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On the Calogero—Moser space associated with dihedral groups II.
The equal parameter case

CEDRIC BONNAFE

Abstract

We continue the study of Calogero-Moser spaces associated with dihedral groups by investigating in
more details the equal parameter case: we obtain explicit equations, some informations about the Poisson
bracket, the structure of the Lie algebra associated with the cuspidal point and the action of SL; (C).

Sur I’espace de Calogero—Moser associé aux groupes diédraux II.
Le cas des paramétres égaux

Résumé

Nous continuons ici I’étude des espaces de Calogero—Moser associés aux groupes diédraux en se
focalisant sur le cas des parametres égaux : nous obtenons des équations explicites, des informations sur
le crochet de Poisson, la structure de I’algébre de Lie associée au point cuspidal et I’action de SL, (C).

1. Introduction

In this paper, we continue the study of Calogero—-Moser space Z. associated with the
dihedral group W of order 2d started in [5], from which we keep the notation. We mainly
focus on the equal parameter case (i.e. the case where c is constant or, i.e. if a = b with
the notation of [5, §3.4])L. In this case, the main results of this paper are the following:

e We describe explicit equations for Z,..

e We obtain informations about the Poisson bracket that allow to determine the
structure of the Lie algebra associated with the cuspidal point.

e We describe the action of SL,(C) on the generators of Z. and explain how the
presentation of Z, can be interpreted in terms of Hermite’s reciprocity law? (see
for instance [9, Cor. 2.2]).

The author is partly supported by the ANR: Projects No ANR-16-CE40-0010-01 (GeRepMod) and ANR-18-
CE40-0024-02 (CATORE).
Keywords: Calogero-Moser space, dihedral group.
2020 Mathematics Subject Classification: 20F55.
'Recall that, if d is odd, then we have necessarily a = b.
2We wish to thank warmly Pierre-Louis Montagard for his enlighting explanations.
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C. Bonnafé

e If 7 denotes the diagram automorphism of W, then 7 acts on . because we are
in the equal parameter case, and we prove that the irreducible components of Z [
are also Calogero—Moser spaces associated with other reflection groups. This
confirms [7, Conj. FIX] (or [6, Conj. B]) in this small case.

These results are used by G. Bellamy, B. Fu, D. Juteau, P. Levy, E. Sommers and the author
in [3], where it is shown that, for d > 5, the symplectic singularity of Z. at its cuspidal
point is a new family of isolated symplectic singularities whose local fundamental group
is trivial [3], answering an old question of Beauville [1].

These computations are based on a first paper of the author on Calogero-Moser
spaces associated with dihedral groups [5] and on the above mentioned algorithm
developed by Thiel and the author [8]. Explicit computer computations in small cases (i.e.
d € {4,5,6,7}) were necessary to find the general pattern. So, even though this does not
appear in this paper, it is fair to say that the above results owe their existence to MAGMA.

Recollection of notation from [5]

We will use the notation of the first part [5] and we recall here some of them, the most
important ones. We set V = C2 and (x, y) denotes its canonical basis while (X,Y) is
the dual basis of V*. We identify GLc (V) with GL;(C). We also fix a non-zero natural
number d, as well as a primitive d-th root of unity € C*. If i € Z or Z/dZ, we set

(o ¢
w9

s =50, =51 and W = (s, 1): it is the dihedral group of order 2d. In particular,
si) ="y, si() =% si(X) =Y and  5(Y) =X,

The set Ref (W) of reflections of W (for its action on V) is {s; | i € Z/dZ}. Finally, let wg
denote the longest element of W (we have wq = #(s) 4~ 1D/2 if d is odd and wq = (s1)?/?
if d is even): this notation was used in the first part [5, Rem. 6.4] but we had forgotten to
define it! It will be used here in Section 5.
Wesetqg=xy,0=XY,r=x%+y4 R=X4+Y%and,if0 <i < d,
a0 = x4yt 4 yd_iYi.
In this second part, we will not use the notation  or R as r = ag o and R = a4 o: we prefer

this second notation. If i > 0, we set

eul) = (xX)" + (yY)'
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Calogero—Moser space and dihedral groups: the equal parameter case

and we set euy = eu(()l) = xX + yY. Recall from [5, Thm. 2.1] that

CV x V1" =Clg, 0, eup, a0, a1, - . -, aa,0].
We fix a map ¢ : Ref(W) — C and we set @ = ¢; and b = ¢;. We denote by H. the
rational Cherednik algebra at ¢ = 0, with parameter ¢, whose presentation is given in [5,

(3.2)]: it is defined as the quotient of T(V & V*) < W by the following relations (here,
T(V & V*) is the tensor algebra of V & V* over C):

[u,u'] =[U,U'] =0, (*)
(u,ai)-(a) ,U) i
[u, U] = =2 Yiezjaz €5 —av,an— Si

for U, U’ € V* and u, u’ € V. Note that we have followed the convention of [7].
Recall from [11] that H,. contains naturally the algebras C[V], C[V*] and CW as
subalgebras and that the multiplication map

C[V] ® CW ® C[V*] — H.

is an isomorphism of vector spaces. The center of H,. is denoted by Z. and we denote by
Z. the affine variety whose algebra of regular functions C[Z.] is precisely Z,.
We denote by Trunc, the C-linear map

Trunc. : H. — C[V x V7]
such that, if f € C[V x V*] and w € W, then

foifw=1,

0 otherwise.

Trunc.(fw) = {

It is the map induced by the map Trunc defined in [5, §3.4]. Its restriction Trunc, : Z. —
C[V x V*]W is an isomorphism of Z-graded vector spaces [5, Lem. 3.5]. Recall that it is
P.-linear, where P, = C[V]V ® C[V*]V = C[q, Q,20,0,24.,0].

We add a further notation which will be useful in this second part, namely, we set

0 1 1 0 0 0
lo o) =l 5) e o0
so that (e, h, f) is the standard basis of the Lie algebra s1,(C).

Hypothesis. All along this paper, together with the above notation, we make the additional
assumption that a = b, which justifies the title of this paper. Recall that it is automatically
satisfied if d is odd.
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C. Bonnafé

2. Backto Zyp = (VxV*)/W
2.1. Some polynomial identities
Ifi >0, let eu([)” denote the element

X X i+l _ Y i+l
eué’] _ X) (yY)
xX —yY

= > aX) Gy
j=0

of Zy = C[V x V*]%. In other words, with the notation of [5, §2],

. . o
eu([)l] = Z (QQ)Jeu(()[ 7 + 0 is even>
0<j<i/2

where d; is even 1S €qual to 1 (resp. 0) if 7 is even (resp. odd). Hence, using the inversion
formula [5, (2.1)], one gets

. . i—2j-2k
) = (@0 3 mainta@ e b

0<j<i/2 0<k<1/2-j

which can be rewritten

eu([)i] = Z m,-,j(qQ)jeuf)_zj, 2.1
0<j<i/2

for some uniquely defined elements m; ; € Z (note that m; o = 1). Let ¥;(T,T’,T")
denote the polynomial in three indeterminates equal to ¥ o« ;o mi,j (T'T”) T2 1t is
homogeneous of degree i for the natural graduation of C[7,7’,T"] and, as a polynomial
in T with coefficients in C[T”,T"], it is monic. If we denote by C[T,T’,T" ] the
homogeneous component of C[T,T”,T"'] of degree k, then the unitriangularity of the
formula (2.1) shows that

(T T""¥;_)oci<j<k is a basis of C[T,T",T" . (2.2)
By construction, ¥; is the unique polynomial satisfying the following identity:

~ i (XX)H'I _ (yY)i+1
Wilew, . Q) = ey = = — (2.3)

The unicity comes from the fact that eug, g and Q are algebraically independent. Note
that ¥p = 1 and ¥; = T. Now the sequence (¥;);>0 is easily determined by the following
recursive formula: if i > 1, then

W =TV —T'T"¥,_,. 2.4)
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Calogero—Moser space and dihedral groups: the equal parameter case

Indeed, this follows from the fact that (xX)™*? — (yY)™*? = (xX +yY) ((xX)™* = (yY)i*!) -
xyXY ((xX)" = (yY)"). Note also for future reference the following two relations: if i > 1,
then

v, ¥,
o 0¥ | 0¥ =i+ 1)T'%¥;_,
aT = aT” 2.5)
o i 0% =i+ D)T"% '
oT AT’ i-t

Proof of (2.5). We prove only the first identity, the second one being obtained by
exchanging the roles of (x, y) and (X,Y). Let us consider the two identities obtained by
applying /90X and 9/dY to (2.3):

(i +Dx™ X (xX = yY) —x((xX)™* = (yY)©*)

0Y;
)Ca_T(eu07 q, Q)+Y8T// (euo, 9, Q) - (XX - yY)2

Y; —(i+ 1)y Y (xX—yY)+y((xX) ™' - (yY)HI)
y T (euo, q, Q)+X6T// (euo, 4> Q) - (-XX yY)2

Multiplying the first equality by y, the second by x, and adding the results yields exactly

oY oY
2q—(eu0,61 0) +eup-—-(eup, ¢,0) = (i + )%, (euo, ¢, 0),

8TU

as expected. O

2.2. Presentation

We rewrite slightly differently the presentation of Zy = C[V x V*]W obtained in [5,
Thm. 2.1] according to our needs. A straightforward computation shows that, if 1 <i <
j <d-1,then

a;-1,08,41,0 — 8,08, = (eu] — 4fIQ)61d_j_lQi_leu([)j_iJ-
Using (2.1), this gives

a;-1,0841,0 — 2;,02,,0 = (eu} — 490)g? 10", _;(eup, ¢, Q) (3%)

. . . . . 0 .
This equation can also be obtained by substracting the equation (Zl.,j) to the equation

(Z?_l j 1) (with the notation of [5, §2]). Consequently, the presentation given in [5,
Thm. 2.1] can be rewritten as follows:
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Theorem 2.1. The algebra of invariants C[V x V|V admits the following presentation:
e Generators: q, Q, euy, ag 0, 41,0, 42,0, - - -, 44,0

e Relations:
eupa; o = ga;y1 0+ 0a; 1 forl<i<d-1,

A;-1,04;+1,0 — A;,04;5,0 )
= (euj —49Q)q /10" ;i (eug, ¢,Q) for1<i<j<d-1.

2.3. Poisson bracket

The Poisson bracket on C[V x V*]W is obtained by restriction of the natural one on
C[V x V*], which is completely determined by the following rules:

{x,X}={y,Y} =1 and {x,y} ={X, Y} ={x,Y} ={y, X} =0.

Therefore, a straightforward computation shows that the Poisson bracket between the
generators of C[V x V*]W is given by:

{q.Q} = euy,

{ewp, ¢} = -2q,

{eu, 0} =20,

{eug, a; 0} = (2i — d)a; o, (2.6)
{g.ai0} =iai-1,0

{Q.a:0} = (i = d)aj10

{ai0.aj0) = j(d =g~/ Qeui ™" —i(d - )g?~I' Q" eu ™,

where the last equality only holds if 0 < i < j < d. In particular, (Q, eup, —q) is an

slp-triple (for the Lie algebra structure on C[V x V*]W induced by the Poisson bracket).
Note that

{0, euf — 490} = {q, eu} — 490} = {eug, eu} — 4g0} = 0. 2.7)

2.4. Action of GL,(C)

Since W is a Coxeter group, the CW-modules V and V* are isomorphic. In our situation,
the map
D Vv — Vv
ax+pBy +— pX+atY
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Calogero—Moser space and dihedral groups: the equal parameter case

is an isomorphism of CW-modules. One then gets an action of GL,(C) on V X V* as
follows:

(3 ?) (u,U) = (au + BO~(U), y®(u) + 6U).

By construction, this action commutes with the action of W, so induces an action of
GL;(C) on the C-algebras C[V x V*], C[V x V*] = W and C[V x V*]W. This induces
an action of the Lie algebra gl,(C) by derivations on C[V x V*] and C[V x V*]W. For
conventional reasons, if ¢ € C[V xV*] and ¢ € sl,(C), we denote by & - ¢ the image of ¢
under the action of —¢. It is easily checked on the generators x, y, X, Y of C[V x V*] that

e -¢={0,¢}, h - ¢ = {eug, p} and  f-9p={-q,¢} (2.8)
for all ¢ € C[V x V*].

3. Calogero—Moser space at equal parameters

Notation. We denote by g, O, eu, ag, a, ..., ag the respective preimages of ¢, Q, euy,
a9,0, 41,0, . - - , 44,0 under the isomorphism of vector spaces Trunc, : Z. — C[V X VW,
By definition, ¢, O, eu, ay, ay, . . ., ag are the respective images, by specializing at
the parameter c, of the elements that were denoted by ¢, Q, eu, ag, a1, ..., a4 in [5, §3.4].
Note the following formulas:
[X’X] =-—-a Z Sis

i€Z/dZ
[xYI=a ), s,
i€Z/dZ

v.XI=a ), {'si

i€Z/dZ

[y,Y] =—-a Z Si.

i€Z/dZ
Note also the following formula, which follows from [12, §3.6]: if P € C[X,Y], then

P—sip P—sip
[x,P] = -a Z X {iysl- =—a Z s,—X Y 3.2)
i€Z/dZ - i€Z/dZ ;

3.1

3.1. Explicit form of the generators

Recall from [7, §3.3 and §4.1] that

eu=xX+yY+a Z S;. 3.3)
i€Z/dZ
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An important feature of the equal parameter case is that the elements a ; have a reasonably
simple form:

Proposition 3.1. If 0 < j < d, then
x477 = fliyd=i o X7 fiiyd

— d=iyi 4 =i xi -ij
aj=x""Y' +y"/X —a Z e — —— §;
i€Z]dZ x={y X-4y
L . L oyd=J _ pijyd-j J— sijyJ
:xd_JYj+yd_]X]—a Z §_']x ¢ .y iX g.Y
x—{ty X -0Y

i€Z/dZ
Notation. For future use of the above formula, we set
x4=7 = fiiyd=i X7/ - [yl
x—{"ty X -0Y
fori € Z/dZ and 0 < j < d.Note thaty; g =T;0=0andthaty; gy =1;; = 1.

Yi,j = and Fi,j =

Proof. Let b; € H. denote the right-hand side of the equation of the proposition. Since
Trunc,. induces an isomorphism Z. — C[V x V*]V and Trunc,.(a ;) = Trunc.(b;), it
is sufficient to check that b; € Z.. First, an easy computation shows that b ; commutes

with s = sg and 7 = s1. Now, by (3.2), we have

e DI e R S Y el

i€z]dz X-ay ie€z/dz X-ay
_ij x4 = fliyd=i X/ - iyl
_aieZZ/;izg x=¢7ty [ Xy ]
o X _ iyi
—a (T
i€Z/dZ —<
Wy [iiyd=i — yd=i s X7 — fijyi
iezjaz Y~ ¢y T X-gy
Wy §_[,jxd—j — Uyt T XT - iy
' P ’ — i
i€Z]dZ &ty l X-0Y

Now, the first two lines of this last equation compensate each other and it remains

[x,b;] =~a Z (_"J.Xdij — gijydjs{x X - ginj]
9 - o 7 1 9 :
! iez/dz x={y X-0y

d-j _ pijyd-j
X
=a’ ) ¢y Sisi’(

_ =i
i,i'€Z/dZ. x=4y

X/ — gijyj gi’jxj - g(i*i’)jyj
X-gY X -0Y )
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Calogero—Moser space and dihedral groups: the equal parameter case

again by using (3.2). But s;s; = ¢~%', where ¢ = ts = diag(¢, ") so, if we set k =i — i,
we can rewrite the above formula as follows:
s —ijxd_j —_ é’ijyd—j X X/ — é'ijyj é’(i—k)J'XJ' _ 4kjyj
[x,b;]=a Z 4 c — — -
X-0y JikX — kY

— i
i,kez/dZ x4y

=42 {_ijxd‘f _ gij,yd_j (g—ijj _ é’(l:+k)ij ) Xi — g“"'fo) .
i kez/dZ x—=47ty (kX — ritky X — Y
=a’ Z 0, .xck,
keZ/dZ
where
on 3O )
i€Z/dZ

e Clx,y] ® C[X,Y].
This formula implies that ®; x is a linear combination of (non-commutative) monomials
of the form x!y4=1=1X™myJ/=1-" where 0 < I < d—j—1and 0 < m < j — 1, and the
coeflicient 8} i ; », of this monomial in ©; j is equal to

0 kim = Z év—ijg—i(d—j—l—l)((—kmé,(mk)(j—l—m) _ éwi(j—l—m))
i€Z/dZ

_ Z gi(l+j—m)(é»k(j*1*2m)_1).
i€Z/dZ

Butj<l+j<d-land0O<m<j—1,s0l+j # m mod d. This implies in particular
that 3;c7/47 g1~ = 0, and 50 6 x.1.m = 0. This shows that [x,b;] = 0.

A similar computation shows that [X,b;] = 0 and so b; commutes with s, ¢, x,
X, sxs7! = y and sX s~! = ¥, so it is central in H,.. This completes the proof of the
proposition. O

This has the following consequence, that will be used for obtaining a presentation of
the algebra Z..

Corollary 3.2. If1 <i<j<d-1,then
Trunc.(a;-1a;+1 — a;a;)
= g1 QI (TR X2 iRy -2y d=i g (i xi=E iy i)

Jj-1
+d(1+j—i-d)d* Z xMrd=imjyd-2-M yMyi+j-2-M
M=i-1
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Proof. Assume first that 0 <7 < j < d. Since a; is central, we get

aiaj =x""a;Y' +y"a;X' - a Z CMykiasiTr,
kez/dZ
— xd-iyd=jyiyi +xd—iyd—ijYi+yd—ixd—ijXi+yd—iyd—ijXi
—a Z xd_"yk,jskl“k,jYi —a Z yd_"yk,jskl“k’jX"
kez/dZ keZ/dZ
ki deivi o deiwi
—a Y My YT+ y X s
kezZ/dZ

2 ki p-kj
wa® Y My T sisTe

k,leZ/dZ

Therefore,

2d—i—jyitj | 2d—i—jyitj | d—jyi(j—iyi—i j—ivj—i
Trunc.(a;a;) = x TYy" +y TX™ 4 ¢4 (I TIXI T+ yITHYI T

va 3T Dy iy Tk T
keZjdz

Expanding the product y iy, ik, jTk,i gives

i it it ir  deiis it i
Trunc. (a;a;) = x“7 /Y™ 4+ y @™ IX 4 g4I QN TIXIT 4 /T T

d-i-1d—-j-1i-1 j-1

+Cl2 Z Z Z Z Z éf—k(i+j+l+l —-m-m )xl+l y2d—i—j—2—l—l xmm Yi+j—2—m—m )

keZ/dZ 1=0 I'=0 m=0 m’=0

FOSL<2d—-i—-j—2(esp.0 <M <i+j—2),let L ;(L) (resp. M; ;j(M))
denote the set of pairs (/,1") (resp. (m,m’)) such that [ + [’ = L (resp. m + m’ = M) and
O0<l<d-i—-landO</!'<d-j—1(esp.0<m<i—1and0 < m’ <j—1). Then
the above equality might rewritten

2d—i—jyi+j . 2d—i—jyiti . d=jyic j-iyi-i . i-iyi-i
Trunc. (a;a;) = x“7"7IY™ + y® @™ X 4 g4 QN TIXI T+ y/TY T
2d-i—j-2 i+j-2

+a® 3T L ()] My (M)
keZ/dZ L=0 M=0
_é’—k(i+j+L—M)xLyZd—i—j—2—LXMyi+j—2—M.
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Calogero—Moser space and dihedral groups: the equal parameter case

Now, if 1 <i < j <d -1, applying the above formula by replacing i by i — 1 and j by
j + 1yields

Trunc.(a;-1a+1 — a;a;)
_ qd—j—lQi—l(xj—i+2Xj—i+2 4yl iRy ii2) qd—jQi(xj—in—i +yI-iyii)

2d—i—j-2 i+j-2

2 —k(i+j+L-M)

vy V(X )
keZ/dZ

=0 M=
(|£i—1,j+1(L)| M (M) =1L i (L)] - |Mi,j(M)|)
xly2d=i=j=2=LyMyi+j-2-M
So, the coefficient of xLy?d=i=/=2-L xMyi+j=2=M s non-zero if and only if i + j + L =
M mod d and | L;—y j+1(L)| - IMi—1 it (M)] # [ Lij(L)] - IM; ;(M)]. Since i < j, we
have

1+L ifO<L<d-j-1,
| Lij (L) =9d -] ifd-—j-1<L<d-i-1,
2d—i-j—1-L ifd—i-1<L<2d—i-j-2,
1+M ifO<SM<i-1,
and  |M; ;(M)| = qi ifi—-1<M<j-1,
i+j—1-M ifj—1<M<i+j-2.

So | Li—1,jri (D) IMic1 jin(M)| # | L j (L) - IM; j(M)|ifandonlyifd—j -1 < L <
d—i—1lori—1< M < j—1.Combined with the fact thati + j+ L = M mod d to obtain
a non-zero coefficient for xLy?d=1=/=2-L xMyi+j=2=M 'this forces i + j + L = M + d
and so

Trunc.(a;-1a;+1 — a;a;)
= g1 QI (TR X2 iRy miedy _ d=i i (i xi=E iy i)
Jj-1

+ dClz ((d e 1)(! _ l) _ (d _ )l) xM+d—i—j d—2—MXMyi+j—2—M,
J J y
M=i-1

=l+j-i-d

as expected. O

3.2. Poisson bracket

We determine here part of the Poisson bracket between the generators:
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Proposition 3.3. We have

{q.0} =eu, {eu,q}=-2q and {eu,Q}=20.
Moreover, if 0 < j < d, then
{g.a;}=jaj-1, {eu,a;}=(2j-d)a; and {Q,a;}=(j-d)a;n,
with the convention that a_1 = a4z = 0.

Proof. First, note that the Poisson bracket on Z. is in fact the restriction of a Poisson
bracket {-,-} : H. X Z. — H_. This Poisson bracket satisfies the following property: if
2= Ywew JwwFyw € Z., with fw € C[x,y] and F,, € C[X,Y], then

ezt = D fuw and {2} = ) fuw— (3.4)
weW weWw

The first three equalities of the proposition are standard and hold for any Coxeter group
(see [10, §4] or [4, §3]) and can easily be checked in this case by a little computation.
Similarly, the fact that {eu,a;} = (2j — d)a ; follows from the general fact that, if 2 € H,.
is homogeneous of degree k, then {eu, h} = kh (see for instance [7, Prop. 3.3.3]). We now
prove that {g,a;} = ja;_1, the last equality being proved similarly. From the formula
given for a; in Proposition 3.1, we get

g.a;} = {yx.a, =jxd’ij’]x+jyd’f”xj’l
J J
j ol
—a Z é'_’%JSz X—a Z g y')’tjsl
i€Z/dZ i€Z/dZ

In order to prove the proposition, it is sufficient to check that Trunc.({gq,a;}) = ja;_;.
But, from the above formula and from (3.2), one gets

ory ;
Trunc.({q,a;}) = ja;_ 1—aTruncC( Z l” ”yl]s, 6YJ )
i€Z/dZ
Since
or; Ty ;
—ij .J irj
Z 5 '}’l]sl Z 4 71 /Sl( _[ "oy :|)7

i€Z/dZ i€Z/dZ
it follows from (3.2) that

ol S"(ar,-,j )

. oY oYy
Trunce({q,a;}) = jaj-1+a® Y, &y
i€Z/dZ
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So it remains to prove that

i Si(ar,«,,«)

i oY w )
Z 4 in’jX——giY_O' ®

i€Z/dZ

Let us compute the big fraction in the above formula. First,
j-1
T, = Z [k xi-1-kyk
k=0

SO

or; ;. i 2
a;] _ Z ké«ika—l—kyk—l - Z(k 4 l)gi(k+l)Xj—2—kyk.
k=0 k=0

Therefore,

s\ & i(k+1) ¢ piyj=2-k ( p=i gk
(W)=Z(k+l){ (£'Y) (X)),
=0

Simplifying and using the change of variable k — j — 2 — k, one gets

M(or = . i (k+1) yj—2—kyk
G = > (G = 1=k kD x2kyk,
Y k=0

‘We deduce that

. i—2
aly,; AL(arij) : i(k+1) v j—2—k vk
L L) = N 2k +2— ) KD xim2kyk
Y Y ;

But X/ 2 (2k +2 - j) =0, 50

6Fi,j ¥ ari,j = o pi(k+1) (yj-2-k i(j-2-k)yj-2-k\yk
o gy | = 2@k 2= DI (xR Uik
k=0

127



C. Bonnafé

Since the term corresponding to k = j — 2 vanishes, this implies that

61",3]‘ _ S,‘( 61“,3])

=L -k
Y )4

w
w

J-

~.

(2k +2— j){i(k+])Xj—3—k—k'({iy)k'Yk

X-Jy k=0 k=0

-3 j-3-k

— (2k +2— j){i(k+k/+l)Xj—3—k—klyk+k/
k=0 k’=0
j=3 -3

= D@k 42— D XKy
k=0 k’=k
J-3( K

- ( (2k +2 - j))gi(k’+1>xf—3—k’y’<’
k’=0\k=0

w

J=
= D (K +2= (K + 1) ED X3k Yk,
k’=0

Therefore, the left-hand side of the formula (§) is a linear combination of monomials of
the form x9=/=1=lylx/=3-mym \where 0 </ < d—j—1and0 < m < j -3, and the

coefficient of this monomial is

D, (m+2=)m+ DI = (2= j)ma 1) Yo LD,

i€Z/dZ i€Z/dZ

Butj<l+j<d-land1<m+1 < j—2,so this coeflicient is 0 and the equality (#)

is proved.
Corollary 3.4. We have
{q, eu® — 4qQ} = {eu, eu® — 490} = {Q, eu” - 490} = 0.

3.3. Presentation
The main result of this paper is the following:

Theorem 3.5. If a = b, then the algebra Z. admits the following presentation:
e Generators: ¢, Q, eu, ag, ay, ..., aq.

e Relations:
eua; =qa;. +Qa; forl<i<d-1,

a-1a;. —a;a;

= (eu® - 490 — d*a*)q?77'Q"" ¥, _;(eu,q,Q) forl <i<j<d-1.
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Proof. By [8], a presentation of Z. is obtained by deforming the generators of Zy =
C[V x V*]V and deforming the relations. Therefore, in order to prove the theorem,
it is sufficient to check that the relations given in the statement are satisfied. So let
I<i<j<d-1
Let us first prove that

ewa; =qai. +0a; . (30)
For this, it is sufficient to prove that Trunc.(eu a;) = Trunc.(ga;+1 + Qa;_1). But the
map Trunc, is P.-linear so it is sufficient to prove that

Trunc, (eu a;) = eug a; o. ()
Since a; is central, it follows from (3.3) and Proposition 3.1 that

eua; =xa; X +ya;Y +a Z a;si
keZ/dZ

= x(x?7Y + yT XD X + y(x Y+ y XY

—a Z T xyp sl iX —a Z Ty s T Y

k'ezZ/dZ k'ezZ/dZ
va Y Y ey X —a® Y Ty T s
kez/dZ k.k'€Z/dZ

But 55, = 1 if and only if &’ = &, so

Trunc, (eu a;) = eupa; o — a’ Z Ry iTh.
kez/dz
The element Yy c7/q7 ¢ “kyy iTk.i of C[V x V*]W is a linear combination of monomials
of the form x?=i=1-lyl xi=l=mym where 0 < I < d—i—1and 0 < m < i— 1, and the
coefficient of this monomial is equal to
Z ki gkl plm _ Z g kGt=m)
kezZ/dZ kezZ/dZ

Buti<i+l<d-landO<m<i—-1,s0i+/—m # 0 mod d. This shows that the
above sum is zero, and this completes the proof of (}).
Let us now prove that

ai_1ajy —a;a; = (eu” — 490 — d*a*)q? 710", (eu, ¢, Q). (3:,7)

This will be proved by induction on j —i. So let us first consider the case where j —i = 0,
i.e. where j = i. Again, it is sufficient to prove the equality after applying the map Trunc,.
We deduce from Corollary 3.2 that

Trunc.(a;_1a;41 — a?) = ¢~ 10 (X% + y?Y? - 240 — d(d - 1)d?).
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Since Trunc, is P,-linear and Wy = 1, proving (3;, ;) is equivalent to proving that
Trunc, (eu® — 4¢0 — d*a®) = x*X* + y*Y? = 2¢0 — d(d - 1)d?,
or, equivalently, that
Trunc. (eu?) = x2X? + y*Y? + 2¢Q + da®. &)

But

eu’ = xeuX +yeuY +a Z eusy
keZ/dZ

=x*X? +xyYX +a Z x5 X + yxXY + ))2Y2 +a Z ysiY
keZ/dZ keZ/dzZ

+a Z (xX+yY)sk+a2 Z SISk.
kezZ/dZ k,leZ/dZ

It follows directly that
Trunc, (eu?) = x*X? + y*Y? +2¢Q + d* Z 1,
keZ/dZ

as desired.
Assume now that j —i > 1 and that (3;- ;) holds if j* — i’ < j —i. Then, by the
induction hypothesis, we have

aiaj —aa; = (eu” — 490 — d*a*)q? 7 *Q"Y,_;_1(eu, q, Q).
Applying {¢, —} to this equality, and using Proposition 3.3 and Corollary 3.4, one gets:

i(ai-1aj41 —a;a;) + j(a;a; — ai+1aj—l) = (eu® —4qQ - dzaz)qd_j_l

i-1 1 J i-1 i \P
Q' eu¥;_;_i(eu,q,0) +2qQ"' — ——(eu,q,0) +Q'eu ———

T,, —(en.q.0)).
But, by (2.5),
2q—alpj_,- Leu, q, Q)+eua‘P—(eu 4.0) = (j ~1)q¥j-i-2(eu,q, Q)
9T oT”
and, by (2.4),
eutji—1(eu,q,0) —qQ¥;-i>(eu,q,0) = ¥;-i(eu, q,0).
Therefore,

i(ai-1aj4 —a;a;) + j(a;a; —aia;-1)

= (eu? —4qQ — d*a®)q 7' QI (Wi (eu, q, Q) + jqO¥;_i_2(eu, q, Q)).
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Since the induction hypothesis implies that
(aiaj — aina;-1) = (eu’ —4qQ — d’a’)q" I Q"¥; i 2(eu.q.Q),

the result follows. O

3.4. Back to the Poisson bracket

In Proposition 3.3, we did not determine the Poisson brackets {a;, a;}. This was only
determined for @ = 0in (2.6): itis proven that there exists a polynomial I1; ; € C[T,T’,T"],
which is homogeneous of degree d — 1, such that

{a;0,a;0} =1II; j(eup, g, Q).
This will be deformed to the a # 0 case as follows:

Proposition 3.6. If 0 < i < j < d, there exists a polynomial ®; ; € C[T,T",T"],
homogeneous of degree d — 3, such that

{a;,a;} =T1; j(eu,q,Q) + a*®; j(eu,q,Q).

Proof. We will prove that there exist polynomials ®; Pij€ C[T,T’,T"],homogeneous
of degree d — 1 and d — 3 respectively, such that

{ai,a;} = @} ;(eu,q,Q) +a*®; j(eu,q, Q). (9:,7)

This is sufficient because, by specializing a to 0, one gets that @ ;=1 j.
Let us first assume that i = 0. To make an induction argument on j work, we will prove
a slightly stronger result, namely that

{aOv aj} = Cld_j(sﬂj (eu’ q, Q) + azej(eu’ q, Q)) (50'(')—’,)

where ¢}, 8; € C[T,T’,T"] are homogeneous of degree j — 1 and j — 3 respectively. For
this, let us apply {ag, —} to the following two relations given by Theorem 3.5

Qap - eua; +qas =0, 31)
apar — ai = q* % (eu* - 490 - d*a®). 31,1
Using Proposition 3.3, this gives
—eu{ap,a} +q{ap,ar} =0,
qao{ao, ar} - 2qai{ao, a1} = q*~{ao, eu® — 490} = q~' (2dageu - 4dqa,).

Thanks to the first equality, we can replace the term g{a, @, } in the second equation by
eu{ao, a}, and this yields

(ageu —2qa,){ag,a;} = 2dqg? " (ageu — 2qa;).
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Since ageu — 2qga; # 0 (by computing its image by Trunc.) and since Z. is an integral
domain, we get

{ag,a\} = 2dq?™",
which proves (503 1)- We also deduce that

{ao,a>} = 2dq"eu,

which proves (¢ ,).
Now, assume that j > 3 and that (g j,) holds for j’ < j. Applying {ag, -} to

Qa;r—eua;_;+qa; =0 (3j-1
yields, thanks to Proposition 3.3,
daia;_»+Qf{ag,a;j_2} —daoaj_1 —eu{ap,a;_1} +qg{ap,a;} =0.

But

apaj 1 —a1a; = (eu’ —4qQ — d’a®)q" 7' ¥; 3(eu, q,0) (31,j-2)
by Theorem 3.5 and
=02 (p; 5 (eu,q,0) +a*0;-5(eu, q,0)),
j-1(en,q,0) +a’6;i(eu,q,0))

{aO, aj*Z} =4q
{ao,a;1} = q*
by the induction hypothesis. This gives
{ao, a;} = d(ew’® - 49Q - d*a*)q" ¥, 5(eu, q, Q)
—q? 7" 0(pj-2(eu, q, Q) +a*0;2(eu, q,0))
+q"Veu(p;1(eu,q,Q) +a’0;_1(eu,q,0)),
which proves that (¢ j) holds.
We will now prove that (g;_ ;) holds by induction oni. The case i = 0 has just been treated,
so assume that i > 1 and that (p;_; ;) holds for all j*. Then (i — 1 - d)a; = {Q,a;_1}
and i — 1 — d # 0. By the Jacobi identity, we get
(l -1- d){ai7 a]} = {{Q9 ai—1}7 a]}
={0.{a;-1,a;}} —{a;~1,{0,a;}}
={0.{ai-1,a;}} - (j —d){ai-1,a;.}.
So the result follows from the induction hypothesis because, if ® € C[T,T’,T"] is an
homogeneous polynomial of degree k, then

(Q.0(eu,9,0)) =20 (eu,4,0) ~ eu’s (et 4. 0)
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is of the form ®*(eu, ¢, Q) where ®* is homogeneous of degree k. The proof of the
proposition is complete. O

3.5. Lie algebra structure at the cuspidal point

By Theorem 3.5, the affine variety Z. might be described as
Vi<i<js<d-l,

Z _ (q’as esa09a1s~-~,ad) eai:qai+l+ﬁai_l’
c =

c Cd+4
ai-1aj+1 — aid; _ _
= (2 -40Q - d*a?)q!7'QTIW; (e, 9, Q)

If d =3 and a # 0, then Z. is smooth. So assume from now on that d > 4 and a # 0.
Then the homogeneous component of minimal degree of all the above equations is equal
to 2, so the point 0 = (0,...,0) € Z. is singular and the tangent space of Z. at 0
has dimension d + 4. It is the only singular point and it is a cuspidal point in the sense
of [2] (see [5, §5.2]). This means that the corresponding maximal ideal mg of Z, is a
Poisson ideal (since my = (g, Q, eu,ap,a,...,ay), this can also be checked thanks
to Proposition 3.6). This implies that the cotangent space g/ m(z) of Z. at 0 inherits a
Lie algebra structure from the Poisson bracket: we denote by Lieo(Z.) the vector space
moy/ m% endowed with its Lie algebra structure. It has been proved in [5, Prop. 8.4] that

If d = 4, then Lieo(Z.) = sl3(C). (3.9
We now determine Liey(Z,) in the remaining cases:
Proposition 3.7. Ifd > 5, then
Lieg(Zc) = sh(C) @ Sq,
where Sy is a commutative ideal of Qieg(Z.) of dimension d + 1 on which sl;(C) acts
irreducibly (i.e. Sq ~ Sym®(C?) as an sly(C)-module).

Proof. If m € myg, we denote by i its image in ieo(Z.). Then (¢, O, eu, ag, ay, . .., ag)
is a basis of Lieg(Z.). We set

d
g=CO®Ceu®Cq and S,= @Ca,-.
Jj=0
It follows from Proposition 3.3 that g is a Lie subalgebra of Lieq () isomorphic to sl (C),
and that S, is normalized by g and is isomorphic to Sym?(C?) as an sl,(C)-module.
Since d > 5 (and so d — 3 > 2), we get from Proposition 3.6 that {a;,a;} € m% and
so [a;,a;] = 0. This completes the proof of the proposition. O
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4. Action of SL,(C)

The action of GL,(C) on C[V X V*] < W does not deform to an action on H. by
automorphisms of algebras, but the action of the subgroup SL;(C) does, as explained for
instance in [7, §3.6]. This action commutes with W and is given on elements of V and V*
by the same formula as in Section 2.4.

We investigate here several of its properties (Poisson structure, existence of an
equivariant morphism Z,. — sl (C), interpretation of the presentation of Z. in terms
of Hermite’s reciprocity law). The equivariant morphism to sl,(C) is for instance used
in [3] to prove that the local fundamental group of Z. at its singular point is trivial.

4.1. Action and Poisson structure

This SL, (C)-action induces an action of the Lie algebra sl,(C) on H. by derivations: as
in Section 2.4, if ¢ € s,(C) and ¢ € H., we denote by & - h the action of —’¢ on . It is
related to the Poisson bracket through the same formulas as in Section 2.4:

e -¢={0,¢}, h- ¢ ={eug, ¢} and  f-9={-q,¢}. 4.1)

4.2. Map to s, (C)

If (q, Q, ¢) € C3, we denote by M(q, Q, ¢) the matrix
M(q,Q,¢) = (_eq i) € s, (C).

We identify sl,(C) with the subspace of Z. equal to Cqg @ CQ @& Ceu by sending
(e, h, f) to (Q, eu,—q): by Proposition 3.3, this identification carries the Lie bracket
on sI(C) to the Poisson bracket on Cqg & CQ @& Ceu. This gives an identification
Clgq,Q,eu] ~ Sym(sl(C)) and the inclusion C[gq,Q,eu] C Z. gives an SL;(C)-
equivariant Poisson map

u o Ze — sh(C)”
(the equivariance follows from (4.1)). Identifying s, (C) with its dual thanks to the trace
map endows sl (C) with a Poisson structure and gives an SL, (C)-equivariant Poisson
map

u:Ze — sh(C).

The map u can be explicitly described by the following formula

u(q,Q,¢,a0,ai,...,aq) =M(q,Q,¢).
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4.3. Hermite’s reciprocity law
Let E = E* @ E; denote the vector space

E=CO00CeuadCqgdCap®Ca;®---day.

Ef Eq

Theorem 3.5 shows that the natural morphism of algebras o : Sym(E) — Z is surjective
and it describes its kernel. For avoiding the confusion between multiplication in Z. and
multiplication in Sym(E), we will denote by % the multiplication in Sym(E). For instance,
ao*az—afz is an element of Sym(E) whereas aoaz—a% is an element of Z., which is equal
to o(apg*xa; — a’l"z). Similarly, if ey, . .., e, are elements of E and if ¥ € C[T},...,T,]
is a polynomial in n indeterminates, we denote by ¥* (e, ..., e,;) the evaluation of ¥ at
(e1,...,ey) inside the algebra Sym(E) whereas ¥(ey, . . ., e,) denotes the evaluation of
W inside the algebra Z.: they satisfy the equality o (¥*(ey, ..., en)) = ey, ..., en).

Proposition 3.3 and (4.1) imply that E is an SL,(C)-stable subspace of Z., so that
o is SLy(C)-equivariant. Let us denote by V, ~ C? another copy of C? viewed as the
standard representation of SL,(C) (or s1(C)), and we denote by (u1, up) its canonical
basis. We then have two isomorphisms of vector spaces

ot Symz(Vz) — Ef and o4 Symd(Vz) — Ey4
which are defined by
d-i i

o-ﬂ(u%) =2gq, a'ﬂ(uluz) =eu, O'ﬁ(u%) =20, and ogq(ui 'uy) =a; for0O<i<d.

Proposition 3.3 and (4.1) imply that ot and oy are SL,(C)-equivariant and we will
identify E* and E; with Sym?(V,) and Sym? (V) through these isomorphisms.
Let us first interprete the equations (3;);<;<q—1- Note that

Sym*(E) = Sym*(Sym®(V2)) & Sym*(V2) ® Sym?(V2) @& Sym®(Sym“ (V1))
and that we have a natural morphism
p2.a  Sym?(V2) ® Sym (V2) —> Sym**(V2)

given by multiplication. We denote by Der(Sym(V;)) the Sym(V,)-module of derivations
Sym(V5) — Sym(V5). If D € Der(Sym(V5)), we denote by D(?) the map Sym?(V») ®
Sym?(V,) — Sym(V3), ¢ ® ¢ —> D(¢)¢. Then it is easily checked that

d-1
Ker(uz,a)N ﬂ Ker(D(Z)) = @C(Q*ai_l—eu*aﬁq*am) c Sym?(E).
DeDer(Sym(V,)) i=1
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So the family of equations (3;)1<;<4—1 can be summarized by
Ker(uz,q) N ﬂ Ker(D?) is contained in Ker(c). 4.2)
DeDer(Sym(V2))

Note that Ker(12,4) N (Mpeper(Sym(vs)) Ker(D?) is SL,(C)-stable, as the construction
is canonical.

The interpretation of the equations (3; j)i<i<j<d-1 is somewhat more subtle and is
related with Hermite’s reciprocity law (see the upcoming Remark 4.4). First, evaluation
induces a surjective morphism of SL;(C)-modules

Emn o Sym™(Sym"(V2)) —  Sym™(V2)
ViKk ek Yy, — Ve Vg

In the special case where m = 2 and n = d, then:

Lemma 4.1. The family (a;-1 x ajs1 — a; * a;)i<i<j<a-1 of elements of Sym(E) is a
basis of Ker(g3.4) € Sym?(Sym® (V3)) =~ Sym?(Ey).

In fact, the family (@;_1 * @41 — @; * a;)1<i<j<a—1 generates the ideal equal to the
kernel of the natural morphism &, g : Sym(Symd(Vz)) — Sym(V3). On the other hand,
it follows from (2.2) that:

Lemma 4.2. The family (¢*?~7=" % Q*~1 % ‘P;‘_l.(eu, q,0))1<i<j<d-1 of elements of
Sym(E) is a basis of Sym9=2(Sym?(V,)) ~ Symd_z(Eﬁ).
Lemmas 4.1 and 4.2 allow to define a linear map
pa : Ker(ez,q) — Sym? 2 (E¥)
by the formula
palaii*aj—aixa;) =g 7" x 0« W (eu, q,0)

for 1 <i < j < d.Itis an isomorphism of vector spaces but an important fact is the
following:

Lemma 4.3. The map pg : Ker(ez,4) — Sym?=2(E¥) is an isomorphism of SLy(C)-
modules.

Proof. This is more or less the computation done in the end of the proof of Theorem 3.6. It
is sufficient to prove that it is an isomorphism of sl, (C)-modules. By (4.1), Proposition 3.3,
we have

f-(ai-1*aj —a;*xa;)
=(@-Dajrxaj+(+1)a;_1xa;—ia;_1xa;—ja; *a;_;

=(-D(aj2*aj —ai-1*xaj)+jla-1 *xa;—a;xa;_p).
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Therefore,

pa(f-(ai-1 *aj —a; *aj)

= (= D™ % QW (e, q,0) + g x QT X W, (e, q,0),
and so one gets
pa(f-(ai-1 *xaj —a;xaj))

=" X QM x (=)W, (e, q,0) + jg x Q% WT_,_ (eu, q, Q)

= g % k(= Deu x W7, (eu, g, Q)+(J—1+1)q*Q*‘P, i1 (eu, q,0)),
where the last equality follows from (2.4). Applying now (2.5) yields
(i - l)eu*‘P’-‘_.(eu,q,Q)+(j—i+l)q*Q*‘I’; i1 (eu,q,0)
=(i—1leux¥:_;(eu,q, Q)+2q*Q*( ) (eu,q, Q)+q*eu( - ) (eu,q,Q).

Putting things together and using again (4.1) and Proposition 3.3 yields

pa(f-(ai-1 *xaj—a;xaj))=f -pglai1 *xaj —a;*aj),
as desired. The fact that
pale-(ai-1xaj —a;*aj)) =e-pglai— xaj —a;xaj),
follows from a similar computation and this completes the proof of the Lemma. O

Using the isomorphism of SL,(C)-modules p, the family of equations (3; ;) can be
rewritten as follows:

V¢ eKer(er,a), ¢ — pa(e) * (eu*?> —4q * Q — d*d®) € Ker(o). 4.3)
Remark 4.4. The existence of such an isomorphism of SL;(C)-modules Ker(&2, 4) SN
Sym?2(E Hisa consequence of Hermite’s reciprocity law, as it has been explained to

us by Pierre-Louis Montagard. Indeed, Hermite’s reciprocity law (see for instance [9,
Cor. 2.2]) says that we have an isomorphism of SL, (C)-modules

B, = Sym™ (Sym™ (V2)) — Sym” (Sym™(V2))

making the diagram

hm,n
Sym™ (Sym" (V2)) Sym" (Sym™ (V2))
Sym™"* (V)
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commutative. In particular, %, , induces an isomorphism, still denoted by &, ,, between
Ker(&m,,) and Ker(g,, ).

In the particular case where m = 2 and n = d, the kernel of the evaluation map
Ee2 ! Sym(Sym?(V»)) = Sym(E#) — Sym(V,) is the principal ideal generated by
eu*? — 4g % Q so that the map

Sym?3(V,) —> Ker(eq,2)
) —  (eu*?> —4g*x Q) * ¢
is an isomorphism of SL,(C)-modules. Composing the inverse of this isomorphism with
ha.q4 gives an isomorphism Ker(&2_4) — Sym?2(E#).

Remark 4.5. Since eu*? — 4q * Q € Sym(E®)S12(©) (in fact, it even generates this
invariant algebra) we can define, for any polynomial P in one variable, a variety Z* by
the following equations:

Vi<i<js<d-1,

ZP _ (q’D, e,a()val,'-'aad) ea; :qai+1+Qai—1,

c Cd+4
ai-1aj+1 — a;aj _ _
= P2 —4qQ)q?/IQIY,_i (e, 0, Q)

By (4.2) and (4.3), the variety Z© can we rewritten as follows:

V ¢ € Ker(u2.a) N Npeper(sym(va)) Ker(D@),
(q"aa e’ao,ah-”’ad) (p(q,Q, e7a03al’~- -7ad) :0’
e CM | |V ¢ € Ker(£2.4),
e(ag,ay,...,aq) = P(=4qQ)pa(¢)(e, q, Q)

This shows that Z? is an SL,(C)-stable subvariety of C4** ~ E*.

zF=

5. Fixed points under diagram automorphism

Let 4/Z be a primitive 2d-th root of unity such that (1/7)> = ¢ and let 7 = ( \/?0 - \/0?)

Then 757! = t and 7#7~! = 5. So 7 normalizes W and, since ¢ = ¢;, T acts on Z. and so
on Z. by [7]. The action on the generators of Z. given in Theorem 3.5 is easily computed:

T

9=q, 0=0, Teu=eu and ‘a;=-a; 5.1

forO0<i<d.
Using the description of Z,. as a closed subvariety of C?** as in Section 3.5 thanks to
Theorem 3.5, one gets:

ZI={(a,Q,e,a0,ai1,...,aq) € Zclap=a, =---=aq =0}.
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Therefore,

Zl = {(q,@, e) e C?

Vi<i<j<d-l,
(- aQ-d’a*)q" /7 'QTY; (e, q.Q) =0

Let (e, q, Q) € Z7.1f q # 0, then the above equation withi = j = 1 gives e*—~qQ—d?a* =
0. Similarly, if Q # 0, the above equation with i = j = d — 1 gives ¢? — ¢Q — d%a*> = 0.
So assume now that g = Q = 0. Then the above equation withi =1 and j = d — 1 gives
(e — d*a®)¥4_1(e,0,0) = 0. But an easy induction on k shows that ¥, (7, 0,0) = T*
for all k, so this gives (e? — d>a®)e?~2 = 0. This discussion shows that

Z7 ~{(0,0,0)} U{(q,Q,¢) € C* | (¢ — da)(e + da) = qQJ}. (5.2)

So the 0-dimensional irreducible component is of course isomorphic to the Calogero—
Moser space associated with the trivial group(!), and the 2-dimensional irreducible
component is isomorphic to the Calogero—-Moser spaces associated with the pair (V7, W7)
and parameter da/2: indeed, dim V™ = 1, WT = (wg) =~ p, and equations for Calogero—
Moser spaces associated with cyclic groups are given for instance in [7, Thm. 18.2.4].
Moreover, Proposition 3.3 shows that this isomorphism respect the Poisson bracket. So
we have proved the following result, which confirms [7, Conj. FIX] (or [6, Conj. B]):

Proposition 5.1. The unique 2-dimensional irreducible component of Z[ is isomorphic,
as a Poisson variety endowed with a C*-action, to the Calogero—Moser space associated
with the pair (V©,W7) =~ (C, u,) and the parameter map Ref(u,) = {-1} — C,
-1+ da.
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