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MULTIPLE SAMPLING AND INTERPOLATION IN BERGMAN
SPACES

D. AADI, C. CRUZ, A. HARTMANN, AND K. KELLAY

ABSTRACT. We study multiple sampling and interpolation problems with un-
bounded multiplicities in the weighted Bergman space, both in the hilbertian case
p = 2 and the uniform case p = +oc.

1. INTRODUCTION

Interpolating and sampling sequences have been studied in a broad variety of
settings. We refer to the books [20, 11, 7| for an account on these problems. The
particular situation of the Bergman space had been completely solved by Seip in [18]
using density conditions, and in more general Hilbert spaces of analytic functions
by Berndtsson and Ortega-Cerda in [4|. Subsequently, the case of multiple interpo-
lation (but not sampling) with uniformly bounded multiplicites had been studied
for instance by Krosky and Schuster [12| using also extremal functions (we men-
tion related work by the third named author who considered in [8] finite unions of
Bergman interpolating sequences based on extremal functions, the case of multiple
interpolation being in a sense a limite case of finite unions). In view of his density
characterizations, Seip’s results imply that there are no simultaneous sampling and
interpolating sequences in the Bergman spaces.

In the Fock space, besides considering the case of simple interpolation and sam-
pling problems, Seip — in particular with Brekke — was interested in the situation
of higher multiplicities. Again, the density conditions obtained by these authors
imply that there are no simultaneous sampling and interpolating sequences, neither
in the simple case nor in the multiple case. Brekke and Seip in [6] also asked whether
there could be simultaneous sampling and interpolating sequences when the uniform
boundedness condition on the multiplicities is relaxed. In [5] it was shown that at
least when the multiplicities tend to infinity, this is not possible (see also [2] for the
case of bounded multiplicites in the weighted Fock space).

One difficulty occuring in the case of unbounded multiplicities is the lack of a
reasonable definition of densities. In [5], the authors introduce covering and sepa-
ration conditions related with critical radii suitably related with the multiplicities
to circumvent densities. Though those conditions do not characterize multiple in-
terpolation and sampling, they get in a sense closer and closer to a characterization
when the multiplicities grow (indeed the difference between necessary and sufficient
conditions of the radii remains bounded while the radii tend to infinity).
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Bergman and Fock spaces share many properties, and techniques often translate
from one setting to the other. The aim of this paper is to study the situation con-
cerning multiple interpolating and sampling with unbounded multiplicities in the
Bergman space. New difficulties and challenges appear in order to adapt the situ-
ation from the underlying euclidean metric in the Fock space to pseudohyperbolic
metric in the Bergman space. While this might be rather direct for simple interpo-
lation and sampling the situation requires a quite delicate analysis of the criticial
radii in the pseudohyperbolic metric in particular when the multiplicities are not
uniformly bounded. On the technical side, replacing the incomplete I'-function by
the incomplete S-function gives rise to other difficulties.

It is mentionable that generalized interpolation problems (but not sampling prob-
lems) have been considered long ago in the Hardy space for which a complete answer
is given by the so-called generalized Carleson condition (see |14, 21]). In this situa-
tion, the case of interpolating sequences with unbounded multiplicities is completely
understood (see also earlier work by Vinogradov-Rukshin [23]).

Without claiming exaustivity, we finish this first tour on multiple interpolation
problems, mentioning work on interpolating sequences with uniformly bounded mul-
tiplicity in the Korenblum space, see [13] and for weighted spaces of entire functions
see |16, 17].

We now introduce the necessary notation. Let o > —1, we consider the L?
weighted Bergman space

o {f € Hol(D) s 11, = [ 2P dAL) < +oo} ,

where dA,(2) = (1+a)(1—|2*)*dzdy/w, 2 = x+iy. The space A2 is a reproducing
kernel Hilbert space with the scalar product

(f,g) = / £(2)g(2)dAa(2).

The standard monomial orthonormal basis for A2 is given by

I'n+2+a«)
n = n7 >0, 1
en(?) nl'(2 + «) © "= (1)
where I'(s) stands for the usual Gamma function [11, p.4|. Thus, see for instance
[11, p.5| the reproducing kernel A? is

Kule) = Yl = [

Jj=0

and the normalized Bergman kernel is k,(z) = K, (2)/||Ky|la2. The reproducing
kernel gives rise in a standard way to a growth condition in the Bergman space:

1 a+2
SR = 10, K < (W) By feAreD ()
We consider the Mobius transform
A— 2z
pA(z) = ——= (3)
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24«

and the isometric translation operators in A? given by T f(2) = [¢A(2)] 2 f(pa(2)),
ie.,

T/\ : .Ai — Ai
AP 1]

f—%ﬂf:{ajiﬁ}QﬂwO)

Notice that ¢, and T} are involutions, in fact, T} is a self-adjoint operator.

In the Bergman space, the underlying metric on the unit disk is the pseudohyper-
bolic distance which is defined via the already mentioned Mébius transform (3):

p(u,v) = |pu(v)|, u,veD.

We also associate the pseudohyperbolic disk with this distance: D(A,r) = {z € D :
p(A,z) <r}for A€ Dand 0 <r < 1. In order to be interpolating in the Bergman
space, a sequence has to be separated in this metric (see [18]). Also, in order to
be sampling (at least in the Hilbertian case under consideration here), it can be
deduced that any pseudohyperbolic neighborhood with fixed radius can contain at
most a uniformly bounded number of points (Carleson measure condition).

In order to better understand multiple interpolation and sampling problems we
shall comment a little bit more on the multiplicity one situation. In this case, given
a set of points A C D, one is interested in the values of a function in given points
f(A), A € A. When A is separated in the pseudohyperbolic metric, it can be shown
that for f € A2, we have

Z |Hf<)‘)| _ Z(l — AP < oo (4)

2
AEA KAl AEA

Conversely, if the sequence A is sufficiently separated, if can be shown that every
sequence of values (v))ea the square of which is summable against the weight (1 —
|A|?)>T® can be interpolated by a function f € A%. Observe that

A2 -1
(1—x0)?

24«

uzwwzﬂﬂm:[ ]2ﬂww»=®W—D2fM%

so that (4) translates to

> 1. Theo)|* < +oc.

AEA
Notice that, intuitively, a sequence of interpolation must be sufficiently sparse,
and should be a set of zeros of a holomorphic function (at least up to one point).
Analogously, any sampling sequence should have sufficiently big density and is in
general not a set of zeros (except in spaces which admit complete interpolating se-
quences). This naive relation points at the connection between our problems and
uniqueness questions which will be studied in the next Section 2.

Let us now switch to the multiple case. Instead of studying only the values of
a function in the points of the given sequence, it is natural to consider germs of
functions in those points, i.e. to consider also derivatives of the function up to a
certain order depending on the point (Hermite type interpolation). As long as the
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multiplicites are uniformly bounded, the definition of the target space can be based
on point evaluations and their derivatives with suitable weights. However, when we
allow multiplicities to grow to infinity, the weights and constants have to be chosen
in a very precise way. In the Hilbertian case, since (e;);>0 is an orthonormal basis
and 7, an isometry, it is natural to consider (f, The;), where A € A and j is bounded
by the multiplicity. With this in mind, we can now define sampling and interpolation
in the general case. Given a set of points A C D with multiplicity my, we call divisor
a set of pairs X = {(\, my)}rea-

Definition 1.1. A divisor X is sampling for A% if there exists a constant C' > 0,
such that for all f € A2

S ST < 122 <O S WA T

AEA j<my AEA j<my

Note that P\f = >°,_, (f,The;)The; is an orthogonal projection and it can be
shown that

ker Py = Ny ={f e A2: fO(\) =0, Vj<m}, (5)

)‘7m)\

(see also equation (4) in [6, p.114] where this matter is discussed in the Fock space),
so that in particular

Z (f; TA6j>|2 - ||f||?4?x/N§f:1/\

J<mx

It is usefull to recall the weaker notion of uniqueness. A divisor X is called a

uniqueness divisor (or simply X is uniqueness) if every function vanishing up to the
order my — 1 is A is necessarily the zero function. Clearly, a sampling divisor is
uniqueness, but the converse is in general not true.

The above definition gives rise to a natural definition of the following target space
needed for interpolation.

P(X) = {(Ui)xe/\, o VI3 =D Y P < OO} :

AEA j<my

Definition 1.2. The divisor X is interpolating for A% if for all sequences v € (*(X),
there exists f € A2 such that

<f, T)\6j> = Ui. ()\ € A,] < m)\)

Note again that the above interpolation condition is equivalent to interpolation by
germs of f in A up to the order my—1 (see equation (4) in [6, p.114]). Clearly, if f in-

terpolates v in the above way, then 3, W2 =|f Hi@ T The reinterpretation
o A,my

in terms of quotient norms will be useful later when considering the situation in A%°.

In the case of the classical Fock space, multiple interpolation and sampling was
related to some critical radius. More precisely, since in the Fock space the under-
lying metric is euclidean, given a multiplicity m, in a point A € C the “influence
zone” of A meaning the knowledge of f(\),...,f™1(\) — or equivalently that of
(f,Txeo)s--»(f, Taem,) — was the euclidean disk D.(X,/my) = {2z € C: |z - )| <
Vma} (see [5]). This corresponds more or less to redistributing the multiplicity in a
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regular way in an euclidean disk. It is a priori not so clear how to define this redistri-
bution in the pseudohyperbolic case in particular when we authorize the multiplicity
to tend to infinity. The corresponding critical radius appears in the following overlap
condition; it will be clear from later discussions where this radius comes from. Our
sampling and interpolating conditions are all expressed with respect to this critical
value (slightly increasing or decreasing it). We will need an overlap condition that
we introduce now.

Definition 1.3. A divisor X satisfies the finite overlap condition for A% if

SX:SUPZXD(/\7 o )(z)<oo.

Fotl
zeD YeA myto

We should mention that this finite overlap condition is intimately related to the
Carleson measure condition.

Now we are in a position to state the geometric condition for sampling divisors.

Theorem 1.4. Let o > —1.
(a) If X is a sampling divisor for A%, then X satisfies the finite overlap condition
and there exists 0 < Cx < a+ 1 such that
D (a2 HEx ) _p
AEA Vmatatl

(b) Conversely, suppose the divisor X satisfies the finite overlap condition. There
1s a constant C' > 1 depending on Sx such that if for some compact K of D

we have
U D<A7 mA——C> _D\ K,
my+a+1

AeA,my\>C
. . . . 2
then X is a sampling divisor for AZ.

This theorem tells us that if disks with slightly smaller radii than the critical one
already cover the unit disk, then we have a sampling divisor. And if a divisor is
sampling then at least disks with slightly bigger radii cover the unit disk (up to a
compact set).

One could be tempted to complain about the constant C' appearing in (b) above.
Note that the theorem is completely general and applies even in the case of uniformly
bounded multiplicites where the result proved in [6] requires density conditions. So
there is no hope getting a sufficient condition only from the covering without addi-
tional conditions for instance on the critical radius.

In the analogous situation for interpolating divisors the covering condition is re-
placed by a separation condition of disks with slightly bigger or smaller radii than
the criticial ones.

Theorem 1.5. Let o > —1.

(a) If X is an interpolating divisor for A%, then there exists Cx > 0 such that
the hyperbolic disks

)

AeA,my>Cx
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are pairwise disjoint.
(b) Conversely, if for some Cx such that (o +1)(1 —e ') < Cx < a+ 1, the

hyperbolic disks
my+a+1

are pairwise disjoint, then X is an interpolating divisor for A2.

A€A

Notice that the separation condition appearing in the statement (a) implies the
finite overlap condition (the overlap is actually void), which is again related to the
Carleson measure condition.

Again, we should point out that additional conditions on the constant C' are re-
quired in (b) since the theorem is completely general covering the case when the
multiplicities are uniformly bounded in which case the result [6] involves again den-
sity conditions. So, separation alone for C arbitrary close to 0 cannot be sufficient
for interpolation.

Concerning both Theorems 1.4 and 1.5, we would also like to emphasize the fact
that densities, even if they provide characterizations for simple or uniformly bounded
multiplicites, are hard to compute in a general situation (particularly in the pseudo-
hyperbolic metric), while our overlapping and separation conditions are much easier
to apprehend.

Here is another observation: in case X is a sampling divisor, the finite overlap
condition is necessary. In case X is an interpolating divisor, we get a separation
condition, which obviously also implies the finite overlap (there is actually no overlap
and now Sx = 1). So in both cases, the area of pseudohyperbolic disks centered at
A and with radius comparable to \/(my — C)/(my + a + 1) add up to a finite sum,
yielding the following Blaschke type condition which seems new:

S (a1~ AP))? < +oo. (6)

A€A

The result which affirms that in the Fock space (with Gaussian weight) there are
no Riesz bases (simultaneously interpolating and sampling) is quite expensive to
obtain. First in [18| for simple multiplicity, and later for uniformly bounded mul-
tiplicity in [6] this requires the density characterizations of interpolating and sam-
pling sequences. More recently the third and fourth authors discussed this problem
in [5] when the multiplicities go to infinity. In this case, there are no characteri-
zations available, but the gap between necessary conditions for multiple sampling
and multiple interpolation (given by the corresponding results to Theorems 1.4 and
1.5), together with some geometric lemma, allowed to conclude. The situation in
Bergman spaces is dramatically simpler. The main reason is due to the fact that the
multiplier algebra for standard Bergman spaces is not trivial and contains bounded
analytic functions in the unit disk. As a consequence, any interpolating divisor is
a zero divisor (pick a function vanishing in all the points A up to the order m, — 1
except for one point \g in which we interpolate the value 1, then multiply the inter-
polating function by b5*), and can thus not be sampling since sampling divisors are
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uniqueness.

In view of the above discussions, the central role of zero and uniqueness sets should
be clear. In this connection, we will formulate here a necessary condition for zero
divisors which does not seem to follow from those known so far. A fairly precise
results on zero sets in A

Theorem 1.6. Let o > 0, € > 0, and X = {(A\,m))}rea be a divisor such that

Up (n /o) -\ g

AEA

for some compact set K C D. Then X is uniqueness divisor for A%.

We recall that a uniqueness divisor is a non zero divisor.

Without going into more details in this introduction, we mention that the same
problems can be considered in the uniform norm: let o > 0, and define

Az = {1 € HOUD) 1112 = sup(1 — 24)F15(6)] < oo}

In this setting, the results are completely analogous — replacing essentially o + 1
by « in the theorems cited above — and will be discussed in Section 4. Note that
it follows immediately from (2) that A2 C A, which allows to connect some
results between both situations. However, in general the results in A2° do not follow
immediately from those for A% and the proofs have to be rerun. We also point out
a curious phenomenon. Indeed the above embedding works for @ > —1, but there is
no A% which embeds into A3 when « € (0, 1].

We would also like to comment on the uniqueness result Theorem 1.6 and its corre-
sponding result Theorem 2.2 below in A% (which has essentially the same statement
just replacing a + 2 by «). In [19], Seip gave fairly precise sufficient and necessary
conditions exhibiting a small gap between these. His conditions are based on the
Korenblum density which is difficult to check in general. The condition appearing
in (7) (or in (11) below) yields maybe a more transparent necessary condition for
zero divisors (for X to be a zero divisor it is necessary that the covering condition
(7) does not hold for any compact K and any € > 0).

The paper is organized as follows: in Section 2, we prove the A% uniqueness The-
orem. Section 3 is devoted to the proofs of Theorem 1.4 and 1.5 respectively. In
Section 4 we discuss the uniform case.

Throughout this paper we use the following notations :

e A < B means that there is an absolute constant C' such that A < CB.
e A=< Bifboth A< Band B < A.

Acknowledgements: The authors would like to thank Omar El Fallah, Xavier
Massaneda and Joaquim Ortega-Cerda for helpful discussions.
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2. ZEROS AND A JENSEN TYPE FORMULA

In this section we will prove a uniqueness result for A% (which will also be useful
for the case p = 2).

Let us introduce the invariant measure on the unit disk dV(z) = (1—|z|?)"2dm(2),
where m is the normalized Lebesgue measure such that m(D) = 1. It it well-known
that dV is invariant under Mdbius transforms. We mention that a direct calculation
shows that

T‘2

/ dV(z) = / dV(z) = —, 0<r<l
D) D(O,r) IL—r

We observe here that morally speaking, the critical radius r has to be chosen more
or less in such a way that this mass corresponds to the multiplicity. To be more
precise, and as we will see below (see (10) below), the critical radius has to be chosen
via redestributing the mass of the laplacian of the logarithm of an AX-function (as
was done in the euclidean metric appearing in the setting of the Fock space).

We will discuss the situation here in A% which requires o > 0 contrarily to A2
where o > —1.
Now, in the spirit of our observation above (and in particular (10) below), for
fixed € > 0, let
My
rN=T =y — 8
A A, a,e ma +a+e ( )
and set Dy = D(A,ry). (In a sense, the critical radius in A° corresponds to the
situation when ¢ = 0.)

Lemma 2.1. Let a > 0, if X = {(Ax,mg)}r>1 @s a zero divisor for A, then for
e >0,

o 1
o
a+e) gl—'r’2

/D(O,r) ZXDA(Z) log —dV(z) < 2 +0(1), r—1

Proof. Let X = {(Ag, my)}x>1 be a zero divisor for AS° then there exists a non zero
function f € A such that

O =0, 0<k<my, A€A.

We will obtain our condition by redistributing the mass A(log|f|) on the hyper-
bolic disks D).

The function log |f| is subharmonic and not identically —oco and we have for all
zeD

(0%
— 10

1
log | f(2)] < log || fllae + 5 1 BT s(2).

We use the same inductive method as in [5]. First we construct a new sub-harmonic
function A in I such that

log |f(2)] < h(z) < s(2).



MULTIPLE SAMPLING AND INTERPOLATION IN BERGMAN SPACES 9

Later, we will obtain our bound using Green’s identity. Let hy = log|f| and recall
Ta, = 4 /kaZ+€, then
o (2)] o2 (2)]

ho(z) = mylog ——= +log | f(z)| — mq log ———=—.
SV T

N

-~

=Uy

Since f/ 90;?1 is holomorphic in D, Uy is a subharmonic function on ID and harmonic
in a small neighborhood of A\;. In fact, in a small neighborhood V' of \; not containing
any other zero of f than A\;, we have

[F ()] = lex ()™ g(2)],

where ¢ is a holomorphic function with no zeros in V.
Therefore
Alog|f(z)| = miAlog|ex, (2)] + Aloglg|, z€V.
=0

lox (2)]
Ty
respect to the invariant laplacian. Let us consider

Now we will modify the term m; log to obtain a constant function with

1—-72
4 h
%lOg m, A D()\l,r,\l),

vi(z) = (9)
E)

, otherwise.
T'/\l

my log

Then v; is harmonic outside D(A1,7y,) and vy € C'(D). Using A = 400, and the
fact that log |1 — Az| is harmonic, we have inside D(Aq,7y,)

1— 2 1__ 2
Avy = A(a+€log "y 2):a+€A <log( | M2 >

2 1— |ox, (2)] 2 1—|z12)(1 = |\ ]?)

— a+e
= (a+¢e)A(log|l = Aiz]) — A(log(1 — [2[*))
. 2(a+te)
IR
4
(We have used that Alog(1—|z]?) = —m) Observe that with the definition
— |z

of the invariant laplacian Au = (1 —|2|2)2Au, the preceding computation shows that
Aw; is constant. We thus obtain the total mass of the measure Avy; on D(Aq,7y,)

which is equal to 2(a + £)V(D(A1,7y,)):

d
[audn = [ s =2t VDO m)
D D(X1,75,) (1 =z

2

— "\
= 2(a+€)1_r§. (10)

1

By the specific definition of ry, this is equal to 2my,.
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On the other hand, since Alog|z| = 2mdy,

/D A (ml log W) dm(z) = my /D Adlog |\ — =|)dm(z)

= 2m1.

In particular, by the very definition of r),, both total masses coincide so that in
terms of Laplacians, we can replace m; log === ml ) by vi(.) in D(Aq, 7y, ). This yields
the function h; = v + Uy. Obviously,

o (2)]

A1

o+ € 1_7')\
h = log - 1
1(2) 9 1_ |<,0)\1( )|2XD(>\1 A )( )+m1 0g

Let us show that
(8) ha(2) < s(2), z € D,
(b) ho(=) < hy(2), = € D,

We start proving h; < s. This is clear for z € D(A,ry,), because hy = hg in
D\ D(A1,7y,). For z € D(A1,7y,), we consider the function w; = vy + Uy — s, we
have

XD\D(A1,7;) (2) + Us.

1 1
Aw; = A vl—l—UO—glog— AUO—l—A log—— >0
2 71—z 1= [z[?
Hence w; is subharmonic on D(Ay,7y,), and for & € D(\y,7)y,), since v1(€) = 0, we
have

wi(§) = Uo(§) — s(§) = ho(§) — s(&) = log | f(§)] = s(§) < 0.

So in the boundary w; is non-positive, so that it is non-positive throughout the disc
by the maximum principle.

It remains to see hy < h;. Again outside the hyperbolic disc D(Aq,r)y,) we have
ho = hy. In the disc D(A1,7),) we need to compare the following functions

a+e 1—73,
QOZ = 1 )
B = e P
and
W(2) = m 1OgM‘
7’)\1

More precisely, we have to show that ¢» < ¢ on D(A;,r;). For this, we use the
auxiliary functions

L ate, 1—73
e
¥ 5 gl_x27

and

x
Y x— mylog —.
7’)\1

The function v is concave, while ¢ is convex and ¥ (ry,) = ¢(r»,) = 0. Moreover

o' (ry) = ' (ry) \/ml (m1 4+ a+¢)

thus the two functions touch smoothly at x = ry,, and ¢ < ¢ on (0,7y,]. As a
consequence hg < hy in D(Ay, 7y, ).
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Now we construct hs in the same way as before. We have hy = vy + Uy, so we can
write

7’>\2 N T)\Q ,
Uy
7’)\2
where, since f/()/'¢.’) is holomorphic, U; is a subharmonic function that is har-
monic in a small neighborhood of As. Again we modify the term ms log Mjﬂiﬂ in
2

the hyperbolic disc D(Ag,7),), and set

&+ Jog z € D(Ag,7y,)

-3,
) eI
Vo\2) =

leas (2)]

, otherwise.
’I")\2

ms log
And as in the first step, set ho = vy + Uj.
[terating this procedure we obtain a sequence of sub-harmonic functions (hy,),, such
that for every z € D, the sequence (h,(z)), is increasing and

log |f(2)] < hn(2) < s(2).

So the pointwise limit h of the sequence (h,,),, which is still subharmonic on D, is
comprised between log | f| and s(z).

Observe that h has been obtained from log |f| by replacing around each zero A
of f the function mlog|pa|/ra by “5=log(l — 73)/(1 — |¢a]?) and by a harmonic
function far from the zeros so that the laplacian of log | f| is given by the sum of the

laplacians of vy.

Since h(z) < s(z), by Green’s formula ([11, Theorem 3.6, p. 59]), for 0 <r < 1
1
/ Ah(=) log ——dm(z) = —2h(0) + — / h(z)dl2|
D(0,r) |Z‘ T J\z|=r
a

2

<2 (—h<o> 10 | fllace +

On the other hand,

/D(o ) Ah(z)log Ldm(z) > 2(a+¢) / Z Xp,, (%) log édV(z).

12 D(0,r) >1
Hence,
/ ZXDM (2)log LdV(z) < a log L + O(1), r—s 1,
D(0,r) =1 2| 2(a+¢) 1—r?
as required. O

We are now in a position to prove the uniqueness result.
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Theorem 2.2. Let o > 0, € > 0, and X = {(\,m))}rea be a divisor such that

[JD(A ET?EE):D\K (11)

AEA
for some compact K C D. Then X is a uniqueness divisor for AS°.
Before giving the proof of this result, we mention that Theorem 1.6 easily follows

from this. Indeed, suppose X is a zero divisor in A2 C AX,,, then (11) does not
hold for any compact K where « is replaced by a + 2 as required in Theorem 1.6.

Proof. By contradiction, suppose X is a zero divisor for A>. Recall Dy = D ()\, s ) .

a+te+my
By Lemma 2.1,
a 1 rdm(z)
¢+ log 2/ X log ——F% 12
ot 2 BT 2 Jpg 2 O (1)
Hence
r r
/ S X, (2) log L dV(z) = / log - dV(2)
D(0,7) \ea |2 D(0,r) |2
-
/ ZXD/\ 1| log —dV( )+ / ZXD/\(Z) — 1| log —dV(2).
D(0,)NE | \ea 2| DON\K | Yea 2|

Notice that

(a) when z € D(0,7) \ K, then ), ) xp,(2) =1 >0,
(b) integration inside K only contributes at most as an additive (negative) con-

stant,
so that
r r 1 1
/ ZXDA (2)log —dV(z) > / log —dV(z) + O(1) = - log 5 +0(1).
D(Or) Ser ] or 7] 2 °1—r
But this is in contradiction with (12) which concludes the proof. O

We should stop here for a little observation. In the case of the Fock space, it was
enough to consider the critical radius in order to get the corresponding uniqueness
result. This was related to the observation that when we cover the whole plane by
disks we will necessarily encounter "big” overlaps of these disks however far we are
from the origin, and that in this case log R/|z| can be arbitrarily big. The situation
changes in the unit disk where log R/|z| tends to zero, and much more subtle overlap
conditions have to be discussed. For the purpose of our discussions here it is sufficient
to play on the parameter €. For that reason we have to impose a covering condition
with smaller radii involving ¢ (equivalently the critical radius gives the uniqueness
result in all weighted Bergman spaces A2 with weight o/ > «a). It is easy to check
that for given £ > 0 there exist Cy > C7 > 0 (actually Cy > ¢ > C} > 0), such that
for every my > Cj,

my — C m my — C'
A 2§ A < A L
my + « my+aoa—+¢é my + «

(13)
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We finish this section with the short argument leading to (6). Denoting by
D.(u,r) ={z € C: |z —u| < r} a Euclidean disk, we have (see |9, p.4])

1— ¢ 1—|\?
D (\t) =D, A\, t 14
(1) (1—t§w2 )Y ) (14)

Using the finite overlap, an area argument shows that

1— AP ’ 2
E t <r 15
(1 LG )‘) ~o (15)

A€A

where
my — C
my+ o’
According to (13), playing on C', this is comparable to the same expression with ¢ in
the denominator, but no constant subtracted in the numerator. This will allow us
to treat at the same time the situation with finite overlap (coming from sampling),
or the separation condition (coming from interpolation). The value of C' will not be
important in our estimates.

The finite overlap implies that the Euclidean radii Ry tend to zero when A ap-
proaches the boundary JD:

ty =

L— [\
1— 2\

Since t)\ = ,/Zfbi—jrg ~ 1, we have from (15)

1— AP )2
— ) =0, as |\ =1L
(T=znr A

Ry = ty,— 0, as |)\| — 1. (16)

On the other hand

L— AP 2 1 5 1
(1—[A]%) ey = L= AF) z
TR D) TR - )
1
= — 0, as [\| = 1.
(C+a) A2 ’
L+ (Gorna-nm)
Necessarily
(mx +1)(1—|A?) ~ma(1 —|A?) =0, as || — 1,
and thus
1— AP 2
————>~my(1 = |A]9),
T = M- )

which in view of (15) leads to (6).

3. SAMPLING AND INTERPOLATION IN A2

3.1. Local L*-estimates. We will obtain the results via a local control of the A2-
functions. Let us consider the L?-norm in a domain €, denoted by | - ||o. With
this norm, we can obtain a control of the norm of the basis elements in terms of the
regularized S-function.
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For Re a > 0 and Re b > 0, we define the S-function

1
B(a,b) = / 111 )t (17)
0
Recall that L(a)T()
a
b) = ——= 18
and so by Stirling’s formula (see [1])
[(a+1)
Bn+1,a+1) S (19)
The following sharp inequality is sometimes useful (see [10])
1-s T
( a ) <TE4S) o0 0<s<1 (20)
x+s T ()
For x € (0, 1], we define the incomplete 5-function
B(x;a,b) = / N1 — )" tdt, (21)
0
and the regularized incomplete [5-function (or regularized [-function for short)
B(z;a,b)
I(x;a,b) = ———. 22
@@l = T 2

With these notations in mind we can compute the norm of the orthonormal basis
{e;}; on smaller disks (we will of course be interested in disks of type D,). For this
we need the following result.

Lemma 3.1. Let {e;}; be the orthonormal basis for A%. Then, for all j > 0 and
0<r<l1
||€j||§)(0,r) = (O[ + 1)I<T27] + ]-a o+ 1)

Proof. Recall first from (1) that

C(n+2+ «a)
A(2) = [ E T >0,
en(2) n!l'(2 + «) © "=

Since I'(n) = (n — 1)!, and with (18) in mind, we can rewrite
nII'(1 + «) nI'(2 + )

6(n+1’a+1)zf‘(n+2+a) - 1+a)l(n+2+a)

and

1 n
en(z):\/(1+a)ﬁ(n+1,a+1)z’ n>0 (23)

(which can be found also directly by computing the norm ||2"[|7,).
Now, the lemma follows from the following computation with the obvious substi-
tution s = t2,

12 b,y = (a+1) 221 = |2)%dm(z) = 2(a+ 1) [ 7711 — #%)2dt
D(0,r) 0

= (a+1DBFr*%j+1,a+1).

OJ
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For our later discussions we will thus need estimates on the regularized incomplete
[S-function.

Lemma 3.2. Let o« > —1 and r,,, = , /ﬁ then
(a) For every ¢ > 0, there is € = (a,¢) > 0 such that for allm > ¢+ 1 and

n<m
1 &;nqu,oz—i—l > €.
m+a+1

(b) Fort < rp, there exists € = () such that
Fm7a(t) — [1 _ tz} a+2 Z

0<j<m

(c) Given 0 <n < 1, there exists an(n) > 0 such that for all j > m > ay(n)

m—a(n)
(2= i a+1) <nl
(et rast) <o (

%
(a+1BH+1La+1)

> €.

—j+1la+1].
mta+l’ )

The lemma does not appeal to a specific zero divisor. Later on, m will correspond
to my and r,, to ry. Compare the critical radius r,, appearing in this lemma with the
one given in (8) (as mentioned there, the critical value corresponds to the situation
when £ = 0): the term « appearing there turns into a + 1 here.

Proof. (a) Since f(z,n + 1, + 1) is increasing in z, for m > n
(2= it av1) > (2= cnita+1).
m+aoa+1 n+aoa+1

We need to treat two cases.
First, suppose a > 0, then

n—c

— n+a+1
5(&'714—1,044-1) — / +ot t"(l—t)adt
0

n+oa+1’
(1 — &) /MHH—1 tndt
n+a+l 0

(a—i—l—i—C)a 1 < a+1—|—c>n+1
n+a+1/ n+1 n+a+l ’

v

1
(n+ DD for n > ¢+ 1 (uniformly in n and m). Now, By

(19), this yields inequality (a) at least when n > ¢+ 1.

which is comparable to

Second, suppose « € (—1,0]. Note that for r € (0,1),n > 0 we have

r Tn+1 r
(1 —t)%dt = 1—7r)® " — ) de
> Tn—i-l (1 )a n [0 r /'7“ tn(l t)adt
_T“ —
~ n+1 n+11—rJ, ’

where we have also used the fact that ar/(1 — r) is decreasing in r since a < 0.
Hence
1 il

14+ =2 n+1

/T (1 — t)°dt > (1—r)°. (24)
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Let r = nﬁ;il (the interesting case being n > ¢+ 1). In this situation we have
14— g @ PTC gy T
n+1l 1-—r a+1l+c n—+1 a+1+c

Thus, from (24)

n—c

n+a 1 1 1 o _ n+1
/ T~ edr > y X(m) y (u)
0 1+ | (n+1) n+a+1 n+a+1

a+1+c
(a4 1 4 ¢)*e(at1Fe)(2+0) y 1
- [+ o] (n+ 1)

at the second inequality we have used % <logt, t > 0.
On the other hand, by (20) we get

a+1

1 _ Intltatl)  (n+1)

Bn+1,a+1) Ma+1DI'(n+1) = T(a+1)°

Put

1 (a +1+ C)a —(a+1+c)(2+c)

X .

I'a+1) 1+
Hence it follows from the inequalities above

n—c fonza“ t"(1 — t)*dt
I{—— 1, 1 > 25
(n+a+2 nLaw ) Bn+1,a+1) =< (25)

which is the desired result.
Finally, for n < ¢+ 1, independently whether &« > 0 or a € (—1,0), the desired

| of the in-

e=¢(a,c) =

a+2+c]

estimate follows from the fact that the integration interval [0, 1
et

complete S-function contains a fixed interval [0, ] and both powers of ¢ and

+ 2
(1 — t) appearing in the definition of 5(x;n + 1, 4+ 1) are controlled. Dividing by

B(n+1,a+ 1) does not change this control since n is bounded.
(b) Recall that the reproducing kernel of A2, K (t,t) = (1 — ¢*)~*2 satisfies also
%

;(a+1)ﬁ(j+1,a+1)’

K(t,t) = 0<t<1
Hence, it suffices to prove that there exists € = ¢(a) and mg such that for t < r,,
¥
Rio(t) = (1 —t?)o+? : <1—g¢ m > my,
)= A=) T T a T =

j=>m

By (19),
1 1 jL+a
. - o = Faray (1oL,
(a+1)pG+1La+1l) (a+DI(a+1)/jt(1+0;(1)) T(2+a)
where 0;(1) tends to zero when j tends to infinity. So

1— t2 a+2 las2i 1— t2 a+2
<F(a—+)223 £23(1 4 0,(1)) < ﬁ

Rn.o(t) = (L+ o (1)) Y it

j>m
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We will pass to an integral. For that, note that when x € [j — 1,j] and t € [0, 1),
we have t¥ < ¢** and obviously j'™ = 2'7*(1 4 0;(1)). We deduce

1 — 2\a+2 e}
Rno(t) < (1+0m(1))¢/ rrot*dy

F(a + 2) m—1
(1 _ t2)a+2 00 . B
= (14 o0,(1)) u e " du.
[(a+2)(log 1/82)2% Ji_1)(0g1/22)
Note that the function ¢t — (1 — ¢?)/In(1/t?) is bounded by 1 on (0,1). Also,
observe that 0 <t < r,, = L, and hence
m+a+1
1 m+a+1 a+1 a+1
log = > log ——— = log(1 = 1+ 0,(1)).
og ;3 > log 0g(+m+a+1) m+a+1( + 0 (1))
We deduce
140, (1) [~
Rya(t) < L()/ ut e du.
[ +2) Jesnemn i, q)

Let 8 = %(1 + 0,(1)), then using the notation I'(a,b) := [~ t*"'e~"dt for

the incomplete Gamma function, we have
1+ 0,(1)
Rma 1) < ———+
all) < [+ 2)

Now observe that for finite m the estimate in (b) is trivially true. We can thus
assume that m is big enough so that § > a+1—-1=a. So

1+ o0m(1)
Rm,a(t) < m

Since a is fixed, we obviously have ¢ = I'(a+2, ) /I'(a+2) < 1, and for sufficiently
big m we have 1+ 0,,(1) < (1 + ¢)/(2¢) implying that R, » < (1 +¢)/2 < 1, and
we can pick € = (1 —¢q)/2.

I'(a+2,03).

INa+2, ).

(c) Clearly, setting
_m-alp) _ 0m
m+a+1 m+a+1
it is enough to show the estimate for the incomplete S-function:

ﬁ(m_—m;j+1,a+1) = /ptj(l—t)o‘dt
0

m+a+1

< 77/ (1 —t)*dt
0

m
- T i 1
nﬁ(m+a+1,3+ ,a+)

First assume o > 0.
Note that
pitl

By = /O == (1= ), (26)
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and an integration by part, as well as the the fact that ¢/(1 — t) is increasing in ¢,

yield
t adt = ! - +— HH(1 — ) Ndt
[ea-ora = Loa-pre S5 [0
Pt
< a2 [Thia —pear
< Loa-re S [a
So, if ml_p < 1, we get
P 1 p7'+1
8 ::/ P —tedt < —— P (1 ) (27)
Given 0 < n < 1 and a > 0, it follows from (26) and (27)
1 1—p\* /pyit!
B < : ( p) <£>J (28)
52 ]_—ml—p 1—r T
Simple computations show
p_m—am)_ o)
r m m
and
l—p a+l+a(n) p m — a(n)

= and = :
1—r a+1 1—p a+14a(n)

Now for j > m > a(n),

a p a  m—a(n) am o
: = - < < ;
JH+1l—p j+la+1l+a(n) ~ (m+1)(a+1)+(m+1aln) ~ a+1+a(n)

therefore,

1 <0z+1+a(n)'

o _m=a(n) =
1—mm 1+a(77)

It remains the term
i1 Jj+1 m
(E)J — (1 — M) < (1 — ﬂ)) < emem) (29)
r m m

& < M X (1 + a(n) ) w e—aln)
B 1+ a(n) l+a
Since the exponential decrease dominates the polynomial growth, we have
1 a+1
lim Mx<1+ a ) X e =0,
a—too 14+ a 1+«

which proves the claim: for every n > 0, we can find a, such that 8;/8y < n inde-
pendently on j > m > a, and the same is true for I;/15.

Hence

Second, assume « € (—1,0]. The exact same arguments as in the case o > 0
allow to reverse the inequalities in (26) and (27) (since « is negative, the expression
ar/(1 —r) is decreasing and (1 — r)® is increasing in r). Hence,
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b= [ (1 - 1) Ly (30)
= | P =)t > — ),
i 0 1+y+117~7+1
and ,
/pjl t)xdt < (1 )pj+1 (31)
= t AV _ al”
o i ( p .

)
As in (28) for o > 0, it follows from (30) and (31)

B (1 a T ) 1—p a(,0>j+1
By = j+11—r/ \1—-7r r ’
where the first factor is now in the numerator instead of the denominator. Hence,

. _ m— a(n _ m . .
with p = =% and r = - in mind, we get as before

B _ a m a(n) \* a(n)\’ ™
5 < [”mx—aﬂ} (”m) X(“W) |

Since j +1 > m and a < 0, we get

- m - 1
1+ - X < =
7+1  a+1 a+l 1+«
Again
Jj+1
<1 _ a’(n)) S 6—(17
m
and now N
(1 0 ) <1,
a+1
so that .
& < eia,
ﬁg _-1'+'&
which again goes to 0, proving the claim also in this case. 0

As mentioned earlier, we will need to switch form the orthonormal basis {e, }, in
A2 to an orthonormal basis on a smaller disk D(0,7). The following lemma recalls
this simple fact.

Lemma 3.3. Let f =Y . ane, € A, Then

<‘““>/D(o WP~ leydm(z) = 310 n+ Lo+ Dol

n>0
for every r € (0,1)
Proof. Set

fo = <

" \/[(7’2,71—1—1,044—1)’
then, by Lemma (3.1), (f,) is orthonormal with respect to the measure dA, on
D(0,r). Writing now

= anen =Y (an/I(r*,n+ 1,0+ 1)) fs,

n>0 n>0

we get the required equality.
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Lemma 3.4. Let f € A2, for every ¢ > 0 there exist constants A = A(c) > 0 such
that for every m > ¢+ 1, we have

[(f, Taes)” < Ala+1) [F(2)P(1 = [2*)*dm(2),
j%:n /D(M/ iatt)

for any A € D.

Proof. Set r = rya.c = /ety Taking g = T\ f, the statement can be rewritten
as

S g e < (a+ 1) / 9(2)2(1 — |2P)*dm(2).
0<j<m D(0,r)

Since g € A2,

7
g(z) = ;ajej = ;aj \/(a +1)B(G+1,a+1)

and
{g,e5)| = la;|*, j > 0.
Using Lemma 3.3 applied to g, the claim is equivalent to
> I £ X lPr (i Lak ),
0<j<m 7>0 mo ot 1
where we have substituted back the value of r. Therefore it is enough to prove
I(&;j—kl,a—l—l) >e(a,c) >0
m+a+1
for j < m and m > ¢+ 1, but this is given by Lemma 3.2(a). O

The next lemma relates the finite overlap condition to a kind of Carleson measure
type condition.

Lemma 3.5. Let X = {(\,m))}rea be a divisor. Then X satisfies the finite overlap
condition if and only if there exists a constant C > 0 satisfying

SN HETe)P < ClflR,  f e A

AEA j<m)

Proof. Suppose that the estimate holds. Given z € D, set f, = T,1, observe that
|T.1| = |k.|, s0 || fz]|a2 = 1 and

[(fe: Taeg)|* = {T21, Thes) |* = [eo, T.The;)|* = | ToTae; (0)[*

~ (ot 1)5(j1+ oo @ o), (32)

where we have used the form (23) of ej Then, by assumption,

1=171222 20 2 g ]H o [ 1@ )

AEA j<m)

2 3 Fnall93E DX, oy (2) 2 €2 %,

Vi)
AEA AEA m”““
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where the function F is defined in Lemma 3.2(b) and the last bound also comes
from that result. Since the constants do not depend on z, we conclude that

NZXD

A€A

)(Z)-

A+a+

In the opposite direction, if X satisfies the finite overlap condition, we just apply
Lemma 3.4, which gives

[ The)* S ) _(a+1 [F(2)]F(L = |2[*)"dm(2)

~Y (a1 / m)«z)rf(z)r?u—\z|2>adm<z>

AEA
< Sx|IfII2.2;

where Sx is the overlap constant introduced in Definition (1.3).

OJ

3.2. Sampling for A2. In order to obtain our geometric conditions we need the
following local control of A%-functions.

Lemma 3.6. Given 0 < n < 1 there exists a(n) > 0 such that if f € A%, and
m > a(n), and if

Dol <n/2,

j<m

(@ +1) [F(2)P(L = |2")dm(z) < 1,
o

m4a+1

then

@) [ g VP o0 20

m+ta+1

As we will see from the proof, we have a(n) = a,(n/2) where a,, appears in Lemma
3.2(c).

Proof. 1f we write

z) = Zajej(z)

by the first assumption and (1), using the orthogonality of {e, },, with respect to the
measure dA, on any disk D(0,7), 0 < r < 1, and Lemma 3.3,

@) [ o O P

m—+a+1
m —a i
= > la;P’I (—(77) ;J+1,a+1>
. m+a-+1
7>0
2 2 ()
< o+ Sl (2t na)
j<m j>m
<

_+Z|J|2< — (Jr)l,j+1,a+1>.

j>m
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Now, by Lemma 3.2 (c) for j > m > a,(n/2), another application of Lemma 3.3
and the hypothesis,

a(n/2) < 27
I 1 1 1 1
E |a;|? ( s +1,j+ o 5 [ o +1,j+ o+

Jj=m j>m
n 2 2\« n
<a+a | 7RO~ [Py dm(z) < 2,
D(0,\/5tart)
and the result follows. O

We are now in a position to prove Theorem 1.4 which we restate here for conve-
nience.

Theorem. (a) If X is a sampling divisor for A2, then X satisfies the finite
overlap condition and there exists 0 < C' < o+ 1 such that

UD </\’ /Lﬁ) =D.
e my+ o+

(b) Conversely, let the divisor X satisfy the finite overlap condition and if there
exists C' = C(Sx) > 0 such that for some compact K of D we have

—-C
U ()\, Ll) =D\ K,
AEA,my>C o + « +

then X is a sampling divisor for A2 .

Proof. Necessary Part (a)
Let X = {(A,m))}rea be a sampling divisor. By Lemma 3.5, it satisfies the finite
overlap condition. Suppose that for every 0 < C < a+ 1

my + C
UD(Wm)#D

A€A

Then there exists a sequence 0 < C; 1 (o + 1) and z; € D such that

m>\—|—C'j
ZJ%UD<)\’Vm,\+a+1>'

AEA

_ mx+Cj _ my
Put ry ¢, = \/ mcrat and 7\, = , /T Thus
U D ()\, TA,CJ-)

AEA

z; €D\ cD\

Up ()\,m)] .

Let
cel D)

AEA
that is € D()\o7 r,\o) for some \g € A and we have for all j

P(CA0) <Tage  and  p(z5,Ao) > g0y
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By the triangular inequality for the pseudohyperbolic metric (see [9, p.4]), we get
o) — A ThoC; — T

p(55,0) > (25 Ao) — p(C; Ao) S Mo T
L= p(25, M0)p(C, Ao) — 1= 720,057
(TAOCJ')? - (TA0)2 > ij)\o =+ Cj (a + 1)

1 - (TAOTA(),CJ')Q N (20& +2 - Cj)m/\o + (a + 1)2
and this latter convergence is uniform in m. Since we have chosen ( arbitrary in
Usea D (A, 7)), there exists a sequence (z;); C D such that :

p; = dist <zj, U D()\,r,\)> — 1.

AEA

>

— 1, j — 00,

Set f; = T.,1, observe that |T. 1| = |k.,|, and applying Lemma 3.4 we obtain

(A
S Y i nalls ey [ T (L Km0

AEA k<miy AEA (/\, mnFoTT

S(a+1

)Sx (1= 1=, (OF]" e, () Pdm(¢)
/<ﬁ>

S@+1) [ @ fuP)dn@) o
lw|>p;
since p; — 1. This contradicts the sampling inequality.

Sufficiency part (b)
Suppose the divisor is not sampling. Then there exists a sequence (f,),>1 such
that || fu]|a2 = 1 and

Z Z (fo, Tae))> =0 asn — oco.

AEA 0<j<my

Passing to a weakly convergent sub-sequence denoted again by (f,,),>1 we have two
possibilities: either (i) (f,,) converges weakly to f # 0 or (ii) (f,) converges weakly
to 0.

In the case (i), X is a zero divisor for a function f € A%. By Theorem 1.6, for every

e >0,
my
D D\
\U ( 7\/a+2+6+m,\>

AEA
cannot be compact. Similarly as in (13), given ¢ > 0 for every C; > e+ 1 > 0
such that for every m > 1,

m — C} < m
m+aoa+1 " mt+at+e+2

- C
D/ 2==L ) D e, ,
my+a+1 my+a+2+¢
for every A € A with m, > (5. And

mA—Ol
oy U D(A’VW>

AEA,MA>C1

Hence
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cannot be compact, leading to a contradiction.

In the second case (ii), we define n = and set the constant C' = a(n) where

a(n) is given by Lemma 3.6. Denote

1
Sx+1
={A e A:my—C>0}.

In order to reach a contradiction we will assume that the disks D ()\, Z;—Zﬁ),

A € Ay, cover the unit disk up to a compact set, i.e. there is R = R(n) € [0,1) such
that

m,\—a(n)
D\ D(0,R) C DM\ —=
\ DO, ) Agl "VVma+a+1

We get for every n > 1

1=/D\fn(2)\2dz4a(2)§/m& a2 PdA(2 +Z/ (o fa(2)PdA(2).

AEA

Denote by As the set of A € A; such that

[(Fa: Taes)* < 5 (e +1)
J<me ’ /D</\\/m;ti+1)

By Lemma 3.6 applied for A € Ay, 0" and f,, with || f||a2 = 1, we obtain

N)Id

2 2\« _.n
[fa(2)[7(1 = [2[)%dm(2) =: <.

1 <(a+1) /D(O o |fn(2)2(1 = |2]2)dm(z)
TN (o ) 1A = )

my+ta+l

+ Y s f (o ) I = s

my+ta+l

<(at1) /D INIZCRUSERREC

| fu(2)[P(1 = [2]*)*dm(2)
/\GAQ /<A’\/mﬁﬁ+1)

+ Y (a+1) /<A ) | fa(2)P(1 = [2[*)dm(2).

m/\+(x+1

For the first term on the right hand side of the last inequality, the weak convergence,
via dominated convergence, yields

(a+1) /D(O R)Ifn(Z)IQ(l — [2*)%dm(z) = o(1). (n — o).
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And by the definition of A,

> @y [

my—a(n)
>\€A1\A2 D</\’ 'm/\+a+1)

< (a+1) [fa(2)[P(1 = |2[*)*dm(2)
AGAZl\M /D(A Y m;?riiﬂ)

Z ST U e = o(1) (0 — o)

AEAI\Ag j<my

[fa(2)F(1 = [2]*)dm(z)

Finally,

201 _ 204d
1< o1 +n§a+1 /@m)m(zn (1 — |2P)*dm(z)
Sx

o(1) + nSx(a+1) /D | (2)]2(1 = |2[)*dm(z) = o(1) + Syl n — oo.

We have reached a contradiction.
O

3.3. Interpolation for A2. As in [5], we obtain the geometric condition by a 0-
scheme and a local control of the functions in the space. To do so, we adapt the same
technique as in [4]. We will need the following version of Hérmander’s L*-estimates
for 0 due to Ohsawa [15]. Recall the definition of the invariant laplacian

A=(1-]z»%A

and define the invariant convolution of two functions f, ¢

(f % g)(z) = / 9o (O FODVC).

Theorem 3.7. (Ohsawa)[15] Let ¢ be any subharmonic function in the disk such
that A > 6 > 0. Then there is a solution u to the equation Ou = g such that

[ an) < 04 [ lore O - i) @

We need to regularize the weight in such a way that we will not destroy the
interpolation after the 0-surgery. This will be achieved by Lemma 3.8 below. We

recall from Lemma 3.2 the critical radius in A%, ry = ,/ m;ﬁg —» and its dilation

from Theorem 1.5 1} =/ nrf?:ffl, and denote the associated hyperbolic disks Dy =
D (A, ry) and Dy = D (A, ) respectively.
We will also need the following auxiliary function (see |4, p.119])

0, 0 <[] <,
o o logL
6O =60 = pmEE iy < [c] <1,
0, < |¢] <1,
where
K= K(m,\,C)(,Oé) = / IOg 2 (C)
A \C\
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(so that the L'-norm of £ is one, for some more precise estimates on K see below).
Consider the weight

1
waa(z) : %mx lloglw — ?/m<|€<r; 10g [0y () (€)|* log de( )| xp: (2)
= Ym, {mgm e - [ 1og|somz><<>|25<odv<o} o (2) (34)

AeA D

Lemma 3.8. Let X = {(X\, my)}aea be a divisor and let Cx be such that (a+1)(1—
e') < Cx < a+1 the hyperbolic disks

my+a+1
are pairwise disjoint. Then the weight wp o above satisfies

((l) WA, o S 0;
(b) —wae < A(a) in DY\ Dj,
(c) and Awp o > —4(a+ 1 — €) for some € depending on Cx.

A€A

Proof. To see (a), since log |p,| is sub-harmonic, we have

L1 [ ) 1o L
log |a| x logﬁ < %/0 log |@a(re”))|log T—2d9.

Integrating from 7, to 7\ with respect to the measure % and dividing by K
yields the required result.
For (b), observe that the separation condition implies that it is sufficient to con-

sider only one term of the sum. Let us also set a = ¢, (2), and notice that z € D,,\ D,

implies in particular |a| = |@(2)| > 7\. Hence
—wpalz) = ma ;/ log |20 €) 2 log — dV(¢) — log af?
K(m)\,CX,Oé) ra<|Cl<ry |€|
<0

1 1

< mAlog| B <m,\logr m,\logmm—cj—i_
A

< a+1l

Let us discuss (c). Setting a = p,(z), we have

h(z) 1=/Dlog!@m(a(é)\zf(é)dV(C) =/Dlog|90a(é)\2€(C)dV(C) = (£* E)(a),

with E(u) = log|u>. Observe that A(h o ¢y) = (Ah) o ¢y (see e.g. [4, p.120]),
A(pxlog|-|?) = 4pu for any measure (notice that in [4], the authors define A = 90
so that in our setting we have to introduce an additional factor 4), and hence

Ahzﬁ[(f*E)ogp/\] =4 x (Eopy).
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Hence, for z € D} \ D,

Aw/\ya(z) =m, | Alog loa(2)]? —ﬁh(z)
A (1—2[2)dx
> —4my (€ 0 1) (2).
Since £ is decreasing, we get
my+a+1 S a+1

Awpo(z) > —4mpé(r) = —4% log o > —4 ik

Let us estimate

T&_l 2
Ren [t
n (1=

A
2

1
The function h(r) = % log — is increasing on (0, 1), we get
—r r
(TS\)2 1 dt 1 1 r’>\2 7-3\2 1
K= log — - log — dt
(r2)? Ogt(l_t)Q |:1_t Ogt:|r§ +/r§ t<1_t)
1 — 2
= h(r}) — h(ry) + log —2
1 -7
a+1
>1 35
. a+1-— CX ( )
Since Cx > (1+ «a)(1 — e '), we have K > 1 as required. O

We are ready to establish our conditions for interpolating divisors. We recall the
statement of the corresponding Theorem 1.5 here for the convenience of the reader.

Theorem. Let o > —1.

(a) If X is an interpolating diwvisor for A%, then there exists Cx > 0 such that
the hyperbolic disks

D = Cx
"Vmy+a+1
are pairwise disjoint.
(b) Conversely, if for some Cx such that (o +1)(1 —e ') < Cx < a+ 1, the

hyperbolic disks
my+ o+ 1

are pairwise disjoint, then X is an interpolating divisor for AZ2.

AeAm \>Cx

AEA

Proof. Sufficiency part.

The proof is based on a d-method which consists, as usual, in constructing first
a smooth interpolating function, and then to use Hormander’s solution to the O-
equation with L2-estimates to make the interpolating function holomorphic without
destroying the interpolation.
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Given v = (Uf\‘),\eAﬂ<mA € (?(X), take polynomials py, A € A, with degp, <

my — 1, such that
(pr,€5) = Ui, AEA, j<my.

We recall that the above interpolation condition means that we interpolate germs
in A and that it is thus sufficient to guarantee that the interpolating function and
its derivatives take the values vi in A, 0 <j <my — 1. Recall from (5) that N )2\2‘“
denotes the set of functions f in A? vanishing up to the order m, — 1 in \. Since
v € (%(X), we have

1Al gz e = llpallaz, ZHPAHAQ/NM 0|3 < oo.
’ AEA

Let us denote Q) = Thpy, ry = 4 /#, T\ = \/xjiffp Dy = D (\ ) and

D = D (A, r)). Notice that { D} },ca are pairwise disjoint by hypothesis. Consider
the smooth interpolating function

=Y Q@ (lealz) = 74), (36)

AEA

where 17 = 7, is a smooth cut-off function on R, so that

(a) supp n C (—o0, 0],
(b) n—lon( 00,1\ — T4,

©) s 7= = Qm*éjj‘“

The separation condition implies that in each z, F(z) is given by at most one
term.
Notice that supp F' C [J,c, D). Also

supp OF C U (D\\ Dy),
AeA

since 7 (|oa(2)] — 1)) is constant outside (J,., (D4 \ Di).
A direct calculation shows that

B (en(2) = 01 < St 2 EE (37

so that for z € D) \ D,, property (c) yields

OF ()] < [@x(2)] x [9n] x [9(|ea(2)])]

~orh =1l —|z)?

Since T is an isometry of A2

(o]
QAR = IalE = a5
and therefore F' has the growth of AZ2:

(1) [ IPERA= 1) dm:) < Yo+ 1) [ QR0 = |2F)dm(:)

AEA

< D@l = llull3.

AEA
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Next we construct a holomorphic interpolating function using a O-technique. As
in the scheme used in [4], we are looking for a holomorphic interpolating function
of the from f = F — u, where u is a solution to the d-problem du = OF with the
conditions

/ lu(z) 1 — |z| )¥dm(z) < oo,
and
Fu(N) =0, Vj < my.
This last condition will ensure that
8jf()\):8jF()\), J < my,

and we remind that the interpolation condition (f,T\e;) = vg\ translates into an
interpolation by germs.
We will apply Ohsawa’s Theorem 3.7 with the subharmonic weight

¢(2) = (a+ 1) log +waa(2),

1
1= |z?

where wy o is the weight in Lemma 3.8. We need to compute ﬁqﬁ as in Ohsawa’s
theorem:

~ 1
A¢ = (1 — |Z|2)2A ((Oé + ].) 10g 1——|Z|2 + U}A@)

=4(a+1)+ (1 - |2]*)*Awpq
1
zqa+m—4@%;)>a

The last inequality is due to Lemma 3.8 (c).
The properties of the weight w, , and Ohsawa’s estimate (33) yield

onrl)log1 el
/\u 21 — |2]?)%dAn(2) = (a + 1) /yu m(z)

— |Z’2 T

e ?) dm(z
a+1/| 2 dm(z) (Lemma 3.8(a))

— P

< / |0F (2)|%e~?®)(1 — |2|*)dm(z) (Ohsawa)

s [ RO Y - ) (Lemma 350 & (39)

AEA 5 \DA a T’\

1—r2 d 1—12 1
/TA:O>+QXZTQSQQ+, A€ A, (39)
T\ — 7T =y Cx

so that

/|u 21— o) dAa(2) S S 1@ g, < 0o

AEA
Hence, f = F —u € A2.
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Finally, we want to see that (f, The;) = v}, j < my. We have already mentioned
that for this we need u to vanish at order m, in each A, so let us examine the order
of the singularity near A. For each z € D,

w(z) = my log |pa(2)]* + Ch.

and therefore

—l—oo>/ |u(z)\26_w(z)dm(z)2/ u(2)]2e 1081 G ()
D)\ D/\

SR
:/m o A )

This forces u to vanish at order my on A € A. Therefore
<f7T)\€j> :Ug\a j < m)m)‘ € A.

Necessary part.
Let X = {(A\,m))}rea be an interpolating divisor and assume that the discs

{D (A, \/ %) })\ O are not separated for any C'xy > 0. Let r\ = @/—xiiffl

and ry = 1/%. There exists A1, Ay € A, Ay # Ay and my,, my, > Cx such
that

D ()\1,7”,\1) NnD ()\2, 7”)\2) 7é (Z)
And also by the same argument

DM =D (g (o, [ @ m ) Ly
mAl—i-Ck—'—l m)\2+04+1
Let ¢ € dD (A1, 7y,) and ¢’ € 9D (A1, r},), we have

o P M) =, Q)
1= p(¢; A)p(Ais €
B my, +a+1 S 1
Comy 20+ 20x + 1)+ (@ +2)2-C2 +Cx ~ 2a+2Cx +1
Hence, the estimate of the hyperbolic distance between 9D (A1, 7y, ) and D (A1, 74,),

is bounded from below by ¢. Thus, if w € D (A1,7ry,) N D (Ag,7y,) C D ()\1,7{\1) N
D ()\2,7{\2), and

Mo () ()
L—ryry, — 11— (r,\1r1\1)2

p (¢, ¢)

) = ,0<7")\, 1“/)\) =

=:0 > 0.

€= =0,

then we have

D(w, ) C | A, _my — COx A D |\, My, — COx _
my, +a+1 my, +a+1

Since X is an interpolating divisor, there exists f € A2 such that
(a) f e Ngl,m/\17
(b) f —Tule N>2\27mx ?

(¢) || flla2 < Mx, where Mx is a fixed (interpolating) constant depending only
on X.
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By Lemma 3.6 applied to both f and f — T, 1 (for which the sum of the squares of
the corresponding Fourier coefficients |(g, e;)| vanish and the norm on the disks are
in particular bounded by M) we have

"\ mag Fetd

and therefore

|(f = Tul)(2)[PdAa(2) = o(1) - M, Cx — oo,

/ﬁ \f@OFdAa@)+:/‘ (f = Tul)(2)PdAa(2)
D(w,e)

D(w,e)
ZO(I)M)Q(, CX—>OO.
On the other hand,
@+1) [ EDEPE = @+ ) [ (1 o))
D(w,e) D(

0,¢)
~(1-(-e"") >0,

which gives a contradiction when Cx > C'x(My).

4. THE AZ-CASE

Let a@ > 0, we now consider

A = {1 € HOB) 1l = 01~ L) < o0 ).

We shall start recalling the reformulation of interpolation and sampling met in
the situation p = 2 in terms of vanishing subspaces.
For each A\, m), we have already introduced the subspace

Ny = Nyo ={feAZ: fU(N) =0, Vj<m}.

Observe that > . . [(f, Tae,)|* = ||f\|?4?¥/N§. Then it becomes clear that X is a
sampling divisor for A2 if, for all f € A2,
2 2 2
FIEe =D > KA Ten)l =D 115 ne-
AEA j<m AEA

Similarly, X is interpolating for A2 if for all sequence (f))xen C A2 such that

Sl e < 0,

AEA
there exists f € A2 so that

f=feN;
In order to consider the corresponding L> sampling and interpolation problems,

we associate to each A € DD the subspace

N = N = {f e A : " f(\) =0,V < my}.

>\7mA
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Definition 4.1. A divisor is called sampling for A%, if there exists L > 0 such that

(o)

[ fllaco < Lsup [|f]lag/nge-
AEA

In a similar way we define generalized interpolation.

Definition 4.2. The divisor X is called interpolating for AS° if for every sequence
(fx)rea with

sup | full ag/nge < 00,

AEA

there exists a function f € AX such that
f—he N;o, A e A

4.1. Local L*-estimates. Asin the L? case we need a local control of the functions
of the space AS° with small quotient norm. Here is the result corresponding to
Lemma 3.6 for A (o > 0).

Lemma 4.3. (i) For every n,e € (0,1), there exists C > 0 such that if f € A
satisﬁes HfHoz,oo < 1; m > C; |’fH.Ag°/Ng°7‘na <é&, then

|ﬂwu—vm3gmm,zep(a m‘0>

m+ «

(ii) For every C' > 0 there exist n,e € (0,1), such that if f € AX satisfies
Flae <1, m > C, [1f L g < & then

m -+«

|ﬂMU—VWgSLw,z€D<Q m—0>

The result in (i) is of course of interest when n + ¢ < 1, and in particular when
fe N&O "% in which case we can pick e arbitrarily small.
Note that the critical radius /7% is different from the one appearing for p = 2.
We have already met this radius in Theorem 2.2.
Proof. Claim (i):
Since || f || ag/ngee < €, there exist a function g € Noon' such that
(@) [If = gllag <&,
(b) g(z) = 2™h(z), where h is a holomorphic function in the unit disk.
Since || f{|a,c0 < 1 we have the bound
1
19(2)] < lg(=) = F(2) [+ f(2)] < <1+5)W’ z€D.
1
tm(1 —2)2
|h(2)] < (1 +¢)elmellzh, z € D.

and in terms of h and the functions ¥, (t) = log

Using the maximum principal we obtain

max |h(z)| = (1 + g)e[ﬁm!a<\/%)—’9m,a( ’,’,‘;g)wm,a(\/%)]

ZED(O, L)

m+ta
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Observe that

m—C m C a+420\ 2
19m7a< m—l—oz)_ﬁm’a( m+a)_5+0(1)_10g< - ) . (40)

Since the term o(1) goes to 0 when m goes to infinity, and m > C, the above
expression can be made arbitrarily big. Let 6 = §(C') be the corresponding constant
(thus with lime 400 6(C) = +00), we get

o IHa)] < (1 et V). (41)

m+ta

Since §(C') — 400 when C' — +oo there exists a C' such that (1 + €)e™® < .

Then
Ih(2)] < neme(/558), zeaD(aM m ).
m -+«

Now, by the maximum principal again, restricting the estimate to the smaller disk
D <O, m’c>, and using the fact that J,, o is decreasing on (0, \/-7—) we get

m+a

Ih(z)] < pe”me (VETS) < petmaled 2 e p (o, oo C) . (42)

- - m+ «

Finally, for = € D (0, /=

L= 1212) % < 1£() = g(2)] (1= 1217) % + Jg(z)| (1= |21%) 2
<etle™ (1—|2P) % |h(z)]
= ¢+ e UmellZ|n(2)]
<e+n. (43)

N———

Claim (ii):

The proof follows exactly the same lines and ideas. First one should observe that
given C' > 0, the difference appearing in (40) is uniformly bounded from below by
some § > 0 (this is clear when m is big, say m > mg, and for 1 < m < my we just
take the smallest of finitely many stricly positive numbers). Then looking at (41),
we have to convince ourselves that there are €, > 0 such that (1+¢)e™® < 1—n—¢
which is easily seen to be true. Finally, the same estimates as in (43) lead to

FEI (A=) <e+(1-—n—e)=1-n
|

4.2. Sampling for A>. Now we are ready to establish our conditions for sampling
conditions.

Theorem 4.4. Let a > 0.
(a) If X is a sampling divisor for A%, then there exists 0 < C' < « such that

UD()\, mAJFC) _D.
my +«

A€A
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(b) Conversely, if there exists C' = C(Sx) > 0 such that for some compact K of

D we have
my — C
U b ()\, ) =D\ K,
AEA,mrsC M T
then X is a sampling divisor for AX.

Proof.
(a) Necessary Condition.
Suppose that for every 0 < C' < «, we have

UD()\, mﬁc) £D.
my + «

AEA

Thus, there exists an increasing sequence of positive numbers (Cy) tending to o and
a sequence (zj) with z; € D such that :

UD<)‘> M) UD<)" mpy )
o my + « o my + «

As in the proof of the necessary condition of the sampling theorem in the Hilber-
tian case, we will show that

dy, = dist <zk, U D()\, A )) — 1.

m (0%
AEA AT

Put ry ¢, = 1/7%—% and 7\ = mT;L—/&\-oc Let
my
¢e UD(A, mA—i-oz)'

AEA

Then there exists Ay € A such that ¢ € D(\o,ry,) and p(zk, o) > Trcp kB > 1.
Since o > 0, we get as in the hilbertian situation

p(zk, M) = p(C M) (rage)® — (7a)?
S N0 W (G W el B G EI e
Cr(my, + @)
my, (20 — Cy) + a?’

Observe that this last expression is decreasing in m,, so that passing to the limit
my, —» +00, we get

2 €D\ ch\

o
> —

Thus, d > C/(2a — Cy) — 1 when k — +o0.
Now pick fr(z) = T%,(1). We will show that we cannot sample uniformly f; mean-

ing that supyc, ||f’f||A3°/N§’j§fA — 0 (while || fg|lae = 1). In view of the construction

it is enough to show that when u > 4/ ”;:2“, then ||T,1]] 400 yNgze — 0 uniformly in
m when C}, — «. Recall that

2 a/2
1) = (o) = P
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Using the standard Taylor series for power functions we get

m—1

m - (_no‘> (- =Y (_no‘> (=)"2" 4+ 2™h(z) = fo(2) + 2™h(2).

n>0 n=

The following etimate is well known

(_na) - F((;)—i):a(l +o(1)).

Hence

7ﬂfauqzw

|fo(2)| < CZ
n=0

(we remind that u > 0). Here C' is some irrelevant universal constant. Hence

m—1

o (03 [0 1 n n

1Tl age vge < (1= [ul)* 2l follaw < C(1=|uf?)*/? |Sl‘lpl(1—\2|2) Y =l
2I< n=0

The function ¢,(z) = (1 — 2?)*/22" admits a maximum in =, = \/n/(n + a/2)

a/2

which, up to a multiplicative constant, behaves like 1/n%/*. Hence

m—1
1T age v < C(L—=[u)*? > " n®/*7 < C(1 = [uf*)**me/?
n=0

where in the above inequalities C' are different universal constants. On the other

hand
a/2 a/2

m + « m+ «

so that
a——C%

/2
Tl g < € (mE5F) - < €G- a)e

uniformly in m. Since Cy — « the above expression goes to 0 (uniformly in m), and
we reach the desired conclusion.

m—+ o

(b) Sufficient Condition.
Suppose that there exists a sequence (f,), such that || f,||a.cc = 1, and

Sup||fn||Ago/N§o — 0, n — 00.
AEA

Passing to a sub-sequence converging uniformly on compact subsets denoted again
by (fn)n, we have two possibilities: either (A) the sequence (f,), converges to f # 0
or (B) the sequence (f,), converges to 0.

(A): In this case X is a zero divisor for A%°. Then, by the Uniqueness Theorem
22, D\ [U/\GA D ()\, m;ﬁ%g) ] cannot be compact for any € > 0. On the other
hand, for every C' > 0 and for every 0 < ¢ < C' we have

-C
YR S L — (44)
my + a my+a—+¢é
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This yields,

D\ CcD\

UD()" L) UD<)" mA—C>
et my+a—+¢ o my + o

Therefore, for no C' > 0, D\ [U/\eA D ()\, me C)] can be compact, contradicting

my+o

the hypothesis.

(B): In this case, by contradiction we will assume that for some compact set
K C D we have

c
0= gD( mﬁg) —D\ K.

Since by assumption (f,), converges to 0 on compact subsets, there exists ny € N
such that

Fa2) (1= 1=)F < 5,

Next, for the given C', Lemma 4.3(ii) implies the existence of 7, > 0 ensuring a
control on f. Since supyep || fullaz/nze — 0, there exists ny such that for n > ny,
these quotient norms are stricly smaller than e (uniformly in \) as required by the
lemma. Since moreover || f,|la.co = 1, Lemma 4.3 implies that

z € K,n > nyg.

F@IA-1P) <1-n 2z | D<A’ mA_C)‘

my +«a
AEA,m/\>c A

Hence, || fu]la.co < 1 for n > max(ng,n;) and we get a contradiction.
0J

4.3. Interpolation for A7. We need the following result by Berndtsson [3, Theo-
rem 4| (see [4, Theorem G| ) for the uniform estimates in the J-surgery.

Theorem 4.5. Let 1 be a subharmonic function and

o) =min { (1= 1AV 21}

Let [ be a function in D such that

|f(2)l —(2)/2

sup ———e "V¥* < oo
o(2)

Let u € L*(D, e~¥dm) be the canonical solution to Ju = f. Then

Y

sup\u( )|6 P(2)/2 < sup |f§z)| —(z)/

where (z) = SUP|z—¢|<1/2(1—|2]) P(C)-
The corresponding result for interpolation in A2 reads as follows.

Theorem 4.6. Let o > 0.
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(a) If X is an interpolating divisor for A, then there exists Cx > 0 such that
the hyperbolic disks

my + o
are pairwise disjoint.
(b) Conversely, if for some Cx such that a(1 —e™!) < Cx < a, the hyperbolic

disks
my + «
AEA

are pairwise disjoint, then X is an interpolating divisor for A°.

AEA,MmA>Cx

Proof. Necessary part
Let X = {(X,mx)}rea be an interpolating divisor and assume that the discs

[my —C
my +«
are not pairwise disjoint for any C'x. Arguing as in the proof of Theorem 1.5, we
see that there exist A, \ € A and w € D such that

— 1 ;- 1
D<w,€)cp<)\”/m> ﬁD()\’, M)
my + « my + «

Since X is an interpolating divisor, there exists a function f € A2 such that

(a) fe NS
(b) f—Tul € N7,

AeA,m \>Cx

N omys?
(©) [fllawe < Mx.
Let us denote || - ||oo,y the norm with a supremum taken in the set U C D. By

Lemma 4.3(i) applied to f and f — T}, 1 we have

||f||oo,D(/\,\/W) + ||f_Tw1Hoo,D()\’,\/W) <27,

where we can pick n < 1/2 when CY is sufficiently big (note that since f and f—T,1
are zero in the corresponding quotient spaces, we can consider ¢ = 0). Therefore

”fHoo,D(w,s) +[If = Tleoo,D(w,s) <2n
However

sup ||Tw1||oo,D(w,5) = 17
z€D(w,e)

so X cannot be interpolating.

Sufficient part

Here we use the same scheme as in the L?-case: we construct a smooth interpo-
lating function and we modify it to obtain a holomorphic one. However, now we
need an L>®-estimate for the solution to the d-equation which will be provided by
Theorem 4.5.
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Let (p,)j>1 be holomorphic data (polynomials) with sup; [[px;[la,cc < 1. Given
any N > 1 we look for functions fy € Hol(ID) and M independent of N such that

fn—=pi €NY, j=1,...,N;
[ fxllaee < M, VN €N.

Then, by Montel’s theorem, the limit f = limy fy gives the desired result. For this
set, m; =my;,

= , m; + Cx
j J

Define the smooth interpolating function,

ZPJ n(ler, (2)] = 75),

where n = 7, is a smooth cut-off function on R, with

(a) supp n C (—o0,0],
(b) n=1on (—oo,r; — 1],

()ln’f\/r—rj:mé_j;a

By the separation hypothesis we have

N
supp Fy C UD; C UD;

j=1 j>1

Furthermore, Fy has the characteristic growth of A%, due to the property (b) and
the separation hypothesis again, Namely

o3
2

_22)2 _ _ 2 4
sup (1= [2")* | Fiv(2)] = max sup (1= |2I*)* [ps(2)| (45)
< sup [[pjllag <1 (46)
i>1
uniformly in N. On the other hand,
N
supp O0Fy C U (D; \ D).
j=1
And
IFn(2) =Y pi(2)n (|ox, (2)] - r)0lex, (2) X b\ b, (2)-

J<N
Hence, for z € D)\ Dy, as in (37),
0F N (2)| = lps ()] |1 (loa, (2)] = 75) | |8lon, (2)]

1 1—lex (2)°
< Zlp.: / - 7
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Therefore, by (b) and (c), we get for z € D} \ D;

OFw ()] (1= 1217) 2" S lpillaco I 1o (1 = 0, (2)?)

1—17?
~ HPjHoe,oonj
2+ 1)
e 1
X

where we have used a similar estimate as in (39).

This leads to
5F —2og(—L
2€D T =1

where underlying constants are independant on N.
Again the holomorphic interpolating function in A3 will be obtained wia the
solution to a 0-problem: fy = Fy — uy, where Quy = 0Fy with the conditions

sup |un(2)| (1 — \z|2)% < 00,
€D
and
Fun(N;) =0, Vk < my,.
The last condition ensures that 0% fx(\;) = 0*Fy();), for k < m,,, and then
(Fy —un —pj)(N) =0, k<my,1<j<N. (48)

We will use a similar weight function w as in (34) where now
my my + C X
=4/ , and 1y =4/ ——
my + my + «

W= wp qn(2 ZmA — Ex&,()] (o 5oy (2), z€D,

More precisely, set

where F(z) = log|z|?, and for A € A

0 if 0 < |C| < Tx,
10gL
_ [k . /
= 0 if <
S\(9 Kimy. Cx.a) 17 <[¢l <7y,
0 if |¢] > 7).

Again K := K(my,Cx,a) = fm<\<l<r; log(1/|¢]?)dV(¢). As in (35) we see that
K >log(a/(a — Cx)) > 1 when Cx > a(1 —e™!). Let

1
¥(2) == Yna(z) = alog =P +w(z), z€D.

By the same arguments as in the proof of lemma 3.8, we have
(a) w <0,
(b) —w < A(a) in D)\ Dy,
(¢) Aw > —4(a — €) for some ¢ depending on Cx.
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Clearly from (a) and the definition of ¢ we have ¥ (z) < alog ﬁ for z € D, and
with (c) we get that under the condition a(1 —e™') < Cx < «, for every z € D),

o(z) -, e(Cx)
T— P~ 1]

(1= [2[*)Av(z) =

Thus,
. 1 1
o) = mind(L = [:DAU(:), o) < = <€D
Now applying Theorem 4.5, we see that the there exists uy € L*(D, e %dm), a
canonical solution of the d-equation Juy = 0Fy satisfying

i oF
sup lun(2)]e= 37 < sup 12NN 1o
z2€D z€D SD(Z)

where ¥(2) 1= SUp|,_¢|<1 /2112 ¥(2). By (47) and (b)

sup 2V 1o < sup \aFJY(Z)Ie—%loaﬁ)—w(z)
d  ¢(2) €D T

Y

0FN(2)| —atog 1y
112 pA(®)
,S‘sup sup ———¢ -1z e
j=1,..,N zeD/\D; 1|2

S sup [[pjllag S 1.
S|

Thus, uniformly in N

sup |uN(z)|e_%wA(;) < 00.

zeD
On the other hand, by (a)
—_— 1
W= sp o w0 s (alg )
|2—cl<1/2(12]) la—cl<1/2(1-2)) —[¢|
< alog — + 1o §
=GR T8y
We obtain finally
_Qlpe L _ 2 -~
sup Juy (2)|e” 2 7 < Zsup |uy(z)]e 2% < 1. (49)
2€D 3 .eb

Hence, by (45) and (48), fxv = Fx —uy € AX. This completes the proof. O
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