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ARTICLE INFO ABSTRACT
Keywords: This study addresses the issue of robust dynamic output feedback control (DOF) for polynomial
Dynamic output feedback control (DOF) Takagi-Sugeno (T-S) fuzzy systems in the Finite Frequency (FF) domain. Sufficient conditions

Finite frequency (FF) domain

for designing the robust DOF control are derived in terms of the sum of squares (SOS). The
Polynomial Takagi-Sugeno (T-S) fuzzy systems

proposed strategy is built in the FF domain to reduce conservation-generated by the techniques
established in the whole frequency domain. In addition, there are no transformation matrices or
equality constraints under these conditions, which simplifies the numerical solution. To show
the validity of the suggested technique, several numerical examples are presented.

1. Introduction

Many issues of analysis and control design of a large class of nonlinear systems have been effectively solved using Takagi—
Sugeno (T-S) fuzzy models [1]. It has been demonstrated that T-S fuzzy models can Transform higher-order nonlinear systems into
a weighted combination of a set of linear systems, by using fuzzy IF-THEN rules. In both continuous and discrete-time, several
methods for T-S systems have addressed in the literature. The stability and stabilization issues of nonlinear systems represented
by T-S fuzzy systems have been investigated in the literature. In [2], authors proposed quadratic Lyapunov function (LF) to
derive stability conditions represented in terms of LMI for T-S fuzzy control systems that unfortunately tend to give conservative
conditions. Furthermore, various relaxed stabilization conditions were also suggested to derive less conservative results in [3]. The
robust controller for T-S fuzzy systems with uncertainties is explored in [4,5]. Hence, It is widely understood that the existence of
uncertainty may decrease the performance of many control systems and can even cause instability, that is why robust stability of
uncertain T-S fuzzy systems is a critical concern.

The majority of the previous references have concentrated on state feedback control issues. Unfortunately, state variables are
not always fully measurable throughout many industrial applications. Hence, the output feedback control and particularly the
dynamic output feedback control is for remarkable interest. Some results on the DOF case exist in the literature [6-8] using the
descriptor representation approach and LMI-based design conditions [6]. In [7], authors proposed an unified systematic framework
for designing DOF controllers for nonlinear systems described by T-S models. These existing LMI based results, however, do not
take into account uncertainties. [9], has studied the robust DOF control for a class of discrete-time nonlinear fuzzy systems with
parametric uncertainties where the control is designed via an LMI based approach.

In general, polynomial systems are an extension of T-S systems that allow the study of a larger class of nonlinear systems [10,11].
Indeed, polynomial T-S fuzzy systems can overcome the quadratic approach and allows reducing the conservatism of the existing
LMI results. To provide more relaxed stability, in [12,13], some results on static output feedback control of continuous-time T-S
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fuzzy systems based on a polynomial Lyapunov function are proposed. As well known, solving problems by SOS-based conditions of
polynomial systems is less conservative than using LMI-based conditions for T-S systems. At this stage, it is worth noting that the
DOF control for polynomial systems is not widely studied as its linear counterpart. In [14], the problem of designing DOF controller
for discrete polynomial fuzzy model-based was investigated. Moreover, all the DOF control designs previously cited deal with the
entire frequency range (EF) which may bring some conservatism. As a result, it is essential and more practical to develop DOF control
in the finite frequency domain (FF). Some approaches have been proposed to deal with the GKYP lemma using LMI techniques. One
can refer to [15], where the problem of fault detection filtering design has been provided for discrete-time T-S fuzzy systems in the
FF domain. Moreover, [16], discussed the problem of SOF H_, control of continuous T-S systems in FF domain. A new descriptor
method in FF was recently developed in [17] to facilitate the output feedback controller design. The aforementioned results show
that FF conditions are less conservative than the entire frequency domain and encompass the standard ones as a particular case.
Nevertheless, relatively few research efforts have been devoted to polynomial fuzzy systems in the FF domain. Problem of fault
detection was addressed in [18] for polynomial fuzzy system in the FF domain. To the best of our knowledge, there has not been
any research done yet on the robust DOF control design for polynomial fuzzy systems in the FF domain and this issue remains an
open and challenging point. The present research is motivated by the issue of how to reduce conservatism even more and construct
polynomial fuzzy discrete-time systems.

We present a new technique for robust DOF control for polynomial T-S fuzzy systems in the FF domain in this study. Using
polynomial Lyapunov function and FF bounded lemma sufficient conditions were derived in terms of SOS, to guarantee the stability
of the polynomial fuzzy system. This paper presents an SOS-based technique to solve the stabilization of discrete DOF polynomial
systems. Compared to the existing approaches, the polynomial nonlinearities can be precisely manipulated and a wide class of other
nonlinearities can be treated by adding auxiliary variables and constraints. The suggested method does not need any transformation
matrices nor equality constraints that are difficult to satisfy. The proposed methodology not only ensures the closed-loop system’s
stability but also leads to less conservative outcomes. The remainder of this paper is organized as follows. The T-S system description
and some preliminary results are stated in Section 2. The proposed approach is presented in Section 3 while in Section 4 some
numerical examples are given to illustrate the effectiveness of the proposed method. Finally, a conclusion takes place in Section 5.

Notation:

« R: the set of real numbers;

« I: identity matrix (of size specified by the context);

« p(.): eigenvalue of a matrix;

« x: represents a term induced by symmetry.

« M+ orthogonal matrix of M

« M~! inverse matrix of M.

« sym(M): is defined as sym(M) =M + M".

« AT represents the transpose matrix of A.

« P > 0 means that P is real symmetric and positive definite.

2. Problem formulation

Consider a polynomial discrete-time system described by the following T-S fuzzy model, in which the ith rule is described as
follows:
Plant Rule i: IF ¢ (x(k)) is M;; AND ...AND ¢p(x(k)) is M;, THEN

{ x(k+1) = A;(x(k)F(x(k)) + B;(x(k))u(k) o

y(k) = C,(x(k)X(x(k))

where x(k) € R” is the state vector, X(x(k)) is a vector of monomials in x(k), u(k) € R™ is the control input, y(k) € R™ is the
measurement output. i = 1,2,...,r and r is the number of IF-THEN rules, ¢, (x(k)) = [¢|(x(k)) ¢ (x(k)) ... ¢p(x(k)] are known
premise variables, M;; are fuzzy sets, X(x(k)) € RV is an N X 1 vector of monomial in x(k). A,(x(k)), B;(x(k)), and C,(x(k)) are
polynomial matrices in x(k) which are composed of two parts as:

A (x(k)) = A;(x(k) + AA;(K),

B,(x(k)) = B;(x(k)) + AB;(k) (&3]

C_'i(x(k)) = Ci(x(k)) + AC;(k)
where A;(x(k)), B;(x(k)) and C;(x(k)) are polynomial matrices. 4A;(k), AB;(k) and AC;(k) are unknown matrices that account for
time-varying parameter uncertainties and are assumed to be structured under the form:

AA;(k) = X, A(k)Yy;, AB;(k) = X 4;A(k)Yg;,

AC,(k) = X, A(K)Y ;.

3

and A(k) are unknown time-varying matrix functions satisfying:

AT A < T
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The defuzzification process of the polynomial T-S system (1) are inferred as follows:

x(k + 1) = A(h)X(x(k)) + B(h)u(k)
y(k) = C(h)X(x(k))

(©)]
where

Ah) = Y BN A (x(k)), B(h) := Y hy(c(x(k))By(x(k))

i=1 i=1
Ch) = Y hi(s(x(RC(x(k)
i=1
w;(¢(x(k)))
iy w6 (k))
where M, (6 (x(k))) is the grade of membership of ¢;(x(k)) in M;; and w;(¢(x(k))) represents the weight of the ith rule. It should be
noted from the properties of membership functions that £,(¢(x(k))) > 0, for i = 1,2, ...,r and Zl; L hi(g(x(k))) = 1 for all k.

In this paper, it is assumed that %(x(k)) = 0 if x(k) = 0. Moreover, we defined the polynomial transformation matrix from x(k) to
X(x(k)) by T(x(k)) as follows X(x(k + 1)) = T'(x(k + 1))x(k + 1). Thus, the polynomial T-S system (4) can be rewritten as:

%(x(k + 1) = T(x(k + ))[A(MX(x(k)) + B(h)u(k)]
(k) = C(MX(x(k))

hi(c(x(k)) = wic(x(k)) = [ My (¢, (xk)
j=1

J

(5)

Recall that the premise variables of the fuzzy system (5) cannot be used to design the controller since they are assumed to be
non-measurable. It means that the well-known parallel distributed compensation control cannot be applied in this case. Hence, we
adopt the following DOF controller

K- xqk+1) = Ay(x(k)xy(k) + By (x(k))y(k)
u(k) = Cy(x(k)x (k) + Dy (x(k))y(k)

where x,(k) represents the state vector of the DOF controller, and A, (x(k)), B,(x(k)), C,(x(k)), and D,(x(k)) are the sought polynomial
matrices. The overall closed-loop system with DOF controller K can be represented by

(6)

Stk + 1) =AdKk) @
where
Ek+1) = [ Yot ) ] . T(xY) =Tk + 1),
xq(k+1)
Ao [ T(xH[AM) + B(A)D,(x(k))C(W)]  T(x")B(h)Cy(x(k))
B (x(k)C(h) Ay (x(k))

The following Lemmas will be used intensively in the sequel.

A A
Lemma 1 ([19]). Let A =

A, A,

] System (7) is asymptotically stable if and only if the following condition holds: p(A, + A;(e/0T —
AD'Ay) < 1 forall € [~x, x], and p(A,) < 1.

Lemma 2 ([20]). Let the matrices 6, F, ¢ and ¥ be given, and denote N, is the null space of T,F, where T, = [I —ej6]. The inequality
NI ON,, with 0 € [0,,6,] (8)
holds if and only if there exist Q > 0 and a symmetric matrix P, such that
FTpQP+Z,®QF+0<0 9)

0

1 - . 0,40,
where ¢ = 0 e X, is in Table 1, with 6, =

2

92;9‘, and 0,, 0, satisfying -z < 0, < 0, < &, where 0,, 0,, 0,, 0, are

s 0, =

known scalars.

Definition 1 ([21]). A multivariate polynomial f(x), for x € R is a Sum of Squares (SOS) if there exist polynomials f;(x), i = 1,...,n
such that

HOEDWHE) (10)
i=1

This implies f(x) > 0 for any x € R".
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Table 1

%,, in different frequency ranges.

Frequency range Low-frequency Middle-frequency High-frequency
Q 0] <6, 0, <60<6, 0, < 10|

0 2,]

>, =
N

0 1 0 el 0 -1
! 1 —2cos(8)) =09 —2¢0s(0,,) -1 2cos(9))

Proposition 1 ([22]). Let f(x) be a polynomial in x € R" of degree 2d. Let Z(x) be a column vector whose entries are all monomials in
x with degree no greater than d. Then, f(x) is said to be SOS if and only if there exists a positive semi-definite matrix Q such that

Jx)=Z"(00Z(x) an
Lemma 3 ([23]). Given a symmetric matrix ¥ € R?? and two matrices X, Z of column dimension p, there exists a matrix Y such that
the LMI

Z+sym{XTYZ} <0 (12)
holds if and only if the following two projection inequalities with respect to Y are satisfied:

xt'zxt<o, zVzzt <o (13)

where X+ and Z* are arbitrary matrices whose columns form a basis of the null spaces of X and Z, respectively.

Lemma 4 ([24]). Let T, O, U, and W be some given matrices and « a scalar. The following inequality is fulfilled
T+wTo" +0w <0 (14
if the following condition holds:

T *

<0
aQlT +UW  —aU —aUT

Lemma 5 ([9]). Given matrices T, X, and Y of appropriate dimensions and with T symmetrical
T+XAY +YTATXT <0 (15)
where A = A(k)(I — JA(k))™!, A(k)T A(k) < R, and R™' — JJT > 0. The inequality in (15) holds if and only if for matrix N and scalar ¢

T * %
NY —N-NT4+eR =« <0 (16)
xT JTNT —el

3. Main result

The objective is to design a DOF controller in finite frequency domain, that stabilizes the polynomial fuzzy system. For brevity,
in the following analysis, x is used instead of x(k) and %(x) instead of X(x(k)). Moreover, K = {k;,k,. ...,k } denotes the row indices
of B;(x) whose corresponding row is zero and X = (xy,, Xy, -+ » X, )-

Theorem 1. The closed-loop system (7) is asymptotically stable if there exist symmetric matrices P(X) > 0, P;(X), P,(X) > 0 and O(x) > 0
such that the following conditions are satisfied:

FT(¢p® PR+ 2, @ 0x)F+6<0 a7
ATP(R)A, - P(X) <0 (18)
I s B P R P ' @orcy| ™ |, 5, adaarein Table 1
ere F = , o= ,0= , an are in Table
v I 0 0 -1 0 I e I 0

Proof. By Lemma 1, we have p(A4,) < 1 if and only if there exist P(X) > 0 such that AITP(f)A | — P(X) < 0, LMI in (18) is satisfied.
Denote

S = Ay + AT — A7V Ay = A5G0 + Ay 19
by Lemma 2, inequality (17) is equivalent to:
G(eiﬁ) T G(QIG)
s 0 / <0, V0 € Q2 (20)
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or in a more compact form
ST Py(R)S (%) - P(R) <0, P(X) >0, Vo€ (2D

So p(S(e’?)) < 1 is finally guaranteed for all # € Q. Combining p(4,) < 1, and p(S(e/?)) < 1, we conclude that system (7) is
asymptotically stable based on Lemma 1.

The proof is completed.

Theorem 2. The closed-loop fuzzy system (7) is robustly stable if there exist polynomial matrix F,(x), G,;(x), | = 1,2,3 symmetric
polynomial matrices P(X) > 0, Q(x) > 0 and P,(X), s = 1,2. ¢,(x) are non-negative polynomials such that the following conditions are
satisfied:

VI(PR)— &, (x)D)v, is SOS (22)

vIQE) —;(0)Dy; is SOS (23)

—v) (@(x) + ,(0) v, is SOS (24)

-V (@) + e5(0)Dv; is SOS (25)
where

e11(x) @) @3(x) @14(x)

Fi(x)A
o(x) = Pn(X)  @p(x) 1(X)A; <0 (26)
* @33(x)  @aa(x)
* * * -P(X)
PR)- G (x)-GT G (0A
P00 = (%) = G1(x) - G| (x) 1(_x)A I I @7
* —P(x)

@ (x) = P](Q) -Gi(x) - G;r(x)
@1,(0) = Gi(N)A| + AGy(x)A3 + Z;0(x) — F] (x)
@13(x) = —AGy(x) - G;(X)
@14(x) = G(x)Ay + AG,(x)Ay
@2(x) = Z30(x) — P(X) + sym{ F;(x)A; }
@y3(x) = AT GT (x) + AT GI (x)
?33(x) = P,(R) - Go(x) - G} (x)
@34(x) = G3(x)Ay + Go(x)Ay
with 2, and X, are given in Table 1 and v; i = 1,...,7 are independent vectors of x(k).

Proof. we can verify that (27) is equivalent to,
PR 0 G

0 |+ sm( 1) [ -1 A, D<o (28)

* —P(x) 0
By Lemma 3 with

P® 0 G, (x)
2 = _ , X,=1, Y, = , Z,=| -1 A
a |: « —P(.‘;C\) :| a a [ 0 ] a [ 1 ]

the inequality (28) can guarantee

63 0 A
[ar )| "0 H <o 29)
* —P(x) 1
this implies that the closed-loop system is robustly stable.
Let
P(%) 210(x) 0 0
STO(x) Z,0(x)-P(X) 0 Ov
= 1 =
> 0 0 Py(3) 0 - X=1
0 0 0 —Py(%)
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Fy(x) 0 -1 A 0 A4,
b= Ly =
G3(x)  Gy(x) 0 A3 -1 A
0 0
with ¥, and X, as in Table 1. (26) is equivalent to
Z+sym{XTYZ} <0 (30)
A Ay
1 0
Choosing Z+ = 4 and applying Lemma 3, we obtain from (30) that (17) holds.
3 4
0 I

The proof is completed.

Remark 1. Because of the presence of bi-linear variables G,(x)D,(x)C(h) and G, (x)T (x*)B(h)D,(x)C(h), Theorem 1 is not a convex

issue. Many convex approaches exist in the literature to solve this problem. In [12], an equality constraint was utilized for the SOF

control. An iterative SOS technique has been proposed in [25], to solve numerically the SOF control for polynomial systems. It is

worth noting that the iterative techniques are dependent on the initial values. However, how to choose the initial values is still an

open problem. Thus, to overcome such drawbacks, an SOS design method is provided in this work without imposing any constraint

on the system matrices.

Theorem 3. The closed-loop fuzzy system (7) is robustly stable if there exist a known scalar a, symmetric positive definite polynomial

matrices P(X), Q(x), symmetric polynomial matrices Py(X) s = 1,2, matrices F;(x), G;(x) | = 1,2,3, U(x), A\d(x), §d(x), 6d(x), ﬁd(x) for

i=1,2,...,r such that the following conditions are satisfied

SOS condition (22)
SOS condition (23)

—v; W(x) +£,(0) Dy, is SOS i=12..r
—v; P00+ ¥, +£,;,(0Dyy is SOS i=1,...
—VI@W(x) +g,(0)Dvs is SOS i,s=1,2.r
— VI W0 + P, +£,;,(0Dvs is SOS i=1,...

where

RAE) Pipj(x)  ¥i3(x)  Piux)

" Po(x)  Woy(x) K Cyx)

¥ (x) = * ® ¥i3(x) ¥34(x)
* * * -P(X)
* * * %

[ 7)) W0 #3,(x)
o= o+ -P® CTWDBw |<0
% * R(x)

=1, j=i+1,...,r

=1 j=i+1,...,r

¥1s5i(x)
'{’25j(x)
¥35:(x)
O]
R(x)

<0

B
(32)
(33)
(34)

(35)

(36)
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1) = Pi(®) - G, (x) - G} (x)
P1i (%) = G ()T (D) A (x) + Z,0(x) + (kD y(x) + 2By (x))C;(x) = FI (x)

¥13(x) = —1G,(x) - G} (x)

¥, 4(x) = kCy(x) + A4 (x)

¥1s5:(x) = (G ()T (x*) B;(x) — kU (x))

¥y (x) = 5,0(x) = P(R) + sym{ F, ()T (x) A, (x) + ky Dy (x)C;(x)}
Vo () = AT T (TG () + CT(x)(A B 0k + BT (x))
Wis,(x) = alFy ()T (M) B,(x) — ky U(x) + €T () D (x)

¥33(x) = P(3) - Go(x) - G] (x)

Wy (x) = 43kCy(x) + Ay (x)

¥35,(x) = a(G3 ()T (x*) By(x) = A3kU (x))

R(x) = —a(U(x) + U (x))

¥, (x) = P(X) - Gy (x) - G] (%)

1005 (x) = G ()T (M)A, (x) + kDy(x)C; (x)

Py5:(x) = a(G ()T (x*)B;(x) — kU (x))

Proof. According to the SOS conditions (33)-(34), we write

=1 r

B RNy + Y D h(eGek)h; (), + )
i=1

i=1 j=i+1

=33 hi(c(k)h;(c(x(k)),; <0

i=1 j=1

We can verify that (36) implies

L« P Py
ZZhAg(x(k»)h;(g(x(k»){ [ ';x _1;’(; ]

i=1 j=1 ; . . 37)
T B.(x) — kU ~ _
+ sym { [ 1T (x )0'(x) -1 [ 0 By(0C () ] } } <0
by Lemma 4, letting
B} . _ G ()T (x)Bi(x) = kU (x) _ P Py
_p-t _ _ J
w,=U (x)[ 0 Dd(x)Cj(x) ], o, = [ 0 ], T, = [ . _A®) ]
and defining ﬁd (x) =U(x)D,, we can guarantee that (37) is equivalent to
U P,(x) G(x)A
33 hle Gty (c(x(k)) [ " e ] <0
=l j=l * —P(X)
which is equivalent to (27).
Let
¥ (x) ‘I’lzl»j(x) ¥i3(x) Wi4(x) Gl(x)T(x*L)l_?i(x) — kU (x)
_ * Pr(x)  WPhy;(x) kléd (x) _ F(x)T(x")B;(x) — k,U(x)
v * * Vaa(x) W) ! G(X)T(x")B;(x) — A3kU (x)
* * * -P(X) 0
W, =U~1(x) [ 0 By0Cx 0 Ew ] ,
applying Lemma 4, the inequality in (35) leads to
G ()T (x)B;(x) — kU (x)
F,(x)T(x"B,(x) — k;U ~ _ ~
T,-j + sym l(x) (X ) L(x) 1 (x) U—l(x) [ 0 Dd(x)Cj(x) 0 Cd(x) <0 (38)

G5(X)T(x*)B;(x) — A3kU (x)
0
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By defining G,(x)B,(x) = B;(x), Gy(x)A,(x) = Ay(x), Ux)D,(x) = D y(x), Ux)Cy(x) = C;, we can verify that (38) is equivalent

to

P Y Pk Pu®)

Ll 17 ¥y (x) Kk, C
33 hicGekh,((x k) ) 2 Py, ) i)
i=1 j=1 * * Pi(x) W)
* * * -

0 Tp) 0 Ty

N * 0 To(x) Tr(x) Thy(x)

% * 0 T34(x)

* * * 0

Tp(x) = (G ()T (x*)B;(x) — kU(x))U‘l(x)ﬁd(x)Cj(x)
T14(x) = (G ()T (x")B;(x) = kU(x)U " (x)C,y(x)

Tyy(x) = sym{(F, ()T (") B,(x) = ky U)U ™ (x) Dy (x)C;(x))

Ty3(x) = €T (D] (OU ™ (x)(G5 ()T (x*) By (x) — A3kU (x))"
Tay(x) = (F; ()T (x*)By(x) = k; U)U ™ ()8, (x)
Tay(x) = (G ()T () By(x) — AskU (DU ()€ (x)

From (39), the condition (26) is obtained. The proof is completed.

(39

Remark 2. We can notice that the proposed results contain some slack variables, the introduction of these parameters is not

necessary to derive our results, but it can provide more degrees of freedom and more flexibility in the resolution space.

Theorem 4. Let a, A and k, be some given scalars. The polynomial fuzzy system (7) is robustly stable if there exist a symmetric positive
definite matrices P(X), and Q(x), symmetric matrices Py(X) s = 1,2 and matrices F,(x), G;(x) | = 1,2,3, U(x) and Xd(x), ﬁd(x), 6d(x),
ﬁd(x) and N,(x), and positive scalars ¢; for i = 1,2, ...,r, given scalars a > 0 such that the following conditions are satisfied

SOS condition (22)
SOS condition (23)

Vi (E () + () v is SOS i,s=1,2,....r
— Vi (5 (®) + Z;(0) + £, () )vg is SOS i#j=1,2,.r
V(&0 + () Dvy is SOS i,s=1,2,.r

— V(&0 + E;(0) +e,(x)Dvy is SOS i#j=1,2,.r

where
[ Y;;(x) YT ()N (x) Xi(x)
;00 = * R (x) = Ny(x) = NT(x)  N;(x)J;(x)
i sk *k —€il
RIS YT ON] () Xi)
() = * R (x) = Ni(x) = NI (x)  Nj(x)J;(x)
| * * -1
[ ¥ Yipi(x) Y300 P Yis(0)
% Y)Yz (0) k1 Ca(x) Yos;(x)
Y, (x) = # ® P33(x) Piu(x)  Yas(x)
* * * -PX) ég(x)
I * * * * R(x)

<0

<0

<

0

(40)
(41)
(42)
(43)

(44)

(45)

(46)
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Y15;(0) = G ()T A (x) + Z,0(x) + (kDy (x) + 4B, (x))C;(x) — FT (x)
Yi5:(x) = a(G ()T (x*)B;(x) — kU (x))
Yo (%) = Z,0(x) = Py(R) + sym{ F()T(x")A,(x) + ky Dy (x)C;(x))
Y30 = AT )T (HT G (x) + €T () (43 DY KT + B (x)
Yas;(x) = a(Fy ()T (M) By(x) = kU (x)) + €] () D] ()
Y35:(x) = a(G3()T(x") B;(x) — 43kU (x))

) Yiu(x) Yz
Y, i(x) = * —P(R)  Yy;(x) |<0 47)
* * R(x)

Yiy(%) = GLOT (M)A (x) + kD (x)C; (x)
Y13:(x) = a(G ()T (x*)B;(x) — kU (x))
Ya3,(0) = CT () DY (x)

Proof. The SOS conditions (40)-(41) can be expressed as:

=1 r

B RN E )+ X N Btk (thN)E, () + Z;;(x))
i=1

i=1 j=i+1
= 2 Z hi(cGe(k)h;((x(k))) E;;(x) <0

i=1 j=1

which is verified if 5;;(x) <0

using Lemma 5, we obtain
Y +4Y; =Y +sym{X;4Y;} <0 (48)

where for X, =0,

G (X)T(xMX
Fi(x)T(x")X 4
X;=| GTG&HXy [ ,=[0 Yy 0 0 a¥p |
0
0

and for Yz =0,

G ()TN X g + (kDy(x) + AB, ()X,
Fi ()T ()X 5 + kDy(x) X,
Xi =| G3(0)T(H) Xy + (AskDy(x) + B,nX,; |- Vi= [0 Yu 0 0 0]

0
Dd(x)Xci
0 AY, 0 0 AY
x AYp; AYy 0 AYys
avy=| = x 0 0 4y |<o0 (49)
* * * 0 0
* * * * 0
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where
AY 1y, = G ()T (xH)X 4 AG)Yy, + (kDy(x) + 4B, () X ¢, A,
AYs5; = (G ()T (xH)X 4, A(k)Y,)
AYyy; = sym{ F{ ()X 4, A()Yy; + ky Dy ()X o; A(K) Yy, )
AYyy =Y AT ()X T GY () + YEAT ()X L (A3 Dy kT + By(x)7)
AYys; = a(Fy(x)T(xH) X 4, A(k)Yp,) + YCTI.AT(k)ng ﬁdT(x)
AY;5; = a(G3 ()T (X)X 43 A0K)Yp;)

Inequality (48) reduces to (35). By the same way, we can show that (47) equivalent to (36).
The proof is completed.

Corollary 1. The polynomial fuzzy system (7) is robustly stable if there exist a symmetric positive definite matrices P,(X) s = 1,2, matrices
Fi(x), G)(x) 1 =1,2,3, U(x) and N;(x) for i = 1,2, ..., r and positive scalars ¢; such that the following conditions are satisfied

SOS condition (22)

SOS condition (23)

— Vi (A (x) + &, (x)Dvg is SOS i,s=1,2,....r (50)
=V (A0 + A () + €, is SOS i#j=1,2,...r (51)
[ A0 YT (x)NT (x) X;(x)
A= % R = NG =N N [<0 (52)
| * * —€;1
[ P A0 W0 P Y500
* Ay Yasi) ki Cq Yas;
Ajj(x) = * * Pia(x)  Pu(x)  Yis(x) [<0 (53)
% * * -PX) é\;(x)
* * * * R(x)

A (%) = Gy ()T (xF)A;(x) + (kD (x) + 4B, (x))C;(x) — FT (x)
Agi(x) = =Py (®) + sym{ Fy ()T (x") A,(x) + k; Dy (x)C;(x)}

Proof. Corollary 1 follows directly from conditions (40)-(41) in Theorem 4 by letting O(x) = 0 and P,(%) > 0.

Remark 3. In [9], the robust DOF control of discrete-time was investigated, for nonlinear fuzzy systems with parametric
uncertainties via LMIs, however these conditions are only in the EF. On the other hand, in [14] authors have developed some results
to design an H_, DOF control for discrete polynomial fuzzy model. In comparison with the above-mentioned design methods, this
study proposes a robust DOF control for polynomial fuzzy systems. Based on a GKYP and some lemmas, a novel control law is
derived by using the SOS approach. In addition, the introduction of slack variables provides more flexibility and more degrees of
freedom in the resolution space. This can help in reducing the conservatism. As discussed in [16,18,26], the FF conditions are more
general and contain the entire frequency conditions as special cases, which means that our work covers the solutions set of [9,14]
while ensuring less conservativeness.

Remark 4. Pre- and post multiplying (52) by

0 T 00 0 0 0

00 0T 0 0 0

I 00 0 0 0 0
H=[0 0 T 0 0 0 0 |<0 (54)

0 00 0 I 0 0

0000 0 I 0

Lo 0o 0o 0 0 0 I |

and HT, respectively, and letting F,(x) = 0 and P,(X) = P then Corollary 1 reduces to Theorem 1 in [9] in the case P, = 0. That
is, Theorem 1 in [9] is a special case of Corollary 1 in this paper. Thus, when compared to existing results in the literature, our
technique of polynomial fuzzy models in FF can give less conservative results.

10
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Table 2
p’s values, Example 1.
B for Case A B for Case B
Methods 2=008 1=028
Theorem 1 in [9] 0.49 0.199
Corollary 1 for 2d =0 0.48 0.185
Theorem 4 MF
% <16] < % 0.81 0.67
2d =0
Theorem 4 LF
101< % 0.62 0.56
2d =0
Theorem 4 HF
101> % 0.90 0.72
2d =0

4. Simulation examples

In this section, we provide two numerical examples in order to highlight the effectiveness and the advantages of the proposed
results. The first one is used here to compare the proposed results in terms of conservatism when the system is not polynomial. The
second example shows that higher order polynomial Lyapunov functions achieve more relaxed stability results. From the simulation
results, it can be seen that the proposed approach has clear advantages over LMI-based ones.

Example 1. To demonstrate the validity of the studied method, let us consider the following uncertain fuzzy plant model, which
is represented by a two-rule [9]

1 - 1 5 5-—
e B R g B e
-1 =05 -1 =05 2p —2p

0.4
X4 =Gp= [ Y ] C=C=[05 02], Yy=[-02 5],

Yo=[-02 -g], J=h=12
where the membership functions are taken as the same as those used in [9]

k
hy (¢ (x(K))) = %

Let us consider the following two case as taken from [9]:

case A: X, =X, =0and Yz, =Yg, =03

case B: Yy =Yp, =0and X, = X, =-04

Choose the following control parameters « = 2. Then, using the proposed methods for the degree (2d = 0) of the polynomial
Lyapunov function, the maximum g,,,, which guarantee the robust stability of DOF T-S fuzzy system are listed in Table 2.

Table 2 shows the values of f,,, obtained with the EF approaches existing in [9], that designed by Corollary 1 in this paper,
and the FF approach presented for different frequency ranges, where LF, MF and HF denote low-frequency, middle-frequency and
high-frequency ranges, respectively. We can see that Theorem 4 with (2d = 0) provides larger value of the parameter g,,,, than the

results in [9]. And it is also easy to see that the FF controller synthesis results achieve better performances than the full frequency
ones.

Solving the SOS conditions in Theorem 4, with g = 0.8 2 =0.08 and « = 1, we obtain the following DOF gain matrices:

—0.6830 0.3151 0.0748
Ad = 5 Bd = 5
-0.1613  0.0663 0.1663

C,=[ -08520 -0.1626 |, D, =—0.4619.

s hy(6(x(k)) = 1 = hy(s(x(k)))

Fig. 1 shows the state responses of the close-loop fuzzy system (7) from the initial condition x(0) = [-0.4 1]7 and x,(0) = [0 0]”.
According to the simulation results, we can see that the designed robust DOF controller presented in this paper is effective.

Remark 5. Note that with the T-S polynomial fuzzy system, as the number of variables and/or the degree of the polynomial
increases, the conservatism of the result decreases, but the computational complexity increases. Furthermore, the SOS approach has
a significant benefit in this work because it is a generalization of existing T-S fuzzy system approaches and is more efficient for
describing nonlinear control systems.

11
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Fig. 1. System response with the polynomial DOF.

Example 2. Consider a two-rules polynomial fuzzy model [27] in the form of (7). The corresponding parameter matrices are given
as follows:

. 05 0] 05 0 sp |0
]l e 1| T 2 o172 |0 T )

CG=G=[0 1],
The membership functions are formulated as [27]
sin(x,(k)) +0.2172x, (k)

1.2172x, (k) (55)
hy(k) =1 — hy(k)

h](k) =

T

Chosen 4 = 0.1, « = 0.2, solving the SOS conditions in Theorem 4 in the case A(k) = 0, within FF domain £ < 9] < % the
corresponding control gain matrices are as follows
4 —4.573x1075x3(k)  5.46 X 1075x2(k) 1.879 x 105 x3 (k)
- —~3.525x2(k) 0.421:2(k) T 1.566x2 (k)
C, = —02556x3(k) —0.09437x2(k) |, D, = —-1.837x%(k) |,
The proposed polynomial DOF controller (6) is employed to control the polynomial fuzzy system subject to the initial condition.
Fig. 2 shows the transient response of state variables for the polynomial fuzzy system without parametric uncertainties, where the
initial values of the state variables are x(0) = [0.5 0.5]7 and x,(0) = [0 0]”. We can see that the system is asymptotically stable.

5. Conclusion

The problem of DOF controller design for uncertain polynomial T-S fuzzy systems in the FF field (in discrete-time setting) has
been considered in this paper. Based on the Polynomial Lyapunov function the robust DOF control is established such that the closed-
loop polynomial T-S system is robustly stable. Specifically, employing the GKYP lemma, less conservative results are obtained in
terms of SOS. Some examples are provided to show the validity and efficacy of the suggested method. Our future study will include
the application of the theoretical results obtained in this work to some real applications, such as vehicle active suspension systems.

Declaration of competing interest
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Fig. 2. Time response of the closed-loop system states.
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