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CALOGERO-MOSER SPACES VS UNIPOTENT REPRESENTATIONS

by

CEDRIC BONNAFE

To George Lusztig, with admiration

Abstract. — Lusztig's classification of unipotent representations of finite reductive groups
depends only on the associated Weyl group W (and the automorphism that the Frobenius
automorphism induces on W). All the structural questions (families, Harish-Chandra series,
partition into blocks...) have an answer in a combinatorics that can be entirely built directly
from W.

Over the years, we have noticed that the same combinatorics seems to be encoded in the
Poisson geometry of a Calogero-Moser space associated with W (families should correspond
to C*-fixed points, Harish-Chandra series should correspond to symplectic leaves, blocks
should correspond to symplectic leaves in the fixed point subvariety under the action of a
root of unity).

The aim of this survey is to gather all these observations, state precise conjectures and
provide general facts and examples supporting these conjectures.

For this introduction, let us focus on the case where G is a split reductive group over
a finite field with ¢ elements F, and let G = G(I;) be the finite group consisting of [F,-
rational points. Let W denote the Weyl group of G and let Z denote the Calogero-Moser
space associated with W at equal parameters (recall that it is an affine Poisson variety en-
dowed with a C*-action [EtGi, §4]). Let Unip(G) denote the set of irreducible unipotent
characters of G (as defined by Lusztig). A consequence of a conjecture of Gordon-Martino
(2007, [GoMa)) is that the fixed point set & should be in bijection with the set of Lusztig
families of Unip(G). This first link was the starting point of our interest in the geometry
of Calogero-Moser spaces.

In 2008, Gordon, following works of Haiman, obtained in type A a parametrization
of the irreducible components of the fixed point subvariety Z#¢ by d-cores of partitions.
This fits perfectly with the partition of irreducible unipotent representations of GL,,(F,)
into d-Harish-Chandra series (defined by Broué-Malle-Michel [BMM1]). In 2011, Bel-
lamy and Losev (independently) obtained a parametrization a la Harish-Chandra of sym-
plectic leaves of £. In 2013, Rouquier and the author [BoRo1] constructed partitions of
W into left, right and two-sided Calogero-Moser cells and conjectured they coincide with
Kazhdan-Lusztig cells.

The author is partly supported by the ANR: Projects No ANR-16-CE40-0010-01 (GeRepMod) and ANR-18-
CE40-0024-02 (CATORE)..
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From then, the author has worked (with many different authors) on representations
of Cherednik algebras at t = 0 and the geometry of Calogero-Moser spaces (see [BoRol1,
BoRo2, Bon3, BoMa, BoSh]), for, as main motivation, understanding these strange analo-
gies between the geometry of Calogero-Moser spaces and the representation theory of
finite reductive groups. Over the years, the author has enriched these coincidences with
several examples but has never exposed them in a paper. This is the aim of this survey to
present them, state precise conjectures, and provide a list of examples that support these
conjectures. A main reason for waiting for such a long time is that we needed to establish
some theoretical background on Calogero-Moser space to state precise conjectures: this
is done in [Bon4], where we generalize some results of Bellamy [Bel3] and Losev [Los]
on symplectic leaves. We also needed some general results (cohomology, fixed points,
regular automorphisms) in accordance with these conjectures [BoSh, BoMa, Bon5].

Let us explain one of the strangest (and most convincing) coincidences. Let ¢ be a
prime number not dividing ¢ and assume for simplicity that ¢ does not divide |W|. We
denote by d the order of ¢ modulo ¢. Then each ¢-block B of Unip(G) should correspond
to a symplectic leaf Sp of the fixed point subvariety £#¢ of  in such a way that:

e On one hand, the d-Harish-Chandra theory of Broué-Malle-Michel [BMM1] associates
to B a complex reflection group Wp whose irreducible characters are in bijection
with B. Moreover, Broué-Malle-Michel also associate to B a Deligne-Lusztig variety
Xp and a parameter kg and conjecture that the endomorphism algebra of the ¢-
adic cohomology of X p is isomorphic to a Hecke algebra of g with parameter kp.
This association is motivated by Broué’s abelian defect conjecture, and its geometric
version for finite reductive groups [Bro2, §6] (see also [BMM1, BrMa2]).

e On the other hand, an analogue of a d-Harish-Chandra theory for symplectic leaves of
Z#d developed by the author [Bon4] (extending earlier works of Bellamy [Bel3] and
Losev [Los] which deal with the case where d = 1) associates to Sg a finite linear
group W}, and a parameter k;. We conjecture [Bon4, Conj. B] that the normalization
S} of the closure of the symplectic leaf Sp is the Calogero-Moser space for the pair
(W k).

e The main intriguing observation is that, in the cases where computations can be
done, Wp is a subgroup of W}, (in fact, in most cases, Wp = W};) and the parameter
kp is the restriction of the parameter k3. Our main conjecture is that this holds in
general.

So, important features of the /-modular representation theory of G seem to be encoded
in the (Poisson) geometry of the affine variety Z#¢ (where d and ¢ are linked by the fact
that ¢ is a primitive d-th root of unity modulo ¢). Moreover, this correspondence seems
to carry more properties, as explained in Section 12. To support our conjectures, we have
the following examples available:

e We are able to prove most of them if I is of type A (see Section 15).

e They hold if W is of type B> or G2 and d is the Coxeter number (see Section 13).

e They hold if W is of classical type and d = 1 (classical Harish-Chandra theory); see
Section 16.

o In the regular case (see §7.C for the definition), we have a general result on Calogero-
Moser spaces (see Theorem 7.4) which fits with observations made on the unipotent
representations side (see Example 12.9).

e Our conjectures are compatible with Ennola duality.
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The text is organized as follows. An introductory part presents the set-up and the nota-
tion involved all along the text. We summarize in the first part some general questions on
the geometry of Calogero-Moser spaces (cohomology, geometry of symplectic leaves...),
already contained in [BoRo2, BoSh, Bon4, Bon5]. The second part is a crash-course on
unipotent representations of finite reductive groups (we hope it is understandable for
non-specialists). The third part contains an explanation of the notion of genericity and
also a detailed exposition of the different coincidences (stated as conjectures) we expect
between the Poisson geometry of £ and the representation theory of G: this is the heart
of this survey. The fourth part contains several very explicit examples confirming the
conjectures. The last (short) part is an invitation to the Spetses theory of Broué-Malle-
Michel [BMM2, BMM3], which have connections with the theme of this paper.
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Commentary. Recently, Riche-Williamson [RiWi] provided a geometric proof of the link-
age principle [Ver, Hum, Jan, And]: in their construction, blocks of the category of rational
representations of G([F,) are in bijection with the irreducible components of 6»*», where
p is the prime number dividing ¢ and € is the (complex) affine Grassmannian of the
(complex) Langlands dual group to G. So our observation has the same flavor as Riche-
Williamson result: the blocks of some category of representations are controlled by the
geometry of fixed points under the action of a group of roots of unity on some variety. Of
course, the main difference is that Riche-Williamson proved a true theorem, built on the
geometric Satake equivalence [Lus5, Gin, BeDr, MiVi] between representations of G(F,)
and some category of perverse sheaves on 6». Our observations are conjectural, and
are only concerned with numerical/combinatorial coincidences. We lack of a geometric

Calogero-Moser equivalence™)...

Acknowledgements. I wish to thank warmly the Spetses team (Michel Broué, Olivier
Dudas, Gunter Malle, Jean Michel and Raphaél Rouquier), from which I learnt most of
what I know on representation theory of finite reductive groups, and for the hours and
hours of passionate discussions we had together.

SET-UP

1. General notation

Throughout this paper, we will abbreviate ®¢ as ®.

If & is a quasi-projective scheme of finite type over an algebraically closed field, we de-
note by X,eq its reduced subscheme. By an algebraic variety, we mean a quasi-projective
reduced scheme of finite type over an algebraically closed field. If I is an algebraic vari-
ety, we denote by X" its normalization. If X is affine we denote by C[X] its coordinate
ring.

If L is a complex algebraic variety, we denote by H/(X) its j-th singular cohomology
group with coefficients in C. If X carries a regular action of a torus T, we denote by
HZ.(X) its j-th T-equivariant cohomology group (still with coefficients in C). Note that
H**(X) = @, . o HY(X) is a graded C-algebra and Hy*(X) = @B, - ¢ HZ () is a graded
H?? (pt)-algebra, where pt = Spec(C). We identify H2®, (pt) with C[A] in the usual way
(note that H?FJH(pt) = 0 for all j). If Y is another complex variety endowed with a
regular T-action and if ¢ : %Y — X is a T-equivariant morphism of varieties, we denote
by ¢* : HL.(X) — HY(Y) the induced morphism in equivariant cohomology.

(*)Recent works of Dudas-Rouquier relate the category of coherent sheaves on the Hilbert scheme of points
in the plane (which is diffeomorphic to the Calogero-Moser space associated with the symmetric group) and
representations of finite general linear or unitary groups. This work is still unpublished, but the interested
reader might look at numerous videos of some of their talks:
https://www.birs.ca/events/2017/5-day-workshops/17w5003/videos/watch/201710181031-Rouquier.html
https://www.msri.org/workshops/820/schedules/23934

https://www.youtube.com/watch?v=CMBVSJC6EXO
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2. Finite linear group, reflections

Notation. We fix in this paper a finite dimensional C-vector space V and
a finite subgroup W of GL¢(V').

2.A. Reflections, hyperplanes. — Wesete : W — C*, w +— det(w) and
Ref(W) ={s € W | dimc V® =n — 1}.
Note that, for the moment, we do not assume that W = (Ref(1V)). We identify C[V]
(resp. C[V'*]) with the symmetric algebra S(V*) (resp. S(V')).
We denote by o the set of reflecting hyperplanes of W, namely
d={V®|seRef(W)}.

If H € ¢, we denote by Wy its inertia group, i.e. the group consisting of elements
w € W such that w(v) = v for all v € H. We denote by ay an element of V* such that
H = Ker(ay) and by «}; an element of V such that V = H @ Caj}; and the line Cay; is
Wi-stable. We set ey = |Wx|. Note that Wy is cyclic of order ey and that Irr(Wy) =
{Res%}{ e/ |0 < j<e—1}. We denote by e1,; the (central) primitive idempotent of CWy
associated with the character Resyy, E*j namely

— Z ]U}ECWH.

wEWH

If 2 is a W-orbit of reflecting hyperplanes, we write eq for the common value of all the ey,
where H € ). We denote by X the set of pairs (2, j) where 2 € /W and 0 < j <eq — 1.
The vector space of families of complex numbers indexed by ® will be denoted by C¥,
elements of C* will be called parameters. If k = (kq,;)(0,jex € C¥, we define kg ; for all
H € Qandj € Zby ky j = kq j, where () is the W-orbit of H and jj is the unique element
of {0,1,...,eg — 1} such that j = jp mod ey.

2.B. Filtration. — Let cod : W — Z3 be defined by
cod(w) = codimc (V")
(note that Ref(W) = cod~!(1)) and we define a filtration %, (CWW) of the group algebra of

W as follows: let
FHCW)= P Cw

cod(w) < j
Then
CIdy = Fo(CW) C F4(CW) C -+ C Fn(CW) = CW = Fppyq (CW) =
is a filtration of CW. For any subalgebra A of CW, we set %;(A) = AN%;(CW), so that
Cldy = CFy(A) C F1(A) C - C Fn(A) = A= Fpy1(A) =

is also a filtration of A. Write

Reesg(A) = @ WF;j(A) C Clhl® A (the Rees algebra),

j=0
grg (A @ Fi(A)/Fj-1(A).
7>0

Recall that gr$, (A) ~ Rees§(A)/h Reesg (A).
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3. Rational Cherednik algebra att = 0

Notation. Throughout this paper, we fix a parameter k € CX.

3.A. Definition. — We define the rational Cherednik algebra H, to be the quotient of the
algebra T(V @ V*) x W (the semi-direct product of the tensor algebra T(V & V*) with the
group W) by the relations

[z,2'] = [y,9'] = 0,

eg—1

3.1 ,ar) - {af,x
G1) 2] => > enlkm;— kH,j+1)<y Hv> 9 >€H,j’
Hed j=0 (s o)

forall z, 2’ € V*, y,y € V. Here (, ) : V x V* — C is the standard pairing. The
first commutation relations imply that we have morphisms of algebras C[V] — Hj, and
C[V*] — Hj. Recall [EtGi, Theo. 1.3] that we have an isomorphism of C-vector spaces

(3.2) ClV]® CW & C[V*] = Hy,
induced by multiplication (this is the so-called PBW-decomposition).

Remark 3.3. — Let (In)ocq/w be a family of complex numbers and let &’ € C® be defined
by k@ = kq,j +lo. Then H;, = Hy. This means that there is no restriction to generality if
we consider for instance only parameters k such that kg o = 0 for all €2, or only parameters
ksuchthat koo + ka1 + - + kqe,—1 = 0 for all Q (as in [BoRo2]). B

3.B. Calogero-Moser space. — We denote by Z;, the center of the algebra Hy: it is well-
known [EtGi, Theo 3.3 and Lem. 3.5] that Z, is an integral domain, which is integrally
closed. Moreover, it contains C[V]" and C[V*]" as subalgebras [Gorl, Prop. 3.6] (so it
contains P = C[V]"V @ C[V*]"), and it is a free P-module of rank |IW|. We denote by
Z). the affine algebraic variety whose ring of regular functions C[Z] is Zj: this is the
Calogero-Moser space associated with the datum (V, W, k). It is irreducible and integrally
closed.

Weset P = V/W x V* /W, so that C[2] = P and the inclusion P — Z; induces a finite
and flat morphism of varieties

Tk : Zk — P.
Using the PBW-decomposition, we define a C-linear map Q* : H;, — CW by

QM (fwg) = £(0)g(0)w

forall f € C[V], g € C[V*] and w € CW. This map is W-equivariant with respect to the
action on both sides by conjugation, so it induces a well-defined C-linear map

QF .z, — z(Cw).
Recall from [BoRo2, Cor. 4.2.11] that Q¥ is a morphism of algebras, and that
(3.4) %}, is smooth if and only if Q is surjective.

The “only if” part is essentially due to Gordon [Gorl, Cor. 5.8] (but the reader must see
take [BoRo2, Prop. 9.6.6 and (16.1.2)] into account for translating Gordon’s result in terms
of Qk) while the “if” part follows from the work of Bellamy, Schedler and Thiel [BeScTh,
Cor. 1.4].
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3.C. Other parameters. — Let € denote the space of maps Ref(W) — C which are
constant on conjugacy classes of reflections. The element

Z Z (krj — kHj+1)eHeH,

(Q,5)eR HEQ

of Z(CW) is supported only by reflections, so there exists a unique map c¢;, € 6 such that
Z Z kuj —kuj+1)encn; = Z (e(s) — 1)cg(s)s.
(Q,7)eX HEQ sERef(W)

Then the map CY - G, k — ¢, is linear and surjective. With this notation, we have
65) nrl= Y (o)~ Danls) LG

s€Ref(W)

forally € V and x € V*. Here, oy = ays and o) = ay..

3.D. Extra-structures on the Calogero-Moser space. — The Calogero-Moser space Zj, is
endowed with a C*-action, a Poisson bracket and an Euler element which are described
below.

3.D.1. Grading, C*-action. — The algebra T(V & V*) x W can be Z-graded in such a way
that the generators have the following degrees

deg(y) = -1 ifyeV,

deg(z) =1 ifxeV*

deg(w) =0 ifweW.
This descends to a Z-grading on Hy, because the defining relations (3.1) are homogeneous.
Since the center of a graded algebra is always graded, the subalgebra Zj, is also Z-graded.

So the Calogero-Moser space Z;, inherits a regular C*-action. Note also that by definition
P = C[V]" @ C[V*]V is clearly a graded subalgebra of Zj.

3.D.2. Poisson structure. — Lett € C. One can define a deformation H; ;, of Hj, as fol-
lows: H, . is the quotient of the algebra T(V @ V*) x W by the relations

[z, 2] = [y,y'] =0,

(3.6) e (y, ) - (g, @)
[yu ] - t<y7 + Z Z €H kH] kH,]-i-l) €Hj;
Hesd j=0 <aH7aH>

forallz, 2’ € V*,y,y € V. Itis well-known [EtGi, Theo 1.3] that the PBW decomposition
(as in (3.2)) still holds so that the family (Hy x)cc is a flat deformation of H;, = Hy . This
allows to define a Poisson bracket { , } on Zj as follows: if 21, 2o € Zj, we denote by 2!,
2% the corresponding element of H; ;. through the PBW decomposition and we define

Zt Zt
-

Finally, note that

(3.7 The Poisson bracket is C*-equivariant.
q
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3.D.3. Euler element. — Let (y1,...,ym) be a basis of V and let (z1,...,x,,) denote its
dual basis. As in [BoRo02, §3.3], we set

eg—1
eu = Zx]y] t Z s)c(s)s = ijy] + D D enkngen;
s€Ref(W Hed j=0

Recall that eu does not depend on the choice of the basis of V. Also

(3.8) eu € Zy, Frac(Zy) = Frac(P)[eu]
and
3.9) {eu,z} =dz

if z € Zy, is homogeneous of degree d (see for instance [BoRo2, Prop. 3.3.3]).

Notation. If ? is one of the above objects defined in this section (Hy, ZEy,
N, o, #y.... ), we will sometimes denote it by ?7(W') or 7(V, W) if we need
to emphasize the context.

4. Reflection groups

Recall that, for the moment, we did not assume that W = (Ref(W)) (this will be as-
sumed only after this section). Let Wys = (Ref(W)) be the maximal subgroup of W gen-
erated by reflections. Then the set o depends only on W, and the finite group W /W ¢
acts on R(Wyer) and X = N(Wier)/(W/Wiet). In other words, giving an element k£ € X
is equivalent to giving an element k£ € R(W,er) which is W/W,e-invariant. In this case,
the relations (%) only depend on W. If we denote by Hy, (W,s) the Cherednik algebra
defined with W instead of W, then Hj, (W) is naturally a subalgebra of Hj, and, as a
CW-module, H, = CW ®cw,,, Hi(W;er). Note also that the finite group W /Wt acts on
Z(Wiet) and on Fy (Wit ), and that

(4.1) Zy, = Z(Weer)"/"t and  Fp = Fp(Wret)/ (W) Whet).
We deduce from this the following facts:

Proposition 4.2. — Let q : £,(Wyet) — Ey, denote the quotient map. Then:

(a) Wehave E" = q(F(Wret)©) and ¢~ (Fp(Whet)©™) = EL .
(b) The morphism q induces isomorphisms

G HY(Fp) =5 H(Fp (Wep)) W/ Wret

nd G HE (Fh) 5 HE (Fp(Wier)) "o

Proof. — (a) follows since ¢ is a finite morphism and since an action of C* on a finite set
is necessarily trivial. (b) is a classical property of cohomology [Bre, Theo. I11.2.4]. O
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Continuing this reduction, we denote by W (k) the subgroup of Wt generated by the
reflections s € Ref(W) such that ¢x(s) # 0. It is a normal subgroup of W and Ws. Also,
the formula (3.5) shows that, as a CW-module, H, = CW ®cw, ., Hy» (Wie). Here, kb e

CRW(K)) is such that CZE(’“) € B(W (k)) is the restriction of ¢ to Ref(W (k)). Therefore, as
above, we have

(4.3) Zi, = Zp, (WE)YWE and  Fp = F (W(E)/(W/W(E)).
We deduce from this the following facts:

Proposition 4.4. — Let ¢’ : F,,(W (k)) — Fy denote the quotient map. Then:
(a) Wehave L™ = ¢ (Fp (W (E)T) and () (Fp (W (k)C") = EL”.
(b) The morphism ¢° induces isomorphisms

¢ H(Fy) 5 HY(Fp (W (k)W WE)

and 0+ o () — Heo (Fr(W (k)W H),
Even though the case where k = 0 serves as a base of our conjectures/questions, the
really interesting case is when W (k) = W: equations (4.3) and Proposition 4.4 help us

to recover properties of £; (W) from those of F; (W (k)). For instance, Etingof-Ginzburg
proved that, if £, is smooth, then W = W (k) (see [EtGi, Prop. 3.10]).

5. Braid group, Hecke algebra

Hypothesis and notation. From now on, and until the end of this paper,
we assume that
W = (Ref(W))
and we fix k € CX. We set
Vg =V\ |J H
Hed

and we recall that Vi is the set of elements of V' whose stabilizer in W' is
trivial (this is Steinberg’s Theorem: see for instance [Brol, Theo. 4.7]).
We fix vy € Vieg and we denote by vy its image in Vieg /W. We set

IB%:m(Vreg/W,T;O) and P:ﬂ'l(vreg,vo).

Then the group B (resp. P) is called the braid group (resp. the pure
braid group) of W.

5.A. Generators of B and P. — If H € d, we denote by sy the generator of Wx of
determinant ¢.,, = exp(2im /ey ) and by sy a braid reflection around H (as defined in [Brol,
Def. 4.13]: they are called generator of the monodromy around H in [BrMaRo]). Through
the exact sequence

(5.1) 1—P—B—W-—1
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induced by the unramified covering Vieg — Vieg/W, the image of sy is s and so sy € P.
Moreover,

(5.2) B = ((sg)Hea) and P = ((sy)meq)-

5.B. Hecke algebra. — Let F' denote the number field generated by the traces of the
elements of W (it is generally called the character field of W). It is known [Ben, Bes]
that the algebra F'WV is split. We denote by O the ring of algebraic integers in F' and let
R = 6[q"] be the group algebra of (C, +) over 6, denoted with an exponential notation:
namely, we have q“q” = q*** forall a, ' € C. We set q = q'. The Hecke algebra with
parameter k, denoted by #,(1V), is the quotient of the group algebra RB of B over R by
the ideal generated by the elements

eg—1

N
T (s — ¢ a™ ),
=0

where H runs over d.
We denote by Ty the image of sy in %, (1V). We have
EH_l . .
(5.3) I (Tu -, d" ) =o.
j=0
If ¢ is a non-zero complex number, let % (W, q) denote a specialization of %, (W) at gq.
Namely, we choose a complex logarithm v of ¢ and we denote by ev, : R — C the
morphism of C-algebras such that q* — ¢* = exp(av) for all a € C. Then %, (W, q) is
the C-algebra obtained by specialisation through ev,. This is clearly an abuse of notation,
as the specialization might depend on the choice of the logarithm v of ¢ (for instance
whenever the parameter £ has some non-integer values). But it turns out that, in this
survey, this notation will occur only whenever the specialization does not depend on this
choice.
Recall that %, (V) is a free R-module of rank |IV| (see [Ari], [ArKo], [BrMaRo], [Chal],
[Cha2], [Cha3], [Mar1], [Mar2], [Mar3], [MaPf] and [Tsu]) such that its specialization
#:(W, 1) is just the group algebra CIW of W over C.

5.C. Hecke families. — Whenever kq ; € Z for all (©2,j) € R, Broué and Kim [BrKi]
defined a partition of Irr(W) into families, which they call Rouquier k-families. In [BoRo2,
§6.5], Rouquier and the author extended (easily) the definition of these families to ger-
eral parameters k, and decided to call them Hecke k-families. We will stick to this last
terminology in this paper. Let us explain this definition.

Let K denote the fraction field of R. The K-algebra K%, (W) is split semisimple [Mal3,
Theo. 5.2] so, by Tits deformation Theorem [GePf, Theo. 7.4.6], it is isomorphic to the
group algebra KW. Therefore, its irreducible characters are in bijection with Irr(W). If
x € Irr(W), we denote by x; the corresponding irreducible character of K%} (WW). Now,
let Ry denote the localization of R defined by

Reye = R[((1— qa>_1)a6(c\{0}]'

We say the x and x’ are in the same Hecke k-family if there is a primitive central idempotent
b of Reyc#i(W) such that x5 (b) = x},(b) # 0.
We denote by Fam!!®(17) the set of Hecke k-families.
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5.D. Calogero-Moser families. — Calogero-Moser families were defined by Gordon us-
ing baby Verma modules [Gorl, §4.2 and §5.4]. We explain here an equivalent definition
given in [BoRo2, §7.2]. If x € Irr(WW), we denote by w, : Z(CW) — C its central charac-
ter (i.e., wy(z) = x(2)/x(1) is the scalar by which z acts on an irreducible representation
affording the character x). We denote by e, (or ei?/ if necessary) the primitive central
idempotent such that w, (e, ) = 1. We say that two irreducible characters y and x’ of W
belong to the same Calogero-Moser k-family if w,, o QF = w,, 0 QF. If § is a subset of Irr (W),
we set

ez = Zex € Z(Cw).
XET

Finally, we denote by Fam{™ () the set of Calogero-Moser k-families. Then [BoRo2,
(16.1.2)]

(5.4) mQ*)= @ Ce
SGFamSM (W)

and Tm(Q*) can be identified with the algebra of functions on ¢ .
In other words, this defines a surjective map

s Ir(W) — E5°

whose fibers are the Calogero-Moser k-families. If p € FC* , we denote by §,, (or S’; if we
need to emphasize the parameter) the corresponding Calogero-Moser k-family. The next
conjecture can be found in [Mart1]:

Conjecture 5.5 (Martino). — Let k* be the parameter (ko ;) jjex € C%,
where the index j is viewed modulo eq. Then each Calogero-Moser k-family is a
union of Hecke k*~families.

Theorem 5.6. — Conjecture 5.5 is known to hold in the following cases™):

(1) If W is of type G(de, e, r), with d, e, r > 1 and e odd whenever r = 2.
(2) IfW is oftype G4, G12, G13, GQ(), GQQ, G23 = W(H3) or Ggg = W(F4)
(3) If W is of type G5, G, G7, G's, Go, G1o, G14, G15, G16 0r G4 for generic values of k.

Proof. — For (1), see [Martl, Bel2, Mart2]. For (2) and (3), see [Thi] (except for Gag =
W(F}): for this one, see [BoTh]). O

()We refer to Shephard-Todd notation for irreducible complex reflection groups [ShTo].
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PART I
QUESTIONS ABOUT CALOGERO-MOSER SPACES

6. Cohomology

6.A. Localization. — We denote by iy, : Z’E,‘EX — ZF;. the closed immersion (here, ?E;EX
denotes the reduced zero-dimensional variety of C*-fixed points). As explained in §5.D,
we have a natural isomorphism of algebras

(6.1) Hex (Z257) ~ C[h] @ Tm(QF).
So we view the map ¢} as a morphism of algebras
it : Hex (Fr) — C[h] © Tm(92F).
We can now state the following conjecture (see [BoRo02, §16.1] and [BoSh, Conj. 3.3]).

Conjecture 6.2. — With the above notation, we have:
(a) Ifi > 0, then H*TY(F) = 0.
(b) Im(iy) = ReeSg(Im(Qk)).

Recall from standard arguments [BoSh, Prop. 2.4] that this conjecture would imply a
description of both the cohomology and the equivariant cohomology of Zj:

Proposition 6.3. — Assume that Conjecture 6.2 holds. Then:
(a) Ifi >0, then HZ ' (Fy) = 0.
(b) HZ (Zk) ~ Reesg (Im (%)) as C[h]-algebras.
(c) H**(Zp) = grg(Im(2Y)).

Theorem 6.4. — Conjecture 6.2 is known to hold in the following cases:
(a) Ifk=0.
(b) IfdimV =1.
(c) If £y is smooth.

Proof. — (a) follows from the fact that o = (V x V*)/W is contractible and Im Q° = C.
For (b), see [BoRo2, Theo. 18.5.8] and [BoSh, Prop. 1.6]. For (c), see [BoSh, Theo. A]. [

Example 6.5. — It might be tempting to conjecture that the Calogero-Moser space Z, is
rationally smooth and p-smooth if p is a prime number not dividing |W|. Indeed, Z;
is a deformation of £y = (V' x V*)/W which tends to be smoother and smoother as &
becomes more and more generic. However, both statements are false in general:
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If dimV =1and m = |W| > 2 (so that X = ((0,7))o < j < m— and we write k; = ko ;
for simplicity), then it follows from [BoRo2, Theo. 18 2.4] tha

Zi, = {(z,y,2) € C* | l:[ (z — mkj) = zy}.
=0

Now, if p is a prime number not dividing m and smaller than m (this always exists
if m > 3), and if we choose k such that kg = k1 = --- = k,—1 =0and k, = kpy1 =
cov=kpy_1 =1, then

Ze = {(2,9,2) € C | (2 —m)" P = ay}

contains a simple singularity of type A,_1 and so %}, is rationally smooth but not
p-smooth while £y = C?/p,, is p-smooth because p does not divide m.

If W is of type By and (kq,,ko1) = (karo,ko1) and koo # ko1 (where Q and
Y are the two orbits of reflecting hyperplanes), then %, admits a unique singular
point and the singularity is equivalent to the singularity at 0 of the orbit closure of
the minimal nilpotent orbit of the Lie algebra sl3(C) (see [BBFJLS, Theo. 1.3(b)]): it
is well-known that this orbit closure is not rationally smooth. l

6.B. Morphisms between Calogero-Moser spaces. — Let (V/, W’) be another pair con-
sisting of a finite dimensional complex vector space and a finite subgroup W’ C GL¢(V’).
We fix a parameter k' € CX(V""W') and, in this subsection, we will denote by a prime ?’ the
object ? defined using (V’/, W') instead of (V, W), i.e. the object ?(V’, W'). For instance,

I]/g,

= Z’k/(V’, W/) and N = N(V’, W/).

Hypothesis. We assume in this subsection that we are given a C*-
equivariant morphism of varieties  : £;, — Ey.

We denote by gy : z,’;‘?* — SE;SX the induced map. Then ¢4, induces a morphism of
algebras

ef ImQF — Im Q¥

through the formula

SO#X(€SP> - Z e%/pl ’

P Epql(p)

The following proposition should be compared with [BoMa, Cor. 1.5]:

Proposition 6.6. — Assume that Conjecture 6.2 holds for both £, and E;,. Then

ol (F ImQF) C FIm Q¥

forall j.
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Proof. — The maps ¢ and ggx induce maps between equivariant cohomology groups
which we denote by
" H3 (k) — Hew (Zg)
and Ph tHE (EET) — HA (F157).
The functoriality properties of cohomology imply that the diagram

*

¥

HY., (%4) HY. (%)
° X SOEX ° X
HeL (Zf) HeL (Z5)

is commutative. Recall from (6.1) that we identify Hg., (EL™) (resp. H.. (£,57)) with
C[h] ® Tm QF (resp. C[h] ® Im Q. Through this identification, the map ¢} becomes

Idc(s ®g0#x by construction. Therefore, the above commutative diagram yields a commu-
tative diagram

*

[ ] (P [ ]
i i
Idgy) ®pf, :
C[H] ® Im QF W Ol @ Tm Q.
So Idgyp ®g0§;(lm iy) C Imi};. As we assume that Conjecture 6.2 holds for both %, and
Z,,, this is exactly the statement of the proposition. O
Remark 6.7. — In the next section, we propose some conjecture which would give many

examples of morphisms between Calogero-Moser spaces. In all the cases where these
conjectures are proved, the above Proposition 6.6 gives a highly non-trivial link between
the character tables of W and W' (see for instance [BoMa, Cor. 4.22] for the case where
W =G(,1,n)). 1

7. Symplectic leaves and fixed points

If 7 € Ngr.(v) (W) has finite order and satisfies 7(k) = k, then 7 acts on the Calogero-
Moser space Z;,. We are interested in this section in the variety of fixed points ] of 7
(endowed with its reduced structure) and its symplectic leaves. Since W acts trivially on
Zi, the action of 7 on Z;, depends only on its coset W.

We say that 7 is W-full if dim(V") = max,cw dim(V*7) (see [Bon4, §1.F.4]). Recall
that 7 is W-full if and only if the natural map V™ — (V/W)7 is onto [Bon4, (3.2)], (the
argument is due to Springer [Spr]). Since W acts trivially on Z;, we may replace 7 by
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any wt and assume that 7 is W-full. Therefore, we will work in this section under the
following hypothesis:

Hypothesis and notation. We fix in this section, and only in this sec-
tion, a W-full element 7 of finite order in Ngy,..cvy(W) and we assume
that T(k) = k.

As in [Bon4], let W, denote the quotient ¥/II, where ¥ (resp. II) is the setwise (resp.
pointwise) stabilizer of V7. A parabolic subgroup P of W is called 7-split if P is the
stabilizer in W of a vector belonging to V7. Note that a 7-split parabolic subgroup is
T-stable. If P is a 7-split parabolic subgroup of W, we set

NWT (Pr) = Nw, (Pr)/Pr.

Then Nyy_(P;) acts faithfully on the vector space (VF)7. So one can define Calogero-
Moser spaces associated with the pair ((VF)7,Ny_(P;)), even though Ny, (P;) is not
necessarily a reflection group for its action on (VF)7.

7.A. Symplectic leaves. — Brown-Gordon [BrGo, §3.5] defined a stratification of any
complex affine Poisson variety into symplectic leaves. They also proved that the Calogero-
Moser space Zj, has only finitely many symplectic leaves [BrGo, Theo. 7.8]. As explained
in [Bon4, §4.A], this implies that the variety Z; admits a stratification into symplectic
leaves and that there are only finitely many of them. We denote by Sympn(Z]) the set
of its symplectic leaves. Such a symplectic leaf is called 7-cuspidal if it has dimension 0
(we also talk about 7-cuspidal points*)). Note that this notion can be defined even if 7 is
not W-full. Let Cusy(V, W) denote the set of pairs (P,p) where P is a T-split parabolic
subgroup of W and p is a 7-cuspidal point of Zy,,,(V/V?, P) (here kp is the restriction of
ktoR(V/VE P)).

Then W; acts on Cusj,(V, W) and the next result is proved in [Bon4, Theo. A] (when-
ever 7 = Idy, it is independently due to Bellamy [Bel3] and Losev [Los]).

Theorem 7.1. — Recall that T is W-full. Then there is a natural bijection
Symp(E]) = Cus(V,W)/W.

Moreover, the dimension of the symplectic leaf associated with the W -orbit of (P, p) through this
bijection is equal to 2 dim(VF).

We refer to [Bon4, Lem. 8.4] for the explicit description of the bijection: if (P,p) €
Cusy,(V, W), we denote by Sp,, its associated symplectic leaf. Recall also [Bon4, Rem. 4.2]
that all symplectic leaves are C*-stable.

(*)We can also say that a Calogero-Moser k-family is 7-cuspidal if it is associated to a 7-cuspidal point. Of
course, a T-cuspidal family is 7-stable.
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7.B. Normalization. — Let (P,p) € Cusi(V,W). Then Sp,, carries a Poisson structure
and so does its normalization S anor (see [Kal]). We proposed in [Bon4, Conj. B] the
following conjecture:

Conjecture 7.2. — There exists a parameter kp, € CRV7)Nw-(Pr) gych
that the varieties Sp,, . and ‘;?j’kpyp((VP )", Nw, (P;)) are isomorphic as Pois-
son varieties endowed with a C*-action.

Theorem 7.3. — Conjecture 7.2 is known to hold in the following cases:
(a) Ifk=0.
(b) If £y, is smooth.
(c) If Wis a Weyl group of type B (i.e. C) and T = Idy.
(d) If W is of type D and T is a diagram automorphism.
(e) If W is dihedral and T is the non-trivial diagram automorphism.
(f) If W is of type G..

Proof. — See [Bon4, Prop. 6.7 and §9] for more details: this relies on works of Bellamy-
Maksimau-Schedler [BeMaSc], Maksimau and the author [BoMa] and Thiel and the au-
thor [BoTh]. O

7.C. Regular case. — We say that the element 7 of Ngy,.(v) (W) is regular if Vg, # @.
In this case, Z] admits a unique irreducible component of maximal dimension [Bon5,
Prop. 2.4]: we denote by by (£])max- It has dimension 2dim(V"). The following result
has been proved in [Bon5, Theo. 2.8] (here, if x is a 7-stable character of W, we choose an
extension y of x to W(r)):

Theorem 7.4. — Assume that T is a reqular element. Let p € EC " be such that T(p) = p and
ZXGS; IX(7)|? # 0. Then p belongs to (] ) max-

Moreover, it is conjectured in [Bon5, Conj. 2.6] that the converse holds:

Conjecture 7.5. — Assume that 7 is a reqular element. Let p € FL " be such
that 7(p) = p. Then p belongs to (£])max if and only ifzxe&; |x(7)|? # 0.

Note that Conjecture 7.5 holds for W = &,, by [Bon5, Exam. 5.7].
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8. Special features of Coxeter groups

Hypothesis and notation. We assume in this section, and only in this
section, that there exists a W-stable R-vector subspace Vg of V' such that
V = C ®gr Vr as a W-module, that k takes only real values and that
cx(s) = 0 forall s € Ref(W).

First, note that the reflections of W have order 2 (so that ey = 2 for all H € &) and that
we have a bijection between Ref (W) and of. This implies that

cx(s) = ka1 — kn o,

where H is the reflecting hyperplane of s. Note that k& = k.

8.A. Lusztig families. — If xy € Irr(IV), we denote by schgck) € 0[q®] the Schur ele-
ment associated with the irreducible character y;, of the Hecke algebra #,(1V) (see [GePf,
§7.2]): since R is an ordered group, we can set a;k) = val schgck) and A;k) = deg schgck):
this defines two maps a®), A®) . Irr(W) — R. Using the map a*) and the notion
of J-induction, Lusztig [Lus8, §22] defined the notion of k-constructible character (or cy-
constructible character) of W. Let Jr# (W) denote the graph defined as follows:

e The set of vertices of Fr# (W) is Irr ().

e There is an edge between two vertices if they both occur in a same k-constructible

character.

A Lusztig k-family is a subset of Irr(W') consisting of the vertices of a connected compo-
nent of Fr# 1, (W). We denote by Fam}"s(W) the set of Lusztig k-families of W. It turns
out that

(8.1) Fam} (W) = Famy" (W)
(see [Chl] and [Lus8]). Martino’s Conjecture 5.5 has a more precise version in the Coxeter
case:
Conjecture 8.2 (Gordon-Martino). — If W is a Coxeter group, then
Fam{™ (W) = Fam}us(W).

It follows from the definition [Lus8] that
(8.3) the two maps a'®), A®) : Trr (W) — R are constant on Lusztig k-families.

So the next proposition is a strong argument in favor of Conjecture 8.2:

Proposition 8.4. — The map a'®) + A®) . Trr(W) — R is constant on Calogero-Moser k-
families.

Proof. — If x and y’ belong to the same Calogero-Moser family, then w, (02" (eu)) =
wy/ (2% (eu)). But the scalar w, (22¥(eu)) is, up to a suitable renormalization by a fixed

affine transformation of IR, equal to a§<’“) + A&k) (see [BoR02, Lem. 7.2.1] and [BrMi, 4.21]).
So the result follows. O
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Remark 8.5. — Using the Kazhdan-Lusztig basis of the Hecke algebra #;(W') and the
associated partition of W into two-sided cells [Lus8, §8] (see also [Bon2, Def. 6.1.4]),
Lusztig defined a partition of Irr(W) into Kazhdan-Lusztig k-families as follows: two ir-
reducible characters x and x’ of W belong to the same Kazhdan-Lusztig k-family if x
and x/, both occur in the left module associated to a same two-sided cell. Let Famj" (W)
denote the set of Kazhdan-Lusztig k-families of .

Lusztig conjectured [Lus8, §23] that Fam:" (W) = Famk:(W). This conjecture is
known to hold in the following cases:

o If ¢ is constant [Lus8, Prop. 23.3] (note that this covers the case where W has only
one conjugacy class of reflections, i.e. if W is of type ADE or I>(2m + 1)).
e If W is dihedral [Lus8].
o If W is of type Fy [Gec].
o If W is of type By, and c(t) > (n — 1)ci(s1), where the Coxeter graph is given by
t S1 S9 Sp—1

(see [Bola] and [Bon1]).

Note that this conjecture involves only the Hecke algebra and is not related to the geom-
etry of the Calogero-Moser space and the theme of this paper. B

8.B. Cuspidal families. — Lusztig also introduced the important notion of 7-cuspidal
Lusztig k-family [Lusé, §8.1] (note that the definition in [Lusé6, §8.1] is for the equal pa-
rameter case, but the definition can easily be extended to general parameters, as explained
in [BeTh, §2.5]). As there is also a notion of 7-cuspidal Calogero-Moser family (see §7.A),
it is natural to expect that the equality predicted by Gordon-Martino conjecture preserves
this feature:

Conjecture 8.6. — If W is a finite Coxeter group, and if 7 € Ngy,(vy) (W) is
W-full and satisfies (k) = k, then the T-cuspidal Lusztig k-families coincide
with the T-cuspidal Calogero-Moser k-families.

If 7 = Idy, this conjecture has been proposed by Bellamy and Thiel [BeTh, Conj. B].
The 7-cuspidal Lusztig k-families have been classified (see [Lus6, §8.1] for the equal pa-
rameter case and [BeTh, §6, §7] for the unequal parameter case) and it turns out that there
is at most one T-cuspidal Lusztig k-family. So Conjecture 8.6 would imply that there is at
most one T-cuspidal point in £;, whenever W is a Coxeter group [BeTh, Conj. D].

Theorem 8.7. — Conjectures 8.2 and 8.6 are known to hold for W of type A, B = C, D, I2(m),
Hs or Fy (with the restriction that T = Idy if W is of type Fy).

Proof. — For Conjecture 8.2, see [Gorl, Theo. 5.6] for type A, see [GoMa] for types B = C
and D, see [Bel2] for type I>(m) and [BoTh] for types H3z and Fj.

For Conjecture 8.6, see [BeTh, Theo. A] for types A, B = C, D and I3(m), and [BoTh]
for types H3 and Fj. O
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PART 1II
UNIPOTENT REPRESENTATIONS OF FINITE REDUCTIVE GROUPS

Throughout this part, we will only consider algebraic varieties and algebraic groups
defined over an algebraic closure of a finite field. If G is an algebraic group, we denote by
Z(G) its center. If S is a torus, we denote by Y'(S) its lattice of one-parameter subgroups.

Let Groum denote the class of triples (¢, G, F') where:

e ¢ is a power of some prime number p.
e G is a connected reductive group defined over an algebraic closure F of the finite
field F, with p elements.
e I': G — G is a Frobenius endomorphism of G endowing G with a rational struc-
ture over the finite subfield F, of F with ¢ elements.
This part provides a quick survey on unipotent representations of the finite reductive
group G¥' (where (¢, G, F) € Groum) and their associated structures (cuspidal represen-
tations, Harish-Chandra theory, d-Harish-Chandra theory...)*)

Hypothesis and notation. We fix in this part, and only in this part,
a triple 6 = (¢, G, F) € Groum. We denote by p the unique prime
number dividing q and by F the algebraic closure of F,, over which G is
defined. We fix a prime number ¢ different from p and we denote by Q, an
algebraic closure of . Note that G is not necessarily split over ;.

If X is an algebraic variety over F, we denote by H.(X) its j-th f-adic cohomology
group with compact support with coefficients in Q: it is a finite dimensional Q,-vector
space. We set Hp(X) = @, H+(X).

We fix an F-stable Borel subgroup B of G and an F-stable maximal torus T of B. Let
AB = G/B denote the flag variety. Let W = Ng(T)/T denote the Weyl group of G. It
is acted on by F' and we denote by 7 the automorphism of % induced by F. If 6 is a
G-orbit in B x B, we denote by

Xe = {yB € B | (¢B, F(9)B) € O}.
Then Xg is called a Deligne-Lusztig variety: it is acted on the left by the finite group G*".
Hence, the vector spaces H%(X¢e) inherits a structure of QG -module. An irreducible
representation of GI* (over Q) is called unipotent if it appears in such a Q,G-module,
for some 6 and some j. The set of isomorphism classes of irreducible unipotent repre-
sentations of G!" will be denoted by Unin(€). We define a unipotent representation of
G’ to be a direct sum of irreducible unipotent representations.

We define a Levi subgroup of € to be a triple £ = (¢, L, F') where L is an F-stable Levi
complement of a parabolic subgroup of G. In this case, we set W¢ (%) = Ngr(L)/L:
this group acts on Unip(£) and, if A € Unip(£L), we denote by W (Z, A) its stabilizer.

The set of unipotent representations admits several interesting partitions, which are re-
lated to the different problems one may consider: Harish-Chandra series for an algebraic
parametrization, d-Harish-Chandra series for blocks in transverse characteristic, fami-
lies for computing character values through the theory of character sheaves... All these
partitions interconnect in a very subtle way.

*)Our formalism here does not include the Suzuki and Ree groups
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9. Harish-Chandra theories

9.A. Classical Harish-Chandra theory. — If L is an F-stable Levi complement of an
F-stable parabolic subgroup P of G, we denote by

glg'cp . QLF-mod — QG -mod
M —  IndS, M
the Harish-Chandra induction functor [DiMil, Chap. 4]. Here, M denotes the inflation of

M through the surjective morphism PF — LF. If we denote by Up the unipotent radical
of P, then &, admits a left and right adjoint functor *RF p given by

*Qif’cp: QGF-mod — @LF—IFnod
N —  NUe.

The functor *R{_p, is called the Harish-Chandra restriction. Note that both functors send
a unipotent representation to a unipotent representation. An irreducible unipotent rep-
resentation N is called cuspidal if *RE N = 0 for any F-stable Levi complement of a
proper F-stable parabolic subgroup P of G. We denote by Unin,(6) the set of (isomor-
phism classes of) cuspidal unipotent irreducible representations of G*.

It turns out that both Harish-Chandra functors do not depend on the choice of the F-
stable parabolic subgroup P admitting L as a Levi complement. We denote by 6us(6)
the set of pairs (£, \), where &£ = (¢,L, F') and L is an F'-stable Levi complement of an
F-stable parabolic subgroup of G, and A € Unin(£). We denote by Unin (€, £, \)
the set of unipotent irreducible representations occuring in &% pA, where P is any F-
stable parabolic subgroup admitting L as a Levi complement: this set is called the Harish-
Chandra series associated with the pair (£, A). This set depends on the pair (£, \) up to
G'-conjugacy. We denote by 6us(%)/~ the set of G'-conjugacy classes of elements of
Bus (6). The Harish-Chandra theory can then be summarized as follows [Lus1, §5]:

Theorem 9.1 (Lusztig). — We have

Unip (€) = U Unin(g,2,N),
(ZN)eBus(6)/~
where U means a disjoint union.
Moreover, if (£, \) € 6us(6), with %L = (q,L, F) and if P is any F-stable parabolic subgroup
admitting L as a Levi complement, then:

(a) The group Wy () is a Weyl group for its action on the lattice

{y e Y(Z(L)) | Fy) = ay}-

Moreover, Wg (£, \) = Wg(2).
(b) The endomorphism algebra Endgr RE-pA is isomorphic to a Hecke algebra of the form

Hri, We(2), q), where ky € R(Wyg (L)) does not depend on X (and is integer valued).
(c) The statement (a) induces a bijection HCHZ : Trr Weg(2) — Unip (6, L, \). In other

words, _

Unip (€) = U HCEA (Trr Wi (2)).
(L,0)€Gus (G) /~
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Example 9.2 (Principal series). — As T is an F-stable maximal torus of the F-stable
Borel subgroup B, we may set J = (¢, T, F') and so there is a Harish-Chandra series
associated with the trivial character (denoted by 1) of T (indeed, as there is no proper
parabolic subgroup of T, 1 is a cuspidal unipotent representation). Then W¢ () = W™
and the injective map HC®7>1 : Trr(W7) — Unin(€) will be simply denoted by HC?.
Its image is called the principal series of unipotent representations of €.

If 7 = Idsy (ie., if G/Z(G) is split), then the parameter kg of Theorem 9.1(b) is given
by (kg)mo = 1 and (kg)m1 = 0 for any reflecting hyperplane H of . This parameter
will be denoted by kg, in the next part. B

9.B. Deligne-Lusztig induction. — For going further, we need to recall the construction
of Deligne-Lusztig induction. If P is a (not necessarily F-stable) parabolic subgroup of
G admitting an F'-stable Levi complement L, then we define the variety Yp (also called
a Deligne-Lusztig variety) by

Yp = {gUp € G/Up | g"'F(g) € Up - F(Up)},

where Up denotes the unipotent radical of P. Then Yp inherits a left action of G and a
right action of LY which commute, endowing the ¢-adic cohomology groups with com-
pact support HZ(Yp) with a structure of a (Q,G¥,QL)-bimodule. This allows us to
define a map RE p : ZIrr(LY) — ZIrr(G) between Grothendieck groups by the for-
mula
REcp([M])= ) (~1)[HA(Yp) ®gr M].
k>0

This map is called the Deligne-Lusztig induction and is the shadow of a functor R p

D*(QL-mod) — D®(QG*-mod) between bounded derived categories, which is de-
fined by

RE-p(M) = Hy(Yp) &g pr M.

Note that we work in a semisimple world, so that any complex of Q,I'-modules (where
I' is a finite group) is quasi-isomorphic to its cohomology: here, H?(Yp) is viewed as a
complex of (@G, QL")-bimodules whose j-th term is HZ(Yp) and whose differential
is zero.

If the parabolic subgroup P is F-stable, then the Deligne-Lusztig functor R p, is just
the functor induced by the Harish-Chandra functor at the level of derived categories
(this justifies the use of the same notation). Both Rfcp and Q{E’Cp admits adjoints (in two

different significations of adjoint) which we denote by *Rf p and *R{ p and which are
defined by

“RE-p(N) = Hi(Yp)' ©gar N

al‘ld *RLCP [N Z HJ YP) ®QgGF N]
k>0
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9.C. d-Harish-Chandra theory. — We fix a natural number d > 1 and we denote by (; a
primitive d-th root of unity. The d-Harish-Chandra theory of Broué-Malle-Michel [BMM1]
is an analogue of Harish-Chandra theory where the F'-stable Levi subgroups of F-stable
parabolic subgroups are replaced by a larger class of F-stable Levi subgroups, using
Deligne-Lusztig induction instead of Harish-Chandra induction. Whenever d = 1, we
retrieve the usual Harish-Chandra theory. Let us summarize it.

Let S be a torus over F, endowed with a Frobenius endomorphism F' : S — S associ-
ated with an [-structure on S. Let ®; denote the d-th cyclotomic polynomial. Then S is
called a ®4-torus if the following two conditions are satisfied:

e Sis split over Fa.
e If S’ is an F-stable subtorus of S different from 1, and if e divides d and is different
from d, then S’ is not split over Fge.
A Levi subgroup & = (¢,L, F') of € is called d-split if L is the centralizer of an F'-stable
®4-torus of G.

Remark 9.3. — Let L be an F'-stable Levi subgroup of G. Then (¢, L, F) is 1-split if and
only if L is the Levi complement of an F'-stable parabolic sugroup of G. R

An irreducible unipotent representation N of G is called d-cuspidal if *Rf p[N] =
0 for any pair (L, P) where P is a parabolic subgroup of G and L is an F-stable Levi
complement of P which is d-split as a Levi subgroup of G. We denote by Unip .(€) the
set of (isomorphism classes of) d-cuspidal irreducible unipotent representations of GF'.

We denote by Gus?(€) the set of pairs (£, \), where £ = (¢, L, F) is a d-split Levi sub-
group of G and \ is a d-cuspidal irreducible unipotent representation of L. We denote
by Unin (6, <, \) the set of unipotent irreducible representations occuring in R p[A],
where P is a parabolic subgroup admitting L as a Levi complement: this set is called
the d-Harish-Chandra series associated with the pair (£, \). This set depends on the pair
(£, ) up to G-conjugacy. We denote by €us?(€)/~ the set of G-conjugacy classes
of elements of Gus?(€). The d-Harish-Chandra theory can then be summarized as fol-
lows [BMM1, Theo. 3.2]:

Theorem 9.4 (Broué-Malle-Michel). — We have
Unin (€) = U Unin (€, %L, N,
(ZN)EBuw(€)/~

where U means a disjoint union.
Moreover, if (£,\) € Gus?(€) with £ = (¢, L, F) and if P is a parabolic subgroup admitting
L as a Levi complement, then:
(a) The group W (£, ) is a complex reflection group for its action on

{y € Coz Y(Z(L)) | F(y) = Caqy}-
ere exists a bijection 0 Irr We (&, — Unip(6,<L, \) and a sign function
b) There exists a bijection HCS? : T Wy (£, A) < Unin (€, %, \) and a sig '

Irr W (2, ) — {1, —1} intertwining ordinary induction and Lusztig induction [BMM1]™).

In other words,

Unin (G) = U HCS? M (Trr W (2, ).
(L) eBuw(€)/~

(*)Sorry for being somewhat vague in this survey.



CALOGERO-MOSER SPACES VS UNIPOTENT REPRESENTATIONS 23

Note that this theorem sounds like a miracle and is proved through a case-by-case
analysis: it would be better explained by the following conjecture (which is true ford = 1
by Theorem 9.1).

Conjecture 9.5 (Broué-Malle-Michel). — Let (£,)) € Gus?(€) with £ =
(q,L, F). Then there exists a parabolic subgroup P of G, admitting L as a Levi
complement, and such that:

(a) The QGF-modules Hi(Yp) ®gLr Aand HY (Yp) ®g,,r A have no com-
mon irreducible constituent if j # j'.

(b) The endomorphism algebra of the complex of QG -modules R p () is
isomorphic to a Hecke algebra %y, ,(We(<£, A), ¢ q) for some parameter
kgg,)\ S N(ng(g, /\))

Of course, Conjecture 9.5 can easily be reduced to the case where G is quasi-simple. In
this case, and for d > 1, the full Conjecture 9.5 is known only whenever d is the Coxeter
number (see Lusztig’s fundamental paper [Lus1], which served as an inspiration for the
conjecture) or whenever G is of type A, (see [DiMi2]). Part (a) of Conjecture 9.5 is known
if G is of type A and & is a torus (see [BDR], which relies in an essential way on the work
of Dudas [Dud]). For this part (a), some other cases have been solved by Digne-Michel-
Rouquier [DiMiRo] and Digne-Michel [DiMi2].

For part (b), note also that, in many important cases, a map from the group alge-
bra of the braid group of W (%, \) to the endomorphism algebra of the complex of
QG -modules R, ()) has been constructed [BrMi, BrMa2, DiMi2], but it is gener-
ally not known whether it is onto and if it factorizes (exactly) through the Hecke algebra
Hry (W (£, 0), Cglq). There are, however, partial results in this direction [BrMi, BrMa2,
DiMi2].

Also, extra-properties that should be satisfied by the Hecke algebra involved in Con-
jecture 9.5 imply that, if x € Irr(Wg(<£, X)), then

L RE (1)

(9.6) deg HO A (x) =
schl;%“

This imposes huge constraints on the parameter k< ) and allows to determine it explicitly
in almost all cases [BMM1] (including the classical groups).

Remark 9.7. — Let { be a prime number different from p and assume for simplicity that
¢ > 5 and ¢ is very good for G.. Let d denote the smallest integer such that ¢ divides ¢% — 1.
Then two irreducible unipotent representations of G" belong to the same ¢-block if and
only if they belong to the same d-Harish-Chandra series (see [BMM1, Theo. 5.24] for the
case where ¢ does not divide the order of the Weyl group and [CaEn, Theo. 22.4] for the
general case). H
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10. Families

10.A. Almost characters. — If y is a 7-stable irreducible character of W', we fix once and
for all an extension  of x to W x (7). If w € W, we set T, = g, Tg,', where g, € G
is chosen so that g,'F(g,) € Ng(T) is a representative of w. Then T, is an F-stable
maximal torus so, using Deligne-Lusztig induction, we can define

1 5 .
(10.1) RY = ] }Wj X(wr)RE, (1pr) € CUnin(%6).
we

Then RY is called an almost character of G¥'. Note that RY depends on the choice of ¥, but
only up to multiplication by a root of unity.

10.B. Families. — Lusztig [Lus6, Chap. 4] has defined a partition of Unip (€) into fami-
lies: let us recall his construction. Define a graph &g on Irr(%)" as follows:

(G1) The set of vertices of ®ryg is Irr(W)".
(G2) Two 7-stable irreducible characters x and x’ are linked by an edge in the graph &ty
if RE and Rf, have a common irreducible constituent.

If ¢ is a connected component of Grg, we denote by ch the set of irreducible unipotent
representations v € Unip(€) such that <Rf, v)gr # 0 for some y € €. The subset §¥ of
Unin (€) is called a unipotent Lusztig family of 6. We denote by Fam ., (€6) the set of such
families. By construction, the unipotent Lusztig families form a partition of Unin(6).

One of the main results in Lusztig’s work on unipotent representations is the list of
following compatibilities between this partition and Harish-Chandra series [Lus6] (some
of them are proved by a case-by-case analysis):

Theorem 10.2 (Lusztig). — With the above notation, we have:

(a) If (£,)) € Buws(6) and § € Famun (%), then (HCSZA)~L(F) is empty or belongs to
Fam%;S(Wg(g)) (recall that We(£) = Wg(£, ) and that kg = kg ) does not depend on
A).

(b) If Urip o (6) is non-empty, then it is contained in a single family, which will be denoted
by Feus:

(c) If 7 = Idy, then the principal series (see Example 9.2) satisfies the following property: for
any § € Famun(€) and any x € Irr(W), then Rf € Cg if and only if HC®(x) € §. In
particular, every family meets the principal series.

Note that the analogue of statement (a) for d-Harish-Chandra theory (instead of clas-
sical Harish-Chandra theory) is probably true (by replacing Lusztig families Calogero-
Moser families) but it is still not known up to now. The analogue of statement (b) for
d-Harish-Chandra theory is false in general (for instance, if d is large enough, then all
irreducible unipotent representations are d-cuspidal). The analogue of statement (c) for
7 # Idy is false in general (for instance, in twisted type A,_1 with n > 3, every fam-
ily is a singleton but there are irreducible unipotent representations not belonging to the
principal series).
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PART III
GENERICITY VS CALOGERO-MOSER SPACES

Hypothesis. We assume in this third part that there exists a rational
structure Vo on V which is stable under the action of W (i.e.,, W is a
Weyl group). We also assume that VYV = 0. We denote by ks, € C®
the spetsial parameter, that is, the parameter such that (ks,) o = 1 and
(ksp)1 =0forall H € d.

We also fix an element T € Ngry(vy,) (W) of finite order.

We denote by Groum (W) the class of triples (¢, G, F') € €roum such that, if T is any
F-stable maximal torus of G, then the pair (Q® Y (T/Z(G)), Ng(T)/T) is isomorphic to
(Vp, W) and, moreover, 7 stabilizes the lattice Y (T /Z(G)) of Vg and there exists w € W
such that F(y) = qu7(y) forally € Y(T/Z(G)).

This part may be viewed as the aim of this survey article, where we propose sev-
eral conjectures which compare the geometry (fixed points, symplectic leaves) of the
Calogero-Moser space %y, with the different partitions (families, d-Harish-Chandra se-
ries) of unipotent characters of triples belonging to €roum (W ). A first general remark
(due to Lusztig) is that most of these partitions do not depend that much on the triple
€ € Group (WT): they mainly depend only on the coset W . This phenomenon, called
genericity, was developed and formalized by Broué-Malle-Michel [BMM1] and will be
explained in Section 11.

The conjectures will be stated precisely in Section 12. If ¢ € Groum (W), they propose
conjectural links between:

e the partition of Unip () into families and the C*-fixed points in Z,

e the partition into d-Harish-Chandra series and symplectic leaves of i%i,g:;, where (4
is a primitive d-th root of unity.

In the second point, the most spectacular conjecture relates the parameter involved in
the description of the normalization of the closure of a symplectic leaf as a Calogero-
Moser space (i.e. the parameter kp, of Conjecture 7.2) and the parameter of the Hecke
algebra which conjecturally describes the endomorphism algebra of the cohomology of
some Deligne-Lusztig variety.

11. Genericity

11.A. Rough definition. — The notions of generic groups, generic unipotent representa-
tions... have been defined rigorously in [BMM1]. In this survey, we will not recall this
precise definition, which would require to introduce again much more notation. We will
use throughout this part a rather vague definition: when some structure associated with
any € = (¢, G, F) € Groum (W) depends only on W and not on the triple €, we will
say that this structure behaves generically.
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A first example is the order of G’¥', where G’ is the derived subgroup of G. Indeed,
if m = dimc¢ V, there exists a choice of algebraically independent homogeneous genera-
tors fi,..., fm of C[V]" which are eigenvectors for the action of 7 (and we denote by d;
the degree of f; and by ¢; the eigenvalue corresponding to f;). We can then define the
following polynomial Ordy - (q) € Q[q]:

Ordyy,(q) = ¢! H 4 —&).

Then this polynomial does not depend on the precise choice of the f;’s, and
(11.1) |G'"| = Ordw-(q)
forall (¢, G, F) € Groum(Wr).

Remark 11.2 (d-splitness). — Let d > 1 and let (; denote a primitive d-th root of unity.
We set

§(d) = max dim V%7
weWw

and we denote by w, an element of W such that dim V%47 = §(d). Recall [Spr] that §(d)
is the number of j € {1,2,...,m} such that (jj =¢;.

Then wyT is well-defined up to W-conjugacy [Spr] and any subspace of the form V¢%™
for some w € W is contained in a subspace of the form z(V%%47) for some z € W. We
set 7g = CqwaT € Ngro(v )(W) Note that this choice of w, implies that the element 7 is
W-full [Spr]. Note also that Z;? = ‘ZECdT

Then, for any € € CgVO‘u/ﬂb(WT) the. conjugacy classes of d-split Levi subgroups of 6
are in bijection with the W, -orbits of 74-split parabolic subgroups of W: the correspon-

dence assigns to the conjugacy class of the d-split Levi subgroup its Weyl group, suitably
embedded in W (see [BrMal] for details). B

11.B. Genericity of unipotent representations. — For our purpose, the most important
result about genericity is the following theorem, which says that the unipotent represen-
tations of ¢ € Groum (W) and their degree behave generically.

Theorem 11.3 (Lusztig). — There exists a finite set Unip(W ) endowed with a map degyy, , :
Unip(W7) — Q|q], both depending only on the coset Wt and such that, for each triple ¢ €
Group (W), there exists a well-defined bijection

p% : Unip(Wr) = Unip(6)

satisfying
deg py = (degy,7)()
for all v € Unip(W).

This Theorem 11.3 follows from the classification of unipotent representations obtained
by Lusztig [Lus6] and a case-by-case analysis. More recent works of Lusztig [Lus9] pro-
vide general explanations for the existence of the finite set Unip(1W7) and the bijection p®
but do not explain the polynomial behaviour of the degree of the unipotent representa-
tions.



CALOGERO-MOSER SPACES VS UNIPOTENT REPRESENTATIONS 27

It turns out that the different structures on Unip(€) (families, Harish-Chandra series,
partitions into ¢-blocks...) can also be read only from the finite set Unip(I¥7), as it will
be explained below. In other words, they behave generically. Our aim here is to provide
numerical evidences that these extra-structures can be read from the geometry of the
Calogero-Moser space %y, (C*-fixed points, symplectic leaves, fixed points under the
action of p...).

11.C. Almost characters. — We denote by CUnip(W ) the set of formal C-linear combi-
nations of elements of Unip(W ) and we still denote by p* : CUnip(Wr) — CUnin(6)
the C-linear extension of the bijection p®.

With this notation, the almost characters behave generically. In other words, there
exists a (necessarily unique) family (R, ),crr(w)- of elements of CUnip(WW ) such that

(11.4) p’(Ry) = R

for any € € Groum (W) (see [Lus6, Chap. 4]). In particular, the graph Grg constructed
in §10.B is generic: it will also be denoted by &tyy.

11.D. Families. — Families of unipotent characters behave generically. Indeed, it fol-
lows from (11.4) that there exists a partition of Unip(Wr) into unipotent Lusztig families
(we denote by Fam,,,,(W ) the set of such families) such that,

(11.5) p® (Famy(WT)) = Fam u(%6)

for any € € Groum (W ). If €is a connected component of the graph &ty -, we denote by
S¢" C Unip(Wr) the associated generic family. Lusztig proved the following important
result [Lus6]:

Theorem 11.6 (Lusztig). — The map
Famp"(W)™ — Famy, (W)

sp

¢ — Fun

is well-defined and bijective.

This Theorem contains in particular the fact that, if ¢ is a 7-stable Lusztig ks,-family of
characters of W, then €7 # @. But this follows directly from the fact that every Lusztig
ksp-family contains a unique character with minimal b-invariant (the b-invariant of an
irreducible character x is the minimal value of j such that x occurs in the j-th symmetric
power S7(V)), called the special character of the family [Lus4, §12]: if the family is 7-stable,
then its special character is necessarily 7-stable.

11.E. Lusztig’s a-function. — If v € Unip(W7), we denote by a,, (resp. A,) the valuation
(resp. the degree) of the polynomial degy ., q. It follows from Lusztig’s work [Lus6] that

(11.7) the functions a, A : Unip(W ) — Zx are constant on families.
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11.F. d-Harish-Chandra series. — It turns out that d-Harish-Chandra theory behaves
also generically [BMM1, Theo. 3.2]. More precisely, if € = (¢, G, F) € Groum (W),
then:

e Let Unip? (W) denote the set of v € Unip(Wr) such that degy,, v is divisible by
(q — )™ V™. Then (p*)(Unipl(W7)) = Unipl,.(€) (see [BMM1, Prop. 2.9]).

e The G''-conjugacy classes of d-split Levi subgroups of € are in bijection with the
W,-conjugacy classes of d-split parabolic subgroups of W (see Remark 11.2): if
the d-split Levi subgroup £ of € corresponds to the d-split parabolic subgroup P
under this bijection, then & € Groum (P7y) and Wg(£) ~ NWTd (P;,) (see [BrMal,
Prop. 3.12]).

Through this isomorphism and the bijection pZ, the group Nw, (Pr,) acts on
Unip(P74) and stabilizes the subset Unip?  (%). Moreover, the action of NWTd (Pr,)
on Unip(P7y) is generic. If A € Unip(P74), we denote by NWTd (Py,, ) its stabilizer
in NW‘rd (P'rd)-

o If we denote by Cus?(W) the set of pairs (P, \) where P is a d-split parabolic sub-
group of W and \ € Unip?, (P7,), then the previous point defines a natural bijection
between Cus?(W7)/ ~ and Gus?(€)/ ~.

@,iﬁ,pff

o If (P,\) € Cus?(Wr) corresponds to (£, p¥) € Gus(6), then the maps HC,
and p* define an injection HCZV’P’A : Irr(NWTd (Pr;,A)) — Unip(W ) which behaves
generically. Its image is denoted by Unip, (W, P, \). Then

(11.8) Unip(Wr) = U  HCPPM e w, (P, N)).
(PN ECusd (W)

Moreover, the parameter kg, pz in Conjecture 9.5 is generic, i.e. depends only on
(P, \). It will be denoted by kp,».
Here, all the statements stated without reference can be found in [BMM1, Theo. 3.2].

Remark 11.9. — Let (P,\) € Cus?(W). It follows from the classification of such pairs
(see [BMM1)) that:

o NWTd (P.,, ) is always a reflection group for its action on (V).

e Examples where NWTd (Pry,\) # NWTd (P;,) are very rare. For instance, this never
happens if d = 1 (see Theorem 9.1(a)) or if W is of type A (see [BMM1, §3.A]). B

Example 11.10 (Principal series). — Let us describe the generic version of Example 9.2.
First, Unip(1) consists of a single element that we may (and will) denote by 1. Then the
cuspidal pair (1,1) € Cus(Wr) corresponds to the pair (7,1) € Bus(€) associated with
an F-stable maximal torus of an F-stable Borel subgroup and the map HC® = HC%7:!
will be simply denoted by HCY : Irr(W7) — Unip(W ), instead of HC":1.L.

If 7 = Idy, then the parameter k; ; is equal to ks, (see Example 9.2). R
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11.G. d-Harish-Chandra theory and filtration. — Assume in this subsection, and only
in this subsection, that 7 = Idy (on the reductive group side, this means that we work in
the split case). Let Z(CW ) denote the subalgebra of Z(CW) whose basis is given by
(e‘év)¢€Famk;.; - Let (P, A) € Cus?(W). We define a morphism of algebras

(HCY"M#  Z(CW)Y™ — Z(CNw, (Pr,, \))

by
W,PA N, (Pry:A)
(HCW P # () = ) e,
x€lr Ny, (Pry;,\)
such that HC;V’P‘)‘ (x)es
Conjecture 11.11. — Assume that 7 = Idy and fix (P, \) € Cus®(W). Then
(HCY PN (F;2(CW)M) € FZ(CNw,, (Pr,, V)
forall j.
Remark 11.12. — This conjecture seems to come from nowhere and provides a strange
] P &

link between the character tables of W and NWTd (Pr,, A). However, if we believe in the
links between representation theory of finite reductive groups and geometry of Calogero-
Moser spaces (as developed in the next section), then this Conjecture 11.11 is just a con-
sequence of this philosophy (see the upcoming Proposition 12.6) and of Conjecture 6.2.
This is an example where the geometry of Calogero-Moser spaces suggests unexpected
properties of the representation theory of finite reductive groups.
Note that Conjecture 11.11 holds in the following cases:
o If W is of type A (see [BoMa, Cor. 4.22] and the explanations given in Section 15).
e A pretty convincing result is that it holds if dim V' < 8 (so this includes the type
E3y): this has been checked through computer calculations based on all the functions
implemented by Jean Michel [Mic]*). B

Example 11.13. — Let 2 = 3w s € Z(CW). Then z = 3 cp o) ([d] — (a&ksp) +
Al (see [BMM2, Cor.6.9] and [BoRo2, Lem. 7.2.1]). So = € F1Z(CW)X by (8.3).
Now, if ¢ € IrrNWTd (Pr,, A) is such that HCZV’P”\(w) belongs to the same family as
HCY (x), then it follows from (9.6) that || — (a&ksp) - A&ksp)) =M — (al(fp’k) + Afka’A)) for
some M which does not depend on 1 or x (and only on (W, P, \)). Therefore,

NWTd (PTd A)

k k
HCP V= = 3 (M= (™ + AT e,

(4
Xx€E€lrr NW—rd (Pry,A\)

In other words, it follows from [BMM2, Cor.6.9] and [BoRo2, Lem. 7.2.1] that there exists
M’ € C such that

(HCPM#(2) = M’ + > Chpp (5)5 € F1Z(CNyy, (Pr,, M),
sERef(NWTd (PrysN)

as desired.

(*)We wish to thank again warmly Jean Michel for writing the programs for performing these calculations.
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12. Coincidences, conjectures

12.A. Families. — By Theorem 10.2(b), the set Fam,, (W) is in bijection with the set
Faml,;s“ps(W)T. We conjecture the first link between the geometry of %, and the represen-

tation theory of finite reductive groups:

Conjecture 12.1. — There exists a unique bijection
D (SE,(S;)T = Famy, (W)

such that, for any p € (Z,(ES; )" and for any x € (5P, the almost character R,
belongs to C®(p).

Whenever 7 = Idy, this Conjecture 12.1 is equivalent to Gordon-Martino Conjec-
ture 8.2 (see Theorem 11.6). For the rest of this section, we assume that Conjecture 12.1

holds, and we keep the notation & : (E,‘E; )T 5 Famu, (Wr).

12.B. Fixed points and d-cuspidality. — We expect that d-cuspidality of unipotent rep-
resentations and 74-cuspidality of points in ‘Igjp = EZ,g:lpT are linked as follows:

Conjecture 12.2. — Assume here that Conjecture 12.1 holds. Let p € (Z’g )"

be such that there exists A\ € ®(p) C Unip(W ) which is d-cuspidal. Then p is
T4-cuspidal.

Note that the converse to Conjecture 12.2 does not hold in general, even for d = 1 (for
instance for W of type D, as it will be explained in §16.C).

12.C. d-Harish-Chandra theory and symplectic leaves. — Assume in this subsection
that Conjectures 12.1 and 12.2 hold for W and all its parabolic subgroups. Fix (P, \) €
Cus?(W) and let p be the point of Z, (V/VT, P) corresponding to the Lusztig family of
A through Conjecture 12.1. Then p is 74-cuspidal by Conjecture 12.2. Therefore, one can
associate to the pair (P, p) a symplectic leaf Sp, of %;jp

Conjecture 12.3. — Recall that we assume that Conjectures 12.1 and 12.2 hold
for W and all its parabolic subgroups. Then, with the above notation:
(a) Let p/ € (ZT,EZ)T Then p' € Sp,, if and only if the d-Harish-Chandra
series HCW-PA(Trr (N, (Py,, A))) meets the family ®(p').
(b) There exists a parameter kp,, € R((VF)™, NWTd (Py,)) such that:
(b1) 8p), =~ Fpy, (V)™ Ny, (Pr,)) as Poisson varieties endowed with
a C*-action.
(b2) The parameter kp) € N((VP)Td,NWTd (Pr,, ) involved in Con-
jecture 9.5(b) (and which is generic by the previous section) is the
restriction of kpy to Ny, (Pr,, A).
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Commentary 12.4. — In the previous conjecture, the existence of a parameter kp,, satis-
tying (b1) is just a restatement of Conjecture 7.2: the main point of the above conjecture is
that its restriction should coincide with the parameter of Conjecture 9.5(b), which has to
do with a completely different context (¢-adic cohomology of Deligne-Lusztig varieties).
In some sense, this is a justification of this long paper. B

The correspondence outlined in Conjecture 12.3 should also be compatible in a more
precise way with Harish-Chandra theory. For this survey, keep the notation of the above
conjecture and assume moreover that Ny, (Pr,, A) = Ny, (Pr,) (recall from Remark 11.9
that this is the most probable situation). Assume also that Conjecture 12.3 holds. Then,
by (b1), we get a C*-equivariant morphism of varieties

V1 Fpp, (VO)™ Ny, (Pry) — Fi,
whose image is the closure Sp,, of the symplectic leaf Sp,, of ‘Igfp By restriction to the
C*-fixed points, we get a map
Vi Fp, (VE) Ny, () — EE
whose image is contained in (EZ’,(E: )7. On the other hand, Conjecture 12.1 provides a sur-

jective map ®* : Unip(W7) —> (I,E: )™ (whose fibers are the unipotent Lusztig families)
and the definition of Calogero-Moser families provides a surjective map

dkpyp II‘I‘(NWTd (PTd)) - zkp,p((VP)Tdvﬁw-rd (Pﬂi)cx'

Finally, recall that d-Harish-Chandra theory (see Theorem 9.4 and its generic version)
provides an injective map

HCWPA TIrr(Nyy, (Pr,)) < Unip(Wr).
We expect all these maps to be compatible in the following sense:

Conjecture 12.5. — Assume that Conjectures 12.1,12.2 and 12.3 hold and that
Nw,, (Prys A) = Nw,_(Pr,). Then the diagram

_ 3kp7 - X
Ler(Nw,, (Pry)) = Ep, (VF)™, N, (Pr,))
HCWPA Vfix
. o ‘s
Unip(Wr) ( ,(Ssp)

is commutative.

The conjectures stated in this section, together with Conjecture 6.2 on the cohomology
of Calogero-Moser spaces, imply the Conjecture 11.11. Let us give some details. First, as

in §6.B, the morphism v induces a morphism of algebras
Ksp

k
7 Im Q) — Im QN}:de(PTd)'
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Then, if we assume that 7 = Idy and that Conjectures 8.2 and 12.1 hold, the map zﬁgﬁ{

is just the map (HCZV’P”\)# of Conjecture 11.11. So Proposition 6.6 has the following
consequence:

Proposition 12.6. — With the above notation, assume that NWTd(PT LA = NWTd(PT ) and
that Conjectures 6.2, 8.2 12.1, 12.2, 12.3 and 12.5 hold. Then Conjecture 11.11 holds for the
d-cuspidal triple (W, P, \).

Remark 12.7. — The consequence of Proposition 12.6 does not involve anymore the ge-
ometry of Calogero-Moser spaces but only the representation theory of finite reductive
groups. Therefore, the validity of Conjecture 11.11 in many cases (see Remark 11.12 and
Example 11.13) is a good indication that the general philosophy of this paper has some
reasonable foundation. B

Example 12.8 (Principal series). — Assume in this example, and only in this example,
that 7 = Idy, that Conjecture 12.1 (i.e. Gordon-Martino’s Conjecture 8.2) holds and that
(P,A\) = (1,1) € Cus(W). Then Conjecture 12.3(a) is a restatement of the fact that ev-
ery family meets the principal series while Conjecture 12.3(b) and Conjecture 12.5 are
vacuous. Bl

Example 12.9 (Regular element). — Assume in this example, and only in this example,
that 7 = Idy and d is chosen such that 74 is regular (see §7.C for the definition: from
this definition, the trivial subgroup of W is 7-split). Then, (1,1) € Cus?(W) and W,, =
Cw (wq).

On the unipotent representation side, if ¢ is a Lusztig ks,-family, then it has been
checked by J. Michel (unpublished) that the unipotent Lusztig family §3" (see Theo-
rem 11.6) meets the d-Harish-Chandra series Unipg(W, 1,1) ifand only if ) . [x(wa) | #
0. Moreover, he also checked that

> Ix(wa)l® = > »(1)%

x€e¢ YEelrr Cyy (wy)
such that HC! " () eFun

On the Calogero-Moser space side, the closure of the symplectic leaf associated with
(1,1) is just the irreducible component of maximal dimension (ngp)maX defined in §7.C.
So the above facts about unipotent representations justify, through the philosophy of this
section, Conjecture 7.5 and [Bon5, Conj 5.2]. B
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PART IV
EXAMPLES

Hypothesis. As in the third part, we assume that there exists a rational
structure Vg on V which is stable under the action of W (i.e., W is a Weyl
group) and that VWV = 0. We also fix an element T € NarLyvy) (W) of
finite order, an integer d > 1 and a primitive d-th root of unity (4.

We aim to illustrate the Conjectures stated in Section 12 by several examples:

(a) We prove that Conjectures 12.1, 12.2, 12.3 and 12.5 hold in rank 2 for d equal to the
Coxeter number.

(b) We also prove that, assuming Broué-Malle-Michel Conjecture 9.5 (and particularly
the conjectural value of kp ), they hold in type A.

(c) For classical types, we only prove Conjectures 12.1, as well as Conjecture 12.2 when-
ever d = 1 (classical Harish-Chandra theory).

As explained in Commentary 12.4, the most intriguing question is Conjecture 12.3(b),
which predicts the equality of parameters coming from two extremely different contexts
(cohomology of some Deligne-Lusztig variety vs symplectic leaves of Calogero-Moser
spaces). Even for classical Harish-Chandra theory (i.e. whenever the Deligne-Lusztig
variety is zero-dimensional), this is somewhat unexpected and certainly reflects some
deep connections. In the examples treated in this part, we will mainly focus on this
question.

13. Rank 2

The case of type A being treated in the upcoming Section 15, we will just consider
here the types B, and G>. We will not fill the details for proving all the Conjectures:
indeed, the groups are small enough so that the remaining details can be filled by the
reader. So, as explained in the introduction to this part, we only give the details for
Conjecture 12.3(b).

Theorem 13.1. — Assume that W is of type By or G and that d is the Coxeter number. Then
Conjectures 12.1,12.2, 12.3 and 12.5 hold.

Proof. — Let s and t be the two simple reflections of W. Let ¢ = st be a standard Coxeter
element of W and let 6. denote its corresponding G-orbit in B x . Then (4c is W-full
(so we may take 74 = (4¢) and W,, = Cw ((qc) = (c) is the cyclic group of order d. As
there is only one reflecting hyperplane for W, the parameters for W, will be denoted
by k = (ko, k1, ..., kq—1). We denote by k°* the parameter given by:

Jcox _ (0,1,2,1) ifd=4,
" 1(0,1,2,1,1,1) ifd =6.

Also, there is (up to G'-conjugacy), only one proper d-split Levi subgroup, namely the
Coxeter torus T.. Computing the Deligne-Lusztig induction of the trivial character of
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T amounts to determining the cohomology of the Deligne-Lusztig variety X¢,. This
has been done by Lusztig [Lus1], and it follows from his work that Conjecture 9.5 holds
in this case.

Let us give more details. First, he proved Conjecture 9.5(a) about the disjointness of
the cohomology groups [Lus1, Theo. 6.1] and that the endomorphism algebra of the G-
module H? (X, ) is generated by the Frobenius endomorphism F' and he computed the
eigenvalues of ' in all cases [Lusl, Table 7.3]. This leads to the following presentation
for this endomorphism algebra:

k(;OX

Generator: F' (the Frobenius endomorphism),
Relation: H?;é (F-¢(¢ o) =o0.

In other words,
(13.2) Endgr HY(o,) = Hpeor Wiy, G '0).

On the other hand, the computation of the fixed point subvariety £ ,’; ¢ has been done
in [Bon3, Theo. 7.1] and the result is given by:

zﬁi ~{(r,y,2) € c3 | (22 — d2)2d72 = zy}.
Setting 2 =z+d we get
Ef ~ {(z,y,) € C*| /(2 — 2d)(+' — d)*? = ay}.

In other words,

(13.3) F o Fpeon (VT W)
(see Example 6.5(a)).

We see that the same parameter occurs in (13.2) and (13.3): this shows that Conjec-
ture 12.3(b) holds in this case, as desired. O

14. Some combinatorics

We refer to [JaKe, §2.7] for facts about abaci, d-cores, d-quotients of partitions that will
be used here.

14.A. Notation. — A partition is a sequence A = (\;)x > 1 of non-negative integers such
that A, > A4 for all £ and A\, = 0 for £ > 0. Let Part denote the set of all partitions.
If A € Part, weset [\ = >, - Ay and ay = >, - (k — 1)\, and we denote by Y ())
the Young diagram of A, that is, the set of pairs of natural numbers (4, j) such that j > 1
and 1 <i < Aj. If y € Y(\), we denote by hk)(y) the hook length of X based at y, i.e. the
number of (¢, ;') € Y(A\)such thaté >4, > jand (i —4')(j — j/) = 0. Let

Al

[T -1

deg \ = g™ ——=1

H (M@ — 1)

yeEY (A)

It turns out that deg A € Zl[q].
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Let d > 1. A partition ) is called a d-core if hky(y) # d for all y € Y/(X). The subset of
Part consisting of d-cores is denoted by Cory. An element A = (A, ... A(@) of the set
Part? of d-uples of partitions is called a d-partition: we set |A\| = [AXV)| 4+ ... + |ND)]. If
A € Part, we denote by corg(\) € Cory its d-core and by quoy(\) € Part? its d-quotient.
The map

corg X quo, : Part — Cory x Part?
A — (corg(N),quoy(A))

is bijective. Its inverse will be denoted by

(14.1)

par, : Corg x Part? — Part.
It follows from the definition of both maps that
(14.2) Al = [cora(A)] + d[quog(A)]-

If 7 > 0, we denote by Part(r) (resp. Part?(r), resp. Cory(r)) the set of A € Part (resp.
A € Part?, resp. A € Cory) such that |\| = . We also set Corg(= r) for the set of A € Cory
such that [\| <7 and |A\| =7 mod d. In other words, Cory(= r) = cory(Part(r)).

If A € Part?(r), we denote by x, the associated irreducible character of the complex
reflection group G(d,1,r), following the convention in [GeJa]. If k € CR(G(@Lr) and
A € Part?(r), we denote by 2§ the element of 3 (x») € Fx(d, 1,7)¢” defined in §5.D. Note
that we do not need to emphasize d or r, as they are determined by A.

14.B. Abaci. — A d-abacus is an abacus with d runners. If v € Corg, we denote by 2((v)
its d-abacus, with the convention that the first runner contains the first empty box. Let
b(y) = (bo(7),01(7),...,bi—1(7)) denote the sequence defined as follows: b;(7y) is the
number of beads on the (j + 1)-th runner of 2((vy) minus the number of beads on the
first runner. Let Resq(y) = (po(7), - - -, pi—1(7)) denote the d-residue of . It is defined as
follows: pj () is the number of pairs (¢, j) € Y () such thati — j = £ mod d.

Example 14.3. — Lety = (5,2, 1) € Part(8). Its Young diagram is

Y(v)

It is easily seen that  is a 4-core, and its 4-abacus 2(7y) is given by

@ o S e, ©— 1st runner
—@ @ o S— 2nd runner

Q[('y ) s o T S ©O— 3rd runner
—@ @ @ O— 4th runner

Then b(y) = (0,1, 0,2) while Resq(y) = (3,2,2,1). R

Let us define two sequences k7 = (k:;y)o <j<d—1and!’ = (l;’)o < j < d—1 associated with
a d-core 7:
o K = dbj(7) + .
d(p1—j(v) —p—j(v) +i—-1 fl<j<d-1,
.l’y:bofy —|—b1’y++bd_ /-y_|_ J J o
! o)+ 00) 1) d(p1(7) = po(7)) +d —1 if j = 0.
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Here, the index in p;—_;(7) or p—;(y) must be understood modulo d. The next result will
be useful in the next section:

Proposition 14.4. — Let vy be a d-core and let m denote its length (i.e., the number of non-zero
parts). Then
Kl =17
J j+l-m

forall j € Z/dZ.

Proof. — If j € Z/dZ, we denote by j its unique representative in {0,1,...,d — 1}. Note
that m = bo(y) + b1(y) + - - - + bg—1(7). We argue by induction on the length m of ~.
Ify=g,thenk” = (0,1,...,d—1)and I = (d — 1,0,1,...,d — 2). This shows the
result whenever m = 0.
Assume now thatm > 1and writey = (y1, 92,73, - - - ) withy; >0. Lety’ = (y2,73, -+ ).
Then +' is a d-core so, by the induction hypothesis, Proposition 14.4 holds for 7. In other

= l;;zfm forall j € Z/dZ.

Let us first compare the sequences k” and k"". For this, let y denote the unique element
of {0,1,...,d — 1} such that by(y) = by(y') + 1. Then, if j # y, we get b;(v) = b; (7).
Therefore,

,y/
words, k J

#) b - {k} if j #,

K +d ifj=y.
Let us now compare the sequences 7 and [7". For this, let z denote the unique element

of {0,1,...,d — 1} such that y; =  mod d. Then, for j € Z/dZ, we get

pi(Y) = pi1 (7)) + (1 — ) /d + 6:(7)
where ¢, is identically 0 if x = 0 and

5.(j) = 1 ifj=00rl1<
W0 ife<d—j<

d—1,
if x > 1. Also, note that 71 = d(by(y) —1) +y+1—-m,soy+1—m =2z mod d. Let us
also write l], for j € Z/dZ, as follows:
l;y =m+d(p1—;(7) — p—j(7)) +J — 1+ ddjp
where §; o is the Kronecker symbol. Putting things together, one gets:
0= m+dp—j(v") = p-1-(Y) + 6:(1 = j) = 62(=j)) +J — 1+ ddjo
= 1+ l?;l —JH1+1—ddjp10+d(0(1—j) —0(—7)) +j—1+ddp.

Butj+1= 3 +1-— d5j+170, SO
0= 0+ d(6a(1 = ) — 80(—5) + dbjo.
Two cases may occur:
e If z = 0, then ¢, is identically 0 and so d(d,(1 — j) — 0(—j)) + ddjo = dd;o = dbj .
e If z > 0, then there are only two values of j € Z/dZ for which 6,(1 — j) — d.(—j)

is non-zero, namely j = 0 and j = z. If j = 0, this returns —1 while, if j = z, this
returns 1. Therefore, we have again d(6,(1 — j) — 6,(—j)) + dd;o = ddj .
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Finally, I] = l};l +ddj_, and z = y + 1 — m mod d so, by the induction hypothesis
and (#),

lj‘ = k]W'erfl + ddjm—y = ]‘C]erfl — ddjpm—1y +doj. = k}+mfl’
as expected. O

15. The smooth example: type A

The Calogero-Moser space Zy_, is smooth if and only if W is a Weyl group of type A.
This simplifies drastically its geometry (C*-fixed points, symplectic leaves,...) and all the
conjectures proposed in Part I are true in this case [BoSh, BoMa].

On the other hand, the almost characters of some € € Grouzm are all irreducible char-
acters if and only if 6 is of type A. This also simplifies drastically its representation theory
(unipotent Lusztig families, d-Harish-Chandra theory, blocks,...).

In the spirit of this paper, these two facts should be the shadow of a common phe-
nomenon. We do not propose an explanation for it, but we give details about how the
combinatorics on both sides fit perfectly in type A, so that all the conjectures stated in
Part III hold in this case (provided that Conjecture 9.5 holds).

Hypothesis. From now on, and until the end of this section, we fix a natural
number n > 2 and we assume that

V:{(fly,fn)GC"\§1++§n:0}

and that W = &,, acting on V by permutation of the coordinates. The
Calogero-Moser space Zy,,(V, &) will be simply denoted by Z(n).

We set r = |n/d]| and we denote by wg a product of r disjoint cycles of
length d. Then Cqwg is &,-split.

The (4qwq4-split parabolic subgroups of &,, are those of the form &,,,, where m < n and
m =n mod d. In this case, (&,)¢,uw, ~ G(d,1,r) and

(15.1) N, (Sm)eus) = G(d, 1, (n— m) /d).

If v € corg(= n), we set 7, = r(n) = (n — |y|)/d and we denote by k, € CRE(hL)) the
parameter defined by:

((k“/)Ker(mlfxg)D? (k"/)KeI‘(m17I2),l) = (d, 0)7 if Tg Z
((k’Y)Ker(xl),m (k’y)Ker(xl),lv RS (k’Y)Ker(atl),d—l) =k7, if Tg >

where k7 is the sequence defined in §14.B. If r, = 0, then £, is the zero parameter of the
trivial group.

If A € Part(n), we denote by z) the image of x, through the map 3, : Irr(&,) —
‘;Z(n)‘cx. Similarly, if u € Partd(m), and if k € CXG(Lm)) we denote by zﬁ the image of
X through the map 3, : Irr G(d, 1, m) — %,(G(d, 1, m))C".

2,
land d > 2,
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15.A. Geometry of £ (n). — Recall that £ (n) is smooth [EtGi, Cor. 16.2]. This has sev-
eral consequences:

e First, the map 31, : rr(&,,) — F(n)®" defined in §5.D is bijective [Gor1, Cor. 5.8].
This means that

(15.2) the map Part(n) — E(n)C", X —s 2y is bijective.

e The variety Z(n) has only one symplectic leaf (it is a symplectic variety). Therefore,
if d > 1, then £ (n)*4 is also smooth and symplectic, so its symplectic leaves coincide
with its irreducible components: in particular, they are closed normal subvarieties
of £(n), so coincide with the normalization of their closure (which is involved in
Conjecture 7.2).

The next theorem, which describes these symplectic leaves, has been obtained by Mak-
simau and the author [BoMa, Theo. 4.21]:

Theorem 15.3. — With the above notation, we have:
(a) Let X\ € Part(n). Then zy is (4-cuspidal if and only if X is a d-core.
(b) The map
Corg(=n) — Cusy!™(Z(n))
Y — (6‘7‘, 2’7)
is bijective. We denote by 8, (n) the symplectic leaf g, .., of (n)He.
(c) If v € Cory(= n), then there exists a C*-equivariant isomorphism of varieties

iyt Ei, (G(d,1,7)) — 8y(n)
such that

i7(2u) = Zpary(y)

for all € Part(r,) (in particular, dim 8., (n) = 2r.).

Proof. — All the results have been proved in [BoMa, Theo. 4.21], except that we need to
make some comments about the parameter. So let v € Cory(= n) and let [, € CR(G (1))
be the parameter defined by:

{((H)Ker(:}:lmg),m (lv)Ker(:vlfxg),l) = (da 0)7 if r

2,
((ZW)Ker(xl),Ov (lW)Ker(:m),lv R (Z’V)Ker(:m),d—l) = l’}’7 if r 1

g =
g=>landd > 2,

where [7 is the sequence defined in §14.B. Then the result of [BoMa, Theo. 4.21] says that
S&,,2, = %1,(G(d, 1,74)). However, Proposition 14.4 says that [7 is obtained from k7 by
a cyclic permutation, and so %y, (G(d, 1,7,)) ~ %, (G(d,1,7,)) by [BoRo2, (3.54)]. O
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15.B. Unipotent representations: the split case. — We fix in this subsection a triple
€ = (¢,G,F) € Groum(S,). In other words, G'I" is a split group of type A,_; (recall
that the definition of Groum (&,,) implies no restriction on the rational structure of the
center of G). Then it is well-known that

(15.4) Unin (€) = {RE | x € Irr(6,)} and deg Ri = (deg \)(q).

In other words, we may define the set Unip(&,,), the bijection p* and the map degg, as
follows:
Unip(&,,) = Part(n),
py = RS forany \ € Part(n),
degs = deg.
The partition into families is pretty easy in this case:
(15.5) All the unipotent Lusztig families are singletons.
A generic translation is given by:
(15.6) the map Part(n) — Famun(S,,), A — {\} is bijective.
The following result has been proved in [BMM1, Pages 45-47]:

Theorem 15.7 (Broué-Malle-Michel). — With the above notation, we have:

(a) Let X\ € Part(n). Then the unipotent character R, is d-cuspidal if and only if X is a d-core.
(b) The map
Corg(=n) — Cusy(6y,)
v — (6|7|v Rxw)
is bijective. If v € Cory(= n), then

((6|7|)ded) = G(d’ 1, TW)'
n,GmaRx»\/

Nes,)

Cawd
(c) If v € Corg(= n), let HC) denote the bijection HCZ5 : Irr(G(d, 1,r,)) —
Unip(&,,, &, Ry, ) defined by the d-Harish-Chandra theory. Then

HC)(xa) =R

Xpar g (v,\)

forall X € Part?(r,).

Now, fix a d-core v € Corg(= n) and let £, = (g, L., F') € Groum(&),) be such that
L, is a d-split Levi subgroup of G (if G' = GL,(F,), then LI ~ GL(F,) x ()™
Conjecture 9.5 predicts the existence of a parabolic subgroup P, such that the Deligne-
Lusztig variety Yu,_ satisfies the following two properties:

(a) The Q,GF-modules H (Yp,) DgLr Ri” and HY (Yp) ®g,pr Ri” have no common
irreducible constituent if j # j'.
(b) Endgr Q{E’chv (Rf;’) o~ %k# (G(d,1,74),¢; " q) for some parameter k‘f
This conjecture is far from being proved (see the next remark) but Broué-Malle [BrMa2,
Prop. 2.10] proposed a conjectural value for k# :

Conjecture 15.8 (Broué-Malle). — If v € Cory(= n), then Conjecture 9.5
holds for the pair (£-, Ri” ) with parameter ki = k.
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We find remarkable that the parameter k., predicted, in this particular case, by Broué-
Malle in 1993 in the context of Deligne-Lusztig varieties coincides (up to a non-relevant
cyclic permutation) with the parameter [, found in 2018 by Maksimau and the author
when studying Calogero-Moser spaces.

Remark 15.9. — The disjunction of the cohomology (see the above statement (a)) has
been proved in [BDR, Theo. 4.3] whenever L, is a torus (i.e. |y| = 0 or 1), based on earlier
works of Dudas [Dud, Cor. 3.2]. The statement (b) is only known if d = n (Lusztig [Lus1,
§7.3]) or d = n — 1 (Digne-Michel [DiMi2, Theo. 10.1]). B

The comparison between Theorems 15.3 and 15.7 yields:

Theorem 15.10. — If Wt = &,,, then:

(a) Comjectures 12.1,12.2,12.3(a) and 12.5 hold.
(b) If moreover Conjecture 15.8 holds, then Conjecture 12.2(b) holds.

15.C. The non-split case. — In type A, the non-split case corresponds to the case where
F acts on the Weyl group &,, by the diagram automorphism (i.e. conjugation by the
longest element). In our generic description, this corresponds to the coset —&,, and ob-
jects in Groum (—6,,) (for instance, we may take for (¢, G, F') € Groum(—6,,) the triple
where G = GL,(F,) and G is the general unitary group). Ennola duality establishes
a bijection between Unip(&,,) and Unip(—&,,) and this bijection transforms d-Harish-
Chandra series into d’-Harish-Chandra series, where

2d ifd=1mod?2,
d =1¢d/2 ifd=2mod 4,
d if d = 0 mod 4.

Therefore, the non-split case follows directly from the split one by applying Ennola du-
ality (see [BrMa2, Rem. 2.11]). More precisely:

Theorem 15.11. — If W = —&,,, then:

(a) Conjectures 12.1,12.2, 12.3(a) and 12.5 hold.
(b) If moreover Conjecture 15.8 holds, then Conjecture 12.2(b) holds.
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16. Classical groups and Harish-Chandra theory

We aim to check the following result:

Theorem 16.1. — Assume that W is a Weyl group of classical type and that d = 1. Then
Conjectures 12.1,12.2 and 12.3 hold.

The rest of this section is devoted to the proof of this Theorem. Note that the most
difficult part of the work has been previously done by Gordon-Martino [GoMa], Bellamy-
Thiel [BeTh] and Bellamy-Maksimau-Schedler [BeMaSc] on the Caloger-Moser space
side (as well as an application of Bellamy-Maksimau-Schedler result by the author [Bon4,
Cor. 9.8]), and by Lusztig [Lus2, Lus4, Lus5] on the unipotent representations side. The
main interest of this section is to relate all these results together following the philosophy
of this survey.

Notation. If n > 0, we set W,, = G(2,1,n) and W), = G(2,2,n), so
that W, is a Weyl group of type B,, (i.e. Cy) and W] is a Weyl group
of type D,,. We denote by T = diag(—1,1,...,1) € W, it induces the
non-trivial involutive diagram automorphism of W,,. The canonical basis
of V.= C" is denoted by (y1,...,yn) and its dual basis is denoted by

(acl, 000 ,.%'n).

Note that W,, = (1) x W..

16.A. Families. — First, Conjectures 12.1 and 12.2 for d = 1 follow immediately from
Theorem 8.7 and [BeTh, Theo. A].

16.B. Type B or C. — We denote by BC(n) the set of r € Z>( such that r? +r < n. If r,
m > 0, we denote by k[r] the element of CX(Wn) defined by

klrlao =1, k[rlo1 =0,
klrlosn =1, k[r]ora =0,

where Q) (resp. V) is the orbit of the reflecting hyperplane Ker(z;) (resp. Ker(z; — z2)).
Note that kg, = k[1]. The notation k[r] is somewhat ambiguous, as it does not refer to the
natural number m, but it will be used only whenever m is clear from the context. The
generic version of Harish-Chandra theory can be summarized as follows [Lus2], [Lus3,
Tab. 1] (note that Ny, (W,,,) ~ W,,_,, for all m < n):

Theorem 16.2 (Lusztig). — Let n > 2. Then:

(a) Unipgus(Wh) is non-empty if and only if n = r? + r for some r € Zo. In this case, it
contains only one element, which will be denoted by cus,,.
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(b) The map
BC(n) —  Cus(W,)/W,
T — (V‘/v,r.24,,r,7 CUST2+T)
is bijective.
(c) Letr € BC(n). If 6 = (q,G, F) € Groum(Wy,) and if £ = (q,L, F) € Groupm(W,2,,.)
is such that L is a 1-split Levi subgroup of G, then

Endgr Q{SpfusTg_‘_r = %k[Qr-i—l} (an(r2+r))'

On the Calogero-Moser space side, Bellamy-Thiel [BeTh, Theo. 6.24] and Bellamy-
Maksimau-Schedler [BeMaSc] proved the following result (note that the proof of (c) by
Bellamy-Maksimau-Schedler relies on the description of Z(W,,) as quiver varieties):

Theorem 16.3 (Bellamy-Thiel, Bellamy-Maksimau-Schedler). — Let n > 2. Then:
(a) En,, (Wy) contains a cuspidal point if and only if n = v+ for some r € Zq. In this case,

it contains only one cuspidal point, which will be denoted by z;*°. 1t is equal to zéﬂf 1
(b) The map

)"

BC(n) — Cusia, (Fg,,(Wn))/Wh
r — (WTQ-H" Zq%l-si-r)

is bijective. We denote by S,.(n) the symplectic leaf of (W) indexed by (W24, 2,55 )
through Theorem 7.1.
(c) Letr € BC(n). Then

T

ST(n) . = zk[2r+1}(Wn7(r2+T))'

The comparison between the above two theorems proves Conjecture 12.3 in type B
or C, up to the verification that the cuspidal unipotent representation belongs the same
unipotent Lusztig family as HC" (x(,r+1 4)). We need for this the combinatorics of sym-
bols [Lus2, §3] and its link with unipotent representations [Lus2, Theo. 8.2]. Whenever
n = r(r+ 1), then the cuspidal unipotent representation cus,, is parametrized by the sym-

bol (1 2 @ 2r 2r+1 (with defect 2r + 1) while HCW(X(TTH’@)) is parametrized

r+1 r+2 -+ 2r 2r+41
1 2 7

the same entries, cus, (1) and HCW(X(W-H’Q)) belong to the same unipotent Lusztig fam-

ily [Lus4, Theo. 5.8], as desired.

by the symbol < > (with defect 1). Since both symbols have

16.C. Type D. — We denote by D(n) the set of € Z( such that 7> < n and r # 1. For
j €40,1}, we set

Dj(n)={0}u{reD(n)|r>2andr =j mod 2}.

In type D, there are two kinds of possible rational structures (and a third one, if n = 4,
inducing an order 3 automorphism of Wj: it will not be considered here), a split one and
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a non-split one. They correspond respectively to the elements Idy = 70 and 7 of the
normalizer of W},. Note that

W, if (m, j) = (0,0),
Nowy) ; (Wi)ei) = Wy if (m,5) = (0,1),
Whem ifm > 2.

We summarize the generic version of Harish-Chandra theory in both cases [Lus2], [Lus3,
Tab. II]:

Theorem 16.4 (Lusztig). — We have:
(a) Unipeys(W),) (resp. Unip,,s(W),m)) is non-empty if and only if n = r? for some r € Zxo,
r even (resp. r odd or r = 0). In this case, it contains only one element, which will be

denoted by cus),.
(b) If j € {0, 1}, the map
Dj(n) — Cus(W,m)/W},
r — (W5, cusl,)
is bijective. '
(c) Let j € {0,1} and let r € Dj(n). If 6 = (¢,G,F) € Groum(W) 7)) and if £ =
(q,L, F) € Groum (W),) is such that L is a 1-split Levi subgroup of G, then

%k'sp (WT/L) lf(?”,]) = (07 O)’
Endgr Q{Epcfus/ﬂ >~ Hpg)(Wn-1)  if (r,5) = (0,1),
Fej2r)(Wy_y2)  otherwise.

In [Bon4, Cor. 9.8], the author determined the partition into symplectic leaves (as well
as their structure) of both £ (W) and Z_ (W},)™, but it must be said that the essential
part of the work was done by Bellamy-Thiel [BeTh, Prop. 4.17] and Bellamy-Maksimau-
Schedler [BeMaSc]:

Theorem 16.5 (Bellamy-Thiel, Bellamy-Maksimau-Schedler). — Let n > 4. Then:

(a) Fi,, (W),) (resp. ., (W),)™) admits a cuspidal point if and only if there exists r > 2 such
that n = r2. In this case, it contains only one element, which will be denoted by y<*. By
extension, we set y" for the unique cuspidal point of £y, (0, 1).

(b) If j € {0, 1}, the map

Dj(n) — Cus™(Fy, (WL)/ W,

roo (W2, y5°)

is bijective. We denote by S,.(n) the cuspidal leaf of £}, (W;L)TZ indexed by (W', yS5®).
(c) Let j € {0,1} and let r € Dj(n). Then
(F) D)= 00),

Sé(n) = 27k‘[Q}(‘/Vn—l) lf(?",j) = (07 1)/
Frjory(Wy—y2)  otherwise.
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The comparison between the above two theorems proves Conjecture 12.3 in type D, in
both the untwisted and the twisted case, up to the verification that the cuspidal families
correspond on both side: this is done thanks to the combinatoric of symbols, in the same
way as for type B or C.

PART V
SPETSES

17. What is a spets?

As explained in Section 11, and as noticed in many papers on the subject, essential
features of the representation theory of a finite reductive group are controlled by its Weyl
group and can be recovered from structures built from it. The Spetses*) program initi-
ated by Broué-Malle-Michel [Mal1, Mal2, BMM2, BMM3], which takes its origin in their
work on genericity [BMM1, BrMaz2], proposes to attach to some finite complex reflec-
tion groups (called spetsial, see below) some numerical data (“unipotent representations”,
“degrees”) which admits partitions into “families”, “d-Harish-Chandra series” satisfying
the same kind of properties as in the case of Weyl groups. This was soon corroborated by
computations done by Lusztig [Lus7] and Malle (unpublished) for finite Coxeter groups
that are not Weyl groups. This suggests that there should be a mysterious object (the
spets) admitting some kind of representation theory similar to the representation theory
of finite reductive groups.
We try to summarize it (very) quickly in this section, and see what are the possible
links with the material of this paper. We come back to the general situation where W is
a complex reflection group. The spetsial parameter of W, denoted by ks, is defined by
(ksp)a,o = 1 and (ksp)o,; = 0 forall Q € /W and 1 < j < eq — 1. Broué-Malle-Michel
asked whether one can associate with any reflection group W several combinatorial data:
(S1) A set Unip(IV), whose elements are called irreducible unipotent representations of the
spets attached to W, even though there is no group and no representation attached
to them.

(S2) A map deg : Unip(W) — Clq]. For ¢ a root of unity, an irreducible unipotent rep-
resentation p € Unip(W) is called (-cuspidal if degp is divisible by (q — ¢ ydim(V/ w)e,

(S3) A (-Harish-Chandra theory: in other words, a partition of Unip(WV) into ¢-Harish-
Chandra series built on the same model as in Theorem 9.4. In particular, to each
Harish-Chandra series is associated a Hecke algebra of the stabilizer of the corre-
sponding (-cuspidal pair (P, A), with a well-defined parameter kp .

(S4) Almost characters: these are formal complex linear combinations of irreducible
unipotent representations that can be used to define a partition of Unip(W) into
unipotent Lusztig families in the same way as in §10.B.

All these data should satisfy compatibility conditions (axioms) which mimic what is
known or conjectured for finite reductive groups. The group W is said to be spetsial if

some divisibility property of its Schur elements schlffp holds [Mal2, §3]. It turns out that

(*)Spetses is a greek island where a conference on finite groups was organized in 1993: this program started
there, during a coffee break...
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many complex reflection groups are not spetsial, but some of them are. The list of irre-
ducible spetsial groups is as follows:

e The groups G(e, 1,n) and G(e, e, n) for any e > 1;

e The primitive groups G/, for

Jj€44,6,8,14,23,24,25, 26,27, 28,29, 30, 32, 33, 34, 35, 36, 37}.

Being spetsial is easily seen to be a necessary condition for admitting combinatorial data
as in (S1), (52), (S3) and (S4) satisfying the list of axioms, but it is somewhat astonishing
that it is also a sufficient condition [Mall, BMM2, BMM3]. The natural remaining ques-
tion is to figure out if there is a category (the spets?) lying above all these combinatorial
data. Note the first attempts in this direction using fusion systems and /-compact groups
by Kessar-Malle-Semeraro [Sem, KMS1, KMS2].

Of course, if W is a Weyl group (i.e. a finite rational reflection group), then W is spet-
sial and one recovers the generic theory of unipotent representations of finite groups of
the form G¥ where (¢, G,F) € Groum(W)™*). In the late 80’s, Lusztig associated to
each finite Coxeter group which is not a Weyl group a combinatorial datum as in (S1)
and (S2) satisfying a few axioms (this was finally published in 1993; see [Lus7]). For
H,, H3 and Hy, this was rediscovered by Malle in 1992 (unpublished). In this case, the
almost characters as in (S4) were obtained for dihedral groups by Lusztig and for Hy
by Malle [LuMa]. About the same period, Malle [Mall] proved that the imprimitive
complex reflection groups G(e,1,n) and G(e,e,n) can be endowed with data satisfy-
ing (S1), (S2), (S3), (54). The case of the primitive complex reflection groups has been
done by Broué-Malle-Michel [BMM2, BMM3].

We expect that, for spetsial groups, all the above Broué-Malle-Michel constructions are
compatible with the geometry of the Calogero-Moser space associated with W at spetsial
parameter, and that all the conjectures stated in Section 12 remain valid in this context.
In other words, is the spets attached to W hidden in the (Poisson) geometry of £y, (1W)?

In the upcoming section, we illustrate again these coincidences in the smallest non-
cyclic primitive complex reflection group, namely the group G4.

18. A primitive example

Hypothesis. We assume in this section, and only in this section, that W
is of type G 4. In other words, we set

(1 0 1 2G+1 2(G—1)
5—<0 g3> and t_3<43—1 <3+2>’

and we assume that W = (s, t) = G4. Here, (3 is a primitive third root
of unity.

If (6,8) € {(1,0),(1,4),(1,8),(2,1),(2,3),(2,5),(3,2)}, there is a unique irreducible
character of G4 of degree § and b-invariant 3: it will be denoted by ¢; 3. We have

II‘I"(G4) = {¢5ﬁ | (57/8) € {(170)7 (174)) (178)7 (2’ 1)7 (2)3)7 (275)’ (372)}}

()Note that, in this case, the ¢-Harish-Chandra series depend only on the order d of ¢ and coincide with
d-Harish-Chandra series



46 CEDRIC BONNAFE

Note that ¢ o = 1 is the trivial character, that ¢4 = ¢, ¢1 58 = 2, that ¢2,1 and ¢ 3 are the
characters afforded by the representations V and V* respectively, that ¢ 5 is the character
afforded by V ® e ~ V* ® ¢? and that ¢3 2 corresponds to the second symmetric power
S?(V) ~ S?(V*). We denote by Cj the parabolic subgroup (s) of W it is a cyclic group of
order 3.

18.A. Unipotent representations. — All the facts stated without proof in this paragraph
are taken from [BMM3, §A 4] (see also [Mic]). The set Unip.,(C3) contains a single
element (which will be denoted by cusc,) and the set Unip,,,(G4) contains also a single
element (which will be denoted by cusg, ). The (classical) 1-Harish-Chandra theory of the
spets G4 may be summarized as follows:

e There are three Harish-Chandra series, namely Unip(Gy, 1,1), Unip(Ga, C3, cuscy)
and {cusg, }.

e Unip(Gy, 1,1) is the principal series, and we set ps 5 = HC% (¢ ).

e We have Ng, (C3, cusc,) = Ng, (C3) =~ py and we set po, o = HCE 38505 (1) and

pCs,— = HCG#C3:c85¢3 () where o is the inclusion g < C*.
Therefore,
(18.1) Unip(Ga) = {p1,0, 1,4, P1,8: P2,15 P2,3, 2,5+ 3,2, PCs,+5 PCs,— CUSGy |-

The unipotent Lusztig families are the following four subsets §g,, §¢, S0, Sa of Unip(G4):

S = {p1o}s
un —
(18.2) o {ps2},
VIR {p2,1ap2,37pC’3,+};
o = 1p14,018, P25, pCs,— CuSG, }-

The next table summarizes the numerical data attached to the spets G4. Let us explain
the information given in this table:

e The first column contains the list of irreducible unipotent representations p of the
spets G 4.

e The second column contains the degree of p, where ®. denotes the e-th cyclotomic
polynomial, @y = q—(3, @4 =q— ', P =q—Cs, P4 =q—¢; " and V=3 = 2(3+1.

e The third column gives the family of p.

e The fourth (resp. fifth) column gives the cuspidal pair (P, \) parametrizing the (4-
Harish-Chandra series (resp. (s-Harish-Chandra series) to which p belongs. Note
that an empty box means that p is (4-cuspidal (resp. (s-cuspidal) and that (1,1)4
denotes the (4-cuspidal pair associated with the trivial parabolic subgroup, which
if 74-split (*),

) The interesting ¢-Harish-Chandra series are those attached to a root of unity ¢ of order equal to 1, 2, 3, 4
or 6; the { = —1 (resp. the { = (3) case can be deduced from the ¢ = 1 (resp. ¢ = (s) case thanks to Ennola
duality [BMMS3, Axiom 5.13], which essentially amounts to replacing q by —q in this case.
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p deg(p) Family | (4-series | (s-series
p1,0 1 L (L,1)s | (1,1)s
p1,4 —V/—=3/6q" P4, D¢ o (1,1)s
£1,8 V=3/6q" @, 04Dy [ )
p21 | B+V=3)/6qP40.®¢ | @ (1,1)g
p23 | (3—+v=3)/6qP504P5 | O
p2,5 1/2q*®2d4 [ (1,1)4
3.2 > P3P ¢ (1,1)4

pos+ | —V—3/3qP1P294 Vi (1,1)6
pos— | —V=3/3q'®1 PPy ) (1,1)6
cusg, —1/2q'®7d; ' (1,1)4 | (1,1)6
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We conclude this subsection by giving the parameters kp, for all (P,\) € Cus?(G4) and
d € {1,4,6}. Whenever the relative Weyl group N¢, (P, \) is cyclic and isomorphic to p,,

then the parameter will be given as a list (ko, k1, . .

k11 = ksp.

Ky cuscy = (3,0).

ki, = (3,
ki, = (2

1,1)6

0,1,0).

,0,0,1,0,1).

., kq—1) of complex numbers:

18.B. Calogero-Moser space. — As there is only one orbit of reflecting hyperplanes (call
it 2), we will simply denote parameters k& € CR(G4) by a triple (ko, k1, k2) € C3 where
kj = kq ;. For instance, ks, = (1,0, 0). Descriptions of the Calogero-Moser space £;,(G4)
have been given in [BoMa] and [BoTh]. Note that the descriptions given in both cases
are for parameters k = (ko, k1, k2) € C3 satisfying ko + k1 + k2 = 0: this is not restrictive,
thanks to Remark 3.3. So, we set kg, = (2/3,—-1/3,—-1/3), and then &y, (G4) = Eyg (Ga).

Specializing the presentation [BoTh] at k

we get that Ey  is the closed subvariety of
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C?® consisting of points (1, z2, y1, Y2, a, b, ¢, e) € C® such that

ab + 12ce + 2x1y1 — 15e* + 234e? + 192e = 0,
3ayie + 4bc — 9be® + 126be + 2x1ys = 0,
3a’e — 2bxy + 8cx1 — 913 — 10816 = 0,
dac — 9ae® + 126ae + 3bxie + 2xoy1 = 0,
2ay2 — 3b%e — Scy1 + Iy1e — 108y1e = 0,
—a® — 3ax1e? + 48ax, + 2ay% -+ 2bx%
— 3by1e? + 48by; — Scxo — 8cyo + 10x9€3
— 156x9e + 12829 + 1Oyge3 — 156y2e — 128y = 0,
16¢2 + 720ce + 9z1y1€% + 2xoys — 278 + 864€3 + 6804e? = 0,
—2ay? + b3 + 3byre? — 48by; + 8cya — 10yae® + 156yse + 128y = 0,
5a2y; + 444ab + 5b%x1 + 280ce?® + 4848ce — 1280c¢ + 601y €2
{ + 64871y1 + 10m2ys — 360 + 7200e3 + 88776¢2 + 44928¢ = 0.

The action of C* is given by
(18.3) & (21,22, y1,52, 0, b, ¢, €) = (1, %0, €y, €02, 620, 6770, ¢, e).
An immediate computation shows that Z;Es: contains 4 points, given by

24 = (0,0,0,0,0,0,468, 8), 2y = (0,0,0,0,0,0,0,0),

20 = (0,0,0,0,0,0,—45,2) and  z = (0,0,0,0,0,0,—18, —4).

We denote by gS(M the Calogero-Moser kg,-family associated with z4. Then
St =A{o10}
FM = {¢32},

FM = {¢21, do,3}
Sat = {b14, 18, P25}

The comparison of (18.2) and (18.4) proves the spetsial analogue of Conjecture 12.1.

(18.4)

18.B.1. Symplectic leaves of Zi; . — Let & denote the singular locus of Z; . It has been
computed in [BoTh] and it is proved there that it is irreducible of dimension 2 and that

(18.5) 28,20 &8 and 20,24 € 8.

Moreover, z4 is the only singular point of S. Therefore, there are three symplectic leaves:
— The smooth locus: through the parametrization of Theorem 7.1, it corresponds to
the pair (1, p), where p is the unique point of the Calogero-Moser space Zj; (0,1).
- 8° = 8§\ {za}: through the parametrization of Theorem 7.1, it corresponds to
the pair (Cs, ¢), where ¢ is the unique cuspidal point of the Calogero-Moser space
%kgp (V/VC3, C3).
- {za}: itis cuspidal.
This parametrization fits perfectly with the partition of Unip(G4) into Harish-Chandra

series, so this proves the spetsial analogue of Conjecture 12.2 and Conjecture 12.3(a) for
d=1
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_ Concerning Conjecture 12.3(b), the only interesting case is the second one. Recall that
Ng,(C3) = po. It is proved in [BoTh] that

(18.6) 8§ = {(w,y,¢) € C* | (e = 2)(e +4) = 2y} ~ Fig, 1, (o)

as Poisson varieties. Note that the computation in [BoTh] is done for the parameter
—3kgp, s0 the equation given here is just obtained after a rescaling. This proves that
Conjecture 12.3(b) holds for d = 1.

18.B.2. Symplectic leaves of ... — The action of C* being given by (18.3), the variety
Z} is defined, inside Zyg,, by the equations a = b = 3 = y2 = 0. This yields

(18.7) Zrt = {20} U8y,
sp
where
(18.8) Sy~ {(z1,y1,e) € C*| 4/3x1y1 = e(e — 8)(e +4)?}

So 84 admits only one singular point (namely, z4) and so ZZ,QE,‘; admits three symplectic
leaves:

— There are two 74-cuspidal points, namely 2o and zg.

— There is one 2-dimensional symplectic leaf, which is the smooth locus of 8, (i.e.
84\ {#a}). Through the parametrization of Theorem 7.1, it corresponds to the pair
(1,p), where p is the unique point of the Calogero-Moser space Zj; (0,1).

This parametrization fits perfectly with the partition of Unip(G4) into 4-Harish-Chandra
series, so this proves the spetsial analogues of Conjectures 12.2 and 12.3(a) for d = 4.

Concerning Conjecture 12.3(b), the only interesting case is the second one. Recall that
W, ~ p,. The above description proves that 84 (which is the closure of the symplectic
leaf 84 \ {za}) is normal and that

(18.9) S1 2 Fyy ), (Ba)

as Poisson varieties (for the Poisson bracket, see [BoTh]). So Conjecture 12.3(b) holds for
d=4.

18.B.3. Symplectic leaves of ;0. — The action of C* being given by (18.3), the variety
sp
‘iE,’C‘oﬁ is defined, inside zk;’p/ by the equations a = b = z1 = y; = 0. This yields
sp

(18.10) Zre = {20} U Ss,
sp
where
(18.11) S6 = {(2,2,€) € C* | zays = (e — 8)(e — 2)*(e + 4)*}

So S admits two singular points (namely, zo and z4) and so Z/ admits four symplectic
sp
leaves:
— There are three 7¢-cuspidal points, namely z¢, 2o and zg,.
— There is one 2-dimensional symplectic leaf, which is the smooth locus of Sg (i.e.
86 \ {20, 2a}). Through the parametrization of Theorem 7.1, it corresponds to the
pair (1, p), where p is the unique point of the Calogero-Moser space Zj; (0,1).
This parametrization fits perfectly with the partition of Unip(G4) into 6-Harish-Chandra
series, so this proves the spetsial analogues of Conjectures 12.2 and 12.3(a) for d = 6.
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Concerning Conjecture 12.3(b), the only interesting case is the second one. Recall that
Wrs =~ pg. The above description proves that ¢ (which is the closure of the symplectic
leaf S \ {70, 24 }) is normal and that

(18.12)

86 = Zjk‘(171)6 (“6)

as Poisson varieties (for the Poisson bracket, see [BoTh]). So Conjecture 12.3(b) holds for

d = 6.
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