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Abstract. We study a class of dynamical semigroups (L") ,en that emerge, by a Feynman-Kac type for-
malism, from a random quantum dynamical system (Z,,, ©---© %y, (0w,)) nen driven by a Markov chain
(W) nen- We show that the almost sure large time behavior of the system can be extracted from the large
n asymptotics of the semigroup, which is in turn directly related to the spectral properties of the gener-
ator L. As a physical application, we consider the case where the Z,,’s are the reduced dynamical maps
describing the repeated interactions of a system . with thermal probes &,,. We study the full statistics
of the entropy in this system and derive a fluctuation theorem for the heat exchanges and the associated
linear response formulas.
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1 Introduction

Repeated Interaction Systems

From a physical perspective, a Repeated Interaction System, RIS for short, is a quantum system
#, together with a sequence! (&,),en+ of quantum probes. .#, the system of interest, is de-
scribed by a Hilbert space # <. Each probe &, is a quantum system characterized by a Hilbert
space /g, and a (normal) state or density matrix pg, . All Hilbert spaces in this work are sup-
posed to be finite dimensional.

The dynamics of the compound system is defined as follows: the system ., initially in a
state pg, interacts for a certain time with the first probe & initially in its state pg,. Tracing
out the degrees of freedom of the first probe &), one gets a state p; for .# which is then put
in contact with the next probe &> in its initial state pg,. Repeating the procedure defines a
sequence (py)neny Where pj, is the state of & after n interactions.

A well known example of Repeated Interaction System in physics is the one-atom maser
experiment: .¥ is then the quantized electromagnetic field of a cavity, and the probes are
atoms coming from an oven and passing through this cavity, see, e.g., [FJ]M86, MWM85, RBHO01,
WBKMO00].

Typically, the interaction process is described as follows: the free Hamiltonian of the small
system, resp. of the probe number 7, is a self-adjoint operator denoted by He, resp. Hg,, and
the interaction between . and &, is induced by a coupling V}, which is a self-adjoint operator
on Ay ® #g,. The total Hamiltonian governing the interaction of .# and &), is thus

H,:=Hy®l1+1® Hg +V, (1.1)

acting on Ay ® #,. In the sequel, we will drop the symbols ®1 and 1® when the context is
clear. The reduced propagator £,, obtained by tracing out the probe’s degrees of freedom,

—it, ir,,Hn)
)

Lnp = trz, (e Hy (p®pg,)e

describes the evolution of the state of . due to its interaction with &;, for a duration 7, > 0.

By construction, £, is a Completely Positive Trace Preserving (CPTP for short) map on the
set B (A ) of trace class operators on /. Consequently, the state p,, of the system . after
interacting with the first n probes is given by

Pn = fn.,%lpo

RIS have been introduced and developed in the non-exhaustive list of papers [AP06, BJMO06,
BJM08, BP09, BJM10b, BDBP11, NP12, Brul4, BJM14, HJPR17, HJPR18, BB20, MS19, MS20].

To take into account the uncontrollable odds that may affect the probes and their interac-
tion with the system in real physical applications, it makes sense to generalize the above setup
and consider random dynamical systems

Pn(w) =Ly, Ly, Pwy (1.2)

lWe denote by N* the positive integers and by N = N* U {0} the non-negative ones.
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where Q 3 w — p, € B (Hy), Q3w — £, takes its values in CPTP-maps on B! (#«) and
w = (W) nen € QN denotes the sample path of a stochastic process.

One way to think about this setup is to consider that, according to some probabilistic rules,
the probes are drawn from a pool which is partitioned into a family (%,)weq, each £, con-
taining identical probes. Assuming that all the probes are in thermal equilibrium, the physical
situation is then close to the one of a small system . interacting with several thermal reservoirs
2. We shall henceforth call the #,,’s reservoirs. For a given w, £, represents the effect on .
of an interaction with the reservoir %,,.

As an example, consider the previously mentioned one-atom maser. The interaction times
7, depend on the flight velocities of the atoms which fluctuate. In this case, a reasonable model
would be

it iTH)
)

Zip=trz, e ™pepge

the probe Hilbert space #%, the total Hamiltonian H and the probe state pg being indepen-
dent of n, and T = (1) sen+ being an i.i.d. sequence of random variables. Now assume that the
atoms are in thermal equilibrium with the oven, i.e., pg = e PHs | tr(e~PHs) where B denotes the
oven’s inverse temperature. To take fluctuations of the latter into account, we should consider
a process where w; = (1, 8,) and

it B i‘[H).

Lapp =tz (e H pepge

In this case, it may be more realistic to allow for some correlations between successive probes.

The purpose of this article is to study the large n behavior of the random dynamical sys-
tem (1.2) when the driving stochastic process is a Markov chain with a transition matrix P and
initial probability vector 7 on a finite state space Q. We will call such a system a Markovian
Repeated Interaction System, MRIS for short. We will first consider (1.2) in the abstract set-
ting where (£,)weq is a family of arbitrary CPTP-maps on B (A 5) for a finite dimensional
Hilbert space .#£«. From a mathematical perspective, our main result is a pointwise ergodic
theorem for MRIS. We will then apply this abstract result to the more concrete and physically
motivated case where each £, describes the interaction of a system . with a probe &,. We
shall restrict our attention to MRIS with thermal reservoirs, i.e., to the cases where each probe
&, is in thermal equilibrium at a given inverse temperature .. This specific setting allows us
to develop the nonequilibrium thermodynamics of MRIS, using tools from information theory
and dynamical systems. We investigate energy transfers between the system . and the reser-
voirs and the induced entropy production. Under microscopic time-reversibility, and invoking
results of [CJPS19], we will derive a strong and detailed form of nonequilibrium fluctuation re-
lations, in the spirit of [DHP20]. Following [Gal96], we will show how these relations reduce to
linear response theory near (appropriately defined) thermal equilibrium. To achieve this, we
need to consider repeated two-time measurements of the probes, and hence to deal with quan-
tum trajectories naturally associated to the random dynamical system (1.2). In this respect, our
results are complementary to [KMO04, Kii06, AGPS15, CP15, CP16].

Our framework also allows us to consider situations where the driving Markov chain is not
homogeneous in time, meaning that the transition matrix P depends on the time step. As-
suming the variations between successive transition matrices is small, we derive the large time
asymptotics of the corresponding random dynamical system, in this instance of the adiabatic
regime.

Several limiting cases of MRIS have been addressed in previous works: these are the de-
terministic case with a single reservoir, the periodic case where P is a cyclic permutation ma-
trix, and the i.i.d. case where w is a sequence of independent and identically distributed ran-
dom variables. The deterministic case — the simplest example of RIS — was introduced and
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developed in [AP06, BJM06]. In particular, the latter reference shows the strict positivity of
entropy production even in this simple setup. The periodic case, mentioned in [BJM14], pro-
vides another toy model of RIS allowing for a study of its nonequilibrium thermodynamics. The
i.i.d. case hasbeen analyzed in [BJM08, BJM10a], see also [NP12]. The nonequilibrium thermo-
dynamics of both these models has been recently investigated in [BB20]. The papers [MS19,
MS20] address more general abstract situations where the underlying stochastic process is an
ergodic dynamical system, and the large time asymptotics of the states is investigated by means
of methods of dynamical systems.

Remark. We consider Markovian randomness in the RIS framework to take into account clas-
sical correlations between fluctuating probes. The case of quantum entanglement between the
probes has been studied, for instance, in [HJ17, Raq20, AJR21].

Feynman-Kac Formalism

In quantum mechanics one is generally interested in quantum expectation values of observ-
ables which can depend on time and, in particular, in the large time behavior of those expec-
tations. In our model we will focus on observables which depend on which reservoir .% is
currently interacting with. Consequently, we will study the large n properties of

tr(pn(w) X(Wn+1)), (1.3)
where Q3 0w — X(w) € B(H#»). The idea to deal with this model is to work in the Hilbert space
H =03 H09)

of square-summable, .#/-valued functions on Q. Considering the C*-algebra 2 c (%) of
functions X : Q — B(A«) acting as a multiplication operator on £, a straightforward compu-
tation shows that

E[tr(pn(@) X (@n+1))] =trz (XL"R), (1.4)

where E denotes the expectation w.r.t. the Markov chain, and L is a CPTP map on BY(K), con-
structed with the maps £, and the transition matrix P, see (2.9), and?

R(w) = [E[pwo liw, =l

Consequently, the dynamics of . can be modeled with the discrete time semigroup (L") sen.
This structure is called a Feynman-Kac formalism. Following [Pil85, Pil86b, Pil86a], it turns the
study of the large n behavior of (1.3) into a spectral problem for L. See also [KS09] for a dis-
cussion of a somewhat related problem concerning random time dependent Lindbladians. We
note that, in the periodic and i.i.d. cases mentioned above, the MRIS dynamics can be modeled
by a semigroup acting on B (A »), that is, without the need for a Feynman-Kac formalism.

In the i.i.d. case, it has been proved in [BJMO08] that, if the random CPTP map %, is prim-
itive with nonzero probability, then (1.3) converges almost surely in Cesaro mean to the de-
terministic value tr(p+E[X(wo)]), p+ being the unique invariant state of the CPTP map E[Z,,,].
This result was extended to a more general class of i.i.d. random dynamical systems in [BB20].
In our Markovian framework, we shall see in Theorem 3.3 that the mere irreducibility of L im-
plies that (1.3) converges almost surely in Cesaro mean to tr(R, X), where R is the unique in-
variant state of L. This is in keeping with the recent results in [MS19, MS20] about ergodic posi-
tive linear map valued processes. However, our spectral point of view allowed by the Feynman-—
Kac formalism is distinct from the approach there, which makes essential use of positivity prop-
erties. Moreover, the spectral approach turns out to be instrumental in the subsequent analysis
of the thermodynamic properties of MRIS.

2We shall denote by 1 4 the indicator function of a set A.

4
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A natural extension of the above results concern the case of an inhomogeneous Markov
chain. A first step in this direction, dealt with in Section 3.2, is the case of a Markov chain whose
transition matrix changes infinitely slowly with time, the so-called adiabatic inhomogeneous
case. Making use of the analogy with the adiabatic RIS studied in [HJPR17, HJPR18], we get
Theorem 3.4, that describes the large n asymptotics of the expectation (1.4) in this framework.

At last, the MRIS framework is well suited to study nonequilibrium thermodynamic prop-
erties of RIS when each reservoir %, is in thermal equilibrium. In Section 4, we derive the
entropy balance relation of MRIS process and investigate its consequences. We study the large
time asymptotics of the full statistics of entropy and energy transfers and give sufficient con-
ditions ensuring the validity of entropic fluctuation relations. For processes running near ap-
propriately defined equilibrium, we derive the main ingredients of linear response theory —
Green—Kubo formula, Onsager reciprocity relations and fluctuation-dissipation relations.

Organization of the Paper

The core of this article is organized as follows. After setting up some conventions and nota-
tions, Section 2 introduces the Feynman-Kac formalism associated to the abstract framework
of Markovian repeated interaction quantum systems. The section ends with a few useful re-
sults on the spectral properties of the Feynman-Kac generator L. In Section 3, we formulate
and prove our main results on abstract MRIS: a pointwise ergodic theorem and an adiabatic
theorem. The nonequilibrium thermodynamics of concrete MRIS is the subject of Section 4,
while Section 5 is devoted to the proofs.

Acknowledgements. We thank Tristan Benoist for a insightful discussion. The research of J.-
EB. was partially funded by the Agence Nationale de la Recherche under the programme “In-
vestissements d’avenir” (ANR-15-IDEX-02), Cross Disciplinary Program “Quantum Engineer-
ing Grenoble”. A.J. and C.-A.P. acknowledge support from Agence Nationale de la Recherche
grant NONSTOPS (ANR-17-CE40-0006-01).

2 The Feynman-Kac Formalism of MRIS

2.1 Notations and Conventions

We start by setting up some notations and conventions that will be used in this work. We also
recall some basic definitions concerning positive maps on C*-algebras and their state spaces.

Let # be a complex Hilbert space. The inner product of two vectors ¢,y € # will be de-
noted by (@, ¥), and supposed to be anti-linear in the first argument and linear in the second
one.

B(H) is the C*-algebra of all linear operators on #, 1 denotes its unit, and sp(X) is the
spectrum of X € B(H). Self-adjoint elements of B(#°) with spectrum in R, are said to be non-
negative. 28(#) is ordered by the proper convex cone 4. (#) of these non-negative elements,
ie, X=2Yiff X-Y e B, (). If X = 61 for some 6 > 0 we say that X is positive and write X > 0.

The *-ideal of all trace class operators on %B(#) is denoted %' (#). Equipped with the
trace norm | al|; = tr(vVa*a), B (A) is a Banach space, the predual of Z(#4). We write the
corresponding duality as

(a, Xy = tr(a” X). (2.1)

Since # is finite dimensional, %' (/) and 9B (/) are identical topological vector spaces, but
are distinct normed vector spaces. BL(A) is ordered by the proper convex cone 931 (Af) of
its non-negative elements. A state on %(#) is an element p € %8} (/) normalized by | p|; =
(p,T) = 1. We denote by QB}rl(Jf) the closed convex set of these states. Its elements are also
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known as density matrices or statistical operators. A state p is said to be faithful whenever
p > 0, and pure whenever it is of rank one.

More generally, if «f < B(#) is a unital C* -subalgebras, we denote by </, = of N B, ()
the proper cone of non-negative elements of <, by </, its predual and by </, the set of states
of «/. The duality (2.1) allows us to identify </, with the vector space « equipped with the trace
norm, and <7, ;1 with the subset of density matrices in <.

Alinear map @ : o — < is positivity preserving, or simply positive, written ® = 0, whenever
(A, ) c .. @ is positivity improving, written ® > 0, if ®(X) > 0 for X = 0, X # 0. A positive
map @ is said to be primitive if ®" > 0 for some (and hence all sufficiently large) n € N, and
irreducible if e'® > 0 for some (and hence all) t > 0. Note that positivity improving implies
primitivity, which implies irreducibility.

A positive map ® on & is said to be completely positive when ® ® Id is a positive map on
o ® B(C™) for all n € N. In view of the identification of «f ® 28(C™) with the set 4,,(«¢) of n x n-
matrices with entries in </, the complete positivity of ® means that for any finite set / and any
square matrix A = [A;]; jej associated to a non-negative map on A®C/, the map associated to
the matrix [®(A;)]; jes is non-negative. One easily shows that the latter condition is equivalent
to

Y. B®(A;Aj)Bj=0 (2.2)
i,jeJ
for any finite families (A;) je; and (B)) je; in o/ [Tak79, Corollary 3.4]. Any CP map ® on </ has
a (non-unique) Kraus representation*

D(A) =) V] AV,
jel

where the finite family 7" = (V) je; < 9(A) is called a Kraus family of ®. 7 is said to be irre-
ducible whenever any non-zero element of .# is cyclic for the algebra generated by 7 U {1}. 7
is primitive when there exists n > 0 such that any non-zero element of .# is cyclic for the lin-
ear span of 7" := {Vj ---Vj | j1,..., jn € JI. The CP map @ is irreducible/primitive iff one (and
hence any) of its Kraus family is irreducible/primitive.

In view of the above mentioned identification of the sets «f and <., the various notions of
positivity just introduced on endomorphisms of </ also apply to linear maps £ : of, — of,. A
linear map on « is unitalwhen ®(1) = Tand CPU when completely positive and unital. A linear
map on &, is trace preserving when tro® = tr, and CPTP when completely positive and trace
preserving.

Decomposing « € /. into the positive and negative parts of its real and imaginary parts,
one easily shows that any affine map £ : «, 1 — <1 has a unique linear extension to <Z,. By
construction, this extension is positive and trace preserving. Reciprocally, any linear, positive
and trace preserving map on <, restricts to an affine map on </,;;. Hence, we shall identify
these two kinds of maps in the following. Denoting by £* : of — of the adjoint of £ : of, — <f,
w.r.t. the duality (2.1), £* is positive (resp. CPU) iff £ is positive (resp. CPTP).

When & is associated to a quantum mechanical system, self-adjoint elements X of «f are
observables of this system and density matrices p € </, +1 describe its physical states. The phys-
ical quantity described by the observable X can only take numerical values in sp(X). Denoting
Ex (I) the spectral projection of X to the part of its spectrum contained in I, when the system’s

3 Any finite dimensional unital C*-algebra can be realized in this way.

4The Kraus representation of CP maps on %(C") is discussed in any textbook on quantum information, see, e.g.,
[Pet08, Theorem 2.2]. It is a simple corollary of Stinespring’s dilation theorem [Tak79, Theorem 3.6]. The slightly
more general form used here is a direct consequence of Arveson’s extension theorem [Arv69, Theorem 1.2.3] which
asserts that ® extends to a CP map on B(H).
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state is p, the probability to observe the value of X in I is given by (p, Ex(I)). In particular, the
quantum mechanical expectation value of X in the state p is given by {p, X).

We shall consider finite matrices P € C/*/ as linear maps on the vector space C’ interpreted
as the commutative unital C*-algebra of diagonal J x J-matrices. The unit of this algebra is
1=(1,...,1) € €. In this context, P is positive (resp. positivity improving) whenever P; ji=z0
(resp. P;; > 0) for all i, j € J. We note that these are also the conditions of the classical Perron—
Frobenius theory. We observe also that, due to the commutativity of the underlying C*-algebra
(see [Tak79, Corollary 3.5]), P is completely positive iff it is positive and CPU iff it is a right
stochastic matrix.

Given a Banach space &, a finite set Q and p € [1,00], we denote by ¢”(Q; X) the vector
space Z equipped with the p-norm

1/p
(Z ||x(a))||”) for p < oo;
”x”p =19 \weQ
max || x(w) || for p = co.
weQ)

We note that if Z* is dual to &, with duality Z* x & 3 (¢, x) — (@, x) and % + % =1, then
09(Q; &*) is dual to £P (Q; &) with duality Y ,cq (@), Xx()).

The product topology induced on Q = QN by the discrete topology of the finite set Q is
metrizable, the compatible metric

d((wk)kel\l) (Vk)kel\l) = 2—inf{k€N|wk;évk}

makes Q a compact metric space. We denote by &, the finite algebra generated by the cylinder
sets

Vo vyl ={weQ|wr=vifor0<k<n} vo,...,Vn €Q),
and by
0=\ 0,
neN

the generated o -algebra.’> We recall that @ coincides with the Borel o-algebra of Q.°

Denote by C(Q) the Banach space of continuous real functions on Q, and by 22(Q) the set
of probability measures on (2, ©), equipped with the weak-* topology. We write the associated
duality as

Fop) = fﬂ Flw)u(dw).

We denote by p g, the restriction of y € 22(Q) to 0y, Let ¢ be the left shift on Q, and 2 (Q) the
set of ¢-invariant elements of 22(Q).

For two probability measures v, u on the same measurable space, we write v <« g whenever

v is absolutely continuous w.r.t. 4, denoting by g—;’l the corresponding Radon-Nikodym deriva-

tive. In this case, the relative entropy of v w.r.t. u is

dv
Ent(v|py) := flog (@) dv,

and for a € R, their relative Rényi a-entropy is

dv\*
Ent, (v|p) := logf(@) du.

We recall that Ent(v|y) = 0, with equality iff v = p.

5By convention the cylinder with empty base [ ] is Q.
6We will use the same notation, with the obvious modifications, whenever Q = QZor=0N".
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2.2 Markovian Repeated Interaction Quantum Systems

Let .# be a quantum mechanical system described by a finite dimensional Hilbert space A,
denote by «f = B(#») the associated C*-algebra, set of, = B (H5), let (Pw)wea < <, be a
finite family of states and (Z)weq a finite family of CPTP maps on <.

For a probability vector 7 € R, and a right stochastic matrix P € , we consider the
probability space (Q,0,P), where P € 22(Q) is the homogeneous Markov measure uniquely
determined by

RQXQ

P(lwo - wnl) = Tw, Puw, -+ P, o (2.3)

for any cylinder [wg---w,] € @,. In particular, the probability vector 7" describing the distri-
bution of the random variable w, is given by

" =P, =v) = Y. P(wo-wp1v]) = (P"),.
Wy, Wp_1E€EQ

We denote by E[-] the expectation functional associated with P. Given A € @, 14 is the charac-
teristic function of A and E[-|A] = E[-14]/E[1 4] is the conditional expectation given A. Finally,
we recall that whenever 7 is a left eigenvector of P to the eigenvalue 1, then P € 22, (), i.e., the
Markov chain is stationary.

We associate to (7, B (0w)weq, (ZLw)weq) @ random dynamics on the system .# as follows:
Each sample path w € Q of our Markov chain induces a sequence of states (o, (w)) ,en, Where

Pn(w) =Ly, Ly Pwy

is the state of . started in p,,, after interacting with the sequence of reservoirs %,,,..., Z,-
By Stinespring’s dilation Theorem [Tak79, Theorem 3.6], any such random dynamical sys-
tem describes a MRIS, i.e., there exists a family of probes (&,)weq such that

ZLo(p) = trz,, (Uy(p ® pg,)U,)

for some probe states pg, € %}rl (#s,), unitary propagators U, on #y ® #g, and all w € Q.

2.3 Extended Observables and Extended States

The natural semigroup structure of autonomous dynamical systems gets lost in this random
setting. However, using the Markov property, it is possible to restore this structure at the level
of “classical” expectations. To this end, let us introduce the extended Hilbert space of -
valued functions on the noise space Q

K =02 Hop).

Identifying £ with Ay ® C* leads to the identification of (%) with «#*©, the C* -algebra
of O x Q matrices with entries in . Further, identifying X € /°°(Q; «/) with a diagonal matrix
in o7 gives a natural isometric injection

A=07(Q;f) — B(K), (2.4)

which makes 2[ a C*-subalgebra of 28(%"). We shall say that elements of 2 are extended ob-
servables of the MRIS associated with (7, B, (0w) weq, (Zw)wea). The map

X—TrX:=) X)),

weQ)

is the restriction to 2 of the trace of 28(.%#) and defines a trace on 2, i.e., a positive linear func-
tional such that Tr(XY) =Tr(Y X) forall X, Y € 2.
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Dual to the injection (2.4) is the surjection
B (H) = A = 01 Q) (2.5)

which sends R = [Ryy]lwveq € .Q{EXQ to the diagonal map w — R,,. Note that elements of
%}rl (&) are sent to positive valued elements of £!(Q; «#,) of 1-norm 1. These are precisely the
states of 2{ w.r.t. the duality

(R,X)=Tr(R*X) = )_ (R(w), X(w)). (2.6)

we)

Positive and normalized elements of 2l, images of states R € %}rl (A£) by (2.5), will be called
extended states of the MRIS, the set of these extended states is denoted 2. ;. We shall associate
to (7, B (pw)we, (Zw)weq) the sequence of extended state (R,,) neny defined by

Rp(w) =" VE[p (@) lwps1 = 0] = E[pp @)1y, ~0),

and in particular

Ry(w) = Z Ty Pyypv. 2.7)
veQ)

Observe that these states have “marginals”

7D =Ry (),  pu=Elpp@)]= Y Ry(w).

weQ)

2.4 The Semigroup

Lemma 2.1. Let (Ry)nen € U be the sequence of extended states of the MRIS associated to
(7, B (0w weq, (Zw)weq)- Then, for n €N, one has

R, =L"Ry, (2.8)
wherell : A, — A, is the CPTP map defined by

LR)(w) =) PypyLyRW). (2.9)
veQ

In particular, given an extended observable X € 2, one has
El{pn(®), X (@n+1))] = (L" Ry, X). (2.10)
Proof. The relation (2.8) clearly holds for n = 0. For any n € N* and w € Q one has

Ry(w) = Z ”wopwowl . 'Pw,,wgwn : "xwlpwg

WQ,...,WEQ

= Z Py, 0w, Z TwoPwew, ** Poyr0, Lw, Lo Puy
w,EQ W0y, Wpn_1€Q

= Z PwnwanRn—l(wn) = (L Rp-1)(w),
w,EQ

which implies (2.8) for all n € N. Consequently, one has’

E[pn(@), X(@n+1))] = EKE[pn (@) |0p41], X (@n41))]
=Y 1"V Elpn () | wn =], X (@)
we)

Y (Ru(w), X (w)) = (L"Ro, X),

weQ)

"We denote by E[:|wy] the conditional expectation w.r.t. the random variable w;,.
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which proves (2.10). An elementary calculation shows that the adjoint of L w.r.t. the duality (2.6)
is given by
L*X)(w) = Z Py L, X(v).
veQ
One also easily checks (e.g., using (2.2)) thatL* is a CPU-map on 2. By duality, L is a CPTP-map
on%l,. O

By Brouwer’s fixed point theorem, L has a fixed point on the convex set 2., of extended
states. Such a fixed point will be called Extended Steady State (ESS) of the MRIS.
Let R, € A,,1 be an ESS, and set
ZuR
ZoBe @) 0,

T
Miw =trR{ (@),  Pio:= 1]“” (2.11)

— otherwise.
tr1

Since R is positive with Tr R, =1, 4 is a probability vector, and it follows from

Tt =R (@) = trLR) (@) = ) Pyt ZyRi(V) = ) Pyt Ry (V) = ) Tav P
veQ veQ veQ

that it is an invariant probability for the driving Markov chain. By construction, p+ = (0+)weq
is a family of states on «. Since R, (w) = 0, R, (w) = 0 whenever 7., = 0, so that the identity
LoRi (W) =714 Pp+e holds for all w € Q. The formula

> Promtivpsv = ), ProZyRi(V) = (LR1) (@) = R+ (@), (2.12)
veQ veQ

thus allows to reconstruct the ESS R, from the invariant probability 7, and the family p.
Denoting by P, the stationary Markov measure on (,0) associated to (n., P), one has,
with py (@) =2, Lw, Prwy

E. [P+n(w)1wn+1:w] = Z 7T+wopw0w1 “'Pw,,wgw,, ° '$w1p+w0
Wo,..., W, EQ
= Z Pwnwffwn : "Pw0w1$w0R+ (wo)
Wo,..., W, EQ

= (L""'R;)(w) = Ry (w)

so that
Ey[{04n(w), X (Wns1))] = (R:, XD, (2.13)

forall X e A and neN.

Definition 2.2. We shall say that the MRIS associated to (74, B, (0+0)weq, (Lw)weq) is the sta-
tionary MRIS induced by the ESS R, .

Remark. Given a P-invariant probability 7 and a family of states (p+4)weq On of such that

Lo Z PuoTtepyP+p =T+wP+o
HEQ

for all w € Q, the extended state R, defined by (2.12) satisfies

(LR (w) = Z Py Ly Z P,uvn+,up+,u = Z PyyTtiyp+yv = Ry ().
veQ HEQ veQ

10
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2.5 Primitivity and Irreducibility as Ergodic Properties

The irreducibility and primitivity properties of CP maps @ will play a central role in our ap-
proach. As introduced in Section 2.1, they are intimately linked to the natural order structure
of a C*-algebra. In this section, we recall their important connections with the spectral prop-
erties of ® and the ergodic properties of the semigroup (®"),en. We also discuss some issues
more specific to the CPTP map (2.9).

Let ® be a CPTP map on the predual ¥, of the finite dimensional C*-algebra € < B(#).
The following statements are well known (see, e.g., [EHK78] for details):

(i) sp(®) is a subset of the closed unit disk containing 1, and the eigenspace of ® associated
to the eigenvalue 1 contains a state p.

(ii) @ isirreducible iff its eigenvalue 1 is simple. In this case, the eigenspace of ® associated
to the eigenvalue 1 contains a unique state p. Moreover, p is faithful and for any R € 4.
one has

ln—l k )
— Y o*(R) - (R, Hp| = IRIO”™),
" k=0

as 1 — oQ.

(iii) @ is primitive, iff its simple eigenvalue 1 is gapped, i.e.,
A = —logmax{|z| | z € sp(P) \ {1}} > 0.
Moreover, for any R € €, and € > 0 one has
|®"(R)~ (R, ol = IRIO ),

as n — oQ.

We conclude this section with some useful connections between the properties of P and
%, and that of L.

Lemma 2.3. Set
L= 1L

weQ)

where 1t is a faithful probability vector, and note that £ is a CPTP map on ..
(i) L is positivity improving iff P and every £, are.

(ii) If L is irreducible (resp. primitive), so are P and 2.
(iii) If P is positivity improving, then L is irreducible (resp. primitive) iff £ is.
(iv) Ifevery &£, is positivity improving, then L is irreducible (resp. primitive) iff P is.

Proof. (i) Assume that P and each %, are positivity improving. Given non-zero R € 2., and
X € 24, there exists w, v € Q such that both R(w) and X (v) are non-negative and non-zero. It
follows that £, R(w) > 0 and hence

(LR, X) = Pyv(ZLyR(w), X(v)) >0,

which shows that L is positivity improving. Reciprocally, let L be positivity improving, ¢,n € Q,
and p € o/, A€ o/, be non-zero. With R(w) = §,¢p and X (w) = 6., A, one has

0< (H_R,X> = P§n<$§P;A>;

from which we can conclude that P and all £, are positivity improving.

11
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(ii) For R € 2l and n € N one easily checks that
LC"R@= Y Puow PowLu, Lo Rw1). (2.14)

W1y, W €Q
For u € R, let us set R, (w) = uyp and X, (w) = u,1 where p is an arbitrary density matrix.
Formula (2.14) gives that
<[LnRurXU> = <U;Pn v)

for any u, v € R? and n € N, and it follows that P is irreducible (resp. primitive) if L is. Setting
R(w) =, p and € := min,, 7,,, and using the fact that the matrix elements of P are all bounded
above by 1, we further deduce from (2.14)

'R Y Lo, LoTwp

W1y, W €Q
-n+1 _ —n+l pn
<€ Z nwngwn"'nwlgwlp—e g p,
W1y, W €Q

from which one easily concludes that % is irreducible (resp. primitive) whenever L is.

(iii) If P is positivity improving, then there exists 6 such that 0 < § < P,,, for all w,v € Q. Setting
again R(w) := 1, p, it follows from (2.14) that

6"%L"p < (L"R) (w),

from which it follows that L is irreducible (resp. primitive) whenever .Z is. The reciprocal prop-
erty follows from Part (ii).

(iv) Let R € 2.+ be non-zero, so that R(v) is non-zero for some v € Q. Formula (2.14) yields

L"R(@ = )Y Py, PowLo, Lo, LyRW),

W2y, €Q
and if every £, is positivity improving, then
6:= min minsp(%,, L, ZLvRW)) >0,
W2,...,0, €Q

so that
L"R) (@) = (P")yu1,

from which we can conclude that L is irreducible (resp. primitive) whenever P is. The reciprocal
property again follows from Part (ii). O

3 Main Abstract Results

3.1 A Pointwise Ergodic Theorem

Central to our results are consequences of spectral properties of the map L on the large time
behavior of MRIS. Below, we formulate a pointwise ergodic theorem for MRIS which applies
when the driving Markov chain is stationary. The case of an inhomogeneous driving process is
considered in Section 3.2 in the adiabatic limit. Applications of these results to the nonequilib-
rium thermodynamic properties of MRIS will be given in the subsequent Section 4.

Our ergodic theorem relies on the minimal

Assumption (STAT). Either the Markov chain is stationary, i.e., 7P = 7, or it admits a faithful
stationary state 7.

We note that whenever L is irreducible (or primitive, or positivity improving), then, by
Lemma 2.3 (ii), the unique left eigenvector of P is faithful, so that Assumption (STAT) is sat-
isfied.

We shall invoke the following vector-valued random ergodic theorem of Beck and Schwartz.

12
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Theorem 3.1 ([BS57, Theorem 2]). Let & be a reflexive Banach-space and let (S,Z, m) be a o -
finite measure space. Let there be defined a strongly measurable function S 3 s — T with values
in the Banach-space (%) of bounded linear operators on & . Suppose that | Ts|| < 1 foralls € S.
Let h be a measure-preserving transformation on (S,Z, m). Then for each X € LS, %) there is
an X € LY(S, %) such that

N-1

1 -
lim — ) TsThs - T X (R"(5) = X (),
Nl—rgoNn;o sThs) - Thn-1(5 X (R7(5)) = X(5)

stronglyin%’, a.e. in S, and
X(8) = Ts(X(h(s)))
a.e. in S. Moreover, if m(S) < oo, then & is also the limit in the mean of order 1.

Let us start by assuming that the Markov chain is stationary. A direct application of Theo-
rem 3.1 shows that P-a.e. and in L' (Q,P;2A) the limit

_ 1N
X(@) = lim — n;o Ly Lo X(ns1)
exists for all X € 2. Moreover, the covariance relation X (w) = L, X o ¢p(w) implies

X(w) =E[X (@) |w) = ]
=E[£, X(p())|w) =w]
=L EX(pw)) | w1 = w]
=L EFX () |wg = w]
=L E[E[X(w)|w1]|wy =]
=L EX (1) |0y = o]

=Y P LX) = LX) ().
veQ
Assuming now that 7, is a faithful stationary state, i.e., 7. P = w4 > 0, then the stationary
Markov measure P, on (Q,0) with transition matrix P and faithful invariant probability 7,

satisfies
dp 7T (wg)
(w) =

dP. o +(wo) '
which gives that P is absolutely continuous w.r.t. P,.. Consequently, any P, -a.s. property also
holds P-almost surely. Summarizing, we have proved

Theorem 3.2. Under Assumption (STAT), the limit

X(w) = ]%ii%o%i\gzjl Ly X(npt1) 3.1
exists P-almost surely and in L' (Q,P;21) for any X € 2. The limiting function is such that
%, X(pw) =X(w). 3.2)
Moreover, the extended observable X € 2 defined by
X() =EX ()| =0o],

satisfies

L*X = X. (3.3)

13
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As an immediate corollary, we get that
N-1

1 i} i}
Al[im N Z (), X(Wn+1)) = {Pwy X)) = (o), X 0 pF (@) (3.4)
T UV p=0

P-almost surely and in LY(Q,P), for any k e N.
A less immediate corollary of Theorem 3.2 is the following, which only requires spectral
properties of the map L.

Theorem 3.3. If L is irreducible, its unique ESS R, is faithful and for any X € 2 one has®

v . 1 Nt * *
X@= lim — ZO L+ Lo X(@n1) = (Ry, X)1

for P-almost every w € Q and in L' (Q,P;20). In particular, for any initial state p € ..., and any

Xel,
1 N-1
lim N Y (pn(@), X(@ns1)) = (R+, X)
n=0

N—+o00

holds P-almost surely and in L' (Q,P). Moreover, if L is primitive, then
lim E. [{pp(@), X (@n+1))] = (R4, X).
n—oo

Proof. Since L is irreducible, so is P by Lemma 2.3 (ii), and hence Assumption (STAT) is satis-
fied and Theorem 3.2 applies. Moreover, the measure P, is ¢-ergodic [Wal81, Theorem 1.19].
Iterating the covariance relation (3.2) and invoking the Markov property lead us to

E[X(@) 0] =E4[ Ly - Ly Xod" ™ (@) 0]
=L Lo, B+l Xo¢"  (w) | wp) (3.5)
=Ly Ly Xwp).

L being irreducible, it has a simple eigenvalue 1 with left/right eigenvector 1/ R, 9 FromL*1=1
and (3.3) we deduce that X = (1, X)1for some 1 € 2. Relation (3.5) further yields

E+[X(w)|0,] = (A, X)1T,
for all n € N. Letting n — oo we get [Bre92, Corollary 5.22]
n—oo

and in particular,
<pw0,5((w)> = (A, X){Pw, 1 = 4, X).

Finally, using (2.10) and invoking the mean ergodic theorem gives

_ . N-1 1Nl
E{pwy X (@))] = z\lrl—IgoN nX::O[E[(pn(w);X(erl)] = I\lfl—I:%ON nzo(ﬂ- Ry, X) = (R4, X),

from which we conclude that A = R, and X(w) = (R, X)1. The remaining statements are obvi-
ous. O

8When L is irreducible, we sometimes omit to mention the dependence of X () on w and write its P-a.s. value
as X.
9Here, 1 denotes the unit of 2.

14
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3.2 Inhomogeneous MRIS in the Adiabatic Limit

In this section, we consider the possibility of driving our MRIS with an inhomogeneous Markov
chain, i.e., we allow the transition matrix P to depend on the time step. More specifically, we
address the regime of slow variation from one time step to the next, known as the adiabatic
regime, by applying the results of [HJPR17, HJPR18] to control the expectations

El{pn(®), X (@n+1))]
when 7 goes to infinity.

Notice that the whole construction that has been made in Section 2 does not rely on the
homogeneity of the Markov chain, so that, given a sequence (P'""),cn+ of right stochastic ma-
trices, we can replace (2.3) with

P[00 Wn]) = Ty POy, Py, -+ PIY

W1~ W1W2 Wp-1Wp "
Further, defining the sequence (L) ,en+ by
LR (W)=Y PI2,R(v),
veQ
one can write, in analogy with Lemma 2.1,

E[{pn(®), X (wn+1))] = (Lp---L1Ro, X). (3.6)

At such a level of generality, not much can be said of (3.6). Hence, we consider an adiabatic
regime in which successive transition matrices are obtained by sampling a smooth family of
transition matrices defined on [0, 1], with smaller and smaller variations between successive
transition matrices, following [HJPR17, HJPR18].
As before, let (£,)weq be a finite family of CPTP maps on «/,. Let [0,1] 3 s — P(s) be a C?
function taking its values in the set of right stochastic Q2 x Q-matrices. Define
LR (@)=} Pro(5)ZyRW)

veQ)

so that [0,1] 3 s — L(s) is also of class C2. For € = 1/N denote by P, the Markov probability
measure on QN*! defined as

Pe(w = (wo, ..., 0ON)) = oy Pwyw, (0)Puyw, (€) - Poy 0y (N —1e).
It was shown in [HJPR18] that, under spectral hypotheses on the family (L(s))se(o,1], the product
LY = L(ne)L((n—1)e)---L(e)
admits an asymptotics for n € {0,..., N}, in the adiabatic limit ¢ | 0. More precisely, we have

Theorem 3.4 ([HJPR18, Corollary 3.14]). Assume that, for all s € [0,1], L(s) is primitive. Denote
by R.(s) its unique (and faithful) invariant state, and fix R € ... Then, there exist0 <[ <1,
0<eg<1andC < oo, such that, for alle €]0,e9] withl/eeN, and allne{0,...,1/e} cN,

+ ln+1) .

(n)p _
ILe™ R R+(n€)II5C((1_l)

In particular, for any X € 2,
Eel{pn (@), X(@n1))] = (Ry (n€), X) + | X[ O/ (1= 1) + I"*1).
If, moreover, we writen = t/e, with0 < t <1, then
Ee[(Pé(w),X(w%»] =(R+ (1), X) + 1 X1l O(e).
Remark. A similar statement holds when the L(s)’s are irreducible, with a more complicated

expression for the asymptotic state, in terms of all eigenvectors corresponding to the peripheral
eigenvalues.
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4 Entropic Fluctuations and Linear Response Theory

This section is devoted to applications to linear response theory and entropic fluctuations
within our Markovian framework, generalizing [BB20] which addresses these aspects for pe-
riodic and uniform i.i.d. repeated interaction systems.

Within our setup, a periodic RIS (called cyclic in [BB20]) is a MRIS such that P is the per-
mutation matrix associated to a cycle (12---m) € S, so that w is the repetition of the word
12---m with probability 1. A i.i.d. RIS corresponds to the case P, = 1 for all w € Q where 7
is a probability vector. In this case w is a sequence of independent random variables [BJM14].
The special case of uniform distribution is simply called a Random RIS in [BB20].

In both cases, the reduced dynamics of the small system yields a discrete time quantum
dynamical semigroup on <, = B (A 5), with dim #» < co. Indeed, in the periodic case,

Pnm@) = (L ffl)"p
while, in the random case,
1

Elop(@)] =
[0n(w)] Ql

> wa)np.

we)

The results of [BB20] are largely based on this semigroup structure. We shall invoke Lemma 2.1,
to extend these results to the MRIS framework.

Remark. Continuous time semigroups of CPTP maps, often also called quantum Markov semi-
groups, are generated by Lindbladians. As dynamics of a small quantum system .% inter-
acting with several extended thermal reservoirs, they emerge in the van Hove weak coupling
limit [Dav74, Dav76a, Dav75, Dav76b]. The interested reader should consult [LS78, JPW14] for
discussions of the nonequilibrium thermodynamics of such systems.

4.1 Entropy Balance
Returning to the concrete MRIS with CPTP and dual CPU maps

Lop=trz, (Uslp®ps,)U,), LoX=try, (U,(XeDU,1pg,)),

where U,, = e 1To(Hz+Hg, +Vo)

rium, more precisely

, we shall now assume that the reservoirs are in thermal equilib-

Assumption (KMS). Thereis = (By)weq € [Rif such that, for all w € Q,

pgw = e_ﬁw(ng_Fw)’
where )
Fyi=—— logtr|e Polle
@ B. ( )

is the free energy of a probe from reservoir %,,,.

Remark. Given g € R and assuming each pe, to be faithful, it is of course possible to redefine
the probe Hamiltonians in such a way that (KMS) holds, at the cost of absorbing the change
of Hg, in the interaction V,,. However, thermodynamic considerations require the propagators
U, to be independent of B, so that such circumstances are excluded in the following.

The energy lost by the system .% during the n + 1

amount of heat dumped in the reservoir % is

interaction, which we interpret as the

Wp+1?

Hg

@p+1

lL”n+1__}£§

Wp+l

AQni1 (@) :=tr(pn@) @ ps,, U, )) = =P, J@ns1))

n+l

16
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with
J() = 1trz,, (Uy[Uy, Hg,)(1® pg,)).

Further setting
Jv:iQ3w—6y,](v), 4.1)

yields an extended observable J, € 2 describing the energy transferred from reservoir %, to
the system .# during a single interaction.

Accordingly, the time-averaged quantum mechanical expectation values of the heat ex-
tracted from the reservoir %, during a single interaction is given by

1 N-1

dim N ;0<Pn(w),]v(wn+1)>~ (4.2)

IfL is irreducible, then Theorem 3.3 implies that this limit exists for P-almost every w € Q, and
coincides with the ESS ensemble average

(R, Jv) =B+ [{p+ (o), Jy (w1))]. (4.3)

The von Neumann entropy [Pet08, Section 3.3] of the system .# after completion of the n™
interaction is

S(pn(w)) = —(pp(w),logp,(w)),

so that, during the n + 1 interaction, the system entropy decreases by
ASp+1 (@) := S(pn (@) — S(Pp+1 ().

Recall that the relative entropy of a state u € </, relatively to another state p € </, is

tr(u(logu—logp)) if Ranyu < Ranp;
Ent(ulp) = R
)

otherwise,

and that Ent(u|p) = 0 with equality iff 4 = p (see [Pet08, Section 3.4]). Setting

ep,(w) := Ent (an+1 (Pn(w) ® Péz,m) Uy, |Prr1@)®pg, ) )

an elementary calculation yields

ep, (@) == Sp(@) = o, & ((pn@ @ s, | (Hs,, , ~Fo,..)

+ Sp+1(@) + By ., tT ((pn(w) ® Pé’“‘wnﬂ) Uf,n+1 (ngml — Fwnﬂ)anH) )
which can be rewritten as the one-step entropy balance relation
ASyi1(w) +ep,(w) = ,Bw,,+1 AQp+1(w). (4.4)

Identifying the right-hand side of this identity with the amount of entropy dissipated in the
reservoir %, ,, €p,,(w) can be interpreted as the entropy produced by the interaction process.
The inequality ep,, (@) = 0 thus becomes the expression of the 2"4-law of thermodynamics, and

yields Landauer’s lower bound

AS
AQun (@) = 2m1@)
ﬁwml
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on the energetic cost of a reduction of the system entropy (see [RW14, JP14, HJPR17, HJPR18]
for more details and discussions). Summing over n we get

So(@) - Sn(w) 1 N 1 N2l
Oa)—]VNw + N nX::O ep,(w)=- Z 'BVN Z {(on(w), Jy(@n1)).

veQ n=0

Observingthat0 < S, (w) < logdim # < and recalling (3.4), we deduce that whenever the limit (4.2)
exists, the following expression of the time-averaged entropy production

_ 1 N=t .

ep(w) = lim — ngo ep,(w) = —V;Zﬁmwo,fv(w» >0 (4.5)
holds, where J, is the ergodic average (3.1). This applies, in particular, under Assumption (STAT),
and expresses then the 21d_Jaw in the context of steady-state thermodynamics. If, moreover, L
is irreducible, then (4.3) yields

ep() =~ ) Bv(R+, Jv) (4.6)

veQ
P-a.s.

Remark. Assuming (STAT) but replacing Assumption (KMS) by the faithfulness of the probe
states pg,, setting'®

Js(w) = trz, (Uy(Se,, Usl(1®pg,)),  Se,=—logps,,

and repeating the previous calculation leads to the entropy balance equation

ASp+1(w) +ep,(w) ={pn(w), Js(Wn+1)) 4.7)
with the time-average
e ) 1 N-1 _
ep(w) = ]\lll—I};oN nZ::O ep, (@) = (P, Js()).

The irreducibility of L further leads to the P-a.s. identity
ep(w) = (R4, Js). (4.8)

The extended observable Js describes the entropy dumped into the reservoirs during a single
interaction.

The vanishing of entropy production is a signature of thermodynamic equilibrium, as such,
it will play a central role in our discussion of linear response in Section 4.4. Our next result is
a quite general necessary and sufficient condition for the vanishing of entropy production in
MRIS (see Section 5.1 for the proof).

Proposition 4.1. Assume that the probe states pg, are faithful and that L is irreducible. Then,
the time averaged entropy production (4.8) vanishes P-a.s. iff the family of states (0 +4)weq aSSO-
ciated with the unique ESS R, in (2.11) satisfies

Up(psv® Péf’w)U:, =P+o ® P8, (4.9)

for all pairs (v,w) € Q x Q such that P,,, > 0. In this case, further assuming (KMS), the entropy
balance equation

S(O+wp1) = SP+w,) = Bwpy (P+w,, J(@n+1)) = 0. (4.10)
holds P -a.s., and in particular,
Jv=AR4+,Jy) =0 (4.11)
forallveQ.

10Recall the convention made after (1.1)
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Remarks. 1. Whenever P, > 0 and P, > 0, it follows from (4.9) that p;, = p+v'.

2. The very special case where all reservoirs are identical in the sense that all the CPTP maps
%, coincide with some £ will be of interest in Section 4.4. One easily checks that in this cir-
cumstance the mean state

p+:= ) Re(@) = ) Miwpro

weQ) weQ)

satisfies Zp+ = p+. Setting R(w) = w4+ P+, We derive

LR(W) =) PywLRWV) =) Py Lps= ) TivProfs =T10p+ = RW).
veQ veQ veQ

IfL is irreducible, then we can conclude that R = R., and (2.11) yields
TrwPro = ZLRW) =10 L0+ =T1wP+,

so that the states p. all coincide with p...

4.2 Full Statistics of Entropy

While the entropy balance equation (4.4) and the related Landauer bound are clearly support-
ing the proposed interpretation of the quantum expectation value of the observable J,, as de-
fined in (4.1), the fact that a real measurement of the energy transfer between the system .%
and the reservoir %, is unlikely to proceed through an “instantaneous” measurement of J,
casts some doubts on the physical meaning of its higher moments, and more generally of its
spectral measure. This issue is not specific to RIS but is relevant to more general open quan-
tum systems (see [TLHO07] and [JOPP12, Section 5.10]). In this section, we adopt an operational
point of view and consider a two-time measurement protocol of the entropy observables

Sg, = —logpg, = Pu(Hg, — F,). 4.12)

Set 2 := Uyeqsp(Sg,) and for s € X let I1;(w) denote the spectral projection of Sg, for the eigen-
value s.!!

Let the state of the joint system just before the coupling of . to &,,,,, be the product state
p=ps®ps,, - Afirstmeasurementof Sg, before the n+ 1! interaction thus yields the value
s € Z with probability

p(s) = tr(pls(@wns1))

and leaves the joint system in the state

_ s(wp+1) plls(wp41)
Pis =
tr (PHs(er—l))

Once the interaction between &, ,, and . is complete, the state of the joint system has evolved
to

;o _—_— anﬂHs(Wn+1)PHS(CUVHI)U(j;n+1
Pis= an+1p|San+1 -
tr(pns(wn+1))

and the probability for the outcome of a second measurement of Sg,,  to be s'eXis

tr (U, D5 (@n 1) plg(@p 4 1)Uy, g (@p41))
tr (PHS((UIHI))

p(s'ls) = tr(p( [y (@n+1)) =

’

HUThe convention here is that Il (w) = 0 whenever s ¢ sp(Sg,,)-
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the second measurement reducing the state of the joint system to

My (wpe1) Uwym Hs(wps1) pIls(@n+1) U£n+1 My (wpe1)
tr (Uy,,, Ms(@n+1) ps(@n1) UG | Ty (@ps1))

Piss' =

n+1

Applying Bayes’ rule, we conclude that the joint probability for the two successive measure-
ments of Sé’awnu to have the outcome ¢ = (5,8) € X x X is

p@& =p'1s)p(s) =tr (Uy,, Ms(@n+1) pls(@ns1) Uy Mg (@ni1)) = e, (Lo, P,

n+1
where Z,, ¢ is the CP map defined by

Lpip = e_strjfgw (e g () Uy(p @ () U,). (4.13)
Moreover, the state of the system . after the two measurements is

P
70, (Lo iP7)

! !
Py =tr, ()55

Collecting the Markov sample path w;,w>,... and the sequence &;,¢5,... of measurement out-
comes into a single extended quantum trajectory x = (xj) xen-, With

xp= (i eX = [JiwxEy,  E,:=sp(Sg,) xsp(Se,),

weQ)

yields the Entropy Process, a stochastic process with path space X := XV and law Q Ry € P(X)
determined by'?

Qry (X1 Xn1) = ) Ty Py, Py, 1L, Loy 1 Pay)
woEQ
=Puw, Poyw, 1Ly, .6, Loy& Ro(1).
According to a widely used physical terminology, the measure Qg, on the o-algebra & is the

Full Statistics of Entropy, we denote the associated expectation functional by Ep,.
Observing that

Y Qry([x1+ Xn]) = Qugy (X2 X))

x1€X

we conclude that if Ry is an ESS, then the entropy process is stationary, Qg, € % (X).

4.2.1 Level-1: Entropy Production

In this section, we consider the statistical properties of the entropy increments. To this end, we
set
Ix23é=(s8)—06&=5—5,

and for f € C(X,R%),
n-1
Suf =3 fogt.
k=0
Introducing the functions

J=Gwoca €CERY,  JuX) = 11y, =0}0¢1,

12Recall (2.7).
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the total entropy increments in each reservoir during the first N interactions is described by
the random vector Sy4§. Our next results concern the large N asymptotics of the sequence
(SnJ) nen. We shall see, in particular, that at the level of expectations this asymptotics is gov-
erned by the observables (4.1). To formulate these results we need to introduce a few new
objects. For a e R let

L= ¥ et g, ., (4.14)

$€B,

and for & = (ay)veq € R?, define a CP map on 2, by

YR (@)= Y Py LI RW). (4.15)
veQ

Finally, denote by ¢(a) the spectral radius of L!%!, which coincides with its dominant eigen-
value. The next two theorems summarize the asymptotic properties of the entropy increments,
their proofs will be given in Section 5.2.

Theorem 4.2 (Limit Theorems and Large Deviations Principle). Let Ry be an arbitrary extended
state in Ay ,1.
(i) Under Assumption (STAT), for allv € Q, one has

. Lo~ 7
]\I]I_I.T;O[ERO NSN\JV Z—,BV[E[(PQ)O;JV((U»]-

In the following, we assume that L is irreducible, with ESS R.

(ii) The strong law of large numbers holds, i.e., Qg -a.s.,
R
I\IZI—I};ONSNJV = _,61/<R+y]v>~
(iii) The limir"
.1 —a
e(@):= lim —logEp,[e @SvI] = log () (4.16)

is a real-analytic convex function on R®,

(iv) The central limit theorem holds, i.e., as N — oo

1
N (SnJ —Eg, [SNJ1)

converges in law towards a centered Gaussian vector with covariance matrix
Cov="LCuwy—Lluly, (4.17)

where
lyi= 00,00,  Lliyy:=0q,0a,0)0).

(v) The steady measure Qp, is ¢-mixing, in particular
W*—lin’l@ROO(p_n :@R+’ (4.18)
n—oo

forany Ry e A, 4,.

13Here and in the sequel “-” denotes the Euclidean inner product.
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(vi) For any Borel set G < R, the following large deviation estimates hold:

1 1
—inf I(s) < liminf —1 —SNJ
nf (s) < liminf= Og@Ro(NSNJEG) o)

1 1
< limsupﬁlog(Q)R0 (NSN;? € G) < —infI(s),

N—oo seG

where G/G denote the interior/closure of G and the good rate function s — 1(s) is given by
the Legendre—Fenchel transform of the function &« — e(—a),

I(s) = sup (@-s—e(—a)). (4.20)

acR?

4.2.2 Level-3: The Entropy Process

The empirical measures of the entropy process is the family (1) nen of 22(X)-valued random
variables

1 n-1
Xax— Hp = — Z 6¢k(x).
" =0
We denote by
Xan = J XF
k=0

the set of finite words x = x; --- x, on the alphabet X, and let |x| = n be the length of x.

Theorem 4.3. Assume that L is irreducible with ESS R, and let Ry € 1.
(i) For f € C(X), the limit

— 13 1 n(frﬂn>
Q)= lim —~logEg, e ] 4.21)
exists, defines a 1-Lipschitz function on C(X), and does not depend on the choice of Ry.

(ii) For any Borel set M < 22(X), the following large deviation estimates hold:

1 1
— inf () <liminf—logQg, (un € M) <limsup — logQg, (tn € M) < — inf I(), (4.22)
ueM n—oo n n—oo N ueM

where M/M denote the interior/closure of M and the good convex rate function p— () is
the restriction of the Legendre—Fenchel transform of the function f — Q(f) to 2(X), i.e.,

W := sup ((f,wy—QN), (4.23)
fec(®)

and satisfies |(u) = +oo for p € 2 (X) \ Pp(X).
(iii) For u€ Py(X), the limit
. 1 1
S = lim (~—10g(Qr,iz;,) 1) = = lim — 3 log(Qg, ((xD)p(LxD),

xeXgy
|x|=n

exists and defines a lower-semicontinuous affine map 2y (X) 3 p— ¢(u) such thatg(Qg,) =
h(Qgr,), the Kolmogorov-Sinai entropy of Qr, w.r.t. the shift ¢. Moreover,

1) = ¢ () — h(p)

holds for any p € 2y (X).
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4.3 The Fluctuation Theorem

We are now in position to formulate the Fluctuation Relations (FRs for short) satisfied by the
full statistics (SyJ)nen+. The first FR dates back to 1905 and the celebrated work of Einstein
on Brownian motion. The reader is referred to [RMMO7] for an overview of the subsequent de-
velopments pertaining to classical physical systems. We shall follow the mathematical formu-
lation of FRs through large deviation estimates initiated by Gallavotti and Cohen in their foun-
dational works on steady-state FRs in chaotic dynamics [GC95a, GC95b]. See also [JPRB11] for
a general approach to transient and steady-state FRs in the framework of classical dynamical
systems. The direct quantization of a classical observable obeying a FR fails to satisfy a “quan-
tum FR”, see [JOPP12, Section 5.10] for concrete examples. In fact, to obtain an operationally
meaningful extension of FRs to the quantum regime, one has to take into account the peculiar
status of measurements in quantum mechanics. This precludes, in particular, the existence of
steady-state FRs at the quantum scale. We refer the interested reader to [EHM09, CHT11] for
exhaustive reviews and extensive lists of references to the physics literature. The mathemati-
cally oriented reader can also consult [DRM06, DDRM08, CM12, JPW14] for a study of entropic
FRs in the Markovian approximation of open quantum systems, [DR09, JLP13, JPPP15, BJP* 15,
BPR19, BPP20] for studies of two-time measurement protocols and to [BJPP18, BCJP21] for ex-
tensions to repeated quantum measurements.

Fluctuation relations are deeply linked with microscopic time-reversal invariance, as is al-
ready apparent in Onsager’s theory of irreversible processes [Ons31a, Ons31b]. Hence, we need
to assume that our MRIS has some form of time-reversal invariance.

The driving Markov chain (=, P) is said to be reversible whenever the probability P is invari-
ant upon reversing the chronological order of events, that is, for any cylinder [wy,...,®w,] one
has

P([wg,...,w,]) = P([wy,...,wgl).

It is well known, and straightforward to check, that reversibility is equivalent to the so-called
Detailed Balance condition, namely:

TwPoyv = Ty Py

forall w,v € Q. Note that under this condition one has 7 P = 7, so that the following assumption
implies (STAT).

Assumption (DB). The driving Markov chain (7, P) satisfies detailed balance.

Our second, complementary assumption ensures the reversibility of the interaction pro-
cesses.

Assumption (TRI). There are anti-unitary involutions 6 and 6,, acting on #» and .#,, such
that
Bngm = Héamea)) (0®0(u)Uw = U;(Q@Qw),

for all w € Q.

Whenever Assumption (TRI) holds, we denote © : X — 0 X6 the map induced on &« and on
2.

Theorem 4.4 (Fluctuation Theorem). If L is irreducible, then Assumptions (TRI) and (DB) imply
that the rate function of the large deviation principle (4.19) satisfies the Fluctuation Relation

I(—s)—I(s)=1"-s,
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for all s € R?, wherel1 = (1,1,...,1). This relation is associated with the following symmetry of
the cumulant generating function
e(l-a)=cla), (4.24)

forall @ € R.

Since Sy.Jy accounts for the entropy produced by the interaction with reservoir %, during
the N first interactions, the total entropy produced during this period is given by

on=) SnJv=Sn1-J.

veQ)

Applying the contraction principle [DZ10, Theorem 4.2.1] to the map J — 13 immediately
yields the following

Corollary 4.5. Under the assumptions of Theorem 4.4 the sequence of entropy production ran-
dom variable (o ) nen- Satisfies a large deviation principle

_ 1 1 _
—infI(s) < lgvnlinglOg@Ro (UWN € S) < limsupﬁlog@]q0 (UWN € S) < —infl(s),

seS N—oo seS

forany Ry € 2.1 and any Borel set S c R, with the rate function
I(s):=inf{I(s) | s€ R, 1-s =5}

satisfying the Fluctuation Relation
I(-s)—1(s)=s.

The last relation implies

@Ro (|U_J\IIV+S| <5) o -5
610 N—oo h

lim lim (@Ro(|UWN—S| <5)

which is often written as

Qr, (UWN = S)
in the physics literature. It shows that negative values of the entropy production rate are expo-
nentially suppressed relative to positive values, thus providing a deep refinement of the Second
Law (4.5).

@RO (UWN = _S) —sN

Remark. Theorems 4.2 and 4.4 as well as Corollary 4.5 concern the full statistics of entropy
fluxes into the reservoirs. Relation (4.12) links entropy to energy and can be used to convert
these results into statements on the full statistics of the energy fluxes i = (i,)weq, where i, =
—Jw! Bw- We shall leave the details of this alternative formulation to the reader.

We provide a proof of Theorem 4.4 based on the spectral properties of L!%! in Section 5.3.
In the remaining part of this section, we discuss some other consequences of time-reversal in-
variance for the full statistics process and the information theoretic interpretation of the Fluc-
tuation Theorem. We assume both Conditions (TRI) and (DB).
We start with two general constructions associated to any stationary process Q € 2 (X).
e Setting & = (5,5") — & = (s, 5) and x = (w,&) — & = (w,¢), the involution of Xg, defined by
X=X]-Xp— X=X X implements time reversal. One easily checks that

~

Q([x]) := Q([xD),

uniquely extends to probability measure @ € Py(X): the time-reversed process.
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s Let X := X7. There is a unique probability measure Q € 2, (X)'* such that
Q(2)=Qo¢"(2)
for any finite cylinder Z c X such that ¢"*(Z) is 2 -measurable. R _
One easily checks that the time-reversed and two-sided measures Q) and Q are related by
Q=009
where 9 is the time-reversal involution of X defined by 9(x), = X_,. The expectation func-

tional Ep, of the two-sided measure @m associated to Qg, will be particularly useful to write
the Green—-Kubo formula, in Theorem 4.7 (ix) below, in a simple and standard form.

Theorem 4.6. Let L be irreducible, with ESS R.. Under Assumptions (TRI) and (DB), the fol-
lowing hold.
(i) The two measures Qr, o, and Qr,| a, are equivalent for all n and the log-likelihood ratio

- dQr, |z,
Op(x):= logA—'(x),
R %y
satisfies
suplo,(x)-o,x) =c, (4.25)
xeXxX
fOl‘ some constantc.

(ii) For a € R, one has

1 _
lim —Enty[Qg, |2, |Qr, |2,] = e(al).
n—oon

(ii)) @p =0 iff Qr, = Qg,
(iv) The level-3 fluctuation relation

Q) =1(Q) + (71,9,
holds for all Q € Zy(X).

Remark. The estimate (4.25) expresses a strong form of equivalence between the steady state
thermodynamic entropy production o and the information theoretic quantity 6 . Techni-
cally, these two sequences of random variables have exponentially equivalent laws, so that,
by [DZ10, Theorem 4.2.13], Corollary 4.5 holds when o is replaced by & . By continuity of the
map Q — (o1,Q), starting with Part (iv) of the last theorem, the contraction principle [DZ10,
Theorem 4.2.1] provides an alternative proof of this version of Corollary 4.5. We also observe
that, by an elementary feature of Rényi’s relative a-entropy, the function

—(X&N]

én(a) =logEg, [e =Enty[Qgr, |2y |Qr, 2y ],

satisfies the symmetry éy(1 — @) = éy(a). By Part (ii) of the previous theorem, this symmetry is
inherited by the function @ — e(a1), a characteristic of the fluctuation theorem in Corollary 4.5
(6 N is called canonical entropy production in [JPS17], where it plays a central role).

We close this section with a brief mention of hypothesis testing of time’s arrow, which deals
with the empirical distinguishability of the two measures Qr, and Q g, when ep > 0. In the
limit of large sample, this is asymptotically quantified by various exponents (Stein’s, Chernoff’s
and Hoeffding’s). Not surprisingly, these exponents are all related to the generating function
e(a). We shall not discuss the details of these relations here since they are identical to the one
described in [BJPP18, Sections 2.5 and 2.9].

14We use the same symbol ¢ to denote the left shift on ¥ and X.
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4.4 Linear Response

In this section, we show that, as explained in [Gal96], the Fluctuation Theorem 4.4 can be
viewed as an extension to far from equilibrium regimes of Linear Response Theory. The latter
deals with the reaction of physical systems to a small deviation from a thermal equilibrium sit-
uation, characterized by a well-defined temperature and vanishing entropy production. Since
RIS in general, and MRIS in particular, evolve according to a time-dependent Hamiltonian,
they are not expected to reach thermal equilibrium, even when all reservoirs are in thermal
equilibrium at the same temperature. In this section we study a class of MRIS admitting a
steady state qualifying as a thermal equilibrium in the above sense. Moreover, we shall see that
the usual linear response properties near thermal equilibrium, Green—-Kubo Formula, Onsager
Reciprocity Relations and Fluctuation—Dissipation Relations, hold in these cases, and can be
derived from Theorem 4.4.

Our starting point is a MRIS satisfying the following equilibrium conditions
Assumption (EQU).

e (KMS) is satisfied with all reservoirs at the same temperature: = 1.

e [ isirreducible, with the unique ESS R...

* Entropy production vanishes: (R, Js) = B Z (R, Jw)=0.

weQ)

We consider the family of MRIS obtained from the previous one by modifying the reservoir
temperatures, i.e., by replacing the “equilibrium” probe states by the family

_ 1 )
péaw,C = e_(ﬁ_(w)(Hgm _Fw,(), Fw)c e p— logtre—(ﬁ—(w)ng ,

w

parametrized by { € R®. To express the dependence of a quantity A w.r.t. the parameter ¢, we
will write Ag. In particular, Ag denotes an equilibrium quantity.

Asthe name suggest, linear response theory aims at expressing the changes of various prop-
erties of the perturbed ESS R, to first order in the perturbation parameter {. Of particular
interest are the so-called kinetic coefficients

Lyy = a(V]_wZ,’l(:O,

where (recall (4.2) (4.3))
]_a)( = <R+C)]wc>

is the steady-state ensemble average of the energy flux into reservoir 2.

Theorem 4.7. Under Assumption (EQU), the following statements hold for all { € R%:
(i) L¢ isirreducible. It is primitive whenever L is.

(i) For P-almost every w € Q one has

Z jv((w) =0.

veQ
(iii) With B~ = (B—-{w) Vweq, the limit
lim —p' - SyJr =0
Nl—rgo Nﬁ NIE =

holds Qg -a.s.

26



J.-E Bougron, A. Joye, C.-A. Pillet

(iv) The Gaussian measure obtained in Theorem 4.2 (iii) as the limiting law of

1 ~ ~
TN (SnJ¢ —Er,; [SnIc])

as N — oo is supported by the hyperplane
3r={ceR? B c=0}
(v) The cumulant generating function (4.16) satisfies the translation symmetry

ecla+yp™) =er(a) (4.26)

foralla e R® andy € R.
(vi) The rate function of the LDP (4.19) satisfies

I;(s) = +o00

whenever s ¢ 3.
Assuming also that the time-reversal symmetries (TRI) and (DB) hold, one further has:
(vii)
1
Lyy = Z_ﬁ—z(aavaaw €9)(0). (4.27)

(viii) The Onsager Reciprocity Relations

Lyy = Ly,

hold. In addition, the kinetic coefficients are related to the covariance matrix of the limit-
ing Gaussian measure in Theorem 4.2 (iii) by the Fluctuation-Dissipation Relations

1

Lyy = —=Cuy.

232
(ix) The Green—Kubo formula
1 —
Loy =lim— Y e kg [J,00"Ty] (4.28)
wv i ﬁzngz R, [Jwo " Jy

holds, all the quantities on the right-hand side of the equality (4.28) being evaluated at
equilibrium{ = 0.

5 Proofs

5.1 Proof of Proposition 4.1

Since L is irreducible, it has a unique ESS R, and the transition matrix P has the unique and
faithful invariant probability 7. We set Q,,, = JIM,PM,JI;},, observing that Q is again a right
stochastic matrix with unique and faithful invariant probability 7. Define the following maps
on 2.,

(ZRW) = Z,RW), MR = RO,
(PR = Y PwRY), (2R = YieqQuRW), (5-1)
veQ
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so that the factorizations L = 2% and 2 = [122* 1! hold.

(<) If Py, > 0 implies (4.9), then it follows from (2.12) and (4.8) that the time-averaged entropy
production vanishes P-almost surely

ep(w) = (R, Jsy = ) tr((Rs(w) ® pg,) U, [Ses,, Unl)

weQ)

= Z 7T+vvatr((Uw(P+v®Pgw)U$—P+v®Pg’w)S£w)

w,veQ

= Z nﬂ,vatr((pM)—p+v)®pgwsgw) =0.

w,veQ

(=) Assuming now that the time-averaged entropy production vanishes P-almost surely, we
get, using (4.8), (2.13) and the entropy balance (4.7),

0 :@(w) = <R+)]S> = [E+[<p+w0;]S(wl)>]

=E, [Ent(Uy, (04w, ® Pé"wl)U;,l | Lw, P+wy ® P(S’ml) +S8(01wy) = S(Zw, P1+wy)]-

(5.2)

Recalling the definition of the right stochastic matrix Q, we can write

[E+[S(=-(£w1p+wo)] = Z Ty Py S(Eppv) = Z T+ Z QuvS(Zyp+v).

v,weQ weQ) veQ
Invoking the concavity of the entropy map p — S(p) [Pet08, Theorem 3.7], we derive
E+[S(Lu, Pl < Y mwS( > Qwvprw) =) m0wS(L2%p.) ().
weQ) veQ weQ)

By (2.11), we have
L2 p, =L N LR, =N 'PLR, =T LLR, =I"' ¥R, =p,, (5.3)

so that
E+ [S(Zw, 0+w,)] SEL£[S(P+w)]-

It follows that E4 [S(p+w,) — S(Zw, P+w,)] = 0. This inequality, together with the non-negativity
of relative entropy, allow us to deduce from (5.2) that

E+ [ENt(U, (Day ® P, YUy | Loy Doy © P )] = 0= Ex[S(Dany) = S(Luny Prw))- (5.4)
Writing the second identity as
Z Tiw (S(Z Qwvffu)pﬂf) - Z QuvS(Zup+v) | =0,
WeQ veQ veQ

and combining the facts that von Neumann'’s entropy is strictly convex [Car10, Theorem 2.10]
and n, faithful, we derive that for all v, w € Q such that Q,,, > 0, one has

Lop+v = Z Qwuxwpﬂl = P+w>
HEQ

where we used (5.3) to justify the last identity.
Since Qg > 0 iff P, > 0, the first equality in (5.4) further yields that

Up(p+v® P(g’m)UZ; =ZwP+v®PE, = P+ ® P&,
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provided P, > 0. Thus, the family of states (p+4)weq has the required property.
The first equality in (4.10) follows from the fact that, whenever py(w) = p+y, for k € {n, n+1},
then the previous identity implies that ep,,(w) = 0. Assuming (KMS), the simple calculation

O+, J(w)) = tr((p+v ® pg,)(Hg, — U:)ng Ua)))
= U‘((P+v —DPrw)® Pé’wHé”w) =0,

shows that the same identity leads to the second equality in (4.10). Finally, (4.3) immediately
leads to (4.11).

Remark. IfL is irreducible and the family of states (5¢,),ecq satisfies
Uy (ty ® pg,) U;; =2y ®pg,

for all pairs (v,w) € Q x Q such that P,,, >0, then ¢, = p4, forallw € Q.
To see this, we first note that

Py LTty 3ty = PyyTiy 3y,
for any pair (v,w) € Q x Q. Summing both sides of this identity over v yields
LP s =1z, (5.5)

from which we deduce
L(PIs) = P (L Pl sz) = Pll,

and since L is irreducible, we can conclude that its unique fixed point in 2,1 is Ry = Pl
The second relation in (2.11) further gives

ps=LN R, = LTI 1 P1se
which, combined with (5.5) yields

x=M"'LPNsx= LN ' Pls=p,.

5.2 Proofs of Theorem 4.2 and 4.3

We need some preparations. The next proposition summarizes the spectral properties of irre-
ducible CP maps on 2{,. and their adjoints. Recall that, denoting r the spectral radius of such
a map, its peripheral spectrum is that part of its spectrum lying on the circle of radius r. Fol-
lowing the definition in usage in spectral theory (see, e.g., [Kat80, Section 1.4]), we say that an
eigenvalue is simple when its algebraic multiplicity is 1.1°

Proposition 5.1. Let ® be an irreducible CP map onl,. with spectral radiusr > 0.
(i) r is an eigenvalue of ®, with a unique faithful eigenvector Ry € .1. Moreover, to this
eigenvalue, the adjoint map ®* has a unique eigenvector My > 0, such that (Ry, My) = 1.

(ii) Thereisp € N*, the period of ®, and a primitive p™ root of unity{, such that the peripheral
spectrum of ® is given by {r{* | 0 < k < p}, each peripheral eigenvalue being simple.

15Note that this condition is stronger than the one used in many studies of the subject where eigenvalues are
called simple when their geometric multiplicity is 1 (as, e.g., in [EHK78, Sch06]).
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Proof. These results on CP maps are scattered through the literature, see, e.g., [EHK78, Gro81,
Scho06, FP09]. For the reader’s convenience we give some more precise indications.

(i) is well known, see, e.g., [EHK78, Section 2] or [Sch06, Theorem 3.1].
(ii) Following [EHK78] and setting

1
r

defines a CPU map on 2, such that sp(®) = rsp(¥), including algebraic and geometric multi-
plicities. Up to the simplicity of the peripheral eigenvalues, the statement follows from [EHK78,
Theorem 4.2]. From the latter, we infer the existence of a unitary U € 2 such that ¥ (U¥) = (kU
for k € {0,..., p — 1}. Moreover, by [EHK78, Lemma 4.1], Y Ukx) = CkUk‘I’(X) holds for any
X €2 and k € Z. Denoting by R = M}/2RyM_}/? the eigenvector of ¥* to its eigenvalue 1, nor-
malized by (R, 1) = 1, we can write

CFUTFR, X) = R (R), UF X) = MR, P (UF X)) = (R, UMY (X)) = (¥ (UFR), X),
for all X € 2(, from which we deduce that ¥* (U *R) = 4 kU-*R. To show that peripheral eigen-
values of ¥ are simple, we follow the argument of the proof of [CP15, Lemma 5.3]. Suppose that

( k as an eigenvalue of ¥, is not simple. The Jordan normal form of ¥ implies that, for some
Y e, ¥(UFY) = (kUFY + U*. 1t follows that

(KR, Yy = (F(UFR, UYY) = (w* (UFR), U Y)
=(U*R, W (U*Y)) = (U*R,(*U*Y + UYy = (F(R, V) +1,
which is absurd. O

Lemma 5.2. L% is irreducible/primitive for all & € R iff L is.

Proof. Forw € Q2 denote by (¢,s)ses, an orthonormal eigenbasis of Sg , with Sg, @ s = Cw,sPw,s-
One easily derives the following Kraus representation of the TPCP-map %,

Zop = Z Vw,s,s’PVujs,sr»

s,s'ex,

where V,, ; ¢ € B(A») is the operator associated to the sesquilinear form

e Vw,s,s’W) = e—Cw,s/Z (x® Po,s» UpW ® (Pw,s>-

Further setting
Vo,s,s'v = Pz, vV Py Vy 5,5 Pv) (5.6)
where p, : 02(Q; #5) 3 W — ¥(w) € #», we can write a Kraus decomposition of I as

LR= ) VussvRV) o

,veQ
s5,5'€Zy

e

Recalling (4.14) and (4.15), for @ - ¥, = X e XwJIn,w, and X € 2 one has

Egle™* 9" X (wp41)] = E

on (@]
tr(X(wml)za[,j L g pwo)] — (¥R x)

where L% has the representation

la]l p _ —ay(Gy ¢ —GCv,s) *
L™ R= Z e “rhve o \/wySyS’.VR\/w,s,s’,v'
,veQ

s,sezy

Note that this representation extends L@l to a CP map on B (A 5) whose range is in 2. In
particular, the left/right eigenvectors of L/*! to non-zero eigenvalues are in 2(/2l,. Comparing
the Kraus families of L and L[#! yields the claim. O
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Lemma 5.3. Let K be a CPTP map on ..
(i) If K is positivity improving and R € ..., then there exists a constant £ , > 0 such that

KS= (S, DR,

holds forall Se . ;.

(ii) If KRy = R, for some faithful R, € 2.1, then there exists a constant ? R, Which does not
depend on K, and such that
KS< /g, (S, HR;,

holds forall Se ..

Proof. (i) It suffices to prove the claim for R#0and Se€ #Z = {Se€ .4 | 1 = Tr(S) < Tr(1)}. Setting
£(S) = minsp(S),
one has ¢(KS) > 0, and since £ is compact,

¢ = inf /(IKS) = minZ(KS) > 0.
- Sz SeER

Invoking the spectral representation of S, we can write

S= ) sPs=3Ps
sesp(S)

with § = maxsp(S) > 0. It follows that, with 7 = maxsp(R),

Tr(S) - Tr(S) R

KS = §KP; > > =
Te( =  —Tr(D) 7

w

1=

=L,(S,DR.

(ii) For S e 2., with I, =minsp(R;) >0, one has

1
S= ) sPes ) sI=sTe(9)T1=(S, D1 —(S,DR,,
sesp(S) sesp(S) £+

and hence )
KS< —<(S, KRy = g, (S, DR;.

L

O

For P,Q € 22(X) we write P < Q whenever there exists a constant 1 < C < oo such that
P(A) = CQ(A) forall Ae Z. Note that this implies (f,P) < C(f, Q) for all non-negative f € C(X)
aswellasP < Q.

Lemma 5.4. If L is irreducible with ESS R, then the following hold.
(i) Qr, <X Qp, foranyRy€ A, 41.

(ii) If Ry is faithful, then Qr, < Qr,, and in particular Qr, and Qr, are equivalent.
Proof. (i) Since Ry is faithful, one has
R= R}rlz(R;”ZRR;”Z)R}r’z < ”RI/ZRII/Z IR, = CR,
from which we deduce that

Pwlwz e 'Pwn—lwn tr(’%wmfn . "’(gwlyflRO(wl)) = prlwz : “Pwn—lwn tr(Zy e 'zwhflR"' (w1)),

c
nmSn
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and hence Qg (A) < CQg, (A) for all A = [x;---x,] in the semi-algebra of finite cylinders. Since
elements of the algebra &) generated by finite cylinders are finite disjoint unions of such cylin-
ders [Wal81, Theorem 0.1], this inequality extends by additivity to any A € &;. Define the prob-
ability @ = % (Qgr,+Qr,) andlet A€ &, the o-algebra generated by Zp. By [Wal81, Theorem 0.7],
for any € > 0 there exists B € & such that Q(AAB) < /2. It follows that Qg,(AAB) < € and
Qr, (AAB) <€ and hence

|Qr, (A) —Qr,(B)| <€, |Qr, (A) — Qg, (B)| <E.
We conclude that

Qg,(A) = Qr, (B) + (Qr, (A) — Qg,(B))
< CQg, (B) +¢€
< CQgr,(A) +C@Qr,(B)—Qr,(A) +e€
= CQg, (A) + (C+ e,

which shows that Qg (A) < CQg, (A).
The same argument provides a proof of (ii). O

We write the concatenation of two finite words x,y € X5, as xy. The following Lemma
establishes some decoupling properties of the full statistics Q, which are central to [CJPS19]
and will allow us to invoke their main results.

Lemma 5.5. Assume that L is irreducible, with ESS R.. The following hold for any Ry € 2. +1.
(i) The Selective Lower Decoupling property: There are constants T € N and C > 0 such that,
forany x,y € Xq, thereis z € Xy, with |z| <1, and

Qr, ([xzy]) = CQR, ([xDQr, ([¥D. (5.7

(i) The Upper Decoupling property: Their is a constant C such that, for all N € N and all
X,¥,z € Xgn, with|z| =N,

Qr, (Ixzyl) < ). Qg, (xwy)) < CQg, (x1)Qr, ([y]). (5.8)

weXgn
lw|=N

(iii) There is a constant c such that, for any x € Xgq, and any k € N, there is z € Xq, with |z| =k
and
Qr, ([x2]) = e Qg ([x]).

Proof. (i) Since, forany 7 € N,

> Qr,([xzy]) <|{z € Xgn | |z| < T} max Qg ([xzy)),
zeXqy Z€Xfin

|z|<T
|z|sT

it suffices to show that the sum at the left-hand side is bounded below by the right-hand side
of (5.7). With xi = (W, k), Yk = Vi, Mi) and zx = (ug, i), we have

Qr, ([¥2Y1) =(Pu,w; *** Pwy02) Poun g Py Py, Pyyvy - Py, vy,
<($va77m e gvlrnl)("%ﬂlrpl e gﬂhpl)(zwm‘fn e "%wlvél)RO(wl)) ﬂ))
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and using the fact that } scz  Liye = Ly, we get

Z Qry ([(xzy]) =(Pu,w, ** “Po, 0,)Ponn Py Py p) Py, Pryvy - Py, yv,y,)
<($ernm o "’%Vl'nl)("%ﬂl o ."%ﬂl)("%ﬂ)mé’n o '$w1,fl)R0((1)1), ﬂ>

Setting
R(ulx) = (Pwnugw,,,f,,)(Pwn_lwngwn,l,fn,l) e (pwlll)szl,El)RO(wl)’
we can write

Z @Ro([xzy]) :P/,tlvl (pV1V2 "'Pv,,,,lvm)
Ly L) Ly Py Ly - Py, L )R (1 1x), 1),

and hence

Y Qr(x2Y)) = Py, (Pyyvy -+ Puy v, )X (Lo Lov) Loy W TIRE 1)) (), D),
Z15-.%1-1,P1 _ % * *
= (W R (), L5 Py L3 )+ Py, v, o 0 D,
= (L7TRC 1) (), X (1)),
with
X('u|y) = 2; (Pﬂ"l"%;lyfll) o (P"mfl"m z‘j‘m:ﬂm)ﬂ'

It follows that

Y Qg (xzy) = Y (L RC1x) (W), X (ly)) = L'R(-1x), X (- 1)) (5.9)
z] ©

Zyeeey

Since L is irreducible, there is 7 € N* such that K = ¥, L¥ is positivity improving. Hence,
invoking Lemma 5.3 (i), we can write

Y. Qr,(xzy]) = (KR(-|x), X(-|y)) = £, (R(-1%), )){Ry, X (- 1))

zeXg,
|zl=sT

with
(R(-1%), 1) = (L&) (PwpwnLwnr1,éni)* (Poyw, Ly, e,) Ro(w1), 1) = Qp, ([x]),

and
R, XCIY =Y Pyivy Py v {Lommm Loy Puvy LuRe (W), 1)
u
= PV1V2 v .PVm—lvm <$Vm)nm : ”"%Vlvﬂl LR)(v1), D) = QRJ[}’]);

concluding the proof.

(ii) Note that, the first inequality in (5.8) being obvious, it suffices to derive the second one. For
X,y € Xqp, starting with Relation (5.9) and invoking Lemma 5.3 (ii), we get

Y Qg (xwyl) = VTR %), X (1) = Or, (R 1), B{(R:, X(-1y)),

weXg,
|lw|=N

where R(-|x) and X(-|y) are as in the proof of Part (i) (with Ry = R;). The claimed inequality
follows from the last identities in the proof of Part (i).
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(iii) This is a simple variation on the first part of [CJPS19, Lemma 3.5], including its proof. Given
x € Xgp and k € N, one has

Qr,([(x) = Y Qr,([x2]) <1XI* max Qg ([x2)).
ZE fin

zeXg,

l2l=k I=i=k

Thus, there is z € X5, such that |z| = k and

Qr, ([xz]) = |X17*Qg, ([x]).

O
5.2.1 Proofof Theorem 4.2
(i) Observing that
ZWp =tz (10e”%)U,(poe "% Ur),
it is clear that the map a — ['*! is real analytic, and differentiation yields
Oa, (L'¥'R, X) g=g = (LvR, X), (5.10)
with
(LyR) (@) = Pyytrz, (IUy, Sg,1(RV) ® ps,)Uy).
In particular, invoking (4.1),
(LvR,T) = Bv(R, J1), (5.11)

and hence
QR [SNIw] = =00, Qr,[e" SN 4o = =04, (LN Ry, Dl gy

N-1
— Z <|]_[a](N—k—1) (_aawﬂ—[a])n—[a]kRO»ﬂ>la:0

k=0
N-1 N-1
==Y BoFRo, Ju) == Y BuElpr(@), Jo(@gs1))]-
k=0 k=0

The assertion thus follows from Theorems 3.2 and 3.3.

(ii) Invoking Lemma 5.5 (ii), it follows from [CJPS19, Lemma A.2] that the shift ¢ is totally er-
godic for Qg, .!% In particular, we have

1
lim —SynJg =Eg, [J],
NlirgoN NS =g, []

Qg,-a.s. From (i) and (4.3) we deduce Eg, [Jy] = —,BVEJr[(pr,]_V(w))] = —Bv(R+,],) and the
result follows from Lemma 5.4 (i) which implies Qg, < Qg, .

(iii) Applying [CJPS19, Theorem 2.7 (i)], yields that the limit

_ 1 —a-SyJ
e(a) = ]\111_120 Nlog[ER+ (e ]

exists, is finite, and defines a Lipschitz function on R®. To identify the limit, we observe that

Er,le” 3] = VR, D).

16Total ergodicity means that Qp, is ¢"-ergodic for any n e N*.
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Since L is irreducible, so is L[# for all @ € R by Lemma 5.2. Thus, denoting by () the spectral
radius of L%, there is 2, 3 Ry > 0 such that [l Rg = ¢(@)Rq, and consequently

IRY* RV 172 WV Ry, 1) < (W VR,, 1) < |RYZRM2 1PV R, D).

It follows that e(a) =log¢(a) for all « € RS,
Next, for Ry € 2,1, it follows from Lemma 5.4 (ii) that

Eg,le"*5N] < C Eg, [e”SVY] (5.12)

for some constant C; > 0. Moreover, by Lemma 5.5 (i), there is M € N and C, > 0 such that, for
all x € Xgp,

Y Qg([zx]) = CQg, ([x]),

z€Xqn,lzlI=sM

and hence, using the fact that Sp;4 v = Sy + SN o(pM , and with an obvious abuse of notation,

CoER, [ =G, Y e @ SWMQp (1x])
xexﬁn
|x|=N

= Y Y e @SWIWQp ((zx])

zeXg, x€Xg,
|z|IsM  |x|=N

< Z e—a'SM+N3(x)ea'SM3(x)@R ([x])
= 0

xeXg,
|x|=M+N

< eM\alll‘Tlloo [ERO [e*“'5M+N3]' (5.13)
Combining the upper and lower bounds (5.12)—(5.13) yields

—a'SNJ] —a'SN:I]

1 1
im —logkE = lim —logE =1 .
z\lfl—rgo ~ [08ER, (e Aim = logEg, (e ogl(a)
The convexity of R 3 a@ — log/(a) is a consequence of Holder’s inequality. Finally, for ay € R?,
Proposition 5.1 (ii) implies that ¢(ay) is a simple positive eigenvalue of /%!, Since L!*' is an
entire analytic function of a € C%, it follows from regular perturbation theory [Kat80, Chapter 2,

Theorem 1.8] that ¢ extends to an analytic function in a complex neighborhood of a.

(iv) Invoking regular perturbation theory for & in a sufficiently small complex neighborhood
Y < C of 0, we can write

p-1
L'NRy, 1y = 0@ Y. (*N(Ro, Xp () (Ry(), 1) + (LN Ry, 1),
k=0

where { is a primitive pth-root of unity, (Ri(a), Xj(a)) = 5kj, R, = Ry(a)+0(a), 1= Xp(a)+O(x)
and [I_[<“] has spectral radius 7 (@) such that r (@) <1-26 <1-06 < |¢(e)| for some small 6 > 0. It
follows that

1 PP 1
Nlog[ERO[e @-Snd) :logf(a)Jerog

1+ 0( )+o(ﬂ)N (5.14)
« 1-6 ’ '

for @ € % and N € N*. Thus, one has

1 - .
lim_—logE, [e"* SNI=ErSvID] = Jog 0 () — @ - (V) (0)

N—oo

and the result follows from [Bry93, Proposition 1].
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(v) By Lemma 5.5 (ii) there is a constant C such that, for x, y € X5, and n = |x|,

Qr, (XING™"(yD) = Y Qr, (xzyD) < CQg, (xDQx, ([yD.

zeXgy

|x|+|z|=n
A simple approximation argument, similar to the one in the proof of Lemma 5.4, gives that for
any Borel sets A,Bc X,

limsup Qg, (An¢~"(B)) < CQg, (A)Qg, (B). (5.15)
n—oo
This estimate and a simple variation of [Orn72, Theorem 2.1] imply that Qg, is ¢-mixing, from
what (4.18) immediately follows since Qg, << Qr,. For the Reader’s convenience, we briefly
sketch Ornstein’s argument.
First, let us show that ¢ is weak-mixing for Qr_, i.e., forany A,Be &,

1 n-1
lim = Y |Qr. (AN ¢~ (B) - Qr, (A1Qn. (B)] =0.
k=0

n—oopn

By a well known characterization of weak-mixing [Wal81, Theorem 1.26], this means that the
Koopman operator U : f — f o¢ which acts unitarily on the Hilbert space L2(X,dQg,) has
no point spectrum on the orthogonal complement of the constant functions. To prove this,
suppose that, on the contrary, U¢p = !¢ for some non-vanishing ¢ L 1. It follows that for any
n € N'we have U = e ¢ 1 1. As shown in the proof of Part (ii), Qr, is ¢"-ergodic. Thus,
by another well known spectral characterization [Wal81, Theorem 1.6], 1 is a simple eigenvalue
of U™ and hence 0 ¢ 27Q. As a consequence, ¢ : z — €'z is a uniquely ergodic map of the
unit circle T [Wal81, Theorem 6.2], such that ¢ o ¢ = ¢ o . Moreover, ergodicity and the fact
that Ulp| = |U¢| = || imply that |¢] is constant. We can therefore assume w.l.o.g. that [p| =1,
which makes = Qg, o @~! a probability measure on T. It further follows from

(fod,uy=(fodop,Qr,)=(fowod,Qr,)={fop,Qr,)={f, 1),

that p is ¢-invariant, and by unique ergodicity, that  is the normalized Haar measure of T. Set-
ting S, = {€'% | |a| < a}, Ay = ¢ 1(S,), and using the fact that 6 ¢ 27Q, one can find a sequence
k;, — oo such that ei®%» — 1 and hence u(SaA(f)_k" (S4)) — 0. It follows that

limsup p(S, N p~"(Sa)) = u(Sa) = Qr, (Ag),
n—oo
and since p(S,; NP "(S,)) = Qr, (AN~ "(A,)), the estimate (5.15) yields, for sufficiently small
a>0,

@R+ (Ag) = hInn sup @R+ (Agn (P_n(Aa)) = CQR+ (Aa)z = C,U(Sa)@R+ (Ag) = %@&r (Ag) < (I:\DR+ (Ag)
—00
which is absurd, and establishes weak-mixing.

Next, we prove the mixing property. We shall invoke [Wal81, Theorem 1.24], which char-
acterizes weak-mixing of ¢ w.r.t. Qg, by the ergodicity of ¢ x ¢ w.r.t. Qr, x Qp,. Defining the
¢ x ¢-invariant probability u,(A x B) = Qg, (¢~"*(A) N B) we have to show that Qg, x Qp, is
the unique weak-* limit point of the sequence (i) ;en. Let fi be such a limit point. The esti-
mate (5.15) yields i < Qg, x Qr, and hence i < Qr, x Qp,, and since the latter is ¢ x ¢-ergodic,
we can conclude that i = Qr, x Qg,.

(vi) Follows from (iii) and the Gartner—Ellis theorem [DZ10, Theorem 2.3.6].
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5.2.2 Proofof Theorem 4.3

In the stationary case Ry = R;, Lemma 5.5 allows us to invoke [CJPS19, Theorem 2.13] which
yields the existence of the limit (4.21) in Part (i), as well as Parts (ii). It remains to prove the
independence statement of Part (i), the large deviation bounds (4.22) in the non-stationary
cases, and Part (iii).

(i) Setting
1
QROyn(f) = E lOg[ERO [en</~‘nrf>]’

we note that for f, g € C(X),

|QRo,n(f) - QRo,n(g)| = ”f_g”oo

Given f € C(X), let (fin) men < C(X) be such that f;;, is Z,-measurable and lim,, f;,, = f (e.g.,
fm(x) = f(x2) for | x| = m and some fixed z € X). One has

xeXfn
|x|=n+m

and proceeding as in the proof of Theorem 4.2 (iii), one shows
’111_{130 QRo,n(fm) = nh—l:lolo QR+,n(fm)-
Finally, from

|Qro,n (f) = Qr,,n (/) = 1QRy,n(f) = Qro,n (fir)| + 1Qry,n (fim) = Qry ,n (fr) | +1QR, 0 (fm) — Qr,,n ()],

we derive

limsup |QR0,n(f) - QR+,n(f)| = 2||f_fm||oo,
n—oo
and taking m — oo shows that
Q) = lim Qg,n(/)
is independent of Ry and satisfies |Q(f) — Q@) = I f — &lloo-

(ii) The proof of [CJPS19, Theorem 2.13] relies on the stationarity of the path-space measure
through the first statement of [CJPS19, Lemma 3.5]. In the non-stationary cases, this statement
can be replaced by Lemma 5.5 (iii), and the construction of the map v, ; in [CJPS19, Proposi-
tion 3.1] modified as follows. Given integers ¢ = n = 1, set

t
N:Z{ J t' = Nn,
2(n+71)

where | -] denotes the floor function and 7 is the constant appearing in Lemma 5.5 (i). Invoking
the latter, to x = x; --- Xy € Xy With |x;| = n, we associate z; € Xgp, |z1] < 7, such that

Qg, ([x121%2]) = CQR, ([x1]1)QR, ([x2]).

In a similar way, there is z, € Xg,, with |z2| < 7, and

Qr, ([%121%222%3]) = CQR, ([%121%21)QR, ([x3]) = C*Qg, ([x1)Qr, ([x2)Qr, ([x3]).

Repeating this scheme yields z1,...z2n-1 € Xfp, |2;| < 7, such that

Qr, ([X121%222 - Zn-1%N]) = CV QR (1)) Qr, ((%2]) - Qr, (X N]).
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Finally, invoking Lemma 5.5 (iii), we can find zy € Xg;, such that |z1|+---+|zy| = £ — ' and

—C
Qr,([X¥121%225 - zny_1XNZN]) =€ lle@Ro([x121xzzz"'ZN—NCN])

> e—C|ZN|CN‘1@RO([x1])QR+ ([x2D) -+ Qg, ([xN]).

By Lemma 5.4 (i), one easily concludes that [CJPS19, Proposition 3.1] holds with P = Qg, and
the map v, defined as

Ynt(X) =X121X222 - XNZN.
The remaining arguments leading to the large deviation estimates are the same as in [CJPS19].

(iii) The upper decoupling property, Lemma 5.5 (ii), allows us to invoke [CJPS19, Proposition 6.3]
which yields the required statements.

5.3 Proof of Theorem 4.4

We will use the notations introduced in (5.1), as well as the following ones
OR)(w) = OR(W), (LY9R)(w) = L Rw). (5.16)
It follows from Definition (4.14) and Relation (5.17) that, for any a € R,

Zle="Y e %L, 0= > e(l_“)‘s‘(@g;f

feXxx feXxX
= Y e -eg: —egl-a
w, w :
feXxx

This implies Lleg = . 1-* while, obviously, [0,22] = 0. Factorizing Llal = g plal e
derive from Definition (4.15)

Lo =022 "0 =020L! " = p L4,

for all a € R, Writing Assumption (DB) as &2 = ne*mn! and using the fact that [[1, £ lal] = o
we further get

eLl%e =ne ! L% - el-4g)yn!,

Since sp(& I-algp)\ {0} = sp(P& (I-aly\ {0}, we conclude that L[®! and 1.'1=®! have identical
spectral radii, i.e., the symmetry (4.24) holds. Theorem 4.4 now follows from Theorem 4.2 (iv)-
(v), in particular (4.20) yields

I(-s)=sup (-s-a—e(-a)),
acR?

and the symmetry (4.24) gives,

I(-s)=sup (-s-a—e(l+a))=sup (s-(1+a’)—e(-a'))=1I(s)+s-1,
acR® a’eRe

withl+a=—-a'.
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5.4 Proof of Theorem 4.6

(i) For all w € Q, Assumption (TRI) implies [0, Sg,]1 = 0, and hence [0, II5(w)] =0 for any s€ X.

By definition (4.13), for p € o/,, X € o/, and & = (5, 5') € £,

(Lwi0p, X) = e tr (X @ Ty () Uy (0 ®0,) (p" ® () (0 ®0,)U,)
=e " tr((X ey (W) (0 ®0,)U,(p" ® () Uy ®06,,))

=e *tr((p* ® [5(w)) Uy (0 ® 0,) (X ® 15 ()) (0 ®0,) U
= ¥ (p, 2, 0X0) =" (L" p,0X) = (0L ,p, X),

so that
) *
Lui®=e"0L" .

Assumption (DB) and Relation (5.17) further yield, for any x € Xg,, with |x| = n,

Qr, (%) = P, 1 Posn(LL,, ¢ L, ¢ Ri@n))

_ ]r'*'wnfl n+w1 * . *
= Tro, Py, 0, Tra, Py, <$wm$n e(fwl,é'lﬂ' Ry (wp))
T _ _
= %Pwlwz Py, 0, (€ 0L, ¢ 07 10.L, O R (wn))
+w,
s b4
=€ Zkzl 6€kﬂpw1w2 o 'Pw,,_lwn <®R+ (wn), gwn,fn o 'xu)l,{l Tl)
Ty,
Setting
maxy 74 maxsp Ry
¢ =log|—; - )
ming 7, minsp Ry
we thus get

e—C+ZZ=155k < qE)RJr ([x]) < ec+22=155k’
Qr, ([xD)
41 0¢ 1, taking the logarithm yields the claims.

~

and sinceo, =S,1-J

(ii) The relative Rényi a-entropy of @ R, 2, W.r.t. Qg, |2, is given by

" dQg, 12, " o
Enty[Qr, |2, |Qr, 2,] = 10gER, —RAZ | 2 logEg, [e™%7"]
dQr, |2,

)

and the claim follows directly from Theorem 4.2 (iii) and the estimate (4.25).
(iii) By (4.6) and Theorem 4.2 (i), one has, taking (4.25) into account,
| . ~
ep= lim —Eg, [0,] = lim —Eg, [6,].
n—oon n—oon

Since
Ent(Qg, 2, |Qr, 12;,) = Egr, [G4],

it immediately follows from @ g, =Qpg, thatep=0.
Assuming now that ep = 0, we observe that

1
E[ER* [op] =Eg, [01]1 —0

implies Ep, [0,] =0 for all n and hence by (4.25) and (5.18),

Ent(@mwn x Qr, |Qr, 12, X Qr,) = Ent(@mwnl@mmfn) =Ent(Qg, |2, |@R+|%n) =c.

(5.17)

(5.18)
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The lower semicontinuity of relative entropy thus yields
Ent(Qr.|Qr.) < iminf Ent@g, |2, X Qr, 1Qr, 12, X Qr,) < ¢

which implies that @m <« Qg,, and since Qg, is ergodic and @R+ € #4(X), we can conclude
that @R+ = @R+'

(iv) Denote by Cgqp, (X) the subspace of C(X) consisting of the functions that are &,,-measurable
for some m e N. If f is &,-measurable, then (f, u,) = S, f is Xn+n-measurable, and using
again (4.25),

1
Q(f) = r}l_{goﬁlog@n(ﬁun)’@m)

1 ~ ~
lim — log(eZmm ™) Gp )
n—oo 1

1 ~
lim — log(e? ™/ k) Gp )
n—oo 1

1 n ~
lim — log(e?°¢" +n¢/+oukn) Gp )

n—oo p

1 R R
= lim —log(e™/ 7 i) Q) = Q(f —0o1)
n

n—oo
where we have set f (x) = f(&) for x € X™, and used the facts that
(Snf)F) = (Sn P (x)
for x € X*" and ¢, = —0. From the density of Cg, (¥X) in C(X) and (4.23) we deduce

@@= sup ((f,@-QN)= sup ((f,@-Q(f-0a1)

fECﬁn(x) fECﬁn(x)
= sup ((f-01,@-QN)= sup ([, Q-QN)—(o1,Q) =1Q)—(01,Q).
[eCain(X) feCan(X)

5.5 Proof of Theorem 4.7

(i) One has
ﬂ_cR = Z \/wys’s’,V,ZR \/Z),s,s’.%f
w,veQ

s5,5'eZy

where, in terms of the Kraus family (5.6),

V.o g = sl 2B=(p=LFro=Frpy

Thus, arguing as in the proof of Theorem 4.2, we conclude that L; is irreducible/primitive iff L
is.
(ii) Besides (5.1) and (5.16), for y € R define
(R () = p"'P R(w)

where p; = (p+w)weq is the family of states associated to the equilibrium (§ = 0) ESS R, via (2.11).
Setting K[C“] = 3([“],_0}”, we compute

@RI R TR = Y. pll L% Pyp ] RW)

veQ

= Y. Puttg, (010 8 05 ) Uu(py ) PRO 9 0} £)U; ).
veQ
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Invoking Proposition 4.1, we get

Un(p7) PRV ® p 29U} = Uu(p v ® ps,0) TP (R ® o 2 T Poyur,

1-a,

= (0+0® 5,0 P UL (R ® o TPy,
so that, with ﬁ_l = ((5 — ) Hwea, we derive

@KEIRTRW = T Protr, (10 pg7 " POURM © 0 ¢ 7Py U;)
veQ

a1
=& TR
Since sp(l[cal) \ {0} = sp([K[(“]) \ {0}, we conclude that the spectral radius of [I_[C“] satisfies

lela—-yp =0 (a), (5.19)

for all @ € R, y e R and { € R,
As a consequence of the translation symmetry (5.19), we get

Bl (Ve (0)=0.
By first order perturbation theory and Relations (5.10)-(5.11), one has
(Oa, £0)(0) = 0a,, (LM Rig, Dla=0 = (B~ L) (Rig, Jug), (5.20)

which allows us to conclude

Y Ju@) =Y (Rig,Jvg) =P~ (VL)(0) =0.
veQ veQ

(iii) Follows immediately from (ii) and Theorem 4.2 (ii).

(iv) It follows from (5.19) that the covariance C; of the limiting Gaussian measure, as given by
Theorem 4.2 (iii), satisfies ' € Ker Cz, so that Ran C; < 3;.

(v) The claim follows from Theorem 4.2 (iii) and (5.19).

(vi) By Theorem 4.2 (v) and the symmetry (5.19) one has

Ir(s) = sup (a-s—e;(—a))

acR™

=sup (@-s—e;(~a+yp™))
aeR?

= sup ((a+yﬁ_1) s—ec(—@) = I (¢) +yB s
acR®

for any y € R and hence 7! - s has to vanish whenever I (s) is finite.
(vii) By (5.20), one has i
Jor = (B=w) ™" Ba, £2)(0),

and hence
Lyyv = B_la(vaawéc(a) |a:(:0 + 6wvﬁ-_26aw Lp((a”a:(:o

=B710;,00,0c(@) | a=g=0+OuwvB " Juo
=B10;,04,00(@)|a=¢=0,
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where we have invoked (4.11). Since /¢ (a) = e% (@ the two symmetries (4.24) and (4.26) gives

O, l0)(@) = —(0q, )1 —a+yp ™),

and hence
(0¢, 00, £)(@) = ~(0¢, 0, )1 ~ & + 7P ") = O, O, L)1~ @ +yp) =L —.
(ﬁ - Cv)
Setting @ =0, { =0 and y = — B yields
1
a(vaaw [((a) |a:(:0 =— (aavaaw ZO) (0)
2p
from which we conclude .
Lyyv= ﬁ(aavaawgo) (0). (5.21)

Since, by Proposition 4.1, (04, ¢0)(0) = Jvo = 0, the last indentity is equivalent to (4.27).

(viii) The Onsager reciprocity relations are a consequence of Relation (5.21) and Clairaut’s the-
orem on equality of mixed partial derivatives. In view of (4.11), the Fluctuation-Dissipation
Relations follow from combining the formulas after (4.17) with (5.20) and (5.21).

The remaining part of the proof will only involve equilibrium ({ = 0) quantities, and to
simplify notations we will omit the subscript 0.

(ix) By the proof of Theorem 4.2 (iv), and more precisely the estimate (5.14), there is a complex
neighborhood % 5 0 such that the analytic function % 3 a@ — ey(a) = N~ 'logEg, [e~ @SN Y]
satisfies

sup |en(@)| <oo
ae% ,NeN*

and limy_en(a) = e(a) for @ € % N R, It follows from Vitali’s convergence theorem (see,
e.g., [JOPP12, Theorem B.1]), that

(0q,0q,€)(0) = Al]im (0q,0q,en)(0).

An elementary calculation, taking into account that (J,, Qr,) =0, gives

1
(0q,0q,en)(0) = N[ER* [(SnJw —Er, [SNJw]) (SNIv —ERr, [SNIV])

1 N-1 _ 1 -1
= N Z Er, Bw o()bnsvo(pm] = N Er, Do o()bn_m\,]v]
n,m=0 n,m=0
1 2N-D) i f
= Z Z [ER+[3w°(7b Ivl,
N =0 =

and the claim follows from Frobenius summation formula [PS98, Item 87].
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