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Abstract

We present improved estimates of the couplings, masses and mass ratios of the Zg, X and Tg gz
states (Q =c,b ; q,q' =u,d,s) using (inverse) QCD Laplace sum rules (LSR), their ratios R and dou-
ble ratios DRSR within stability criteria, where the NLO factorized PT QCD corrections are included
which is important for giving a meaning on the running M S heavy quark mass used in the analysis. We
show that combined R and DRSR can provide more precise results. In the 1st part of the paper, we con-
clude that the observed X(3872) and Z.(3900) are tetramoles states (superposition of quasi-degenerated
molecule and a tetraquark states having (almost) the same coupling to the currents) with the predicted
masses: MTXC = 3876(44) MeV and M7—ZL- =3900(42) MeV. In the 2nd part, we focus on the analy-

sis of the four-quark nature of different T g4/ 17 and 07 states within the 3.3, interpolating currents.
The final results from R and R @ DRSR are summarized in Table 7. Combined R and DRSR calibrated
to the observed X.(3872) lead to a precise prediction of e.g. MT1+ = 3886(6) MeV. In a similar way,
the DRSR for the MTO+ /MT1+ calibrated to MT1+ gives MT0+ = 3883(3) MeV. The SU3 breaking ra-
tios MT0+ /MT0+ lead to the improved mass perICtIOIIS M 0+ = 3988(12) MeV. In the 3rd part, the

ccss

analysis is extended to the beauty mesons, where we find the tetramole masses: MTz = 10579(99) MeV

and My, = 10545(131) MeV. We also observe that the 7, bb(}q/ (q,q' =u,d,s) states are (almost) stable
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(within the errors) against strong interactions. In the 4th part, we (critically) review and correct some recent
+ ot
LSR estimates of the Té ’(_)_, masses. Our combined LSR @& DRSR results are confronted with the ones

from some other approaches (lattices and quark models) in Fig. 26.
© 2022 Elsevier B.V. All rights reserved.

Keywords: QCD spectral sum rules; Perturbative and non-perturbative QCD; Exotic hadrons; Masses and decay
constants

1. Introduction

Beyond the successful quark model of Gell-Mann [1] and Zweig [2], Rossi and Veneziano
have introduced the four-quark states within the string model [3] in order to describe baryon-
antibaryon scattering, while Jaffe [4] has introduced them within the bag models for an attempt
to explain the complex structure of the 7 = 1, 0 light scalar mesons (see also [5—11]).!

In a series of papers [17-24], we have used QCD spectral sum rules (QSSR) ala SVZ [25,26]
within stability criteria to estimate the masses and couplings of different exotic XYZ states.
Compared to the existing papers in the literature, we have emphasized that the inclusion of PT
radiative corrections is important for justifying the choice of the input value of the heavy quark
mass which plays a capital role in the analysis. In so doing, we have observed that, in the M S
scheme, this correction is tiny which a posteriori explains the success of these LO results using
the quark mass value in this scheme.

More recently, we have applied the LSR [25,38,39] for interpreting the new states around
(6.2-6.9) GeV found by the LHCb-group [40] to be a doubly/fully hidden-charm molecules
(Q Q)(QQ) and (QQ)(QQ) tetraquarks states [21], while the new states found by the same
group from the DK invariant mass [41] have been interpreted by a 0T and 1~ tetramoles (super-
position of almost degenerate molecules and tetraquark states having the same quantum numbers
and almost the same couplings) slightly mixed with their radial excitations [22]. We have also
systematically studied the Z -like spectra and interpreted the Z.(3900) and the Z.;(3983) state
found by BESIII [42] as good candidates for (17) tetramole states [23].

Motivated by the recent LHCb discovery of a 17 state at 3875 MeV [43], just below the D* D
threshold, which is a good isoscalar (I = 0) T,....; axial vector (J© = 17) candidate, we improve
in this paper the existing QSSR results by combining the direct mass determinations from the
ratios R of Inverse Laplace sum rule (LSR) with the ratio of masses from the double ratio of sum
rules (DRSR). In so doing, we start by improving the previous estimate of mass and coupling of
the X.(3872) which will serve as an input in our DRSR approach. We complete our analysis by
studying the SU3 breakings for T, 55 and T,.5; states. Finally, we extend the whole study to the
case of the Tppg4/ states. Our results are confronted with the existing LSR results and the ones
from some other approaches which are briefly reviewed.

1 See however [12-16] for a gluonium interpretation of the light 7 = 0 scalar mesons.
2 For reviews, see e.g. [27-37].



R. Albuquerque, S. Narison and D. Rabetiarivony Nuclear Physics A 1023 (2022) 122451

2. The QCD inverse Laplace sum rules (LSR) approach
We shall be concerned with the two-point correlator:
(g =i / d*x &7 (0|T O} (x) (0%,0)"10)
E_<gu,u qqq )n“’( ) 14" H(O)( ) )

built from the local hadronic operators (’);‘_[ (x) (see Table 1). It obeys the Finite Energy Inverse
Laplace Transform Sum Rule (LSR) and their ratios:

t(.‘
1
L8 (T, 1) = f dt t" e‘”;lm ny 2w cn=0,1; ¢ (1)=
(2Mﬂ+mq—‘,-mq/)2

E‘IH
Lln

)

where ¢, q' =u, d, s, M, is the on-shell/pole charm quark mass and mg o (we shall neglect u, d
quark masses) the running strange quark mass, t is the LSR variable, ¢, is the threshold of the
“QCD continuum” which parametrizes, from the discontinuity of the Feynman diagrams, the
spectral function Im ITy (¢, mg, m?, ,u,z). In the minimal duality ansatz which we shall use in this

paper:

1 1,0 1 1,0

—Im 1, (1) = f3M5, 5t~ M7) + —Im 1 ()loep 61 — 1), 3)
one can deduce the mass squared from the ratio of LSR at the optimization point tp:

5(10) = M. “)
We shall also work with the double ratio of sum rule (DRSR) [45]:

RC / M’H/
'R;_[ My ’

ry i (T0) = (%)
which can be free from systematics provided that R, and R, optimize at the same values of
and of 7,.:

Tolx = Tolw » Tl > telpy (6)

This DRSR has been used in different channels for predicting successfully the few MeV mass-
splittings (SU3-breakings, parity splittings,...) between different hadrons [45-51]. In particular, it
has been used for four-quark and molecule states in [49-51]. In this paper, we extend the previous
analysis for improving the existing mass predictions of the X¢g, Zp and Tgpgg states and for
giving a correlation among them. We also predict the mass-splittings due to SU3 breakings and
to spin and parity for the Tg g4 States.

3 Parametrization beyond the minimal duality ansatz @ uses of high degree moments have been considered in [22-24]
to estimate the masses of the 1st radial excitation of four-quark/molecule states and in [12,44] for studying the gluonia
spectra.
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Fig. 1. a) Harmonic oscillator state for each given truncation of the series compared to the exact solution (horizontal
line); b) Schematic presentation of stability of the charmonium ratio of moments; ¢) Explicit analysis of the J /v systems
moment for different truncation of the OPE from e.g. [52].

3. The stability criteria for extracting the optimal results

In the LSR analysis, we have three external variables: the LSR variable t = 1/ Mlzg where Mp
is the original variable used by SVZ [25], the QCD continuum threshold 7. and the subtraction
point . One considers that physical observables like the masses and meson couplings should be
independent/minimal sensitive on these parameters.

e The t-stability

It has been studied from the example of the harmonic oscillator in quantum mechanics [33,38]
and from its analogue charmonium non-relativistic form of the LSR shown in Fig. 1. A such
quantum mechanic example has been explicitly checked for vector charmonium and bottomium
systems where complete data are available (see e.g. [52] and the J /v systems in Fig. 1) and in
many other examples in [27,28] and different original papers by the authors.

At this 7 stability point where there is a balance between the low and high-energy region, one
can check the lowest ground state dominance of the LSR and the convergence of the OPE.

e The ¢,-stability

The QCD continuum threshold . is (in principle) a free parameter in the analysis though one
(intuitively) expects it to be around the mass of the first excitation which cannot be accurate as the
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QCD continuum is supposed to smear all higher radial excitations contributions to the spectral
function.

To be conservative we take 7, from the beginning of 7-stability until the beginning of #.-
stability [27-29] where the .-stability region corresponds to a complete dominance of the lowest
ground state in the QSSR analysis. This conservative range of f.-values is larger than the usual
choice done in the current literature which is often done at the lowest values of 7. where one
starts to have the t-stability.

e The p-stability

This is used to fix in a rigorous optimal way, the arbitrary substraction constant appearing in
the PT calculation of the Wilson coefficients and in the QCD input renormalized parameters. We
have observed in our previous analysis for the four-quark and molecule states [18,22-24] that its
value is (almost) universal:

fte ~ 4.65(5) GeV | 1 > 5.20(5) GeV, )

respectively for the charm and beauty states. We shall check this result explicitly in the next
sections.

One can also alternatively eliminate the p-dependence of the result, by working with the
resummed quantity after applying the homogeneous Renormalization Group equation (RGE)
obeyed by the QCD expression of the LSR which is superconvergent:

{—3+ﬂ(a )ai—Z(l—{- (@ )x-i]cf(e’ra Xi ) =0 8)
97 s saas : ZAUH 18x,~ n y O, Xjy, ) =V,

where t = (1/2)L., x; = m; /. The renormalization group improved (RGI) solution is:
Ly(e't, a5, x;) = L5 (1 =0,a(1), % (1)) , )

where a;(t) and X;(7) are the running QCD coupling and mass. However, the RGE solution
w? =1/t corresponds to lower values of 1 ~ 1.6 GeV where the convergence of the PT series
is slower than in the previous case in Eq. (7).

An explicit comparison of the results from these two ways can be found in [57]. However, one
should remark that the choice u? = 1/t corresponds to a value of u lower than the optimized
one in Eq. (7) where NLO corrections are larger.

e Importance of the Figures in the analysis

We emphasize the importance for showing the different figures for each channel though
having similar behavior as they provide convincing proofs of the choice of the set of external
parameters (, ¢, () in the stability region for each channel studied.

4. The interpolating operators

In the first part of the paper, we choose to work with the 3.3, lowest dimension interpolating
currents of the four-quark states given in Table 1.

Some other choices such as 6.6, 8.8, and/or higher dimension operators used in the current
literature will be checked and (critically) reviewed in the second part of the paper.
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Table 1
Interpolating operators describing the Z., X¢, T,
parameter [23].

g’ States discussed in this paper where b = 0 is the optimized mixing

States 1(J P ) 3c3¢ Four-quark currents Refs.
+ — . T Y74 =T T A -T
Ze ah Oy =€ijkemnk[ @] Cysc)@nyuCey) +b.(q] Ccp)@nyursCey)] [23]
Opzp, = @rug)(q iyso)
X, 1+ 03 =€ TCysei)(émytcagl Tcytei)(emysCql 18,49-51
c am X = €ijk emnk[ q; Cyscj)\emy™Caqy |+ \q; CyTcj)\cmysCay ] [18,49-51]

O?( = Gijk emnk[(qiT Cy5)‘?j LJ) (Em VMC)L?"" ér{)
+ (qlT C)/“‘)»?j Cj) (Em ¥5CAfun qr{)]
N ~ _ _
OD;;D,I = E[(qysc)(cy;M) - (CIV/LC)(CVSQ)]

Oyr = Cyure)@ysriq)

+ _ - - _
Tag  00%)  OF = Jscijk ek (ciT cyH cj) [(um y5CdnT> - (dm ysC u,{)] [50]
Tecis Fah) O+ =€ijk €mnk (Ci Cy%}T) (ﬁm Vst_‘nT)

us

+ _ = = —
Teaa 10D OF = —seiji émnk (T cre;) [(myuCdl ) + (dnvucil )] (501
Tecas %(0+) OT()+ = €ijk €mnk (Ci C)’Mcf) (ﬁm VHCEV,T)

us

+ — —
Teess 0(0™) 0% =¢ijk €mnk (cl‘ C V;w?) (Sm yrest )

Table 2

QCD input parameters estimated from QSSR (Moments, LSR and ratios of sum rules)
used here.

Parameters Values Sources Refs.

as(Mz) 0.1181(16)(3) Myoe =My, [52-54]

e (me) [MeV] 1266(6) D,Be®J/V, xc1,me  [52,54-59]

iy (mp) [MeV] 4196(8) B:®T [52,54-59]

fig [MeV] 253(6) Light [27,60]

7ty [MeV] 114(6) Light [27,60]

K = (55)/(dd) 0.74(6) Light-Heavy [27,60,61]

M2 [GeV?] 0.8(2) Light-Heavy [27,36,62—66]
(s G?) [GeVH] 6.35(35)1072 Light-Heavy [52,54]
(83G3)/(asG?) 8.2(1.0) [GeVZ]  J/y [58.59]
pas(Gq)? [GeVO]  5.8(9)10~% Light, r-decay [36,63,64,67-70]

The chiral partner 1~ and 0~ states and the molecule assignments of the T g4/ states which
deserves a particular attention due to the numerous possibilities of such assignments are post-
poned in a future publication.

5. QCD input parameters
The QCD parameters which shall be used here are the QCD coupling «;, the charm quark

mass m., the gluon condensates (cg G2). Their values are given in Table 2. We shall use n r=4
and 5 total number of flavours for the numerical value of a; = o5 /7.
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Fig.2.74,,/D+D as function of T at NLO for # values of #¢, for 4 = 4.65 GeV [23,24] and for the QCD inputs in Table 2.

6. The Z.(11) state

e Mass and decay constant from LSR

The extraction of the Z, mass has been discussed in details in Ref. [23] using the current in
Table | where the main source of the errors in the mass determination is the localization of the
inflexion point at which the optimal value is extracted (AM = 40 MeV) and the truncation of the
OPE (AM =39 MeV). The results for a D* D molecule and for a four-quark state configurations
are [18,23]:

Mpsp =3912(61) MeV, My,, =3889(58) MeV, (10)
which are almost degenerated (we do not consider the isospin violation).

e Ratio r4,,/p+«p of masses from DRSR

We use the DRSR for studying the ratio of masses. The analysis is shown in Fig. 2. The
optimal result is obtained for the sets (7, t.) = (0.46, 20) (GeV~2,GeV?) where both present
minimum. At these values, one deduces:

TAwq/DxD =0.9981(6) = My, =3905(61) MeV, (11)

which consolidates the previous result from a direct determination.
e Tz tetramole

Noting in [23,24] that the molecule D*D and the four-quark states are almost degenerated
and have almost the same coupling to their respective current, we expect the physically observed
state to be their mean which we named fetramole ('Tz,). One obtains:

Mr,, =3900(42) MeV, f15, =155(11) keV, (12)

which coincides with the experimental Z.(3900) mass.
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Fig.3. fx_5 and Mx_ as function of = at NLO for # values of 7, for 4 = 4.65 GeV and for the QCD inputs in Table 2.

Table 3

Values of the set of LSR parameters (¢., T) in units of (GeVz, GeV~—2 x 102) at the optimization region for the PT series
up to NLO and for the OPE truncated at the dimension-six condensates and for ; = 4.65 GeV for the charm states.

+ 1t + + ot +
X Tl+ Tl+ TO+ TO+ TO+ Ad 6 YT TL‘IL‘ TCC‘IS szc Tcpc T(«‘C‘IS Tc(z‘s.r
c cc ceqs  tee ccqgs teess D¥D 3 73 Xc 1+ Xc 1+ 0t 0t
chqq Tee Tcz?qq chqq

te 3046 3046 30-46 3046 3046 3046 20 20 15-20 15-20  23-32 15-20 17-22 23-32 23-32
T 36; 37 31; 34 32; 35 31; 34 32; 35 32; 3546 46 132; 136 124; 130 72; 74 128; 132 50; 74 72; 74 72; 74

7. Revisiting the X.(17) state

e Mass and decay constant from the Oi current using LSR

The mass and coupling of the X (1) have been extracted to lowest order (LO) [49-51] using
the interpolating four-quark currents given in Table 1 and molecule D*D and J/v¥ 7 currents
given in the original papers and quoted in Table 1. These early results have been improved in [ 18]
for the (9% current by including NLO PT corrections in order to justify the use of the running
heavy quark mass of the M S-scheme in the analysis. We have noticed that the localization of
the inflexion point where the mass is extracted is one of the main source of the errors. We repeat
the analysis of [18] here by paying attention on this choice of 7. We show the analysis in Fig. 3.
Using the value of the set (7, #.) = (0.36, 30) to (0.37, 46) (GeV_z, GeVz) corresponding to the

T minimum of fx, , which is necessary for a better localization of the inflexion point of M, ,,
we obtain:

fx., = 183(16) keV, My, , = 3876(76) MeV, (13)

where fx, ; isnormalized as f; = 131 MeV. The set of (7, 1) used in the optimization procedure
are given in Table 3. The different sources of errors are given in Table 4. One can notice the
remarkable agreement of the central value of the mass with the data 3871.69(17) MeV [71].

e u-dependence of the mass and decay constant from O; using LSR

We show in Fig. 4 the u-dependence of fx,_ , and My, , for given values of 7. = 46 GeV? and
of 7 =0.37 GeV 2. The optimal result is obtained at:

e = (4.65+0.05) GeV , (14)



Table 4
Sources of errors of T¢¢, X and their ratios of masses. We take |Ap| =0.05 GeV and |A7| =0.01 GeV~2. For ratios, the errors quoted in the table are multiplied by a factor of
103.
Observables  Af. At Ap Aas  APT  Amg  Ame  AYYy Ak AG?  AM}  AYY?E AG? AOPE  AMg Values
Coupling [keV]
fx. 143 0.17 0.85 4.25 0.40 249 1.67 0.02 1.89 7.71 0.00 10.9 5.32 183(16)
fT1+ 7.22 0.55 2.14 10.2 4.02 6.00 0.00 0.13 0.00 27.0 0.02 33.6 14.2 491(48)
ce
fT1+ 4.93 0.36 1.42 6.70 3.59 0.13 4.11 0.11 822 0.10 0.27 16.0 0.02 20.4 8.65 317(30)
ceqs
fTO+ 13.0 0.95 3.75 17.8 4.17 10.3 0.00 0.12 0.00 47.2 0.16 58.4 25.3 841(83)
cc
fT0+ 8.73 0.62 2.48 11.7 3.85 0.21 7.06 0.22 144 0.009 0.21 28.1 0.13 35.6 14.8 542(53)
ccqs
fTO+ 14.3 0.86 3.29 15.5 4.87 0.93 9.85 0.34 34.3 0.16 0.44 32.6 0.22 41.2 33.7 718(75)
cess
Mass [MeV]
My, 172 48.6 242 13.4 0.02 5.93 8.48 0.07 5.58 4.10 0.00 52.9 3876(76)
MT1+ 8.66 59.4 3.03 12.1 0.07 5.20 0.00 0.10 0.00 7.93 0.09 394 3885(74)
-
MT1L+ 9.90 56.9 3.13 15.2 0.00 1.63 5.18 0.30 549 0.08 0.80 9.64 0.11 65.0 3940(89)
ccqs
MT0+ 6.90 58.2 2.86 12.2 0.00 491 0.00 0.12 0.00 11.9 0.17 52.9 3882(81)
CC
MTL0+ 8.20 57.8 2.96 14.4 0.02 1.54 4.86 0.10 5.70 0.18 0.39 9.70 0.24 66.1 3936(90)
ccqs
MTO+ 1.00 59.0 3.04 14.8 0.01 3.61 4.65 0.02 7.17 0.26 0.73 9.10 0.36 36.2 4063(72)
cess
Ratio
TApq/D*D 0.20 0.20 0.00  0.01 0.00 0.03 0.06 0.00 0.48 0.11 0.04 0.28 0.9983(6)
re/3 0.25 0.25 0.00 0.02 0.00 0.05 0.08 0.03 0.84 0.21 0.00 0.35 0.9969(10)
ryn/3 0.03 0.01 0.01 0.03 0.00 0.03 0.06 0.01 0.54 0.15 0.00 0.37 1.0034(7)
rT1+/X 0.04 0.01 0.01 0.04 0.00 0.04 0.09 0.01 0.58 0.16 0.01 0.76 1.0035(10)
"X
rT61L+ /T1+ 0.03 0.01 0.02 0.12 0.00 0.76 0.04 0.06 0.39  0.01 0.01 0.29 0.01 0.92 1.0115(13)
ccqs/! feeqq
rTO+/x 0.03 0.00 0.01 0.04 0.00 0.05 0.07 0.00 0.56 0.17 0.01 0.76 1.0033(10)
ce c
rT()L+/T1+ 0.10 0.00 0.00 0.02 0.00 0.01 0.00 0.05 0.00 0.09 0.02 0.17 0.9994(2)
cc cc
T ot /T0+ 0.04 0.02 0.01 0.12 0.00 0.76 0.04 0.06 036 0.01 0.02 0.26 0.01 0.85 1.0113(12)
ccqs/! feeqq
root o0F 0.14 0.10 0.05 0.27 0.00 1.79 0.10 0.08 0.85 0.04 0.06 0.55 0.04 1.72 1.0280(27)
chss/chqq

Kuoarivyaqvy “(q puv uosLvN ‘S ‘anbianbnqpy Yy

[SFTTI (2202) £201 V $2154yd 4v2jonN
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Fig. 4. fx,, and My_, as function of u at NLO for given values of 7. and 7 for the QCD inputs in Table 2.
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Fig. 5. rg/3 as function of 7 at NLO for # values of t¢, for u = 4.65 GeV and for the QCD inputs in Table 2.

which appears to be an (almost) universal value for the four-quark and molecule states analysis
of the charm quark channels [18,22-24]. This value of u will be used in the analysis of the charm
states in the rest of the paper.

e Mass from the (9?( current using DRSR

In the following, we improve the analysis in [50] by paying attention on the different sources
of errors. We consider the double ratio of sum rules (DRSR) 7,3 which we show in Fig. 5. The
optimal result is obtained for the set (7, 7.) = (0.46, 20) (GeV_z, GeVZ) corresponding to the
minimum of 7 and 7. for rg/3. One can notice that the stability region is obtained at earlier value
of ¢, for the DRSR compared to the one for the LSR due to the partial cancellation of the QCD
continuum contribution in the DRSR. We obtain:

re;3 =0.9966(10) == My, , = 3863(76) MeV,

where we have used the previous predicted mass for Mx, .

as)

e Mass from the Oy current using DRSR

The analysis is shown in Fig. 6. Here, the DRSR presents maximum in t. The optimal result is
obtained for the sets (t, .) = (1.32, 15) and (1.36, 20) in units of (GeV 2, GeV?) corresponding
to the region of T maximum of ry /3 and to the stability of 7.. We obtain:

rgn3=10034(7) = My, =3889(76) MeV, (16)
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Fig. 6. ry 53 as function of T at NLO for # values of #., for 4 = 4.65 GeV and for the QCD inputs in Table 2.

where we have used the previous predicted mass for My, ,. Notice that in [50], the optimal value
has been taken in a (misleading) minimum of 7 where the result does not have #.-stability.

e Mass from the Op+p current using DRSR

This current has been studied in Ref. [18,50,72]. Here we use the compact integrated QCD
expression of the spectral function from [18] for our analysis of the DRSR rp+p3. Inspecting our
QCD expression of X p+p from [18] and the one for Z. p«p in [23], one can deduce that in our
approximation without isospin violation, (m, = mg = 0 and (iiu) = (dd)) the two expressions
are identical (isospin symmetry) such that:

rprp3=1 = Mx_p., =Mz_ ., =3912(61) MeV. an
We plan to analyze the isospin violation in a future work.

e Tx, tetramole

Taking the fact that the different assignments to X, lead to almost degenerated states and
almost the same coupling to the currents, we consider that the observed state is their combination
which we call tetramole Ty, with the mean mass and coupling:

M7, =3876(44) MeV, f1x, =183(16) keV. (18)

We have not included the contribution of the D* D molecule as it does not take into account the
isospin violation.

8. Conclusion from the Z, and X, analysis
From the previous discussions, one can notice that the sum rules reproduce quite well the
experimental masses of the X.(3872) and Z.(3900) within the molecules or/and four-quark state

configurations. The DRSR has improved the accuracy of the predictions compared to the previous
ones in the literature.”

4 For reviews on previous LO QCD spectral sum rules results in the literature, see e.g. [73-75]. See also Ref. [76].
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Fig. 7. fTO+ and MT0+ as function of t for # values of 7., for © =4.65 GeV and for the QCD inputs in Table 2.
cec ce

However, one can notice as in [51] that the alone study of the mass of the X, and Z, cannot
provide a sharp selection for the four-quark and/or molecule nature of these states without study-
ing in details their decay modes. At the present stage, we can only provide a description of these
states as tetramole (T) states.

Another point which deserves future studies is the careful analysis of isospin violation which
can differentiate the role of D*D, DD, ... in the molecule description of these states. We plan to
come back to this point in a future work.

In the following part of the paper, we shall definitely use the experimental mass X.(3872) for a
normalization of the DRSR analysis of the T;..4,-like states together with the corresponding four-
quark current (’); which provides the best prediction compared to the data (see Eq. (13)). Instead,
we could have also choosen to work with the currents D*D and A.4 which also reproduce quite
well the experimental Z.(3900) mass. Unfortunately, the corresponding DRSR do not present
T-stability.

Hereafter, the X, 3 state will be also called X, and will be identified with the experimental
X (3872) state.

9. The T, ;; =T (11) state

ccu

Since, the pioneering work of [77], the mass and coupling of T,..z5 and its beauty analogue
have been extracted from LSR by different groups [50,78-82]. In this paper, we improve and ex-
tend the analysis in [50] using LSR and DRSR by including the factorized NLO PT contributions
and by paying more carefully attention on the different sources of the errors. In the following,
we shall consider the four-quark currents given in Table 1.

e Mass and decay constant from LSR at NLO

The t and ¢, behaviors are very similar to the case of X, and are shown in Fig. 7. The stability
region (minimum in t for the coupling and inflexion point for the mass) is obtained for the sets
(t,t:) = (0.31, 30) to (0.34, 46) in units of (GeV’z, GeVz) (see Table 3) from which we deduce:

fr..(17) =491(48) KeV, Mz, (1F) = 3885(123) MeV , (19)

where the mass can be compared with the experimental value M, (1 ) =3875 MeV [43].

12
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Fig. 8. 17, e/ Tec (17) ratio of masses as function of  at NLO for # values of ., for 1 = 4.65 GeV and for the QCD

inputs in Table 2.

e Ratio of masses rpit from DRSR

/X

The result of the analysis is very similar to the one in Fig. 6. The optimal result is obtained
for the sets (t, t.) = (1.24, 15) to (1.30, 20) in units of (GeV’z, GeVz) (see Table 3):

rpity, = 1.0035(10) = Mg, (1) = 3886(4) MeV (20)

where we have taken the experimental mass of the X (3872) [71]. The result is in perfect agree-
ment with the direct mass determination in Eq. (19) but very accurate as the DRSR is less affected
by systematics which tend to cancel out.

e Final prediction for Mz, (17)

As a final prediction, we take the mean of the two previous determinations and take the most
precise error:

Mz, (1F) = 3886(4) MeV. 1)

This value is comparable with the recent LHCb data T,..(17) = 3875 MeV which is (9 +=4) MeV
above the D* D threshold of 3877 MeV [71].

10. The T,;5; (11) mass

® Iyt it ratio of masses

cesul “ee

We study the SU3 ratio of masses r it in Fig. 8. The optimal result is obtained for the

Tt

cesi

sets (t,2,) = (0.72,23) to (0.74, 32) (GeV~2, GeV?) at which we deduce:

Ploa/ Tty = 1.0115(13) == My, (1) = 3931(7) MeV. (22)

e Decay constant and mass from LSR at NLO

Here, we extract directly the T, 5; coupling and mass from the LSR moments and ratio of
moments. The t and z.-behaviors are very similar to the one in Fig. 3. The optimal result is

13
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obtained for the sets (t, t.) = (0.32, 30) to (0.35, 46) in units of (GeV_z, GeVz) (see Table 3) at
Fra(11) =317(30) keV,

which the coupling presents minimum and the mass an inflexion point:

M Tecsi

(17) =3940(89) MeV .
e Final result

(23)
As a final result for the mass, we take the mean from the DRSR and LSR ratios:
Mr, .. (17) =3931(7) MeV . 24)
11. The T, ;; or T . (07) state

e Mass and decay constant from LSR at NLO

We pursue the analysis for the case of O state. The 7 and z.-behaviors are very similar to the
ones in Fig. 3. The optimal results are obtained with the sets: (z,7.) = (0.31, 30) to (0.34, 46)
(GeV~2,GeV?):

fr..(07) =841(83) KeV,

Mr,,(0%) =3882(129) MeV .
e Ratio of masses 10% X, from DRSR

(25)
The result of the analysis is very similar to the one in Fig. 6 from which we deduce the optimal
results for the sets (z, 7.) = (1.28, 15) to (1.32, 20) (GeV_z, GeVz):

ot x, = 1.0033(10)

= My, (0") =3885(4) MeV,

(26)
where X.(3872) from the data has been used. The result from DRSR agrees completely with the
direct determination but more accurate where the sources of the errors can be found in Table 4.

o Ratio of masses r o+ T from DRSR

The result of the analysis is shown in Fig. 9 from which we deduce for the sets (z,f.) =
(0.36, 15) to (0.72, 20) (GeV~2, GeV?):

14
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0.9994(2) = Mz, (0T)=23878(5) MeV, 27)

Yoot it =
T/ Tee

where we have used the mean from the T,..(1") mass predicted in Eq. (21) and the data 3875 MeV
[43].

e Final value of Mo+ from LSR & DRSR
As a final value of M ¢+, we take the mean of the previous three determinations:
My, (07) =3883(3) MeV. (28)

12. The T,;5; (0%) mass

T

cesi

® Ipot ot ratio of masses
cc

We study the SU3 ratio of masses r, o+ /70t The 7 and f.-behaviors are very similar to the

cesul “cc

1T case in Fig. 8. The optimal result is obtained for the sets (z,7.) = (0.72,23) to (0.74, 32)
(GeV~2, GeV?) at which we deduce:

FTosa/TeeOr) = 1.0113(12) = M7, (01) =3927(6) MeV. (29)
e Decay constant and mass from LSR at NLO

Here, we extract directly the T,..5; coupling and mass from the LSR moments and ratio of
moments. The t and #.-behaviors are very similar to the ones in Fig. 3. We deduce for the sets
(r,t.) = (0.32,30) to (0.35,46) in units of (GeV_z, GeVz) at which the coupling presents a
minimum and the mass an inflexion point:

ST (0™) =542(53) keV, Mr, .. (0™) =3936(90) MeV . 30)
e Final result

As a final result for the mass, we take the mean from the DRSR and LSR ratios:

MTC(?E& (0+) = 3983(7) MeV . (31)

13. The T,.55(0%) state

T

ccss

® 1 o+ ..o+ ratio of masses
/Tee

We study the SU3 ratio of masses Trot ot The 7 and ¢, behaviors are similar to the ones in

Fig. 8. The optimal result is obtained for'the sets (7, t.) = (0.72,23) to (0.74, 32) (GeV_z, GeVz)
at which we deduce:
(07) =3992(11) MeV. (32)

ccss

P55/ Tec(0F) = 1.028027) = My
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e Decay constant and mass from LSR at NLO

Here, we extract directly the T, 55 coupling and mass from the LSR moments and ratio of
moments. The 7 and #.-behaviors are very similar to the ones in Fig. 3. We deduce for the sets
(t,1.) = (0.32,30) to (0.35,40) in units of (GeV~2, GeV?) at which the coupling presents a
minimum and the mass an inflexion point:

Fress (07) =718(75) keV, Mt (07) = 4063(125) MeV . (33)

e Final result

As a final result for the mass, we take the mean from the DRSR and LSR ratios:

M,

°CSS

(07) =3993(11) MeV . (34)
We extend the previous analysis for the b-quark states
14. Z, state
The direct determination for the molecule and four-quark assignments of the Z; from LSR at
NLO gives [247°:
BB =9(2) keV, faps =11(2) MeV, 35
Mp+p =10582(169) MeV My,, =10578(123) MeV. (36)
The corresponding tetramole state 7z, has the mass and coupling:
M, =10579(99) MeV, fr, =10(2) keV. 37

The mass prediction is in the range of the Belle data for Z;,(10610) and Z;(10650) [83]. How-
ever, due to the large error in the mass prediction, we cannot give a sharp conclusion about the
nature of these two states.

15. X, state

We have studied this state using LSR at NLO in [18,49] (for other works see e.g. the recent re-
views [73,74]). Here, we update the analysis which is shown in Fig. 10 for the four-quark current
3. The (7, t.) stabilities are obtained for (t, #.) = (0.10, 130) to (0.14, 170) (GeV~2, GeV?)
where in this region, we deduce the optimal estimate:

Ix,5 =14(3) keV, My, , = 10545(131) MeV, (38)

for a given value of © =5.2 GeV.
We study the 1 dependence of the result in Fig. 11 at NLO from which we extract an optimal
value at:

1y = (5.240.05) GeV . (39)

This value of w is (almost) universal in the b-quark channel as it is the same in all our previous
works [18,22-24].

5 For recent reviews on some other works based on QCD spectral sum rules at LO, see e.g. [73,74].
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Fig. 10. fx, ; and Mx, ; as function of T at NLO for different values of 7. and for 1 = 5.2 GeV using the QCD inputs
in Table 2. "
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Fig. 11. fx, , and My, , as function of 4 at NLO for given values of 7 and 7 for the QCD inputs in Table 2.

This result in Eq. (38) can be compared with the one in [18,49], where one can notice that
the result obtained in [49] corresponds to a low range of #.-values (104-117) GeV? outside
the optimal region leading to a low value of My, = 10144(106) MeV. The one in Ref. [18] is
10701(172) MeV where the relatively high-central value is due to the unprecise choice of t at

the inflexion point.
One can notice that the central value of My, , in Eq. (38) is below the physical B* B threshold

of 10604 MeV which goes in line with the expectations from some other approaches.®
16. Tblb+ state
° Th‘,j / Xp mass ratio from DRSR

We show the analysis of the Tbl; over the X, 3 mass in Fig. 12. The optimal result is obtained
for the sets: (7, t.) = (0.56, 105) to (0.56, 115) (GeV_z, GeVz) from which we deduce:

Foae . =1.0003(1), =  M.,.+=10548(131) MeV (40)
Tbb /3 Tbb

The sources of the errors are given in Table 6.

6 For reviews, see e.g. [73,74,84-88,93].
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Fig. 13. fT1+ and MT1+ as function of t for # values of 7., for © = 5.2 GeV and for the QCD inputs in Table 2.
b

b bb

e Direct estimate of the Tblb+ coupling and mass from LSR
The analysis of the Tblb+ mass and coupling is shown in Fig. 13. The optimal result is obtained
for the sets: (7, .) = (0.09, 130) to (0.14, 170) (GeV’2, GeVz) from which we deduce:

fpir =33(7) keV, M.+ = 10441(147) MeV ,
bb

7 41

where the different sources of the errors are given in Table 6.

e Final result for the be mass

As a final result, we take the mean from the LSR and DRSR results from which we obtain:

M+ =10501(98) MeV . (42)

bb

17. The T}, state
1+

e T),-/T) mass ratio from DRSR
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Fig. 14. rort /T1+ as a function of t at NLO for # values of ., for © = 5.2 GeV and for the QCD inputs in Table 2.
bbus’ " bb
Table 5

Values of the set of LSR parameters (¢, t) at the optimization region for the PT series up to NLO and for the OPE
truncated at the dimension-six condensates and for u = 5.20 GeV.

1+ 1+ ot ot 0T ot
X T, 1+ T1+ TO+ T0+ T0+ Tbb % beb Thfb Tbqu Tbhxs
b bb bbqs bb bbgs bbss X i X 71T oF 70
bbgq bb bbqq bbqq

te 130-170 130-170 130-170 130-170 130-170 130-170 105-115 125-135 105-115 122 125-135 125-135
T 10; 14 9; 14 10; 15 9; 14 10; 15 10; 15 56; 56 26; 28 58; 58 9 26; 28  26; 28

We study in Fig. 14 the SU3 breakings on the above mass ratio. The set of (z,?.) values
(0.26, 125) to (0.28, 135) (GeV~2, GeV?) used to get the optimal result are given in Table 5 at
which we deduce:

Pt e =1.0036(3) = M+ =10539(98) MeV, (43)

|
woiis! Tob bbiis

where the value of M+ in Eq. (42) has been used.
bb

e Direct estimate of the Tbll::H coupling and mass from LSR

Here, we extract directly the mass and coupling of T,}btzs- from LSR. The analysis is similar
to Fig. 10. The optimal result is obtained for the set of (z, 7.) values (0.10, 130) to (0.15, 170)
(GeV~2, GeV?). We obtain:

frr =21(4) keV, M+ =10476(153) MeV, (44)

bbus bbus

where the different sources of the errors are given in Table 6.

e Final estimate of the Thl,:ﬁ mass
Combining the LSR and DRSR results, we deduce:
MT1+ = 10521(83) MeV. (45)
bbus
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Fig. 15. rT°+/T'+ as a function of t at NLO for # values of ., for © = 5.2 GeV and for the QCD inputs in Table 2.
bb ! bb

18. The T,?b+ state

) Tbolj / Xp mass ratio from DRSR

The analysis of the Tbo}:r over the Xj 3 mass is similar to the 17 case in Fig. 12. The optimal

result is obtained for the sets: (z, 7.) = (0.58, 105) to (0.58, 115) (GeV~2, GeV?) from which we
deduce:

rot+ , = 1.0003(1), =  M_o+ =10501(98) MeV . (46)
Tbb /3 Tbb
The sources of the errors are given in Table 6.

° Tholj / Tbl,j mass ratio from DRSR

The analysis of this mass ratio is given in Fig. 15. We obtain a minimum at 7 = 0.09 GeV >

and ¢, = 122 GeVz, which are in the range of the direct determinations of M. It and M 70+ (see
bb bb
Table 5). At this minimum, we deduce the optimal value:
7o+ .1+ = 0.9994(1) i M. o+ = 10495(98) MeV, 47)
Ty /Ty Ty,

after using M+ given in Eq. (42).
bb

e Direct estimate of the Tl?b+ coupling and mass from LSR

The analysis of the Tz?zj mass and coupling is similar to the one in Fig. 10. The optimal result is
obtained for the sets: (z, z.) = (0.09, 130) to (0.14, 170) (GeV‘Z, GeVZ) from which we deduce:

fror =54(11) keV, M o+ =10419(146) MeV, (48)
bb bb
where the different sources of the errors are given in Table 6.
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Table 6

Sources of errors of Ty, Xj and their ratios of masses. We take [Au| = 0.05 GeV and |A7| = 0.01 GeV~2. For the ratios, the errors quoted in the table are multiplied by a

factor of 103.

Observables  Af. At Ap Aas  APT  Amg  Ame APV Ak AG?  AM}  AYY?  AG?  AOPE  AMg  Values
Coupling [keV]

fx, 115 008 018 044 0.17 040  0.14 000 015  0.58 0.00  3.07 1.36 14(3)

£, I 2.84 021 043 096 031 0.61  0.00 0.01  0.00 1.80 0.00 3.8 4.00 33(7)

1, h 176 014 010 067 028 002 042 001 057 001  0.02 1.08 0.00 230 2.93 21(4)

fT}?th 442 034 072 161 015 1.00  0.00 001 000  3.09 0.00 621 6.59 54(11)
frl% 278 025 017 111 033 003 069  0.02 .00 001  0.02 1.88 0.00 397 4.84 35(7)
fTbObJ;s 430 029 023 152 050 010 097  0.02 242 001 003 2.29 0.00 993 5.80 47(13)
Mass [MeV]

My, 260 115 292 187 055 148 877 020  1.48 38.9 0.00 320 10545(131)
M, I+ 965 119 740 154 026 7.00  0.00 0.13 000 400 000  73.8 10441(147)
MTJI,S 589 109 263 162  0.10 208 738 033 205 013 058 60.4 0.00 593 10476(153)
MT;); 126 117 740 153  0.63 7.10 0.0 0.08 000 390 003 741 10419(146)
MT;);N 616 108 258 161  0.10 205 748 030 203 005 030 599 005 597 10454(153)
MT;);S 250 113 260 161 027 478 678 028 265 000 063 @ 422 005 308 10538(129)
Ratio

I X, 001 000 000 001 0.00 0.00  0.00 000 010  0.02 0.00 001 1.0003(1)
r. be,x/T blbtjq 002 002 001 003 000 024 001 001 008 000 000  0.06 0.00  0.19 1.0036(3)
IO %, 0.01 000 000 001 0.00 0.00 001 000 009 001 0.00  0.02 1.0003(1)
T it 0.02 003 000 000 0.00 0.00  0.00 001 000  0.03 0.00  0.02 0.9994(1)
rTl?l;;s/Tbob-;q 002 002 001 003 0.00 024 001  0.02 0.07 000  0.01 0.06 0.00  0.18 1.0035(3)
rTl?l:;s/TbObt{ ) 006 001 002 007 0.00 056 002  0.02 0.14 001 001 0.11 001 075 1.0086(10)

Kuoarivyaqvy “(q puv uosLvN ‘S ‘anbianbnqpy Yy

[SFTTI (2202) £201 V $2154yd 4v2jonN
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e Final result for the Tbolj' mass

As a final result, we take the mean from the three results from LSR and DRSR from which
we obtain:

M o+ = 10484(63) MeV (49)
bb

where one can notice an almost degeneracy between the Tj,, 17 and 0" masses.
ot
19. The T, .- state

) Tbob;;, / Tbolj mass ratio from DRSR

We study the SU3 breakings on the above mass ratio. The analysis is similar to Fig. 14.
The sets of (z, ) values used to get the optimal result are (z,7.) = (0.26, 125) to (0.28, 135)
(GeV’z, GeVz) (see Table 5) at which we deduce:

Foot oo+ =1.0035(3) = M_,+ =10521(63) MeV, (50
ThhﬁE/Thh TbbﬁE

where the value of MT0+ in Eq. (49) has been used.
bb

e Direct estimate of the T;;O;,;; coupling and mass from LSR

Here, we extract directly the mass and coupling of TI?;ZE from LSR. The analysis is similar to
the one in Fig. 10. We obtain at (t, ) = (0.10, 130) to (0.15, 170) (GeV 2, GeV?):
fror =35(7) keV, M o+ =10454(153) MeV, Sh
bbus bbus

where the different sources of the errors are given in Table 6.

. . +
e Final estimate of the T,?bﬁ mass

Combining the LSR and DRSR results, we deduce:

M_o+ = 10511(58) MeV. (52)

Tbbﬁf
20. The TI?I:EE state
° Thob} / Tbo,:r mass ratio due to SU3 breakings from DRSR

The analysis of the Tbogg over Tg); mass is similar to Fig. 14. The SU3 breaking parameters
used in the analysis are in Table 2. The optimal result is obtained for the sets: (z, f.) = (0.26, 125)
to (0.28, 135) (GeV~2, GeV?) from which we deduce:

rrot gt = 1.0086(10) = Mo+ =10574(64) MeV , (53)
bbss! “bbgq bbss

where the different sources of the errors are given in Table 6.
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Table 7

Summary of the results of the X ZT states masses in units of MeV obtained in this paper from LSR (Tables 4 and 6) and
DRSR using the currents in Table 1. Our final values are in the column “LSR @& DRSR” which are the mean from LSR
with the ones deduced from DRSR.

Mass AEp

States JP  Decay Thresholds Data  Config. LSR LSR & DRSR
Ze 1 DOD*+ 3876 3900 D*D 3912(61) [18,23]

3¢3¢ 3889(58) [18,23]

Tz, 3900(42) [18,23] +24(42)
Zy 1t BYB*t 10605 Tz, 10579(99) [18,23]  —26(99)
Xc 1+ DOp*+ 3876 3872 3.3 3876(76)

6c6¢ 3864(76)

Ve 3889(76)

D*D 3912(61)

Tx, 3876(44) +0(44)
Xy 1+ BOB*t 10605 3c3¢ 10545(131) —60(131)
T..i 17 D:O D*t 3876 3875 3:3¢ 3885(74) 3886(4) +14(4)
Teeis 1T DYD* 3975 - 3940(89) 3931(7) —44(7)
T..; O DD 3730 - 3882(81) 3883(3) +153(3)
T.is 0T DID 3833 - 3936(90) 3927(6) +94(6)
T.;s Ot  DfDy 3937 - 4063(72) 3993(11) +56(11)
Tpad 1T B:O B*t 10605 - 10441(147) 10501(98) —104(98)
Tppas 1T B_?B*+ 10692 - 10476(154) 10521(83) —171(83)
Tpaq O0F  BOBO 10559 - 10419(146) 10484(63) —75(63)
Typis 0T BYBO 10646 - 10454(153) 10511(58) —135(56)
Tppss 0T BYBY 10734 - 10538(129) 10567(57) —167(57)

e Direct estimate of the Tl?}:;E coupling and mass from LSR

The analysis of the Tlf),;,E coupling and mass is similar to Fig. 10. The optimal result is obtained
for the sets: (t, #.) = (0.10, 130) to (0.15, 170) (GeV~2, GeV?) from which we deduce:
fror =47(13) keV, Mo+ =10538(129) MeV, (54)
bbss bbss

where the different sources of the errors are given in Table 6.

o Final result for the TbO;E mass

Combining the LSR and DRSR results, we deduce:

Mo+ =10567(57) MeV. (55)

bbss

21. General comments on the LSR results
Before comparing the different LSR results, let us address some general comments:
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e Ambiguous quark mass definition at LO

As we have continuously stressed in our previous papers [17-23], the use of the running M S-
scheme mass in the LO expression of the spectral function is not justified as the heavy quark
mass which plays a key role in the analysis is ill-defined at LO while the spectral function has
been computed within the on-shell scheme where the on-shell heavy quark mass enters naturally.
To that order, one can equally use the pole/on-shell quark mass. The (lucky) success of the LO
results is only due to the (estimated) small NLO corrections in the M S-scheme where the NLO
corrections tend to compensate in the ratio of moments used to extract the ground state mass. We
have demonstrated this fact in our previous papers where we have used factorization (valid to
leading order in 1/N,.) to estimate the NLO contributions [17-23]. One should note that, at this
level of (1/N.) approximation for NLO, we cannot differentiate between a meson and a diquark
state.

e The choice of the interpolating currents

This choice is not also trivial which may lead to inconsistencies. In the precise case of the
To o compact four-quark currents 3.3, used in this paper, we realize that some choices like e.g.:

+ - -
OIT = €ijk €mnk (clT CyH* Cj) [(qm yqunT)

1 _ -T - -
= %eijk €mnk (C,T CVMCj) [<Qm ysC q/n> + (q/m V5C('Ir{)]

=... (56)
lead to null contributions due to SU3 symmetry.
e The QCD expressions of the two-point correlator

These expressions are non-trivial such that it is difficult to check carefully the expressions
given by each author. However, in some papers, we have realized that, besides the error in the
calculations, the contributions of some diagrams are missing:

— From an examination of the QCD expressions of the propagators used as inputs in the
calculation, we notice that in Refs. [78-81], the propagators do not induce properly
the contributions from the mixed quark-gluon (7Gg) and gluon (G?) condensates in
Fig. 16.

— The missed diagrams also happen when the authors include high dimension operators con-
tributions where (often) the alone contributions of some classes of diagrams are included.
More drastic is the fact that some authors include D = 8, 10, ... condensate contributions
but (for consistency) the contribution of the D = 6 triple gluon condensate (G3) is not in-
cluded.

— In this and in our previous papers, we do the OPE up to D = 6 where ALL POSSIBLE con-
tributions up to D = 6 dimension are given in integrated and compact expressions of these
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a) b)

Fig. 16. Mixed quark-gluon condensate: a) self-energy; b) gluon exchange.

horrible unintegrated QCD expressions given in the literature. Such integrated expressions
are easier to use.

e Values of the QCD condensates

— It is clear from the observation of the violation of the vacuum saturation for the four-quark
condensates [63,64,67,69,70] and the large value of the (G3) triple gluon condensate from
charmonium sum rules [58,59] which largely deviates from the dilute gas instanton liquid
model [25] that the structure and the strength of higher dimension condensates are not trivial
(violation of vacuum saturation (see Table 2), mixing under renormalization [68],...). There-
fore, the inclusion of only some classes of these high-dimension condensates in the OPE can
be misleading. Instead, it may eventually serve as a check of the convergence of the OPE
and/or an alternative estimate of the systematic errors.

— Some authors continue to use obsolete and inaccurate values of the (G2) and (G?) gluon
condensates while the vacuum saturation to estimate the four-quark operators of dimension
6 and higher dimensions ones are used. The previous condensates have been re-estimated,
as mentioned above, since the former SVZ [25] Pionner’s work. The uses of different inputs
are a source of discrepancy among the existing results.

e Sources of the errors

— Often, the details of the different sources of errors in the estimate are not given by the authors
such that one has only to believe the errors quoted. There is not also a clear estimate of the
systematic errors due to the truncation of the OPE. In our analysis and previous papers, we
estimate these unknown remaining terms e.g. as:

Mér
AOPE ~ TC6(06), (57)

where Cg(Og) is the known contribution due to the dimension-six four-quark and (G?) gluon
condensates, while the factor 1/3 is the suppression factor in the LSR due to the exponential
weight in the OPE. It is obvious that the OPE converges faster when the vacuum saturation
is used to estimate the high-dimension vacuum condensates but the validity of a such ap-
proximation has been questioned from different phenomenological analysis from eTe™ —
hadrons, t-decay data and baryon sum rules (see Table 2).

— In our earlier works [18-20], we have estimated the higher order terms of the PT series by
an estimate of the N2LO terms. We found that these contributions are negligible.
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Fig. 17. Gluon condensate from one gluon exchange.

e Stability criteria

The criteria used in many papers are often ad hoc/handwavings where the per cent of the
ground state and continuum contributions to the sum rules and the per cent constraint for the
convergence of the OPE are fixed by hand inside the choosen sum rule window. On the contrary,
in all our LSR works (for reviews see e.g. [27-29]) we use the optimization procedure based
on the minimal sensitivity on the changes of the set (z, 7., t) external variables as discussed in
Section 3 which is more rigorous.

e Concluding remarks

One may say that reading some recent papers, one has the impression that the field of QCD
(spectral) sum rules (QSSR) has not made any progress since its introduction by SVZ in 1979
despite the different active works done in the 80-90 for improving this nice SVZ discovery. Un-
fortunately, these different efforts seem to be ignored by the new generations of QCD (spectral)
sum rules practitioners!

1,0t

22. Checking the TQ 073

results of Wang et al. in Refs. [78,79]

Wang et al. use the same currents as in Table 1.
e QCD expressions

Comparing the QCD expressions in the 17 and 0T channels, we find that we disagree for the
(G?) gluon and mixed (gG¢q) condensates contributions while the D =6 (G 3y gluon condensate
is missing. Inspecting the expression of the propagator, we see that the propagator used in [78,
79] does not induce the contribution of the mixed condensate shown in Fig. 16. These missed
contributions for the 7T,.;5(17) state read:

2 -
GGq) ;i QOs<qu> 1 3
Pmised ) =~ 32" o5 V2T )\ ) 8

with: x = sz /s and v = 4/1 — 4x. We also suspect that the contribution due to one gluon ex-

change for the (G2) is not generated by the propagator which might explain the origin of the
discrepancy. This contribution is shown in Fig. 17 and reads:

4 2
_ molGT
33_211].[6

(G?)

Pmissed (1) = |:v(42x +43 —388/x + 3/)62) +
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Fig. 18. fT0+ and MT0+ as function of t for # values of 7., for © = 5.2 GeV and for the QCD inputs in Table 2.
bb bb
+6£v(14x2 +12x — 154 9log(x) + 8/x> + 108£+], (59)
with:
x=mp/t and v=+/1—4x. (60)

Hopefully, these missed contributions do not affect in a significant way the numerical results.
However, a more precise comparison cannot be done without an explicit expression of the con-
tribution from each diagrams from the authors.

e Comparison of the mass results

— Comparing the mass results, we see a good agreement with [78] (within the errors) for the
Tclc;’q(),+ states (Fig. 24). However, one should note that the results quoted in the former paper
[79] give masses higher (about 480 MeV) than the ones from [78].

— One can also note in Fig. 25, that the mass predictions for the T,ﬁ; p states (g =d, s) from
[79] are higher than ours by about 660 MeV. We look for the origin of this discrepancy by
repeating the analysis using the (non corrected) expression of [79]. The analysis is shown
in Fig. 18 where we have a nice 7 stability for the coupling and an inflexion point for the
mass. Both results also exhibit 7.-stability. We extract the optimal result for the set (z, #.)
from (0.12, 130) to (0.15, 170) (GeV~2, GeV?) and deduce the central values:

foot ~25keV, Mg ~10.08GeV,  f.o+ ~24keV, M. o ~10.28 GeV,
Tbb Tbb Tbbﬁ TbbEE
(61)

lower than the ones quoted by [79]:

Mo+ >~ (11.14£0.16) GeV, Mo+ >~ (11.32£0.18) GeV, (62)
bb

bbss

but in lines with our results obtained from the (corrected) QCD expression summarized in
Table 7. We note that the range of #.-values used by the authors is the same as here while the
value of 7 is lower in [78] explaining their overestimate of the mass result.
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23. Checking the ng results of Agaev et al. in Ref. [80]

We see that the current used by [80] is similar to the one used in Table 1 and TI? (Eq. (67))
used by [81].

e The Tclc+ state

The QCD expression is not given by the authors. However, inspecting the form of the prop-
agator quoted in their review paper [80], we notice that it does not also induce the diagrams in
Fig. 16 while for the numerical analysis, we notice that the optimal result is obtained for the set:

7~ (0.17-0.25) GeV 2, te >~ (19.5-21.5) GeV?, (63)

where ¢, is below the beginning of t-stability of the coupling (Fig. 7), though the mass shows an
apparent T = 1/M? stability (in reality, it increases with M?) in a narrow range of T variation.
As a result, the central value of the mass obtained by [80] is slightly lower than ours and the
LHCD data [43]:

My, + = 3868(124) MeV, (64)

though the errors are large.
e The Tblh+ state

The discrepancy is more pronounced in this case where the authors extract their result using
the sets:

T~ (0.077-0.111) GeV 2, te ~ (115-120) GeV>. (65)

Looking at Fig. 13, one can see like in the case of T, that these sets of values are outside the
(true) stability region. As a result, the authors get:

M+ = 10035(260) MeV, (66)
bb

where the central value is much lower than ours in Table 7.
24. Checking the results of Du et al. in Ref. [81]
e The Tppgq 1(J7)=1(17) state
We complete the previous results from 3.3, currents in Table 1 by the ones from [81] where

an exhaustive list is given. In particular, we shall consider as a representative for the 17 state the
currents:

= (T ertyse)[(aical)+(a:cal)],
= (cleyre;)[(q5Cvsal) - (aCrsal)]. (©7)

(Eq. (5) of Ref. [81]) where n}Jr gives the highest mass prediction and ny is equivalent to ours
in Table 1.
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Fig. 19. le+ and MT1+ as function of 7 for # values of 7., for u =4.65 GeV and for the QCD inputs in Table 2.
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Fig. 20. fT blb+ and MT bl; as function of t for # values of 7., for © = 5.2 GeV and for the QCD inputs in Table 2.

By comparing our expression for the spectral function corresponding to ny given in Ap-
pendix A with the one of [81], we notice an agreement on the PT contribution. Our expressions
for the (G?) gluon and mixed (7G¢q) condensates disagree. We notice an overall factor 3 (a mis-
print ?) in the four-quark contribution while the D = 6 (G>) is missing.

For the nr current, our expression given in Appendix B agrees with the PT, (g¢q) and four-
quark condensates of [81] while there is a persisting disagreement for the (G?) gluon and mixed
(GGq) condensates. The (G?) contribution is also missing.

We interpret the origin of the discrepancy for (gGgq) as due to the expression of the propagator
used in Ref. [81] which does not induce the contribution of the diagrams shown in Fig. 16.

Doing the numerical analysis, we realize that:

— The mixed quark-gluon condensate is parametrized with a wrong sign (a misprint ?).

— The choice of z. used by the authors is too low which is outside the beginning of the true t-
stability region for the mass [7, >~ 21-28 (resp. 115-125) GeVz] for the charm (resp. beauty)
channels (see Figs. 19 and 20). Indeed, a (misleading) t-stability is obtained for the mass
but at these low values of 7. the coupling is not stable.

Using our QCD expression at NLO, we show the analysis of the 7. coupling and mass in
Fig. 19. We have not included the D = 8 contribution due to (gq) (s Gs) obtained in [81]. Keeping
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(consistently) the term without m% and m? in this contribution which competes with the mg (5s5)?

dimension D = 6 one, we find that it increases the mass prediction by about 40 MeV which is
negligible compared to the errors of 224 MeV (see Table 8).

One can notice a (1, t.) stability for the sets (0.13, 60) to (0.15,75) (GeV’Z, GeVz) for the
mass which allows to fix accurately the position of the inflexion point for the coupling.

The analysis of T 55 gives a similar behavior. An optimal result is obtained at the same sets
of (z, t.) values. The result and the sources of the errors are given in Table 8.

Our results in this J” = 17 channel do not support the claims of [81] on the non-existence of
the T, tetraquark state.

A similar analysis is done for the 7p; coupling and mass which is shown in Fig. 20. The
optimal results are obtained for the sets (z, #.) = (0.055, 220) to (0.065, 250) (GeV’Z, GeVZ).
The result and the sources of the errors are given in Table 9.

One can notice that:

— The inclusion of the NLO PT corrections decreases the T.. and T. 55 masses by about
188 MeV and the T, and Tpp55 ones by 195 MeV.

— The SU3 breaking decreases the central value of the 7,55 by 182 MeV relative to T and
the one of Tpp55 by 195 MeV relative to Tpp.

— Our results for the masses are definitely higher than the ones obtained in [81] despite the
large errors.

— The couplings from our analysis are also large. One can understand this increases by the

exponential behavior of the coupling in the LSR analysis: fr ~ (1/ M;)erM%/ 2,
e The Tppgq I(JP) =1(0") state

For this state, we use the tetraquark current given in Eq. (3) of Ref. [81]:

+ - - - - + - — - -
) = QfCQj[quq,-T+qquiT], ny = QiTCVMQjI:%‘Cqu]'T_QjcyuqiT],
(68)

where we note that the current n3 should give the same spectral function as the one from Table 1.

By comparing the QCD expressions for 73, we find an agreement for the PT, (G¢) and (7¢)>
contributions but not for the (G?) gluon and (§G¢) mixed condensates.

A comparison of the spectral function of 7y shows an agreement up to gluon condensate (G2).
The contribution of the mixed (7Gg) condensate is completely different and four-quark (7q)?
condensate differs from a minus sign.

One also notice a parametrization of the mixed condensate with a (wrong) sign (Eq. (15)) but
it does not affect much the result while the (wrong) sign of the four-quark condensate changes
completely the behavior of the curves and the conclusion:

We have checked that with the wrong sign, we (almost) reproduce the result of [81] where
the coupling presents a -stability in the region around 0.295 (resp. 0.135) GeV~2 and for
low values #. >~ 28 (resp. 160) GeV? for TO-. (resp. Tot). We obtain at LO:

ccss bbss

M o+ ~43GeV, fo+ ~173keV  and M o+ ~11GeV, [+ =12keV,
(69)

ccss ccss bbss bbss
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Table 8
Sources of errors of the T¢e, Tecsus Teess couplings and masses. The PT series is known to NLO and the OPE truncated at D = 6 dimension condensates. We take |Au| =
0.05 GeV and |A7| =0.01 GeV~2. Last column: results from [81].

Observables Ate At Ap Aoy APT  Amg  Ame Ayy Ak AG?  AMZ  Ayy? AG* AOPE AMg Thiswork Duetal [81]

£3

Coupling [keV]

chchr 744 11.0 186 845 3.21 9.01  0.00 0.67  0.00 12.3 0.07 5.18 61.1 734(99)

chl;u 429 086 136 620 1.20 041 647 056 629 052 0.19 8.01 0.06 6.61 64.3 510(103) 132

it 452 749 200 9.15 1.64 1.09 946 3.14 135 085 057 11.3 0.11 7.20 50.3 710(72) 216
fTCQ(,Jr 66.7 134 172 752 292 11.9  0.00 0.67  0.00 19.0 0.05 13.6 77.1 986(106)

fTé’(J;,, 353 069 128 424 325 049 119 0.67 6.66 0.53 0.29 14.2 0.04 7.78 54.9 677(69)

fTLQc:Y 349 072 189 833 275 1.23 12.3 1.73 198 0.84 0.84 17.2 0.07 14.4 82.8 928(96) 209
Mass [MeV]

MTCICJr 212 12.8 070 261 148 9.57  0.00 1.87  0.00 62.4 046  32.0 6934(224)

MTJSM 183  11.7 0.88 346 1.50 191 989 262 332 211 1.34 62.3 0.55 348 6846(200)  4960(110)
MTCI(,»J;-S 153 115 1.03 418 214 3.67 105 513 703 255 295 62.1 0.71 37.0 6752(184)  5030(130)
MTcOc+ 161 122 0.02 093 5.80 9.76  0.00 142 0.00 72.5 0.23 418 6758(182)

MTLOLj;u 131 1.7 0.09 0.65 1.05 1.69 104 235 384 1.68 1.54 71.5 029 447 6650(161)

MTO+ 102 106 025 027 0.85 3.04 107 442 794 193 324 71.9 0.35  50.1 6532(157)  5050(150)

ccss

Kuoarivyaqvy “(q puv uosLvN ‘S ‘anbianbnqpy Yy
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Table 9

Same as in Table 8 but for the Ty, Tpps, Tppss couplings and masses.

Observables Afe At Au  Aeg  APT  Amg  Ame AYY  Ax  AG*  AM  AYy? AG® AOPE AMg  Thiswork Duetal [81]
Coupling [keV]

fTblb+ 154 1.09 033 241 026 1.99  0.00 0.04  0.00 2.37 0.00 1.78 17.2 144(24)

fT;,l;:;u 6.69 092 026 194 0.00 007 1.63 0.10 0.74 0.05 0.03 1.42 0.01 594 16.9 112(19) 12

fTh]}:;x 946 0.75 033 240 0.07 089 197 0.20 1.77 0.06  0.07 2.12 0.01 124 21.0 132(24) 23

le?;. 742 133 039 316 039 323 0.00 005 0.00 458 0.00 2.6l 352 217(37)

fTbObtu 354 3.63 027 217 0.10 0.07 220 0.10 1.28 0.04 0.05 2.85 0.00 1.88 239 141(25)

fT}?htx 328 0.83 037 296 0.10 0.16 295 0.24 387 0.06 0.13 3.45 0.00 257 31.8 181(33) 21

Mass [MeV]

MTbler 243 763 0.70 690 0.79 9.23  0.00 0.78  0.00 60.6 0.13 632 14068(270)

MTbll:;u 199 135 073 7.83 0.84 2.15  12.0 3.00 418 128 158 73.4 023  88.8 13960(270)  10700(300)
MT,},;;S 185 792 088 820 1.11 310 105 448 69.5 120 250 61.4 0.02 747 13732(234)  11000(300)
MTbOb+ 125 903 0.08 490 0.17 124 0.00 0.73  0.00 85.9 0.05 115 13647(211)

MT}?btu 926 99.0 0.75 555 0.06 153 127 215 432 085 1.60 84.7 0.05 118 13511(206)

MTO+ 71.1 872 088 623 0.63 245 130 398 91.7 098 328 83.3 0.08 109 13369(200)  11000(200)

bbss

Kuoarivyaqvy “(q puv uosLvN ‘S ‘anbianbnqpy Yy
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Fig. 21. fTEOf and MTCOC+ as function of 7 for # values of 7., for © =4.65 GeV and for the QCD inputs in Table 2.
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Fig. 22. fT0+ and MT0+ as function of t for # values of 7, for © = 5.2 GeV and for the QCD inputs in Table 2.
bb bb

For the corrected sign, we illustrate, in Figs. 21 and 22, the analysis in the chiral limit where
one can notice that the optimal results are obtained at larger values of 7, implying by duality larger
values of the meson masses. Our results are summarized in Tables 8 and 9 where we conclude
that the masses of Tjp 75 states associated to the n; current are large and can be confused with
the continuum.

Our results in this J© = 07 channel do not support the claims of [81] on the non-existence of
the T,. and T, 5; tetraquark states.

25. Tg gy state from the 5086 current [82]

Here, we check the results of [82] for the molecule state built from the octet Q)»aq meson.
We consider, for instance, the interpolating current (Eq. (3) of [82]):

8,1 2 ;,L)"ék . )\-Zm _
OT,I = (Q]y TSk)(Qm lVSan) (70)

Notice that a similar octet current has been used for testing the 4-quark nature of the ag light
meson [11] and of the X state [51]. Comparing our results with Ref. [82], we found that:

— The input quark propagators used in their Eqs. (7) and (8) are correct except for the (G3)
condensate contribution which is incomplete.
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Fig. 23. fTO+ and MT0+ as function of 7 for # values of 7., for © = 5.2 GeV and for the QCD inputs in Table 2.
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— The contribution coming from the trace for all 4 quark propagators in the spectral function
is absent in Ref. [82] as well as the contribution from the (§’q") condensate.

We show the analysis in Fig. 23 in the case of T, and using the expression in Appendix C:

— The choice of the set (z,.) = (0.08-0.11, 12) (GeV‘Z, GeVz) used by [82] for Tblb+ is just
at the beginning of the stability region (see Fig. 23).

— Working with the spectral function of [82] and the one in Appendix C, the difference between
the QCD expressions induces a small change of about 80 MeV when using the same QCD
inputs. The contribution of the (G?) condensate is negligible as well as of the D = 8, 10
condensates used in [82]. However, the implicit use of factorization for the four-quark con-
densate increases the central value of the mass predictions by (815-829) MeV for M.+

and about (590-650) MeV for M, ,+ . e

bq'q
— The difference between the values of the couplings can be understood by its sum rule behav-
ior: fr ~(1/ M;)eTM%/ 2 which introduces a suppression factor of about 0.5 on our results.

From the analysis in Fig. 23, we deduce the results quoted in Table 10.
26. Comparison of different LSR results
e Results

We compare the different published LSR results in Figs. 24 and 25 for the TQI;Q and TgQ
states. The quoted results come from the original works. However, from our previous checks, we

have realized that results from [78-81] are not exactly correct which explain the divergence of
some results.

e QCD expressions of the spectral function

For the QCD expressions of the spectral function, we notice that the propagator used in
[78-81] does not generate the diagrams in Fig. 16 which induces a different result for the mixed
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gztl)llri;soof errors and estimates of the masses and couplings of the TéJrQ and Tgrqu (Q = c, b) states for the 8.8 currents. We take [Ap| =0.05GeV and |At| =0.01 GeV~2,
Observables Ate At Ap  Aas  APT  Amg  Amg AYY Ak AG>  AMZ  AYy? AOPE AMg Thiswork  Ref. [82]
Coupling [keV]

fT(,l:r 6.00 006 036 170 0.14 0.98 0.79 0.02 1.02 3.08 3.63 0.74 76(8)

prlc;ru 533 007 029 155 0.03 0.03 0.84 0.84 1.72 0.02 1.08 2.54 4.60 1.18 64(8)

Tbler 073 004 0.03 0.19 0.03 0.11 0.08 0.00  0.07 0.25 0.24 0.58 7(1) 18(1)
fTble:u 0.66 004 0.03 051 001 0.00 0.10 0.08 0.14 0.00 0.08 0.21 0.78 0.53 6(1) 20(6)
Mass [MeV]

MTEI: 6.79 409 209 593 0.07 4.25 5.95 0.11 440 3.62 423 3905(60) 4720(130)
Mn'lc:r'u 7.68 398 518 139 0.03 266 4.16 13.8 188 0.14 641 13.6 95.1 3931(108) 4760(140)
MT1;11;+ 860 115 1.80 11.8 0.02 6.65 7.58 0.05 3.78 17.3 67.7 10690(136)  11280(150)
MT1+ 250 109 193 123 0.00 1.88  6.75 7.13 157 005 6.05 16.8 53.0 10706(125)  11360(160)

bbsu
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Fig. 24. Different determinations of T;;;;# from LSR. The horizontal lines are physical thresholds. Comments and
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(qGq) condensate. A discrepancy is also noticed for the contribution of the gluon condensate
(G?) from the diagram in Fig. 17 while the contribution of the (G?) condensate is often missing.
Inconsistently some authors include the contribution of some classes of high-dimension conden-
sates.

We could not (unfortunately) check the QCD expression of the spectral function used in [80]
which is not given.

For Ref. [81], where many configurations are considered, we only quote the (uncorrected)
lowest masses given in their Tables from the currents ns for the 17 and 53 for 0T which are
similar to our currents in Table 1. The (corrected) predictions from the 7; current are given in
Tables 8 and 9 but not in Figs. 24 and 25 because the mesons masses are too high.

e Concluding remarks

Despite the previous caveats on the QCD expressions and on the choice of sum rule windows,
one may conclude that (within the errors):

There are (almost) good agreements among different determinations and with the data for
the 17 Tec54 states from the 3,3, interpolating currents. Most of the approaches predict the
Ty states to be below the hadronic thresholds.

The 07 Tpp and 07 Tpps, states [79] predicted at relatively high masses using 3.3, currents
were quite surprising compared to the charm analogue. We have corrected these predictions
in Section 22.

The predictions of [80] are usually lower than the other ones due to the fact that the authors
extract the mass at lower values of 7. outside the t-stability of the coupling. The corrected
values are given in our predictions in Table 7.

The high-value of the masses from the 13, ns5 currents quoted by [81] shown in Fig. 24 are
due to the wrong sign of the four-quark condensate contribution. The corrected results are
given in Tables 8 and 9. Ours do not also support the argument of [81] for the non-existence
of the 17,07 T,.. and 0T T,.5; states.

The high central values of the masses obtained by [82] shown in Figs. 24 and 25 from the
8.8, current are essentially due to the implicit use of four-quark condensate factorization.
Results not using this assumption are given in Table 10 which go in lines with the other ones
from 3.3, current. A such conclusion is somewhat expected if one looks at the result for X
in Ref. [51] where 8,8, and 3,3, current has been also used.

27. LSR @ DRSR confronted to some other approaches
e Comparison of different results

In Fig. 26, we confront our results from LSR @ DRSR with the ones from different approaches
in the literature (lattice calculations [89-92], light front holographic [93], quark and potential
models @ heavy quark symmetry [94-96,98—103]). We refrain to comment on the technical
details of the estimates from different approaches being non-experts in these fields. However, for
a more meaningful comparison, we regret that most of the predictions from quark and potential
models @ heavy quark symmetry are quoted without any estimated errors.

One can notice from Fig. 26, that there is (almost) a consensus for the predictions of the axial-
vector 11 masses from different approaches: the T, state is expected to be around the physical
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Fig. 26. Confronting the LSR @ DSR results of 7', ~~ , masses with some estimates from lattice and quark models.
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threshold while the 7j; one is below the threshold (except the one from [103]) and then stable
against strong interactions. However, the recent LHCb data for the 17 T, candidate does not
favor the models of [97-99] which predict a too high 17 T, mass.

For the Ty, 07 scalar state, the situation is quite similar. This state is expected to be below the
hadronic threshold by different approaches except the lattice result of [91] and the quark model
of [97].

e Some comments on our results

Our predictions for different 17 and 07 states including SU3 breakings states are clustered in
the range —250 to 4150 MeV of the hadronic thresholds.

From our approach, the mass shifts due to SU3 breakings are positive but tiny. Therefore, our
results for the masses of different states are grouped around the physical thresholds. This is not
often the case of some other approaches. In particular, a lattice calculation [89] and some quark
models [97-99,101-103] expect a mass of the T,.55 and Tpp55 0T states well above the physical
threshold while in our case the Tpp5; state lies below the physical threshold and the one of the
T..5; O state is slightly above (see Table 5). This peculiar feature of SU3 breakings for exotic
states needs to be checked experimentally.
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Appendix A. Spectral functions corresponding to the currents in Table 1

In this appendix,’ we shall give the compact integrated QCD expressions of the spectral func-
tions of the T g4 States associated to the interpolating currents given in Table 1. Compared to
the existing non-integrated ones given in the current literature, our expressions are more compact,
less horrible and easier to handle in the numerical analysis. Checks of some existing expressions
in the literature have been discussed in Section 24 and given in Appendix B.

We shall define

1 1
L, =Log |:1+_v:| , and p(r) = —Im II(¢) (see Eq. (2)), (A1)
—v T
where x and v = +/1 — x have been defined in Eq. (60). We use the short-handed notations:

(G?) =(gGLVGY,).  (GGq) =g(GG"" (ha/2)q).  (G?) =g furcG“" G GGP).

(A.2)

° TQQ,;g or TQQ,;§1 JP = 1Jr

Its spectral function is associated to the current (’)T1+ :q=d,s, Q=c,b (see Table 1). We
00u
keep the m,-linear mass term corrections. !
pert(r) = L 840x + 7340 + 52528/x + 5796/x* — 62/x> + 5/x*) +
0 =332 202 ,6 v X /x /x /x /X
+120£v(14x2 + 120x + 207 — 18(9 +4/x) log(x) — 320/x — 15/x2> +
—4320L, (9 + 4/x>j|,
(Gq) mgmy - 2
P (1) = s, ((qq) . 2(uu)) [v<12x +50 - 2/x +3/x )
+24L‘v(x2 +adx — 3)]
4 12
2 my(G*)
(1) = ﬁ [v(lOZx +5574538/x + 18/x2>

6L, (34x2 +180x — 123 — 63log(x) — 44/x) - 756L+],

2
_ mgqgm
P79 (1) = 22 ((aGa) + 6aGw) v(2+1/x),

m2Q (iiu) (5s)

(@9) (1) =
p (1) 182

v(2~|—1/x),

7 For the X and Z states, we have used the expressions of the spectral functions given respectively in [23] and [18,49—
51] which will not be reported here.
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2 3
mQ(G
5.35.212746

+36m27(5/x3 + 58/x2)) 242, (335;;2 — 1680x + 945 +

0@ (1) = |:v (4020x — 19490 — 21070/x — 495/x* +
+60(6 4+ 1/x)log(x) +440/x — 18mgr(1/x + 3/x2)> +

12880, (6 +1 /x>:|.

o Tposs: JPC =1t
We note that its spectral function is identically zero.
® Toogs: JP =0t

Its spectral function is associated to the current OT0+ or OT0+ rq=u,d,s, Q=c,b (see

QQid Q055
Table 1).
8
Mo 2 3 4
PP () = —=—— v(1080+ 5400/x 4+ 306/x“ —28/x” + 1/x ) +
5.3.2876

+120£U(18x F15—6(3 + 1/x)log(x) — 32/x) —1440L, (3 + 1/x>i|,

30) () = _3;41#4%@1)[1}(“ l/x) +4£v<x - 1)]

) (1) = % [v (6 F17/x + 1/x2) +12£, <x ~log(x) — 1/x> - 24£+},
60) () — %[v@ n l/x) ¥ 3£U(2x - 1)]
049 (1) = @ v<2+ 1/x),

0 (1) = %[UGIO—HHSM —6/x% +2m2t(1/x% + 8/x2)) +

+4£v<155x — 53— 106 + 1/x) log(x) — 55/x — 3m§r/x2) -

—80L., (6+ l/x):|.

o Toois: JP =0t
Its spectral function is associated to the current OT0+ (see Table 1).
0Qis

8

pert ;.\ __ mog 2 3 4
ol (t) = —————=| v( 1080 + 5400/x 4+ 306/x~ — 28/x° 4+ 1/x™ ) +
5.3.2976
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+120£v(18x £15—6(3 4 1/x)log(x) — 32/x) — 1440L, (3 + 1/x>:|,

msm“Q
3. 2474

—1251,(@])(3 — 4x) + (5s) x)i|

0l (1) = — [v(<67q)(24 +2/x +1/x%) — (55)(6 — 7/x + 1/x2)) +

4

G2
PG (1) = ';% |:v (6 F17/x + 1/x2) +12£, (x “log(x) — 1/x> - 241:4,

mgm>

3.26 7?4 |:v(3(qu> - (EGS)) @+ 1/x)+

+6£v((éGq)(4x —1)— 2(§Gs)x)i|,

p(éGQ)([) —

2 /512
G2 — M0l
p ()= 62 v<2+1/x),
2 3
3 my(G”)
Pl (1) = 5.ﬁw[v(mo“ls/x —6/x% + 2mPr(1/x + 8/x2)) +

4L, (155x ~ 532 10(6 + 1/x) log(x) — 55/x — 3m§r/x2) _
—80L., (6 + 1/x)i|.
Appendix B. Spectral function corresponding to the 7; currents used in [81]
e Tpos: ' =1":g=u,d,s

For this state, we use the tetraquark current given in Eq. (67).

8
L v<840x — 7060 — 42302/x — 8124/x% —302/x> + 5/x4> +
P T 532 010,6
+120£v(14x2 — 120x — 177 + 18(7 4 4/x) log(x) 4 256/x + 33/x2> +
1432044 (7 +4/x):|,
) mgm(Gq)
plaa) (1) = 12117 [v(]Zx — 46— 50/x + 3/x2> 240, (x2 dx 4 5)} :
2574
4 2
2 mp(G7)
¢ 1) = 33-Q2W |:v(78x —815—1192/x — 69/x2) +

+6L, (26x2 —276x + 111 + 135log(x) + 128/x> + 1620124 ,

i 19mym2,(GGq)
P10 ) = — S (4= 1),
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; 2my(qq)°
@0y = 2 -
P10 (1) = —2 v(4 1/x)
2 3
3 my(G7)
P = _5,35Q_W [u(zszox — 12850 — 15350/x — 225/x* +

+108myT (1/x° + 26/x2)) +24L, (235x2 — 1110x + 810+

430(6 + 1/x) log(x) 4 265/x — 54m>z (1/x* + 1/x)) +
1440L (6 +1 /x):| :

[ ] TQQ,;S‘: ]P = ljL
mp
PP = |:v (840x — 7060 — 42302/x — 8124/x2 — 302/x° + 5/x4) +

+120£U(14x2 — 120x — 177 + 18(7 + 4/x) log(x) + 256/x + 33/x2> +

14320L (7 + 4/x>i| ,

msm‘(‘2

@)y = —_ £
p (1) 3 27l

(2039) + () |:v(12x 46— 505 +3/+%) +

—|—24£v(x2 —dx+ 5)] :
_ mfﬂ |:v(78x — 815 — 1192/x — 69/x%) +

+6L, (26x2 —276x + 111 + 135log(x) + 128/x) + 1620£+] ,

2

_ mgm

G4 (1) = ﬁ(n(ch) + 7(§Gs)> v<4 - 1/x) :
i

oy _ M09S

P10 (1) =~ ———v(4 = 1/x).

: my(G?)
P ==

2
~5 35 5118 |:v<2820x — 12850 — 15350/x — 225/x> +

+108mpT (1/x° + 26/x2)) +24L, (235x2 — 1110x + 810 +
+30(6 + 1/x) log(x) + 265/x — 54m>t (1/x* + 1 /x)) +
1440L (6 +1 /x)] .

o Topgg or Tgoss: JP =0t
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For this state, we use the tetraquark current given in Eq. (68). We obtain:

8
i mo 2 3 4
P = S v<720+ 6420/x + 1434/x% +58/x3 — 1/x ) +
+120£v(12x £33 —6(3 +2/x)log(x) — 40/x — 6/x2) _
—1440£+(3 +2/x>:|,
mgm$)(4q)

<(;(1)t [
p () Py

4 2
G*)
NI 2
p (t)——m[v<3o+31/x+5/x)+

1 |:v(12 +16/x — l/xz) + 12£U(2x - 3>i| )

+6£U(10x —6—(5—1/x)log(x) — 4/x) —12L, (5 - 1/x>] ,

i 19m,m>(GGq)
GGq) (1) — 1770 _
P19 (1) = — =2 (4= 1/x).
2 /= .1\2
_ m4{qq)
p(qq>2(t):Q7qu(4_1/x),
372
(%) 0 — sz(G3
P T T5.33. 2846

+L, (860x — 232 — 5(87 + 10/x)log(x) — 285/x — 36m>t (1/x> + 1/x)) -

|:U (430 +495/x — 6/x> +3m}T (1/x° + 26/x2)) n

—10L. (87 + 10/x>j| .
o Topgs: JP =0t
For this state, we use the tetraquark current given in Eq. (68). We obtain:

8
PP () = —— 0 v<720 +6420/x + 1434/x2 + 58 /x3 — 1/x4) +
5.3.21076

+120£v(12x 33— 6(3 +2/x)log(x) — 40/x — 6/x2) —

—1440£+(3 +2/x>j|,
_ m4
s Q - -
pWQ)(t) — _m(ﬂqq) + (ss))[v(12+ 16/x — l/xz) +12L, <2x — 3)i| ,
4 G2
0@ 1) = _% [v(30 +31/x + 5/x2) +

+6£v(10x —6—(5—1/x)log(x) — 4/x) —12£, (5 - 1/x>] ,
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mstQ

3.2774

pl9Ga) (1) = <12(6?Gq) +7(§Gs>) v(4— 1/x>,

|:v (430 +495/x — 6/ +3mbT (1/x3 + 26/x2)) +
b
+L, (860x — 232 — 5(87 4 10/x) log(x) — 285/x — 36m>t (1/x* + 1 /x)) -

—10£+(87+ 10/x)]

Appendix C. Spectral function of T 1 75 corresponding to the current in Eq. (70) used in

00q
[82]

8
pert (1) = _"o v(2520x +420 +19128/x — 2016/x> — 454/x> + 13/x4) +
P = 3421676
1242, (210x2 363 — 6(51 4 8/x) log(x) — 592/x + 99/x2) -
Wl~m7
—288L, (51 + 8/x)] + —ﬁ [v (60 +130/x — 18/x% — 1/x3) +

+12£U<10x —4—6log(x) — 6/x + 1/x2> - 144£+] :

qq) 7m5Q =~ 2 2
(1) = 39 210,4 (qq)(v(60x +10—-34/x —9/x°) +24L,(5x° =3+ 2/x)> +
+12(§s)(v(6 —5/x —1/x%) 4+ 6L, (2x — 2+ 1/x)>:| -
msmz

e et [8(5}4})(1}(156 £ 68/x + 1/x3) + 12L,(26x — 25)) -
—(Es)(v(204x +34-322/x + 39/x2) +24L£,(17x% + 11))] ,
0(G?)

2 m
P (1) = 2

2
m[“(””x +355 - 712/x = 234/x7) +

6L, (710x2 — 369 — 271og(x) + 200/x) - 324£+} :

_ m)
pl69 (1) = TRy |:2(¢}Gq) (v(l74x +29 —53/x) + 6L,(58x> + 36 — 7/x)) +

—(5Gs) <U(48x + 14 +493/x) + 12L,(8x% + x — 84))} +

mstQ

et [(éGq)<9v(68 45/x) — 6L, (84x — 39)) .
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—(3Gs) (8v(3x 10+ 7/x) + 6L (8x2 + dx + 9))] ,

2 —_ - —_ -
G2 g mQ(qq)(ss) _ Tmgmo{qq)(ss)
P10 (1) = —4——~ v<24+ 1/x> e s,
2 3
3 my(G”)
0l (1) = —W |:v (5(211680x3 — 277200x% + 87288x — 77680 —

—89312/x — 1215/x%) — 12m 7 (14700x* — 10150x 42170 — 105/x +
4+792/x% — 144/x3)) +12£, (5(35280x4 520803 + 22052x% —
—15138x 44593 + 6(729 + 116/x) log(x) + 4274/x) —
—24myT(1225x7 — 1050x% 4 315x — 35 — 54 /x + 9/x2)) +

+720(729 + 116/x)£+].

Note that the spectral function related to the current:

Jjk mn

- A L
O = (Qys 5 u0)(Qmiy" ~4=dy)

used in Eq. (3) of Ref. [82] can be deduced from the previous expression by changing s to d, g
to u and by taking my =my =0.
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