_(F*g)| < log2 for € < 1/100 (see [2, 4] for
details).

Lemma 6. For any 0 < o/ < «, there exists C > 0 such that for any strongly (e, r,n)-bounded
subcurve o of D intersecting F, the length of f* o o is less than Ce=o'(n=k),

Proof. Let € FN1Im(c) and 2 = (,€4(x)). For 0 < k < my(x), we have ¢, () (F*E) >
a(my (&) —k) as m,(2) belongs to E(&). Therefore the length of f¥oo is less than 8ee®(k—n(2))
by the aforementioned bounded distorsion property. Finally, observe that m"T(‘r) is converging
uniformly to 1 on F by Lemma 2 and the definition of F. U

Proposition 1. For all p € N* there are €, > 0 and yp pm > 0 with lim sup,, lim sup; ypamr = 0
such that for any partition Q with diameter less than € < €y, the following property holds for
n large enough.
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The intersection of any atom F,, of the partition QE% with DNF may be covered by a family
\IIF of strongly (e, r,n)-bounded curves satisfying

+
logjj\IlF (1—ﬁn>a+<log2+7ai1> </bgHfopH€d§FMn(m)—/¢dé%>+'yp,M

where E, = EM(2) for x € Fy, 5% =1 [ fiz.n dCp,(2) and (%L its push-forward on M.

The proof of Proposition 1 is given in the last section. Proposition 1 is very similar to the
Reparametrization Lemma in [4]. Here we reparametrize D NF N F,, for F,, an atom of Q&»
instead of Q™ in [4]. The arguments are the same as in [4] for the hyperbolic part, whereas
in the neutral part we use the bounded geometry property at hyperbolic times established in
[2].

Proof of Lemma 5. First observe that

H(PQ™) < > ((Fn)log§{A™ € P", A"NDNFNF, # 0}.
FneQEn

As v(OP) = 0, for all v > 0, there is y > 0 and a continuous function v : X — R equal to
1 on the y-neighborhood dPX of §P satisfying [ ) dv < . Then we have uniformly in z € F:

n—1

(2.5) hmsup ﬁ{O <k<n, ffr e P} < lim — Zw (f*x)
k 0

Assume that for arbitrarily large n there is F,, € QE% and 0 € Up, with 4{A™ € P", A"N
m(c) # 0} > §P"™. Then we have {0 < k < n, OP NIm(f*¥ o o) # 0} > yn. By Lemma
6, the length of f* o ¢ is less than x for all 0 < k < n — C for some constant C' independent
of n. In particular we get #{0 < k < n, ffz € OPX} > yn — C for any = € Im(c), which
contradicts (2.5). Therefore we have

1
limsup sup —log{A" € P", A"NIm(c) #0} =0.

n Fn,O'E\I/Fn n

Together with Proposition 1 this concludes the proof of Lemma 5.
O

2.5. Proof of the Main Theorem. Let (7} )& be a sequence of ergodic measures converging

to i with [¢di = limp AT (1) > a > w Without loss of generality we can assume
liminfy () > 0. For pu a.e. x, we have A™(x) < 0. If not, some ergodic component [ of x
would have two positive Lyapunov exponents and therefore should be the periodic measure
at a source. But then v, would be equal to fi for large k contradicting h(vy) > 0.

There is a subsequence in k such that é,i\/[ — 5{,‘,{ for all M. Let us also denote by 37 the
limit of Bﬁ. Then consider a subsequence in M such that éo]‘g is converging to S (= Bafi1,a)
with 8 = limys 537. We also let (1 — 8)jig = o — Bjr1. In this way, iy and i1 are both
probability measures.

Lemma 7. The measures fig and fi1 satisfy the following properties:
e (11 is F-invariant,

e \(x) >« for pi-a.e. x and fiu = i,
o [ddig = .
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Proof. For any continuous function v : PT'M — R and for any k, we have

‘/wdé%—/womé%‘sw.

Letting k, then M go to infinity, we get [ di = [t o Fdj, ie. fi is F-invariant. In
particular fi; is supported on the Oseledets bundles. But the set K being compact, we have
§oo (Kn) > limsupy, €M (Kpr) = 859 by Lemma 1 (4). Therefore we have /ll(UM Ky) =1 as
€M goes increasingly in M to iy by Lemma 1 (1). The F-invariant set (), F =% (U, K) has

also full fi;-measure and for all # = (x,v) in this set we have limsup,, +log ||d, f"(v)|| > a.

Consequently the measure /i1 is supported on the unstable bunddle and A" (z) > «a for ui-a.e.
z. To check finally [¢dfiy = «, it is enough to let M go to infinity in the third item of
Lemma 1.

0

Remark 2. The measure ﬂia increases when a decreases to zero. In Theorem C of [9], the

measure fif" is obtained as the limit of i , when o goes to zero.

We pursue now the proof of the Main Theorem. Fix a sequence () of positive numbers

with o, 50, Let p, M € N*. We consider a partition @ satisfying diam(Q) < € < ¢, with ¢,
as in Lemma 5. We may also assume 9@ has zero-measure for p1 and all the measures {,]g\/[ ,
M € N* and k € NU{oo}. Combining Lemma 5 and Lemma 4 we get for € < ¢, and for some
constant? v, oy with lim sup,, supg lim sup s vp,0.m = 0:

+ A~
o) < Bl Hopn @)+ (102 2 ) ([ eagpr = [ 646 ) g0

By letting k, then M go to infinity, we obtain for all m:

+
limsup h(vg) < f— Hm(Qm) (1-5)a+ <10g2—|— ! 1) (/ log ||dfp” /gi)d >+limsup7p’Q7M.
k M

By letting m go to infinity, then € < ¢, go to 0, we get:
1 log™ ||dfP
lim sup h(vg) < Bh(p1)+(1-0)a+ (log2 + 7“1) </ g}!f“dul — /(bdﬂf) +sup lim sup v, 0, M-
2 - Q M

But [¢dpf = AT (1) = lim, logz.Mdul. Therefore by letting p go to infinity we finally
obtain :

timsup h(v) < Ah() + (1 - Fo

3. DYNAMICAL REPARAMETRIZATIONS WITH BOUNDED DISTORSION

In this section we establish a C", 400 > r > 1, version of the bounded geometry property at
hyperbolic times established in [2]. Then we prove the semi-local Reparametrization Lemma
stated in Proposition 1. We first recall some terminology from [2].

12log #Q

i’Yp,Q,M = Yp,M + % + AP



10 DaviD BURGUET

3.1. Control of C" norms with Landau-Kolmogorov inequality. We let exp and R =
Rin; be respectively the exponential map and the radius of injectivity of the Riemanian
manifold (M, | - ||). For x € M we let

fr= exp]?g;l of oexp, : B(R) C T,M ~R?* — Ty, M ~ R?.

There is € > 0 depending only on f so small that for any x € M the map f* = f%(e)
satisfies || £, = maxg_1.. , [|[d*f%| = ||df?||. For any 1 > b > 0 we let ¥ : [—¢,€] O, be
the linear map = — bx. For any (e,7)-bounded curve o : [—¢,¢] = M with 0(0) = = we let
oe=¢t exp;1 oo.

Lemma 8. Let o be a strongly (e, r)-bounded curve with o(0) = x and v, the projective vector
tangent to o at x. There exists a constant C = C(r) > 1 depending only on r and (M, || -||)
such that the map f oo o), : [—€, €] — M is (e,1)-bounded with

a=a(x, f) = C" (|do flle/lldef (0) )~
Proof. We compute for some constants Cy > --- > Cy depending only on r and (M, || - ||) and
with b = (|lda e/ e f (v2) )7

T'(expytof 00 o) = d'(expytof o o)
| (expy of 00 o)l < 1 locl . by Fa di Bruno's formula
< SHg2lhe exvz ool
< %def”e‘lﬂ exp, ! ool,b", by the choice of e,
< %de?”e*lHd(exp;l o0)||b", since o is (e, r)-bounded,

Cy.,_
<50 Ylde fllelldollb,

< 03||dxf(vx)|]|6?|b, by definition of b,

< Cs]lda f (va) [l (0)][2,
< Colld(expitof 0 7 o )|
Then by the Landau-Kolmogorov inequality (see [2]), we have :
lexpy, of oo 0 pllr < Cilld(expy, of 0 0 0 wy)].
By taking a = b/C we get the desired result. O

3.2. Bounded geometry at hyperbolic times k. Let o : I — M, where I is an open
bounded interval of R, be a C" embedded smooth curve with D C Im(c). For x € Im(o)
and n € N we let IV = I¥(e,0,7) be the largest subinterval of I such that o o ¢ is strongly

(€,n,7)-bounded, where v, denotes the affine reparametrization ¢, = vy, : [—€,¢] — I}
with o 0 ¢y (0) = z. For y € Im(o) we let Dy(y)(= Dy, (v)) == Im(f* oo o) and By(y) :=
Im(o o 1}).

A (e,r)-bounded curve ¢ with o(0) = z is said ample when ||d (exp, ' oc) || > 1/2. Then
€

the length of o is larger 5.

Recall that for x € D we let & = (z,v,) € PTM with v, being the line tangent to D at x.
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Lemma 9. Let a > % There exist € >0 and 1 > 7 > 0 depending only on o and f, and
N depending on f, o and D such that for any x € D and any n € E(&) larger than N, the
length of Dy (x) is larger than Te.

+
Proof. Assume n is a a-hyperbolic time for x with o > )‘T(f) Let C' be the universal constant

log [|df?||+(r—1) log C :
— or > 0. Finally take

in Lemma 8. We may choose p so large that b := «
e > 0 with ||(fP)E|, = ||d(fP)Z|| for all x € M.
Let m be the largest integer m’ less than or equal to n such that fm/ oo ol is ample,

i.e. Hd (exp;}l,m ofm' oo o @/}fn,) H > 1/2. If there is no such m’, we let m = 0. For L € N we

let Ay, := mino<j<r zem a(z, fl). Let Ko = Ko(a, f) and K1 = Ki(a, f, D) be integers fixed
later on.

e If m > n—Kop and m > 0 then oo}, (Axp-) is strongly (e, n, 7)-bounded by Lemma 8.
Indeed observe that for j = m+1,--- ,n we have ||d(exp;jlm ofloooy? (Axyp))| < 1/2,

otherwise this would contradict the definition of m. Moreover the length of D, (z) is
larger than 7¢ with

A
= 2K pin ||ap R

T
2 k<Kop

e Consider now the case k :=n—m > N := Kogpand m > 0. Writen—m =qgp+r
with 0 < r < p. By Lemma 8 we have then with C' as in Lemma 8:

A ((CHdepH)k/P)””
) 9

[ ePr(FME
—k/r—1
Ccm1dre|)1/p
= <( ‘LJ ”) , as n is a a-hyperbolic time,
—kr/r—1
o ot [ a7 T
- e )
br 1 D _ 1 1
(3~1) > e_kaeKrOf1 ,as b= a — og de H + (7’ ) ogC > 0.

pr
It follows that for others universal constant B:
ld(exp i, of 0 00 )| > Blldo(f™ 0 o0 ¢),
> Bek®||do(f™ o o 0 4h%)||, as n is a a-hyperbolic time,

> Bek||do(f™ o o 0 %) x “:fg”, as ¢, and 15 are affine,
Kqgpbr
(3:2) > Be 1 [[d(f™ 0 7 o)l by (3.1),

Knpbr
ld(expyl, of oo owl)|| > Be w1 |[d(expyt, of ™o o o),

Kqgpbr

> Be T /2,
> 1/2, by choosing Ky = Ky(«, f) appropriately.
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Therefore the (¢, n,r)-bounded curve exp]?nlx of™o ool is ample, contradicting the
definition of m. Consequently, only this case can not occur.
e Finally assume m = 0 and n > K;. We can follow the same lines as in the previous
case till (3.2):
K,

_ opbr
ld(expn, o f" 0 a0 )| > Be =1 [|d(o o ¥F),
> 1/2, by choosing K; = Ki(«, f, D) appropriately.

Again the (e,n,r)-bounded curve expﬁx of™ oo o1l is ample, contradicting the
definition of m.
This concludes the proof by taking N = pK;(a, f, D).
O

3.3. Proof of Proposition 1. Fix p € N* and 0 < ¢ < p. Without loss of generality we can
take M > p. Let @) be a partition with diameter less than some € < €, with €, being fixed
later on in the proof of Lemma 11. We consider F,, € QE% with n > N (as defined in Lemma
9). We let E, be the set EM(z) for any z € F,,. Put EF? = E, N (q+ pN). For a sequence
of positive integers K = (k;);cpra, we let

tog 1y, 1]
Pp(F79) '

We first estimate the number of sequences K with H(K) N F,, # (), then reparametrize H(K) N
F, for each K. Let ||df*|| = max(||df||, ||df ~*||).

H(K) = {yEF, Vi k; = [

Lemma 10. There is a sequence (gy), with lim, e, = 0 depending only on F such that for

any y € F, we have with A%ypn = %kaeEZ’q O (2,0,) ACF, () and %,Fn its push-forward
on M:
(3.3)

1 v, Alp+ D loglldf=|| 1
0By £ HUO) N F £ 0} < [ togt a7, — [oagh+ EEUEIL Ly

Proof. First observe E,A ({0,--- ,p—1} + EX*) C {-p+1,--- ,p— 1} + E,A(E, +1). As
tE,A(E, + 1) < 2n/M we have also $E£,A ({0,--- ,p— 1} + EZ?) < 4pn/M. For all y € F,,
we have:

o [ Xicmrr op(F'Y) = Yicp, o(F'9)| < n%”dfi“, as observed above,
o |Yigp, 0(FG) — aln—1E,)| < n' == by Lemma 1 (3),

® & 1= 2SUPycp | Zogign G(F'g) —nx*(v)| = 0 by (2.3).
By combining the two last inequalities we get for all y, z € F;:

. ' log 1dfE
S 6(Fig) - 6(F2)| <n <en ; 2(%”) |
i€E,
then by integrating Z with respect to f £,
. . log lldf*
S (Fg) - n/qsdgg <n <5n N QC%I’D |
1€Ey
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Together the inequality of the first item we get

. “ +
(3.4) §:¢Ap@_n/¢ﬂﬁ SnGn+Mp+UbQWW»‘

M
z‘EEZ’p

For any 4,z € F, and any i € EZ?, the points f'y and f’z lie in the same atom of Q,
thus they are e-close, in particular log™ ||di, f?|| < log™" ||di, fP|lc. Therefore if y belongs
moreover to H(K) we get together with (3.4):

1 o Alp+D)loglldf=] 1
(35 Zk < Api= / log™ [[df” Ay F,, — / G dCr, + i + e
Finally the cardinality of sequences of positive integers (ki,--- ,ky) with Zi:l,--- Nk < S

is less than (g) < 25,
O

Lemma 11. One can choose €, with the following property for any € < €,. For any F, as
above there is a family ¥,, = V], of affine reparametrizations 1 : [—e, €] O, such that for some
constant C depending only on r and f (not on p, M orn):

o Im(0) NH(K) N Ey C Uy, ew, Im(ooy),
o Vi, €W,V q+pN3k<n, ffoooi, is strongly (e,r)-bounded,
[ ]

Zi ki

(3.6) log §¥,, < R +a(n—tE,) +C (Z +n—m,+pf(E, + 1)AEn> .

Proof. First let us observe by arguing as in Lemma 8 that if o is strongly (e, r)-bounded,
then there is a family F of affine reparametrizations ¢ of [—¢, €] such that f oo o ¢ is strongly
(e,7)-bounded with §F depending only on f and r.

We argue by induction on n. Let F, € QEQK and let FE, be the associated atom of EM.
Without loss of generality we can assume n belongs to E,, according to our first observation,
i.e. my =n. The term C(n —my,) in (3.6) follows from this reduction). Let n’ be the largest
integer in g + pN less than or equal to n. We have the following alternative:

(1) [n' —p,n'] C E,, then we let m =n’ —p,

(2) there is n' > m € E,, with |m,n'[NE,, =0,

(3) there is g € [n — 2p,n[N(E, + 1)AE,, then we let m = ¢ or ¢ — 1 depending whether
q belongs to E,, or E,, + 1.

In the first case (1) we argue as in the Reparamerization Lemma in [4]. By induction
hypothesis there is a family ¥,,, satisfying the conclusion of Lemma 11 for m with F},, being
the atom of QEQ{ containing F,,. Let ¢, € ¥, with Im(o 0 ¢,) NH(K) N Fy, # 0. Let €, > 0
so small that ||(fP)?||, = ||[d(fP)?] for all z € M and for all € < ¢,. By using Lemma 8 for f?
as in [4, Proposition 2], there is a family © of affine reparametrizations of [—¢, €] such that:

o " 00 01y, o0 is strongly (e, r)-bounded,
o Im(0 o) NH(K) N F, C Upee Im(o 0 P, 0 0),

k /s
e 1O < Cer 1.
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This concludes the proof in case (1) by letting ¥,, be the union of affine reparametrizations
Ym0 6 over all ¢, € ¥,,, and 6 € © = O(¢),,). The contribution of case (1) in (3.6) is given

E:im
] +C%.

In the second case (2) we argue as in Lemma 13 in [2]. For any x € F,,, the integers m and
n are hyperbolic times. By Lemma 9, there is € and 7 depending only on f and « such that
for € < € the sizes of Dy, (z) = DS, (z) and D, (z) = D¢, (z) are bounded from below by some
e = 7¢/ < ¢/. But as already observed, the distorsion is bounded on these curves and [m, n/[
is contained in a neutral block, consequently:

|bn-m(F™&) — a(n —m)| < plog||df=].

Therefore the length of f~("="™) D, (z) C D,,(x) is larger than ||df* | "Pe~(=m)¢/2.

We can choose €, with €, < 7€/2. We assume the diameter of @ is less than € < ¢,.
Write I, = (ep, F7%Qs for (Qr)r € QF. For two points z,y € F, N f"Q,, either D, (z)
and D, (y) are disjoint or D, (x) N Q, = Dy(y) N Q, by Lemma 11 in [2]. Let ¥,, be the
family of affine reparametrizations at step m with respect to the atom F,,, of QE% contain-
ing F,. Let ¢, € ¥,,, with Im(o o ¢,,) N H(K) N F,, # 0. There is a minimal collection
(%4)icr(y,) Of Points in Im(o o 1,) N H(K) such that the pairwise disjoint curves (Ep(z;));
cover Im(o 0 1,) N H(K) N F,. For any i, we have D,,(x;) N Im(f™ o 0 0 ¢p,) # (. From the
above lower bound on the length of D,,(z;), we get tI(t,) < 4|df=||~te=*"=™). Moreover
each strongly (¢/,r,n)-bounded curve % = E, (x;) may be obviously covered by a family F;
of (¢,7,n)-bounded curves with #F; < 77! +1. We conclude by letting ¥,, be the union of F;
over i € I(¢y,) and ¢y, € ¥,y,. Case (2) corresponds to the term a(n—fE,)+Cpi(E,+1)AE,
in (3.6).

The last case follows easily from our starting observation and leads to another error term
of the form Cpt(E,, + 1)AE, in (3.6).
O

By increasing the cardinality of W,, with a factor depending only on p and f we may assume

o o1y, is (e,7,n)-bounded for any 1, € ¥,,. We recall that n( %) s converging uniformly to 1
on F. Together with (3.3), (3.6), (3.5), we get for some 7, »; with lim sup,, lim sup,; vp,1 = 0:

1 E, 1
siogpeg < (1= 2 ) oo (1o 2+ L) ([0 17y defl (o) = [ 0 )

We finally let ¥, be the collection \I/%/ with j:t\I/?L/ = minp<g<p #Wl. We conclude:

1 1 1

21 < Z - q

- ogf¥p, < E nlogﬁ‘l’m
0<q<p

(1 _ M) <1Og2+ ) > /log+ e f2|edCp, 7, (2 /¢dCFn + Vp,0

0<q<p

n 1 + d:l? €
< (1—ﬁi>a+ <log2+ri1> (/Ogpr”dCM /¢>dépn> + Yp, M
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