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Swarm gradient dynamics for global optimization: the density
case

Jérome Bolte*, Laurent Miclo*Tand Stéphane Villeneuve**

February 10, 2022

Abstract

Using jointly geometric and stochastic reformulations of nonconvex problems and ex-
ploiting a Monge-Kantorovich gradient system formulation with vanishing forces, we for-
mally extend the simulated annealing method to a wide class of global optimization meth-
ods. Due to an inbuilt combination of a gradient-like strategy and particles interactions,
we call them swarm gradient dynamics. As in the original paper of Holley-Kusuoka-
Stroock, the key to the existence of a schedule ensuring convergence to a global minimizer
is a functional inequality. One of our central theoretical contributions is the proof of such
an inequality for one-dimensional compact manifolds. We conjecture the inequality to
be true in a much wider setting. We also describe a general method allowing for global
optimization and evidencing the crucial role of functional inequalities & la f.0jasiewicz.
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1 Introduction

The global minimization of a non-convex function is probably the most challenging problem
in modern optimization. To solve this type of problems with reasonable accuracy and com-
putational time, there are few global optimization coming with guarantees. Among them,
metaheuristics methods have some notable empirical success by orchestrating interactions be-
tween local and global strategies, combining random and deterministic procedures. Some
examples of metaheuristics are inspired by analogies with biology (evolutionary algorithms
[14]) or ethology (ant colonies [10], particle swarms [20]). Despite their empirical success, they
still lack an appropriate mathematical justification that proves convergence to global mini-
mizers. The goal of this paper is to introduce new swarm methods, guided by both a gradient
descent in the Monge-Kantorovich space and the example of simulated annealing and to give
a quantitative proof of their convergence to global minimizers. To be more specific, we will
consider the problem of solving

min U, (P)

M

where a differentiable function U : M — R is defined on a compact Riemannian manifold M
and to introduce our swarm method, we will alternate between three points of view that we
present first in the case of simulated annealing.

Three views on simulated annealing Our starting point is the famous simulated anneal-
ing method. In its time-continuous form and when the state space is flat M (e.g., a flat torus),
it is a solution X := (X¢);>0 of the time-inhomogeneous Langevin-like stochastic differential
equation

dX,; = —B,VU(X,) dt + V2dW,, (a)

where (W3)>0 is a Brownian motion, 8; — +00 E| is carefully tuned so that the expectation of
U(X}) tends to miny; U. The formulation can be extended to any compact Riemannian
manifold M, but this requires more involved notations, see e.g. Ikeda and Watanabe [17] or
Emery [12].

The intuitive interpretation is quite natural, the method combines local gradient search
with a vanishing Brownian exploration of the feasible set M. Although the method is often
used as a heuristics, its proof has been made rigorous in various frameworks via different
approaches, the two main ones being based on large deviations, see e.g. the compendium
by Azencott et al. [2], and on functional inequalities, cf. Holley, Kusuoka and Stroock [16].
See also the references therein for alternative point of views. Key to the inspirational work
by Holley, Kusuoka and Stroock approach is the establishment of a generalized log-Sobolev
inequality followed by hypercontractivity arguments. This approach was then simplified by
Miclo 23], via the identification of the relative entropy as a convenient Lyapunov function. In
order to explain the role of the log-Sobolev inequality, the relative entropy, the mechanisms
behind the convergence properties, and understand the scope of the method, we view simulated
annealing along three complementary angles:

(a) the SDE form of the algorithm: the overdamped Langevin dynamics (a) above,

1Often called the inverse temperature



(b) the PDE counterpart of (a) which describes the time evolution of the density ¢ — p(t)
of X;. It assumes the form of a Fokker-Planck equation,

%p(t) = B div(pVU) + Ap, t>0. (b)

(c) Otto’s formalism [19] allows to interpret the latter as a gradient-like system in the space
of probabilities on M endowed with Monge-Kantorovich metric:

€ plt) = —aradyy Us, (1)) (©

with Uglp] = B/ Updl —|—/ plog pdl, where £ is the Riemannian measure of M. This

M M
quantity is also known as the relative entropy of p with respect to the Gibbs measure whose
density is proportional to exp(—gU), which served as a Lyapunov function in [23].

This triple perspective, mainly due to [19], is not new and has known a recent success in
sampling [9, [IT], optimization [22], 21| and machine learning [25].

Depending on the form we adopt to study the dynamics, subsequent results or devel-
opments may be considerably easier to understand. Indeed, while (a) classically provides
operational algorithms through discretization, (b) offers a tractable version amenable to clas-
sical PDE analysis methods as Lyapunov methods. As for the last angle, (c), it confers a sharp
geometrical content to the method and allows to interpret the essential tools of convergence
through classical intuitive geometric ideas. An essential fact about (c¢) is that functional in-
equalities, as the log-Sobolev inequality, may be seen as Lojasiewicz gradient inequalities. In
our case it means that there exists an exponent v € (0,1) such that the slope of (Us —minlf)”
is bounded away from zero (save at the stationary measure). This reparametrization sharpens
the energy while leaving unchanged level sets: this allows for a direct convergence analysis of
the gradient method (c), see [6] and references therein for further insights. In the simulated
annealing case the log-Sobolev inequality of Holley, Kusuoka and Stroock [16] turns out to be
an instance of such an inequality, see [6].

Swarm gradient dynamics The triple-perspective (a)-(b)-(c) we used to describe the strat-
egy of simulated annealing can be generalized to a much larger framework. For this, we adopt
the angle (¢) under which we observe that it is natural to consider more general convex func-
tions ¢ than Ry 5 7 — rIn(r) in the Boltzmann entropy. Referring to the results in [I], we
may indeed use a whole family of convex functionals

Hip] = /M e(p) dt,

leading to a penalized cost

Uslo] = 5/M Updé + Ml



and to the triplet of “equivalent” minimizing dynamics modeled on (c), (b), (a),

 p(t) = —aradyy s, o] M)
%p(t) = Bdiv(pVU) + divpVe'(p) (2)

dXy = —VU(X;) dt + /28, a(p)dW, (3)

with lims_,~ Bt = +00, , a are some positive functions to be specified, and p is the law of X.
The fact that a particle interacts with its law may be considered as a swarm effect, this is why
we call these dynamics swarm gradient dynamicaﬂ see Section for more insight. Principles
and other considerations behind the above dynamics are described in Sections and

The key to convergence: functional inequalities The central question is that of the
convergence properties to a global minimizer. In particular, an essential question is: what are
assumptions ensuring that the global minimization miny; U problem is solved by the above?

In simulated annealing, the essential tool for convergence is the log-Sobolev inequality of
Holley, Kusuoka and Stroock [I6]. We also recalled that this inequality can be advantageously
thought as a Lojasiewicz inequality when considering the problem along the gradient system
angle (c). We follow therefore the same protocol but in a reverse way: we formally write
Lojasiewicz inequalities using the Monge-Kantorovich formalism, which reveals in turn the
functional inequalities we would like to have at our disposal. This leads us to consider:

/ Ve (p) = V& ()P pdl > c(B) Q </ o(p) —p(up) — ' (1) (p — 1p) d€> (4)
M M

where ¢, : (0,+00) — R, are positive functions having specific properties and where g is
the unique stationary measure of Ug. We are at the heart of this paper and our central result:
proving such a functional inequality under adequate assumptions. Our result holds in compact
one-dimensional manifolds for power-like potential function ¢. As a consequence we obtain
a full convergence result of our global methods on compact one-dimensional manifolds. We
also evidence the general mechanisms of global convergence and for completeness we sketch
the form that operational algorithms could take.

Apart from the interest of our work for optimization. We believe that it raises important
questions and hopes on the validity domain of the family of inequalities in . Positive
outcomes would lead to new results in optimization and in other fields.

2 Presentation of the problem

2.1 A family of relaxations in the probability space P(M)

Consider the non-convex minimization problem:

Find a global minimizer of U : M — R on a compact Riemannian manifold M. (P)

2Since B is variable, they are actually time-dependent swarm dynamics.



Denote by d the distance on M, and ¢ the natural Riemannian measure. Up to a normalization
factor, assume ¢(M) = 1. Let P(M) be the space of probability measures on M equipped
with the Monge-Kantorovich distance defined through

W2(p,v) = inf {/ d?(z,y) p(dz,dy) : p is a coupling of y and v on MQ} ,
M

for any p, v in P(M). The extreme values of U play a special role in our approach, one defines
osc(U) := maxU — minU, (5)
M M

which we may assume positive —since otherwise the problem would be trivial.
We make the following regularity assumptions:
Assumption (A). The manifold M and the function U : M — [0, +oo] are of class C2.

The C? regularity assumptions are simple means to obtain existence results for the gradient
evolution in the Monge-Kantorovich space as in [I}, [13]

We embed our problem in P (M) and consider U[p] := [,, Up so that

min 4 = minU.
P(M)

Let 8 > 0, we introduce a penalized relaxation of U in the metric space (P(M), Ws) through

Uslol = AU + Ml = 3 [ Upat+Hi) ©)
where

"y / w(p)dl if p is absolutely continuous w.r.t the Riemannian measure
Pl = M

+ o0 otherwise,

with ¢ : [0, +00) — Ry is strictly convex and C? on (0,+00). Up to a multiplicative factor,
the first term in @ is the classical relaxation of U within the probability space over M. On
the other hand, as in simulated annealing, the second term acts as a penalization forcing the
minimizer to be unique and to have a density with respect to ¢ (see Lemma [1)).

Remark 1. (a) (Power-like penalizations) A strong focus will be put on the class of power-like
functions. For any m € (0,+00) \ {1}, define the convex function ¢,, : Ry — Ry via
m_1—m(r—1
Vr>0, om(r) = ! m(r = 1) (7)

m(m — 1)

Let us observe that ¢, is a strictly convex function, C? on (0, 4+00) and such that ¢,,(1) = 0,
o (1) = 0 and ¢!/ (1) = 1 for every admissible m. By the Taylor-Lagrange formula, we
deduce that @, is always positive, except at 1. The convex function ¢ : Ry — R, defined
by w1(r) := rln(r) — (r — 1) is recovered as the limit of ¢,, when m goes to 1 and corresponds
to the Boltzmann entropy. Hereafter, we will in particular consider functions ¢ that are
constructed by gluing together two different functions ¢, at 1.

(b) (Regularity of the penalization) Observe as well, from [I, Theorem 9.3.9, p.212| and
[1, Proposition 9.3.2, p.210], that the function H is lower semi-continuous for the Monge-
Kantorovich distance, and geodesically convex in P(M).



The penalization approach we adopt is through the one-parameter family of problems

val(Pg) := 7)1(1}\5) Ug (Ps)

where the parameter 8 > 0 is the inverse of a penalization parameter or the inverse of “the
temperature” according to the simulated annealing literature. It ultimately tends to oo, and
one has an elementary but important fact:

Proposition 1 (A global optimization principle). Assume (A) and that ¢ : [0, 4+00) — R4 is
strictly conver and C* on (0,+00). Then
1
) i — val = min U,
(i) phm 5 va (Pg) = minU,
(it) if pg is a sequence of solutions to (Pg), the weak™ limit points of pg have a support
concentrated on the set of minimizers of U

Proof. As a first observation, it is clear that

min / Up=minU.
P(M) J M

Fix € > 0 and choose p, to be an e-minimizer of U[p] = [,, Up. The above observation yields
Ulpe] < minps U + €. Since dom H contains smooth densities, one can also assume that #H(p.)
is finite. Take 5 > 0 and let pg . be an e-solution to (Pg), that is

1
G [np.e] = Ulpp.] +1/BH[up.] <U(p) +1/6H[p] + €
for all p. Thus choosing p = p. yields

1
g
Letting 8 goes to infinity yields

Uglpg,e) < m]vi[nU + 1/BH][pe] + 2e.

1
lim sup Buﬂ g, < mj\}n U+ 2e.

B—o0

1
Whence limsup —

Uslppe) < minU. Since Us > miny U by positivity of ¢, (i) follows
B—00,e—0 /8 M

readily.

Let us prove (ii). Let p be a limit point of ug for the weak™ topology. Since U is continuous, its
mixed extension U is continuous for the weak™® topology and thus limg_,. U[ug] = U[p]. On
the other hand, by positivity of ¢ one hasf < %L{g, thus (i) gives limsupg_, o U[up] < miny U
whence U[p] < minys U and (ii) follows. O

Set

1 . .
gap(B) = 3 #&5) U —minU (8)

tends to zero by the previous result. The quantity gap(3) measures the approximation abilities
of the problem (Pg) with respect to the initial problem miny; U.



2.2 Variational considerations and stationary measures

Let us analyze the first-order conditions for the above problem (Pg) through the lenses of the
Monge-Kantorovich metric. We shall use freely the definition of Monge-Kantorovich subgradi-
ents and related objects. As they are only central to our understanding but not to our proofs,
we refer to [I] for details. The subgradient of Uz with respect to the Monge-Kantorovich
metric has a domain contained in L'(M) and is formally given by

grady, Us [p] = —div(p(BVU + V¢'(p)))

for any admissible p in L(M).
Stationary solutions of , with 5; = 3, are thus probability densities y solution to

div(u(BVU + V' (1)) = 0, (9)

which is to be understood in the standard weak sense. By integration by parts, we have for

f e c2(an),
[ avuedunsae = ~ [ (9w, ve) ar
M M
= - / pp" () (V, V f) de
M

— — [ (V(uatn). V1) dt
M

~ [ natwosa
M
= [ alwofu
{n>0}
where the function « : (0,+00) — Ry is given by
1 T
Vor>0, a(r) = r/ s (s) ds.
0

On the other hand, we have

/ div(pBVU) fdl = — / (BVU,V f) pd.
M M

Finally, i is a stationary solution to @D if

viecn, [ L(flude = o
{n>0}
with

Lulf] = a(w)Af—(BVU, V).
Remark 2 (Infinitesimal generator). Observe that the choice ¢ = ¢ leads to a(r) = 1, that

is to

Lu[fl = Af = (BVU, V).
This is the infinitesimal generator of the classical (overdamped) Langevin SDE. Up to a
multiplicative constant, this is the only choice for the operator L, to be independent of ..

7



Let us apply formally the above relationship to the function f = SU + ¢'(u), assuming
here that the stationary density p is smooth enough. We obtainﬂ

/ va+¢wm%ﬂ=—/ Lu[BU + ' ()] e (10)
{n>0} {n>0}
=0,

where the last equality comes from the stationarity of p. Therefore, SU + ¢'(u) is constant
on every connected component of the set {y > 0}. We analyze this condition in the next
paragraph.

2.3 Uniqueness of the stationary density

The main ingredient to study the uniqueness of the stationary density is the relation

BU+(n) = ¢ (11)

where c is a constant that could depend on the considered connected component of the support
set {u > 0}.
Define I := ¢/((0,+00)) and denote by ¢ : I — (0,+00) the inverse of ¢'.

Lemma 1 (Existence and uniqueness of the minimizer of (Pg)). Assume ¢'(0) = —oo, there
exists an unique stationary density pg solution to @ Moreover,

(i) pgp is positive everywhere on M and is characterized by the relation

pp = (¢ —pU), (12)

where c¢* is a normalization parameter characterized by the condition

/ W(c* — BU)dl = 1.
M

(ii) pg is the global minimizer of Ug.

Proof. Let us start with (i) and by showing that a stationary density p is everywhere positive.
Towards a contradiction, assume that the set {y = 0} is non-empty and let M; be a connected
component of the open set {u > 0} with OM; # 0. Let (x,)nen be a sequence of elements of
My converging to a point of the boundary dM;. According to , we have for every n € N

BU (zn) + @/(/‘(xn)) = CMm

where the left-hand side term converges to —oo which is absurd. Therefore, M7 = M and
equation is valid everywhere on M. Set ¢ = ¢py,. Being strictly convex, the function ¢’
is one-to-one and onto between (0, +00), and by definition of ¢, equation rewrites:

no= e — BU) (13)

30ne may observe that the first term in (I0) is the squared norm of the Monge-Kantorovich gradient of U
evaluated at u.




As p is a density function, we must have

/w(c*—,BU)dﬁ = 1. (14)
M

Since 1 is strictly increasing and satisfies liming 7 ¢ = lim_, 9 = 0 and limgyp 7 1) = +00, there
is a unique value ¢* € R that satisfies equation . We have

p=1(c" - BU)

which ends not only the proof of the uniqueness of the stationary density p but also gives its
existence and its explicit form. To see (ii) and that p is the global minimizer, we observe that

Us(p) —Us(p) = /M ©(p) — p(p) dl + /M BU (p— ) dl

_ / o(0) — () de + / (" — @' (1) (p — ) dt
M

M

= / [e(p) — () — &' (1) (p — )] de,
M

which is positive whenever p # 1 by strict convexity of . O

When no confusion can occur we simply write p for ug. We gather the assumptions we
need regarding ¢ within

Assumption (B). ¢ : [0,400) — R is convex, twice differentiable on (0, 400) with ¢” > 0,
and satisfies ¢/(0) = —oc.

2.4 Global minimization dynamics

Minimizing dynamics We are now in position to provide dynamical systems meant to
solve the problem (P). Inspired by Holley, Kusuoka and Stroock’s approach to simulated
annealing [10], as it was simplified in [23], and using as well the gradient view provided by
Otto’s formalism, we consider, formally, the gradient system

p(t) = —gradyy Ug, [p(t)] a.e. on Ry, p(0) = po, (15)

where the term f3; is a C! positive time-varying parameter and where we use Newton’s notation,
p here, for time derivatives. The initial distribution pg is chosen in the domain of g, that is
in the domain of H. The time dependent density p turns out to satisfy the following partial
differential equation

p(t) = div(p(BVU)) +div(p(V¥'(p))),  p(0) = po. (16)

The time-varying parameter (; is traditionally interpreted as an inverse of a temperature
which typically cools down, i.e.,
lim §; = +o0 (17)
t—o0

Here we also interpret this parameter as the inverse of a penalty term echoing the static
formula @



Remark 3. (a) (Simulated annealing) When ¢ = ¢, boils down to the famous simulated
annealing dynamics

p(t) = Bdiv(pVU) + Ap (18)

which, by a famous “nonconvex” extension of the log-Sobolev inequality, due to Holley, Kusuoka
and Stroock [16], is known to generate measures concentrating on the set of global minimizers
of U whenever the temperature schedule is finely tuned.

(b) (Porous media) Taking U constant and ¢ = ¢y, in with m > 0, the dynamic corre-
sponds to the porous media equation

p(t) = mA (p(t)™)
The case m > 1 refers to the slow diffusion case while the case m < 1, for which ¢'(0) = —oco
refers to the fast diffusion situation, (see Vazquez [27] and Otto [24]).

Existence results and evolution equations In the line of [I], the non-autonomous theory
for Monge-Kantorovich gradient flows has recently been developed in [I3]. Using [13, Theorem
4.4, Theorem 5.4|, we may assert that and , have a common unique solution curve
t — p(t) in (P(M), Ws), which satisfies in addition

t — Ug,[p(t)] and t — p(t) are absolutely continuous, (19)

d o

Gualo0] = [ () +pae+ i [ Up, (20)
M M

where the time derivatives are taken for almost all times.

Functional inequalities Under hypothesis (A), (B) and some extra-assumptions on ¢
related to the geometry of the penalized cost, we intend to prove that the dynamics —
has global optimizing properties, in the sense that the global cost

Us, o) = /M (p(p) + BuUp) dt (21)

evaluated along the trajectory ¢t — p(t) given by — should converge to the value of
(P), ie.,
lim Ug,[p] = val(P) = mj\}n U.

t——+o00
As it is customary in the analysis of PDEs the key to convergence is given by “entropy-
energy” or “entropy-production” functional inequalities. In the “gradient or in the optimization
world” | these can often be seen as Lojasiewicz type inequalities, see [6] and references therein.
They connect the cost Up to the norm of its gradient ||grad,,Us|| and to the constant f:

lgradyls|® = c(8) @(Us(p) — minids ). (22)

where ¢, Q : (0,4+00) — R4 are positive functions, with Q being increasing and null at zero.
Reexpressing Ug by means of its stationary density gives

Us(p) —Up(p) = /M ©(p) — (p) dl + /M BU (p — ) dl
- / o(p) — o) de + / (¢ — o (W) (p — ) de
M

M

= / [e(p) — (1) — &' (1) (p — )] de.
M

10



Because ¢ is convex, we obtain Ug(p) > Us(p) thus Ug(p) = minlg.
As a consequence, inequality writes

/ V' (p) = V' () Ppdl > c(B) 2 </ o(p) — () — @' (1) (p — 1) d€> (23)
M M

where ¢, : (0,+00) — R, are positive functions. A typical example is given by the log-
Sobolev inequality of Holley, Kusuoka and Stroock which can be written as

[ 1960 - Ve o > Cuas(9 ( [ o) = et~ ¢ o - ) df) (24)
M M

where ¢(r) = p1(r) =rIn(r) —r + 1 and

Jim ZIn(Cins(8)) = —ose(D)

(see [16] for the precise description of the Lh.s. in terms of the landscape of U).
When U is convex and ¢ is power-like, one can also recover Gagliardo-Nirenberg inequal-
ities of [8], see [6] for connections with Lojasiewicz inequalities.

Convergence mechanisms for a fixed penalization parameter As previously men-
tioned, we adapt the approach of [23] developed in the Boltzmann entropy case (¢ = ¢1) to
our generalized class of relaxations.

Let us provide a first account of the general method through the constant parameter case.
For p € P(M) having a density with respect to ¢, set

Zlp] = Up(p) — min Uy (25)

L
T = /T V¢ (p) — Vg () 2o (26)

where the quantities may take infinite values and where p is the unique stationary density
(see Lemmal[1)), so that Z[u] = 0.

At this stage, we do not assume that 5 > 0 depends on time.
By time differentiation, using — and the evolution equation, we obtain

GTe0) = [ Sopars [supar

= [ )+ pvpar
N /M(so’(p) + BU)div(p(BVU + V' (p))) dl
=~ [ Vo) + BUNETU + V(o)

— -~ [ 19¢(0) + 89U dp.
M

11



Whence, if we have some inequality a la Lojasiewicz like (23] (as for instance the log-Sobolev
inequality of Holley, Kusuoka and Stroock [16] when ¢ = ¢1), we derive a differential inequality
for the one-variable function Z[p],

d

3 Lle@)] < —c(B) AUZ[p()]) (27)

This implies in turn that Z[p(t)] converges. If this limit was not zero, the fact that €2 is positive
out of 0 would imply, through , that the decrease-rate would be perpetually lower than a
negative constant, which is absurd. This allows to prove that Z[p(t)] tends to zero as t — oo.
We thus have proved the first part of:

Theorem 1 (Convergence with a non-vanishing penalty parameter). Assume that (A),(B)
are satisfied, and that there exist ¢ > 0, Q : Ry — Ry increasing, such that an inequality of
the type

/ Ve (p) = V' (n)Ppdt > ¢ (/ o(p) — () — &' (1) (p — 1) dﬂ) 7 (28)
M M

holds true whenever p is measurable and the left hand side is finite. Then
(i) Ug[p(t)] — minUg.

(i) If moreover Q(s) = ©(s%%) at 0, with 6 € (0,1), then p(t) tends to ug for the Monge-
Kantorovich metric, i.e., for the weak™ topology.

Proof. Ttem (i) is already proved. For (ii), from Q(s) = ©(s??) holds, we deduce that the lower
semicontinuous function Up satisfies a Lojasiewicz inequality as in [6], Theorem 2|, so that one
may assert that the curve ¢t — p(t) has a finite Monge-Kantorovich length; convergence rates
depending on @ are also available. O

What are the conditions for the above inequality to be valid, is a delicate open ques-
tion. The subject of the next section, and the central result of this paper, is to establish such
inequalities for one dimensional compact manifolds and a family of power-like potentials ¢.

3 A functional inequality on the circle
3.1 Main theorem
For m € (0,1/2), set
om(r) if r € (0, 1],

Vor > Oa ¥Pm,2 (T) = (r—1)2 (29)
pa(r) = if r € (1,400).

The function ¢y, 2 is convex on [0, +00) and C? on (0,+0oc). The latter property is a conse-
quence of the fact that



Observe also that ¢y, 5 is concave on (0, +00) with ¢, 5(0) = —oc, so that Lemma applies.

Let us recall that the unique solution of (Pg) is denoted by p = pg and that ¥y, » = [ap;n’Q]_l.

This section is devoted to the proof of:

Theorem 2 (A new functional inequality on the circle). Assume that M s the circle T =
R/(LZ) of perimeter L > 0 endowed with its usual Riemannian structure. Then there exists
a constant ¢(f), depending on pmin and L, such that for any measurable density p on T

where

L1960 = Vetuallpde > ()9 ( [ omat) = omate) = a0 ) dz)
T T

) = o5t

3
2

r if r€10,1)

1-2m

r20-m)  gfp>1.

Corollary 1 (An inequality & la Talagrand). Under the assumptions of the previous theorem
for any measurable density p on T

[ omelo) = eunatue) = a0 = ) de = d(5) o (Wil
where d(B) = O (Bm>, and

8/5 18 ifrelo,1)
w(r) = (30)
41— m)/(3 —2m) riGm  ifr> 1.

The rest of this section is devoted to the proof of this theorem (the corollary will follow
easily using a generalization of Otto-Villani theorem [6]). Most of the intermediary results we
provide are valid for a general compact C? manifold, thus, unless otherwise stated, we assume
for the moment that M is arbitrary. In the remaining subsections of the present section, for
the sake of simplicity, we shall often write ¢ = ¢y, 2 and ¥, 2 = .

3.2 Some estimates
Let us define the positive quantities
fhmin = m]\}nu and fimax = max i. (31)

Proposition 2 (Bounds for the stationary measure). We have, for any 0 < m < 1,

1

(14+ (1 —m)Bosc(U))™ 1 < pmin < fmax < Posc(U) + 1.

where we recall that osc(U) = maxy; U — miny, U.
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Proof. The stationary measure p satisfies for every x € M, u(x) = ¢(c* — pU(z)) for some
real constant ¢* and with 5 > 0 (recall ) Because v is nondecreasing , we have

Vo € M, p(c* — BmﬁxU) < p(x) < (c* — ﬁmjvijnU).
Integrating with respect to the probability measure ¢, we obtain
— U)<1<4¢(c"—BminU).
Y~ BraaxU) <1< Y( — frainU)
Because ¢’ is nondecreasing and ¢’(1) = 0, we obtain the following bounds for the constant ¢*

minU < ¢* < SmaxU.
fminl < ¢ < fma

Finally, for every x € M, ¢(—posc(U)) < p(z) < ¢(Losc(U)). Because Sosc(U) > 0, we have
for any m € (0,1),

(1 - (m — 1)6080([]))ﬁ < Pmin < fmax <1+ BOSC(U)a

which ends the proof. O

The following formal observation is essential. When the potential function ¢ is the entropy
function 1, the density of p with respect to u plays a pivotal role in the establishment of the
log-Sobolev inequality , see [16]. In our case, the counterpart is the function

(@' (p) — &' (W)
It is also convenient to use the quantity
9= ¢(p) —¢'(1) (32)

so that

p = g+ (n) (33)

An upper bound for the reduced cost Z[p] This necessitates three steps.

Lemma 3. For any measurable density p, we have

So(p) - SO(N) - 90/(:“*) (p - ﬂ) < ¢(¢(9 + (P/(MmaX))) - SO(MmaX) - ¢'(Mmax)(¢(9 + (pl(ﬂmaX)) - MmaX)

Proof. By definition of g, we have

e(p) —op) =" (Wp—pr) = e(g+ ¢ (1) —elp) — ¢ (L) (Wg +¢' (1) — w).

Fix x € M and consider the function F' defined on (0, +00) by

Vr>0,  F(r) = ¢@gx)+¢(r)) —elr) — ¢ (r)(bg(x) +¢'(r) —r)

14



To prove the result, it is sufficient to show that F' is nondecreasing . For r > 0, we compute

Fl(r) = ¢'(@lg(x) + &' (r)d (g(x) +¢' ()" (1) = ' (r) = " (r) (W (g(x) + &'(1) — 1)
)’ )" (r) —1]

—' (N[¥'(9(x) + &' (r)e"(
= [¢'(W(g(2) + ¢ (M) (g(x) + ¢ (r)) = W(g(x) +¢'(r)) = 1) = &' (Y (g(z) + &' ()] ¢ (7)
= [(9(2) + ¢/ ()¢ (g(x) + ¢ (r)) = W(g(z) +¢'(r)) =) = &' (Y (g(z) + &' ()] ¢ (7)
= [9(@)¥'(g(z) + () = W(g(x) + &' (r)) = )] " (r)
= [g@)¥'(¢'(s)) = (s = )] " (r)
where we set s := ¥(g(x) + ¢/(r)) in the last equality. Because ¢ = (')}, we have
1o . 1
V) = e
and we get for r > 0,
) = ) — " (s)(s — 1 ¢"(r)
F(r) [9(z) — " (s)( )](p,,@)
&)

= [¢'(s) =¥/ (r) =¢"(s)(s = 7)]

/!

(s)
Because, the function ¢ is convex and ¢’ is concave, we have ¢”(r)/¢"(s) is positive and the
o

quantity ¢'(s) —¢'(r) — ¢"(s)(s — r) is non-negative, so that F/ > 0 on (0, +o0) and F is thus
nondecreasing . O

We define further &pax(8) = ¥(s+ ¢’ (tmax)) for any real number s and set pmax = Emax(9)-
Therefore, Lemma [3] can be rewritten

@(p) — o) = @' (1) (p — 1) < P(Pmax) — P(Hmax) — ' (Hhmax) (Pmax — Hmax)- (34)
We are in position to give an upper bound for Z|[p].

Lemma 4 (An upper bound for the reduced cost T). For every p € P(M) such that g € L*(¢),
we have

7l < [ ¢ de).
M
Proof. Because ¢ is convex, we have

() —(p) =" (p)(u—p) > 0

and

©(ftmax) — ©(Pmax) — Spl(PmaX)(Mmax — pmax) > 0.

Adding the latter positive quantity to the right-hand-side of equation gives

(Sol(prnaX) - @/(NmaX))(PmaX — [imax)
9(Emax(9) — &max(0)).

0 < (p) —w(p) — &' (1) (p — 1)

A
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Recalling that ¢ has been constructed by gluing ¢, and ¢3 at 1 (see equation ), we have
that 1 = (¢')~! is convex and increasing with 0 < 1’ < 1. Therefore, &nay is convex and we

have
P (¢ (max))9 < Emax(9) — Emax(0) < ¥'(g + ¢ (1tmax))g-
Whence,
|€max (9) — Emax(0)| < gl
which gives the desired result. O

A lower bound for the squared Monge-Kantorovich gradient J[p] Once more several
steps are necessary to obtain a bound. Let us define the function 6 : R — R via

VreR, o(r) = /Or V(5 + @ (fimin)) ds. (35)

We observe first that:

Lemma 5 (Lower bound for §). Assume 0 <m < 5. For any r € R,

6(r)| > % (min ( 1 avW(s@’(umin))>> min(|r|*/?, [r["),
(Co+ (

1—m))2"

where Cp =1 — (1 — m)@' (fimin) and n = 21(;_2$) €(0,1/2).
Proof. Assume first that r > 0. Because 1 is convex, we have for every s,
P(5 4 ¢’ (Bmin)) > pimin + ¥’ (' (Hmin))s.

But pmin > 0 thus

0(r) > /0 (@ i) /0 " /s ds

2
= 5 w/(@/(ﬂmin)>r3/2‘

Now, assume that » < 0. By a change of variables, t = —s and 7 = —r > 0, we get

-
~600) = [N i) — D .
0
Remembering that ¢ is both convex and positive, we get, for all £,

¢(‘Pl(ﬂmin) —t) > ¢/(%0/(Nmin) —7)(1—1).

We deduce that

~0(r) 2 2/ i) — 772

We shall now use the explicit form of the derivative of ¢ given by

1+ (m—17r)m1 ifre(—00,0
W) = (14 ( )7T) e ( ) (36)
1 if 7 € (0, 400)
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By definition of pimin, we have pmin < 1 whenever U is not constant over M. Therefore
¢ (fmin) <0 < 7, s0 that

VA (@ (tmin) = 7) = (1= (1= m) @ (pmin) + (1 = m)7) 2050

Set
Co=1—(1—m)¢ (i), = 2(21 —7:1) € (1,3/2)
and
n=3/2—a=@3(1-m)—(2-m))/(2(1 —m)) = (1-2m)/2(1 —m).
Therefore,
2 73/2
_9(7") > 5(00 T (1 _ m)T)O‘
9 +3/2 73/2
~ 3 <(cO Fa—mne = G A —myn)e 1T>1>
9 73/2 +3/2
© 3 <<Co e (e m>r>a17>1>
2 1 .
= 3(Cot (1_m))e (7%, 7).

O

Remark 4 (On constants). For reasons that will appear later during the study of our global
optimization method, it is useful to have a compact expression for the inverse of the constant

2/(3(Co + (1 —m))®) appearing in Lemma [5| Using the equality /(¢ (tmin)) = 1/¢” (tmin),
this inverse writes

Cx(pmin) = 5 mass [(14 (1= m) (1= ¢ in)) T, /Gt > 1

Observe that, as a function of ppyiy, C1 is decreasing and therefore is bounded above by

§max{ [1 + (1 —m) [1 —¢ ([1 +(1- m)ﬁosc(U)]l/(m_l))” i :

2
Vo (L (1= m)Bose(v)) /1)

2—m
according to Proposition When S goes to +00, this bound behaves as O (62(1—”1) ) Finally

note that
C1 (ftmin)|0(r)] > min(|r[3/2, |17 for all 7. (37)

We now turn to the desired lower bound for the squared Monge-Kantorovich gradient 7 [p).

Lemma 6 (Lower bound for the squared Monge-Kantorovich gradient). We have
Tl = [ 196 =V @Pod = [ Vo

17



Proof. Taking into account that both ¢’ and 1) are nondecreasing functions, we get

p=v(g+¢' () > g+ ¢ (min))
= (0(9)*

It ensues

/ V' (p) — Vo (W)Ppde = / Vgl2pdt
M M
2/n! 2
> /M|Vg| (@ (g))? dt
= /IG’(Q)VQIW
M

- / V6(g)? de
M

3.3 Proof of Theorem [2| and its corollary

Assume for the moment that M is arbitrary.

In the previous section, we have proved two inequalities:

T < [ atand 7> [ [9o)P e

To reach a conclusion, it suffices to relate the quantities

/def and/ |VO(g)|? de.
M M

Since n € (0,1/2), Lemma [5{ and (see Remark []) gives
C1 (pemin)|60(r)]| > \7“]3/2, when |r| < 1 and C1(pmin)|0(r)| > |r|"7 otherwise.
When £ is large enough C1(pimin) > 1, we may thus write

2 02
g° < CQ(Mmin) max(\h|3, |h|n)’

2
where we have set h := 6(g) and Cy = C{ (ftmin). Whence, taking the supremum and inte-
grating yields

4 2
|97t < Calymin) (] s |12
M
Recall that the function 2 : Ry — Ry is such that

{ re if r €[0,1)

rifr > 1.

Q(r) =

Let us prove that the increasing function ) satisfies the inequality

Vo> 1,%y >0, Qay) <z2Qy). (38)
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Let us consider two cases:
First case: y > 1. Because x > 1, this implies xy > 1. Thus,

Qzy) = (2y)" = 2"Qy) < 22Q(y).

Second case: y < 1. When xy > 1, the inequality follows as above. On the other hand, if
xy < 1, we have
3 3
Qzy) = (zy)> = 22Q(y).

Therefore, by using the fact that €2 is increasing and satisfies , we get

Q(Z])) < 0 ( | ¢ dz) < (o)} 1A

To end the proof, it remains to compare
A2, and / V2 de.
M

It is only at this point that we use the assumption about the dimension of M.

Let us start first by an observation regarding regularity and prove that if J is finite then
p must be continuous. Observe first that for v > 0 and any measurable p, we have

J(p) = /M\Vw’(p)—v<p’(u)\2pd€ (39)
- / Ve (p)2pde + / Vg (o) 2l — 2 / Ve (W)Y (ppdl  (40)

M M M
> 5 [ 9P~ [ 9P (41)

where we have used 2|V¢' (1) V' (1) < 2|V’ (0)2 + 5|V¢/(p)[%. Setting

v(r) = /; Vs¢'(s)ds, forr >0

we see that

/ Ve (p)2pde = / V(o) 2 de.
M M

Thus the finiteness of 7 [p] implies that [}, |Vv(p)|?*d¢ is finite too.

Assuming now that dim M = 1, standard results ensures that v(p) is absolutely continuous
and thus so is p (so that we have furthermore [(v(p))?dl < +oo and v(p) belongs to the
Sobolev space W12(M)).

Observe that we also obtain that p is positive everywhere. Since the function p — p is
continuous and satisfies fM p — pdl = 0, there exists at least one point xp in M, such that

p(xo) — p(zg) = 0. It follows from that g(zp) = 0 and from that h(zg) = 0 (where

19



h = 0(g)). For any = € R/(LZ), denote by [xg,x] the shortest segment in R/(LZ) with
boundary points {xg,x}. Since h is absolutely continuous:

2
h2 €T = h/ y £(d

< lzo,2) /[ (W (4))? £(dy)

]
L
< = / |Vh|? de.
2 Jm
Gathering the previous results gives

TIlp] = c(B)UZ[p]),
with

(SIS

(8) = 2Caljmn)”

Since 2/n = 4(1 — m)/(1 — 2m) and for § large enough, C; = O (BQ(Q;%), one has Cy =
2(2—m)
O (B 1-2m > and

(42)

() =0 (55,

Let us conclude with the proof of Corollary |1} The key is to observe that 1/ VQ is inte-
grable at 0, so that the inequality is a L.ojasiewicz gradient inequality. It suffices to use the
generalization of Otto-Villani theorem provided in [6, Theorem 1(i)].

4 Time-dependent swarm gradient methods

Time dependence is key to obtain convergence to the actual global minimum: the penalty
schedule 3 is tuned so that the exploratory forces embodied in H are sufficiently active at the
beginning of the process while progressively loosing their influence on the dynamics as global
goals have been achieved. In this second phase, as the diffusion process generated by H fades
away, the gradient dynamics of U dominates and somehow terminates the process. As in the
famous simulated annealing method, the presence of a functional inequality is fundamental
for the dynamical system to converge.

In the remainder, unless otherwise stated we use a general potential (.

4.1 Main convergence results

Convergence under a functional inequality The following general theorem shows the
global optimization properties of , provided that a functional inequality is available (as in
simulated annealing or as in Theorem {4 below).

Theorem 3 (Global optimization under a weak functional inequality). Assume the set of
hypothesis A, B are met, and that B, U, satisfy a functional inequality of the type:

/ V¢ (p) — V! (u)Ppdt > c(8) © < / o(p) — o) — & (1) (o — 1) cw)
M M
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where ¢, : (0,+00) = R are positive with 0 being nondecreasing. If the penalization schedule
t — B(t) satisfies

tiiglwﬂ(f)/c(ﬁ(f)) =0 (43)
+oo
/1 c(B()) dt = +o0 (44)
then
Up(t)] — minU = /M Up(t) — min¥ < gap(B;) + o(B; 1), (45)

where the quantity gap(B:) — 0 was defined in .
Remark 5 (Existence of a schedule). Assume that the function ¢ satisfies for large 8 > 0,
c(B) = 0OB™)

for some exponent > 0 (as it is the case in Proposition [2). Then for any o € (0,1/(1 + 7)),
any penalization schedule ¢ — ((t) such that for large enough ¢ > 0, 3(t) = t“ satisfies the
assumptions of the convergence theorem, as it is readily checked.

Proof of Theorem [3]
Proof. Recall that the evolution equation writes
V>0,  pt) =div(p(BVU + V¢'(p))).

In view of , the curve of stationary measures v; := ug,, satisfies, for each fixed ¢

BVU + V' (1) = 0. (46)
The functionals Z and J used in Section [2.4] are adapted to the time-inhomogeneous case as
follows
zitol= [ oaes [ swpar— ([ sonars [ auvar),
M M M M
and

Tlt. o] = /M Ve (p) — Vol () 2o d,

for any admissible p and time ¢ > 0. Using regularity results —7 the differentiation of
the objective along the evolution curve ¢ — p of yields

STl p(e)

/«p (p)pdl + /ﬂtUpdwr Bi /M Ulp — ) dl
= [0+ AU BTV + Y (o)) dt + i /M Ulp— ) de
= - / V(&' (p) + BU)(BVU + V' (p))) pdl + By /M Ulp — i) dl
— [ 1960+ BVUP pat+ 6 [ Ulp—wyat

M M

= =Tlp0)+ i [ Up-mat
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where we have used in the first equality, the evolution equation in the second-one, and
finally integration by parts. Let us set v(¢t) = Z(t, p). Using the functional inequality gives

0(t) < ~c(BIRU(E) + B [ Ulp—wi)a.

M

To give an upper bound of the second term, we write

B, < /M Updl — /M U, d€> ‘ < osc(U) ) 4,

where the last inequality uses that p and v are probability densities on M. Finally, we obtain

o(t) < —e(B)Rv(t)) + ose(U) ‘ 4,

)

Bt/M U(p— I/t> d¢

)

We are thus led to consider differential inequalities of the type
i< —B)RAv)+ 5[5

where v : Ry — R, is a non-negative function, d > 0 is a positive constant and {2 is an
nondecreasing function taking positive values on (0, +00).

Our goal is now to give conditions on the inverse temperature scheme 5 : Ry — (0, +00)
ensuring that v converges to zero for large times:

Proposition 7 (Schedule conditions). Assume that for large times, and hold, then
lim v(t) = 0.

t——+o0
The proof of Proposition [7] is based on the two following observations.

Lemma 8. Under the assumptions of Proposition [T, we have

liminfo(t) = 0.

t—4o00

Proof. Towards a contradiction assume that there exist € > 0 and Ty > 0 such that v(t) > €
for all ¢ > Ty. Then, € being nondecreasing,

VExTy, o) < —e(BE)R) +9[6(1)|.

From the first condition , there exists T7 > T such that

vizT,  |i0| < Sesmae

and thus
VEST, o) < —%c(ﬁ(t))Q(e).

This implies

t

ViST, o) < U(Tl)—;Q(e)/Tc(B(s))ds,

so letting ¢ go to infinity, due to the second condition , limy_ 4o v(t) = —o0, in contra-
diction with the non-negativity of v. O
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Our second ingredient is:

Lemma 9. Under the assumptions of Proposition[7, fiz € > 0. Then there exists T > 0, such
that

Vi>T, (v(t)=e = () <0).
Proof. Indeed, consider
T = inf {T >0:Vt>T, —%C(ﬁ(t))ﬁ(e) +6 ‘B(t)‘ < o}

which is finite by assumption . Proceeding as in Lemma , for any ¢ > T such that
v(t) = €, we may assert that

O

The proof of Proposition [7] is as follows: by Lemma [§] for any arbitrary small level € > 0,
v will always go below € at some point, but by Lemma [9] there exists a time T after which it
will no longer be able to cross it upward. Whence v must be below € for large times. This
concludes the proof of Proposition

Let us now come back to the proof of Theorem : since v(t) tends to zero, we have for all
€ > 0 a Ty such that

I[t, p] = /M o(p) dl + /M BU pdt — (/M o(r) dl + /M BU 1y dz) <e

/MUpdE—/MUthE < gt (/Mgo(yt)dﬁ—/Mcp(p)dﬁ—l—e)

which implies in turn

/U,odf—minU < Bt1</ go(ut)df+e>+</ Ul/tdﬁ—minU>
M M M M M
< gap(By) + B "

The value of € being arbitrary, the results follows. O

that is

One-dimensional global optimization We may now combine Theorem [3| with the func-
tional inequality we obtained previously in Theorem [2}

Theorem 4 (Global optimization by swarm gradient in dimension 1). Assume that M is the
circle T :== R/(LZ) endowed with its usual Riemannian structure, that the function ¢ is as in
([29), i.e., ¢ = @m 2 and that the schedule is given by

B(t) =kt with k> 0 and v = 22 € [6, +-00).

Then
lim U[p(t)] = m]\}[nU (47)

t—00
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Proof. Theorem [2] provides a functional inequality as required by Theorem From this

inequality we may assume that ¢(5) = k877 for some £ > 0. Now, using Remark we choose
1

B(t) = ¢ (t) = k1t7. This is the choice made by assumption provided that k = x~1. One

easily checks that the assumptions of Theorem [3| are satisfied, hence the result. O

4.2 A stochastic view on the dynamics: particles swarm optimization

In this last section, we sketch a possible discrete approach of the swarm gradient dynamics; it
will be properly developed in future works. It relies on the diffusion process associated with
the evolution equation

Vit>0, pr = div(p(B:VU 4+ V' (1)) (48)

To evidence this link, let us use the formal integration by parts presented in Section [2.2] to
obtain at any time ¢ > 0 and for every f € C>°(M),

/ Liplf] pedt = / FAiv(p(BVU + Vi (pr)) df
{pt>0} M

where

Liplfl = alp)Af = (B:VU, V) (49)

with a : (0, +00) — Ry given by

1 T
V>0, a(r) = 7"/ s (s) ds.
0

It is then natural to associate to equation a Markov process (X¢)¢>0 whose infinitesimal
generator is given by and whose law has density p(t) for all ¢ > 0. Due to the dependence

of the evolution on the density, such a Markov process is said to be non-linear. When M is a
flat torus of dimension d, consider the stochastic differential equation

X, = X — /0 B.VU(X,) ds + /0 Jalps(X2)) dBs, (50)

where (Bjs)s>0 is a Brownian motion of dimension d. If (X, p) is a solution of the stochastic
differential equation then an application of the It6 formula shows that p is a solution of
equation . This observation can be extended to any compact Riemannian manifold.

Two particular choices for which the existence of (X, p) has been established in the litera-
ture are

(i) ¢(p) = plog(p), we have a« = 1, so L, does not depend on p and is the Langevin
generator A - —f5, (VU,V-). The existence and uniqueness of a strong solution to the
extension of on a compact Riemannian is well-known, as soon as VU is Lipschitz,
which is true if U is smooth.

(ii) ¢(p) = p™ which corresponds to the equation of porous media. On R, the existence and
uniqueness of a strong solution to is proven by Benachour, Chassaing, Roynette
and Vallois [4] (see Belaribi and Russo [3]| for more general functions ¢).
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The main difficulty in investigating the existence and uniqueness of is the presence of
the density ps. It can be relaxed if it could be replaced by integrals of smooth functions with
respect to ps(xz) (dx). It leads us to consider convolutions of ps with respect to some smooth
kernels, as those traditionally used in statistics for density estimation, cf. e.g. Silverman [26].
In our geometric setting, it seems natural to resort to the heat kernel (associated to the
Laplace-Beltrami operator). To avoid the introduction of further notation, let us just consider
the case of a flat torus M = (R/Z)¢, endowed with its usual Riemannian structure. Let
K : (R/Z)? — Ry be a smooth function with support in [—1/4,1/4]% (seen as a subset of
(R/Z)?) and such that [,, K d¢ = 1. For any probability density p on M and h € (0,1), which
is a bandwidth parameter, set

VaeM, i) = W[ (= 9/ (o)), (51)

When £ is small, p, is an approximation of p. Replacing in , ps by ppns, we end up
with the stochastic differential equation

Xi=xo- [ BVU(X.) ds + / " Jalpn(X2) dB., (52)

which is simpler to investigate, taking into account the usual mean field theory (see for instance
Del Moral [7]).

Furthermore, admits natural particles approximations. Indeed, can be extended
to any probability measure m on M, by replacing p(y)¢(dy) by m(dy). In particular, it makes
sense for the empirical measure of N particles, which is a crucial feature for particle approxi-
mations. More precisely, consider a system of N particles, X1, Xo, ..., Xy whose joint evolution
is described by the stochastic differential equations,

YnelNl  dXu(t) = —AVUK®) +yfolran(Xa) dBu(t)  (53)

where the (By(t))i>0, for n € [N], are independent Brownian motions of dimension d, and
where

N
11 '
VoeM, pyn(z) = NEth<()>

n=1

namely p; n 5, is given by when p is replaced by the empirical measure

| N
PtL,N = Nz_:lfsxn(t)

Resorting to mean field theory and chaos propagation, when N tends to infinity, the
random evolution (p; n)¢>0 converges in probability toward the dynamical system (p¢)¢>0 (for
related initial conditions), the law of (X7(t))i>0 converges toward that of (Xi);>0, solution
of , and the trajectories of any fixed finite number of particles become asymptotically
independent.

Putting together these observations, we believe that in addition to (5¢)¢>0, schemes (ht):>0
and (IV¢);>o can be found, with lim; o hy = 0 and lim¢_, o Ny = 00, so that for large times
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t, the corresponding empirical measures p; n, concentrate around the set of global minima of
U. There are several ways to increase the number of particles, maybe the most natural one
is to duplicate some of the current particles, but it is also possible to make them appear in
independent random positions.

This procedure would provide a new stochastic algorithm for global minimization. At least
up to the simulation of particle systems such as , but this can be done through traditional
Euler-Maruyama scheme (of course this adds an analysis step for the time discretization).
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